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Abstract: The purpose of this paper is to find new inclusion relations of the harmonic class HF (o, )
with the subclasses S3, -, K3, 7 and Ty 7 (7) of harmonic functions by applying the convolution
operator ©(S) associated with the Mittag-Leffler function. Further for ¢ = 0, several special cases of
the main results are also obtained.
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1. Introduction

Harmonic functions play important roles in many problem in applied mathematics
and they are also famous for their use in the study of minimal surfaces. Several differential
geometers such as Choquest [1], Kneser [2], Lewy [3] and Rado [4] studied the harmonic
functions. In 1984, Clunie and Sheil-Small [5] developed the basic theory of complex
harmonic univalent functions & defined in the open unit disk & = {¢ : || < 1} for which
F(0) =3¢(0) =1 =0.

Let HF be the family of all harmonic functions of the form & = ¢ + ¢, where

@) =C+ ) ¢, @) =) b, |ul<l 1)
v=2 v=1

are analytic in the open unit disk E. Furthermore, let Sy, r denote the family of functions
S = ¢ + ¢ that are harmonic univalent and sense preserving in E. Note that the family
Syr = Sif ¢ is zero.

We also let the subclass S% 7 of Syras

Sf?_tf: {%:(P-F@ESH]:IIP/(O) =Db ZO}.

The classes S% 7 and Sy, 7 were first studied in [5].

A sense-preserving harmonic mapping & € S% 7 is in the class Sy r if the range 3(E)
is starlike with respect to the origin. The function 3 € S;; 7 is called a harmonic starlike
mapping in E. Also, the function S defined in Z belongs to the class Ky if $ € 89, »
and if J(E) is a convex domain. The function & € Ky r is called harmonic convex in E.
Analytically, we have

S e 8y 5 iff arg(feg(reie)) >0,
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and

For definitions and properties of these classes, one may refer to [6] and for other
subclasses of harmonic functions one can see [7-17].
Let T3 r be the class of functions in Sy,  that may be expressed as & = ¢ + ¢, where

) = - ) |ml", )
v=2
¥(§) = ;|bu|§v by| < 1.

For0 <t <1,let

g/
and o
Ry r(T) = {% e HF Re(dgl(lg)> >1, E=re? € E}
where
/ d i 1" d ALY _ a(x i Y/ 0 o
¢ = sp(E=re"),8" = 5 (&), 9@) = 559(re"), 8" = 55(3'(2))
Define

TN r(T) =Nyr(T) N Tur  and TRy x(T) = Ry r (T) N Ty r.

For more details about the classes Ty, 7, My 7 (T), TNy x(T), Ry r(T) and TRy #(7)
see [13,18].
In [19] Sokol et al., introduced the class HF (o, ) of functions & € HF that satisfy

Re{¢'(2) +¢'(2) +308(¢" (&) + 9"(9) + 02 (¢" () + 9" (@) } >,
for some ¢ > 0 and 0 < 7 < 1. For ¢ = 0, we obtain the class H.F () which satisfy

Re{¢'(¢) +¢'(8)} > .

2. Mittag-Leffler Function

The two-parameter Mittag-Leffler Ep,€(§ ) (also known as the Wiman function [20])
was given by

) gv )
E,e(G) = —————, (& p,e € C, withRep > 0,Ree > 0), 3)
P€( ) ,/;()F(PV+€) ( 1Y 0 )

while in 1903, the one-parameter Mittag-Leffler E,(¢) was introduced for € = 1, and
given by
e8] 61/
Eo() =) == ith R :

As its special case, the function [, ¢(¢) has many well known functions for example,
Eoo(8) = Yito8", E11(8) = 8, E12(8) = e%l, Ep1(8%) = coshg, Baa(—¢2) = cosg,
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, . 1
B2p(32) = ™%, Bpp(—2%) = %, E4(€) = glcosti + coshgt] and Es(2) = [ +
and € = 1, we get

2(8) = erfe(—g) = & (1 +mL elim)

Numerous properties of the one-parameter Mittag-Leffler [E, (¢) and the two-parameter
Mittag-Leffler E, ¢ (&) can be found e.g., in [21-24].

It is clear that the two-parameter Mittag-Leffler function E,¢(¢) ¢ A. Thus, we have
the following normalization due to Bansal and Prajapat [22]:

Xp,E(‘:) = Cr(e)Ep,E(C) =¢+ Z T g,

where p,e,¢ € C, with Rep > 0 and Ree > 0. In this study, we let p, € to be real numbers
and¢ € &.

The study of operators plays an important role in the geometric function theory. Many
differential and integral operators can be written in terms of convolution of certain analytic

functions, (see [25-29]).
Very recently, and for the functions

Xpel@) =84 Yo = Dt and (@) = Y )

Lo 17 dO=Lrge-naa° @

Murugusundaramoorthy et al. [30] defined the following convolution operator ®(<)
given by

=
N
I
@
&
o
I

P(8) * Xp,e () +9(8) * xy,6(E)

> 6
0+ Y im0 e L e e ©

where p, 1, €,0 are real with p,7,€,6 € Z; = {0,—1,-2,...} U{0}.

Inclusion relations between different subclasses of analytic and univalent functions
by using hypergeometric functions [10,31], generalized Bessel function [32-34] and by the
recent investigations related with distribution series [35-41], were studied in the literature.
Very recently, several authors have investigated mapping properties and inclusion results
for the families of harmonic univalent functions, including various linear and nonlinear
operators (see [42—-48]).

The paper is organized as follows. In Section 3, we recall some lemmas, which will
be useful to prove the main results. Section 4 is devoted to establishing some inclusion
relations of the harmonic class %7 (g, y) the classes S3, 7, Ky, My 7(7), and Ry 7(7) by
applying the convolution operator ® related with Mittag-Leffler function following the
work performed in [30]. Finally, in Section 5, several special cases of the main results are
also obtained when ¢ = 0.

3. Preliminary Lemmas

We shall use the following lemmas in our proofs.
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Lemma 1 ([19]). Let S = ¢ + ¢ where ¢ and  are given by (1) and suppose that ¢ > 0,
0<y<1land

Ev[l—i—g(ﬁ — 1)]|uv| +1/;1V[1 +Q(1/2 - 1)}|bv| <1-—17. (6)

then S is harmonic, sense-preserving univalent functions in E and S € HF (0, 7).
Moreover, if & € HF (o,7), then

1—7
F e — >
|%|—uu+g@%—nyv—2’ @)
and ,
-
< - T ___y>1.
ool < Wirew -1 =1 ®

Lemma 2 ([6]). Let S = ¢ + ¢ where ¢ and i are given by (2) and suppose that 0 < T < 1. Then
S € TNy r(7) if and only if

[e0)

Y vla|+ ) vk <1-1. ©)

v=2 v=1

Moreover, if & € TNy 7 (T), then

IN

v>2, (10)

|ay|

and ,
by < Cu>1 (11)

Lemma 3 ([18]). Let & = ¢ + ¢ where ¢ and  are given by (2), and suppose that 0 < T < 1.
Then ¥ € TRy () if and only if

[ee] (e}
Y la+ Y Vb <1 (12)
v=2 v=1

Moreover, if S € TRy r(T), then

1—
‘av| < 7’[/ v>2 (13)

and

1—7
2

|by| <
1%

,v> L (14)

Lemma 4 ([5]). If S = ¢ + ¢ € Sj, r where ¢ and  are given by (1) with by = 0, then

(v +1)(v +1) (2v —1)(v —1)
e MmO

|av‘ < 6

and |b,| < (15)

Lemma 5 ([5]). If S = ¢ + ¢ € Ky r where ¢ and  are given by (1) with by = 0, then

v+1 v—1

lay| < and |by| <

(16)
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Throughout the sequence, we use the following:
3 I'(e) v, 1.y I'(e)
Xpe(S) *g‘f'l;mg 7 Xpe(1) *1"'];2”‘0(1/_1)_’_6)/ (17)
N (N T A R /(O NN
Xp,e(g) +V;2 F(p(v—l)—i—e)g Xp,e( ) V;zl“(p(v—l)—i—e) ( )
" . > 1/(1/ — 1)F(€)
" - > v(v—l)(v—Z)F(e)
%)= 5 TG T o) 20
and in general, we have
0oy gy V=D -2)---(v-(-1)I(e) . _
XW“)_E; R ACEERS Li=12,... 1)

4. Inclusion Relations of the Class HF (g, v)
In this section we shall prove that ©(S;, ) C HF (0,7) and ©(Kyr) C HF (0,7).

Theorem 1. Let ¢ > 0,y € [0,1) and p,€,11,6 & Zy . If

120(Xpe (1) + Xye(1)) +230x0c (1) + (670 + 2),4(1)

+ (450 +9) X (1) + 67, (1)

+170xye (1) + (310 +2)xe (1) + (90 +3) 1y e(1)]

<6(1—1), (22)
then

O(Syx) C HF(a,7)-

Proof. Let S = ¢ + ¢ € S, where ¢ and  are of the form (1) with b; = 0. We need to
show that () = §(¢) € HF (0, 7), which given by (5) with b; = 0. In view of Lemma 1,
we need to prove that

Qle,€d,1) <1—7,

where

(23)
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Using the inequalities (15) of Lemma 4, we get

Qle,€,6,7)
< % i(ZV +1)(v+1) (v +ov (1/2 - 1>>F(p(vr—(€1)) s
- r'(9)
—i—Vg;z(Zv -1)(v— 1)(1/ + Ql/(l/z - 1)) T —150)
1] T'(e)
= L);z {291/5 +30vt 4+ (2 —0)v® + (3 —30)v* + (1 — Q)V} RECEET)]
= 5_ 304 AW _3),2 AV I'(9)
D e e L s e | D
Writing
v =v(v—1)+v, (25)
VB=vv-1v—-2)+3v(v—1)+v, (26)
Vi=vlv -1 -2)(v-3)+6v(v—1)(v—2)+7v(v—1) +v, (27)
and
v=v(v-1)(v—-2)(v-3)(v—4)+10v(v—1)(v —2)(v —3) + 25v(v — 1) (v — 2)
+15v(v—1) +v, (28)
in (24), we have
Qlo€6,1)
< % 2[291/(1/ -D(v—2)(v—=3)(v—4)+230v(v—-1)(v—-2)(v—3)
+(670+2)v(v—1)(v—2) + (450 + 9)v(v — 1)
I'(e)
+ 6v]

I'(p(v—1)+e€)

+ i[ZQv(v— H(v—2)(v—=3)(v—4)+170v(v—1)(v —2)(v — 3)

v=2
+(310 +2)v(v —1)(v —2) + (90 + 3)v(v — 1)]r(,7(vr_(51))+5)]
1

(5) (4) (3)
= = [200p¢(1) + 23070 (1) + (670 + 2)x4(1)
2 !
+ (450 + 9) Xpe(1) + 6)p (1)
(5) (4) ®3) 2
+20%7(1) +17013,¢(1) + (310 +2)x,(1) + (90 +3)3c (1) -

Now Q(o,€,6,17) < 1—if (22) holds. O
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Theorem 2. Let ¢ >0,y € [0,1) and p,€,11,6 & Zg . If

(4) (3) (2) (4) (3)
[0Xp,e(1) +70xpe(1) + (90 + 1) xpe(1) +2xp e (1) + Xy e + 50Xy (1)
(2)
+ (SQ - 1)X;7,€ + Z(Q - ]')X;],E(]')]'
<2(1-7), (29)

then
O(Kyr) CHF(e,7)-

Proof. Let & = ¢ + ¢ € Ky r where ¢ and  are of the form (2) with b; = 0. We need to
show that ©(J) = §(¢) € HF (o,y) which given by (5) with b; = 0. In view of Lemma 1,
we need to prove thatQ(o, €,5,7)

Q(Qleléln) S ]- - r)//

where Q(0,€,6,7) as given in (23). Using the inequalities (16) of Lemma 5, we get

1 re)
Qlo,€,6,1) < 5 L;Z(lH—l)(lH-Qv(vz - 1))W€1)+€)
I'(s)

+V:2(V_1)(V+QV(V2_1>>—F(U(V—1) 5

:L

+

—_

hgk

4 3 — o2 — oW
Z[QV +ov’ + (1—o)v" + (1 Q)}r(p(vil)+€)

N

ot o+ (1= )+ (0 - 1)v] F(er)”) |

=<
Hgk

Using the Equations (25)—(27), we have

o

Qlo,e,67) < 5 | Llov(v ~ 1)y = 2) (v~ 3) + 7au(v ~ (v ~2)

v=2
I'(e)

+0+1v(v—1)+ ZV}W

+ % i[QV(V -1)(v—-2)(v=3)+50v(v—1)(v—2) + (50 — 1)v(v — 1)
Q)
2(¢ - 1)V}W

1, @ @) 6) @ ®) b))
= 50Xpe(1) +70xpe(1) + (90 + 1)xpe(1) + 2xpe(1) 4 0xye +50xpe(1) + (50 — 1) xy e
+2(0 — Dxye(1)].
Now Q(o,€,6,7) <1—if (29) holds. O

The connection between 7N 3 7 (7) and HF (g, y) is given below in the next theorem.

Theorem 3. Let 9 >0,v, 7€ [0,1)and p,€,1,6 ¢ Zy . If

(1= 1) [0 (e V) + Xye (D)) + 0 (2 (1) + Xy e(1)) + (1 = @) (X (1) + x3,e(1) — 2)
<1—9—|bl,
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O(TNyr (1)) C HF(0,7)-

then
Proof. Let & = ¢ + ¢ € Ty #(7) where ¢ and ¢ are given by (2). In view of Lemma 1, it

is enough to show that P(g,€,d,77) <1 — v, where
- I'(e)
P(o,¢,6,1n) = v+ov(v?—1 ’a
(e ) 1;2< ¢ ( )) Tlo(v—1)+¢€) "
o,

+ || +V;2<V+QV<V2 —1)) T(y(v—1)+96)

Using the inequalities (10) and (11) of Lemma 2, it follows that
I'(e)

(30)

_ - Pal—p)e— &)
P(o,€,8,1) < (1-1) ;2(9 10 =54
o T(5)
+V§2(Q1/2+1—Q>W +‘b1|
N R P Sl I'(e)
=(1-1) Vg[e( D+ev+l—eron 3y g
M| +inl

—1)+9)

+i[QV(V_1)+QV+1_Q]F(,7(V

v=2
= (1= 1) [0xpe (D) + 0xpe(D) + (1= 0) (xpe (1) = 1)
+0y(1) + 0 (1) + (1= 0) (13,e(1) = 1) | + o]

Sl_,)//

by the given hypothesis. [J
Below we prove that @(T9Ry £ (7)) C HF(0,7).

.Xp’e(s)ds +

Theorem 4. Let ¢ > 0,7, 7 € [0,1) and p,e,1,0 & Zy . If
s

o
=
=

m
—
wn
NP
QU
195}

1
(1= o (1) + o)) + |
0

<1-6—|by],
O(TRyr (1)) C HF(0,7)-

then
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Proof. Making use of Lemma 1, we need only to prove that P(o,€,9, 17) < 1— v, where
P(o,€,0,1) as given in (30). Using the inequalities (13) and (14) of Lemma 3, it follows that

P(o,€,6,1) = i(”gv(vz - 1))’F(p(vr—(€1))+e)av

v=2
o T(6)
+ |y +V§2<V+QV<V2 - 1)) ‘r(r;(u—l)mb"
oo - I(e)
(et ) hea

> 1-o0 INE))
+E (e ) me s

v=2

1 1
=(1-1) [ex;,e(l) + /X"'Z(S)dw oxpe(1) + /X”'Z(S)ds
0

0

<(1—-1)

+ [b1]

S 1- Y,
by given hypothesis. [J
Theorem 5. Let ¢ > 0,,7 € [0,1) and p,e,1,0 € Zy . If

b1
Xp,e(l) "‘Xr],e(l) <3-— m

then
O(HF(0,7)) C HF(a,7)-

Proof. Using Lemma 1 and the inequalities (7) and (8) of Lemma 1, we obtain

= T'(e) = %)
P(g,€,6,1) < (1—1) ngr(P(V_—l +V22r—)+5) + |b1]
= (1= 7)[(Xpe(1) = 1) + (xp,e(1) = 1)] + |b1]
= (1= M)xpe(1) + Xxye(1) =2 + [b]
1—7,

IN

by the given condition and this completes the proof of the theorem. [

5. Special Cases

Putting ¢ = 0 in Theorems 1-4, we obtain the following results.
Corollary 1. Lety € [0,1) and p,€,1,0 & Z, . If

®3) ®3) 2 ! )
2(Xpe (1) +2ye(1)) +9%pe (1) +6xpe (1) +3xye(1) < 6(1—7),

then
O(Sjr) C HF (7).

Corollary 2. Lety € [0,1) and p,€,1,6 & Zy . If

Kne (1) = 2ye(1) +2 (e (1) = 23 (1))
<2(1-17), 31)
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then
O(Kyr) C HF(7)-

Corollary 3. Lety € [0,1) and p,€,1,6 & Z, . If

(1-1) [(Xp,e(l) +X17,e(1)) _2] <1—9—|bl,

then
O(TNyr (1)) C HF (7).

Corollary 4. Lety € [0,1) and p,€,1,0 & Z, . If
1 1
(1-1) /Xp%@)dt—l—/xq%@dt <1—7v—1b),
0 0

then
O(TRyr(t)) CHF(7).

6. Conclusions

Making use of the of the operator ® given in (5) related with Mittag-Leffler function,
we found some inclusion relations of the harmonic class H.F (g, d) with other classes of
harmonic analytic function defined in the open disk. Further, and for ¢ = 0, several results
of the main results are given. Following this study, one can find new inclusion relations for
new harmonic classes of analytic functions using the operator ©®.
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