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Abstract: This study proposes a solution for the transmission of rotation motion between two shafts
with crossed directions. For constructive simplicity, the solutions including the planar pair were
preferred and, from the two variants, namely structurally symmetric, revolute–planar–revolute
(RPR), or asymmetric RRP, the last was selected. The resulting solution, RPRRR, is a non-Denavit–
Hartenberg (non-D–H) mechanism. The D–H methodology is laborious since the structure of the
equivalent mechanism is more complex than the actual one. For this reason, in the present paper, the
kinematic analysis of the mechanism uses geometrical conditions of existence of the planar pair. The
system is solved analytically and two main conclusions result: for a set of constructive data and a
stipulated position of the driving element, two different assembling positions exist and a rotation
motion occurs in the final revolute joint, but in the internal revolute pairs, the motion is oscillatory.
The correctness of the theoretical results was corroborated by a CATIA model. The mechanism was
also constructed and smooth running was noticed. Two main concerns were considered for the
design of the mechanism: avoiding mechanical interference between the elements and estimating the
stresses and deformations.

Keywords: shaft coupling; planar pair; revolute pair; D–H algorithm; CAD design; numerical simulation
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1. Introduction

One of the key objectives of the Theory of Machines and Mechanisms is to propose
solutions for the transmission of motion between two elements—driving and driven—
belonging to a mechanical structure [1]. Regarding the motion of the driving element,
it should be as simple as possible [2,3], such as rotation or sliding for most of cases,
depending on the type of the actuating motor; but the motion of the final element can be
from simple to complex [4]. We must emphasize that the evolution of mathematics was at
least spectacular in the last century and notions which seemed to be pointless proved to be
applicable for everyday life. Can be reminded here the theory of distributions [5], fractional
derivative [6], matrix analysis [7], chaos theory [8], etc. To the above considerations, we
can add Gaudi’s observation [9] that in nature there are no straight lines, a remark that
highlights the nonlinear character of our world, evidenced by rather different topics: non-
linear vibrations [10], green energy [11], semiconductor materials [12], dynamics of non-
Newtonian fluids [13], music [14], sports [15], and so on. The same spectacular development
of analysis methods was achieved in the domain of the spatial mechanisms theory. We
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can mention the screw theory [16–18], the dual numbers theory [19], the quaternions
algebra [20], the dual quaternions method [21], and the tensor matrix method [22,23].

Two main directions are met in engineering applications: either the final element
belongs to a mechanism and therefore the kinematics will depend on the motion of the
driving element and on the constructive parameters of the mechanism, or the final element
appertains to a robotic structure wherein the binary elements present a simple shape [24–26]
(open kinematic chain) and the motion of the final element is ensured by the action of
multiple driving pairs from the structure of the robot [27]—with the well-known examples
of multiple-axes CNC machines [28,29] and medical devices and robots [30–36]. Contrasting
with the robotic kinematic chain, in the case of mechanisms, the task of obtaining an
imposed motion law of the final element is more difficult due to the fact that the driving
element performs a simple motion. Here, the project design engineer must choose a
certain structure for the intermediate coupling chain [37];moreover, they must perform
the dimensional optimization for the elements from the chosen structure [38–40], with
the aim of ensuring for the driven element the imposed law of motion at a specified
precision. When the transmission of rotation motion between two shafts with crossed
axes is desired [41,42], the direct coupling of the shafts represents the simplest structural
solution. A simple structural calculus reveals that a class 1 pair must be created between the
two shafts, materialized by a Hertzian point contact [43–45]. To this class of mechanisms
belong the cam mechanisms [46] and the gear mechanisms [47–51] (which are particular
cases of cam mechanisms). The coupling pair ensures five simple, possible motions:
sliding in the common tangent plane after two directions and rotations, two about two
axes from the tangent plane and one about an axis normal to this plane. The solution
is extremely simple from a structural point of view but, regarding functional aspects, it
has as main disadvantages: high contact stresses—which produce wear and energy losses
due to friction [52–54] and contact hysteresis [55]—and the complicated geometries of
the elements. A frequently utilized compromise in the kinematical analysis of spatial
mechanisms consists in replacing the class 1 pair with an equivalent kinematic chain,
constructed by elements joined with pairs of lower mobility, usually lower pairs (cylindrical,
spherical, or planar) [56–58]. The case in which the sphere–plane contact from a tripodic
mechanism [59–62] was replaced by a binary element that makes the initial elements a
planar pair and a spherical pair is presented in [63]. Another example is presented in [64],
where the swash plate mechanism was studied by two kinematic analysis methods. The first
manner considers the actual mechanism and applies the geometrical conditions of definition
for the sphere–plane pair. The second manner studies an equivalent mechanism of Denavit–
Hartenberg (D-H) type [65], obtained as a result of replacing the class 1 pair with a fictive
kinematical chain containing only binary elements joined by cylindrical pairs (rotation or
prismatic) in D–H condition. Next, the D–H algorithm is applied for the kinematic analysis
of the equivalent mechanism. The direct approach, based on the definition condition
of the class 1 pair, is simpler than the method of ‘’homogenous operators” proposed
by Denavit and Hartenberg [66], or other methods, equivalent to this, such as the dual
matrix method [67,68], the method of dual quaternions [69,70], the screw theory [71], or
other algorithms [72–75], which have the drawback of leading to cumbersome systems of
trigonometric equations, difficult or impossible to solve analytically. This aspect can be
overcome by using numerical methods; for example, Uicker et al. [76] present a matrix
iterative procedure, fast convergent, based on the D–H algorithm.

Section 2 presents the theoretical basis upon which the structure of the proposed
mechanism was chosen. For constructive simplicity, the solutions including the planar pair
were preferred and, from the two variants, namely structurally symmetric, revolute–planar–
revolute (RPR), or asymmetric RRP, the last was selected. The result is the mechanism for
the coupling of the two crossed shafts is the RPRRR solution which, due to the presence
of a planar pair that does not have a rotation axis with a well-stipulated direction, is a
non-Denavit–Hartenberg (non-D–H) mechanism. The kinematical analysis is performed
and the angular displacements from the revolute pairs and motions from the planar pair
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are found by analytical calculus. The next section, Section 3, presents both the models
of the studied mechanism in Mathcad and CATIA but also the prototype constructed in
the laboratory. The final section draws the main conclusions, from which the RPRRR
mechanism is evidenced by its constructive simplicity, low fabrication costs, and high
reliability due to the presence of lower pairs.

2. Materials and Methods
2.1. Structural Considerations

The transmission of rotation motion from a driving axis 1 to a driven axis n is a problem
often encountered in engineering applications. Generally, the motion of the driving element
is obtained from a motor with constant rotation velocity (combustion engine, electric motor,
etc.). From a geometric point of view, the transmission of motion from the axis 1 to the axis
n is characterized by the relative position between the input and output axes, expressed,
for the most general case of crossed axes, by the twisted angle α1n and the length of the
common normal a1n, as represented in Figure 1. The particular cases can be obtained from
this general schematic: for α1n = 0, the shafts are parallel and for a1n = 0, the shafts are
intersecting. Between the input shaft (1) and the output shaft (n), a kinematic chain can be
interposed in order to ensure the coupling. The characteristics of the intermediate coupling
chain will influence the transmission ratio.
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Figure 1. Coupling scheme of two crossed shafts, (1) and (n); the driving shaft (1) has a rotational
speed ω1 and the driven shaft (n) has the output rotational speed ωn; a1n is the common normal and
α1n is the twisted angle bteweeen the input and output shafts.

The quality of the motion transmission is considered by the transmission ratio i1n
defined as

i1n =
ω1

ωn
. (1)

Dependent on the requirements imposed to the transmission ratio, the coupling be-
tween the driven and driving axis can be achieved directly or by means of an intermediate
kinematic chain. Considering economic and functional criteria, the structure of the inter-
mediate chain must contain a reduced number of elements—as less as possible—and the
kinematic pairs between the elements should have a high reliability. For a transmission
wherein a unique driving element exists, the mobility must be 1. In the general coupling
case, the mobility is found using the following relation:

M f = (6− f )(n− 1)−∑n
k= f+1 (k− f )ck (2)

where n is the number of elements, including the immobile element, f is the family of
the mechanism—defined as the number of common constraints—and ck is the number of
kinematic pairs of the k class. Here, for the general case of a transmission of 0 family, for a
direct coupling, in the relation (2) the number of elements is n = 3 and it also requires the
presence of two revolute pair of class 5, for joining each of the two shafts to the ground.
The relation (2) is applied for this case:
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∑5
k=1 kck = 1 (3)

The unique solution of Equation (3) is k = 1 and, from here, the conclusion is that, for
a general case, the coupling between two shafts must be accomplished by means of a class
1 pair. When a middle element is interposed between the two shafts, is results in n = 4 and
the conclusion is as follows:

∑5
k=1 kck = 7. (4)

The 7 degrees of freedom can be placed in pairs of any class; therefore, the number
of structural solutions increases. Akbil [61] presents the solution of tripod coupling with
curve–curve-type contacts. The same structural solution is applied in [59] where point–
surface-type contact is used for a tripod coupling. Evidently, by increasing to 2 the number
of elements of the intermediate chain, the number of structural solutions will increase
significantly, according to the following relation:

∑5
k=1 kck = 13 (5)

But knowing that the coupling kinematic chain contains 2 elements, it results that only
three pairs will exist in the structure of the coupling kinematic chain. More than this, the
relation (5) shows that the pairs of class c1 or c2 cannot be present in the structure of the
coupling kinematic chain. This can be proved by examples; for instance, when accepting
a class 2 pair, c2 = 1, the sum of classes of the other two pairs would be 11; therefore,
the relation (5) cannot be satisfied because the maximum value of the class of a pair is 5.
Therefore, the remaining possible structural solutions are

c3 = 1, c4 = 0, c5 = 2; (6)

c3 = 0, c4 = 2, c5 = 1 (7)

The present work considers the first structural solution, relation (6), for which the
kinematic chain contains a planar pair and two revolute pairs. This selected structural
solution RPRRR is shown in Figure 2, using standard convention [77]. A particular feature
to be mentioned about this mechanism is the parallelism of the axes of the revolute pairs,
formed between the element 2 and the neighboring elements.
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2.2. Kinematic Analysis of the Proposed Structural Solution
2.2.1. Principle of the Denavit–Hartenberg Methodology

Denavit and Hartenberg [65,66] proposed a solution for the kinematic analysis of
spatial kinematic chains, based on the transformation of the coordinates of a point when a
reference system is changed into another. In a general case, the coordinate transformation of
a point from a Cartesian reference system into another coordinate system is described by a
3 × 3 type matrix, R12, that specifies the rotation of the axes of the new system with respect
to the old ones and by a 3 × 1 type displacement vector, d12, that stipulates the position of
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the new origin O2 with respect to the initial origin O1. The drawback of the method resides
in the non-homogenous relations resulting from combining the transformations, when a
third coordinate system is interposed between the initial and final frame:x1

y1
z1

 = d12 + R12

x2
y2
z2

. (8)

Or, concentrated
x2 = d12 + R12x2 (9)

The direct transformation from the frame 3 to system 1 and then, by means of the
system 2, is written as

x1 = d13 + R13x3 = d12 + R12x2 = d12 + R12(d23 + R23x3) = d13 + R12d23 + R12R23x3. (10)

By identification, it results that

d13 = d12 + R12d23; R13 = R12R23. (11)

The relation (11) confirms the non-homogeneous character of the relation of com-
position of displacements. As emphasized above, the concepts introduced in abstract
mathematics proved to be applicable in modern engineering problems; in the case of spatial
kinematics, Denavit and Hartenberg regarded the displacement from a coordinate system to
another as a gliding in the plane x4 = 1 from the quadri-dimensional space (x1, x2, x3, x4),
with gliding performed along a tri-dimensional sub-space in which the motion of the
mechanism is completed. The transformation (relation 8) is now re-written as

x1
y1
z1
1

 =

[
R12 d12

0 1

]
x2
y2
z2
1

. (12)

Or, in concentrated manner:
X1 = T12X2. (13)

The relations (4) can now be written as

X1 = T13X3 = T12(T23X3) = (T12T23)X3. (14)

From here,
T13 = T12T23 (15)

Relation (15) attests to the fact that the artifice proposed by Denavit and Hartenberg,
that is, the matrices describing the transformation of coordinates from a frame to another,
is described using a matrix product respecting the succession in the order of transition
from a frame to another and so the methodology was named the method of “homogenous
operators”. The restriction imposed by the Denavit–Hartenberg (D–H) method consists
in accepting the hypothesis that, in the structure of the kinematic chain, only cylindrical
pairs C exist, with their particular forms of revolution R and translation T. The hypothesis
permits that, by conforming the selection of coordinate frames attached to the elements
of the mechanism, the relative position of two coordinate systems should be described
by four parameters instead of six parameters required in the general case. In fact, each
of the coordinate systems has the Oz axis directed along the axis of the pair and the Ox
axis along the common normal of two consecutive axes. The transition from a frame to the
next one is made by a roto-translation of parameters θ and s with respect to the current Oz
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axis followed by a roto-translation of parameters α and a with respect to the Ox axis of the
succeeding frame. The two displacements are described by the operators:

Z(θ, s) =


cosθ −sinθ 0 0
sinθ cosθ 0 0

0 0 1 s
0 0 0 1

 (16)

and

X(α, a) =


1 0 0 a
0 cosα −sinα 0
0 sinα cosα 0
0 0 0 1

. (17)

The coordinates are transformed from frame 2 into frame 1 with the following relation:
x1
y1
z1
1

 = Z(θ1, s1)X(α12, a12)


x2
y2
z2
1

. (18)

or concentrated as
X1 = Z(θ1, s1)X(α12, a12)X2. (19)

Relation (18) was written according to the notation of axes by Yang [70]. Explicitly,
the Ox axes and the corresponding parameters α and a are denoted using two indices,
corresponding to the two Oz axes intersected by the current axis as common normal.
Moreover, Yang proposes that, for cylindrical pairs, the displacements about the Oz axis,
(θ, s), also have two indices in order to specify the constant displacement. Thus, the matrix
Z(θ1, s1) will represent the roto-translation motion from the cylindrical pair with as axis
the line z1 while Z(θ1, s11) will represent the rotation from the revolute pair and Z(θ11, s1)
will represent the sliding from the prismatic pair.

Another advantage of the Denavit–Hartenberg methodology resides in the manner in
which the inverse matrices of Z(θ, s) and X(α, a) are calculated, specifically by the plain
change in the signs of the arguments. For instance, relation (18) can be written as

X2 = (Z(θ1, s1)X(α12, a12))
−1X1 = X(−α12,−a12)Z(−θ1, s1)X1. (20)

Apparently restrictive, due to the hypothesis requiring only cylindrical pairs in the
structure of the kinematic chain (the D–H mechanism condition), the methodology can be
applied to any kinematic chain after all the pairs, other than the cylindrical ones, which
were structurally equivalated by successions of cylindrical pairs.

For the mechanism with the structural scheme presented in Figure 2, which is a non-
D–H mechanism due to the incidence of the planar pair P, the method becomes appropriate
after the planar pair P is equivalated by two prismatic pairs on different directions and
a revolute pair with the normal direction for both of these directions. Thus, a kinematic
chain consisting of 7 elements and 7 kinematic pairs of class 5 is obtained. The drawback of
this equivalation is the fact that the matrix closure equations have a large number of factors
(in the present case, this equation contains 7 factors of 7a type, so a product of 14 matrices)
that lead to systems of cumbersome trigonometrical equations. These systems can rarely
be solved analytically, only for particular situations, and in most of cases, they require
numerical procedures for solving. Furthermore, the system of equations has multiple
solutions, corresponding to all possible assembling positions of the kinematic chain, and a
methodology for selecting the suitable assembling solutions is necessary. According to the
mentioned problems, for the mechanism equivalent to the mechanism seen in Figure 2, a
trigonometric system of six equations with six unknowns will be obtained, whose analytical
solving is expected to be difficult or rather impossible.
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2.2.2. Kinematic Analysis of the Proposed Mechanism

In order to avoid the issues related to these cumbersome systems of equations resulting
from equivalations, the approach of the actual mechanism and the direct application of the
conditions of definition of the planar pair are proposed. The planar pair can be realized
in several modes. In the present case, the planar pair between elements 3 and 4 will exist
when three non-colinear points from element 3 will also appertain to a plane attached to
element 4. In Figure 3, the planar pair is made between the plane (x3y3) and the plane
(x4z4) from element 4. The normal to the plane parallel to the axes y3 and y4 is denoted n4
and the equation of the plane is

n4 · (r− rO) = 0 (21)

where r is the position vector of a current point from the plane (x3z3) and r0 is the position
vector of a reference point from the same plane. A point from the plane x3y3 belongs to the
plane of Equation (8) if its coordinates verify Equation (8). For this purpose, the coordinates
of a point belonging to element 3 are first brought in system 4, and after that, relation (8) is
applied. The preferential selection of the orientation of the axes of the coordinate systems
from Figure 3 simplifies the conditions of existence of the planar pair.
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From Figure 3, it can be observed that a point from the plane x3z3 will belong to the
plane x4z4 if, after the coordinate transformation, the following condition is satisfied:

y4 = 0. (22)

It is noticed that, instead of a system of six equations, a system of three equations is
obtained, from imposing the condition that Equation (21) (or Equation (22)) is satisfied by
three distinct points. In order to obtain the transformation relation, the matrix describing
the displacement of frame 3 is necessary. This cannot be obtained directly; a succession of
D–H transformations must be applied in the following order: 4→ 1→ 2→ 3 . Specifically,

T43 = Z(θ4, s4)X(α41,a41)Z(θ1, s1)X(α12, a12)Z(θ2, s2)X(α23, a23)Z(θ3, s3). (23)
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2.2.3. Finding the Motions from the Revolute Pairs

Concerning the rotation motions from the pairs, the rotation from the driving pair θ1 is
known, while θ2, θ3, and θ4 are unknown. Except for the angles (θk, k = 1, 4), all the other
parameters from Equation (23) are constant, and some of them are zero:

s2 = s3 = s4 = 0; a12 = 0; α01 = −π

2
, α12 =

π

2
, α23 = 0. (24)

The form of the equations of the system representing the condition of the planar pair
can be simplified by choosing the three points in particular positions: the origin of the
system 3 : M1(0, 0, 0); a point form the axis Ox3 : M2(x3, 0, 0); and a point from the axis Oz3:
M3(0, 0, z3). The relation of coordinate transformation of a point is applied for transition
from system 3 to system 4: 

x4
y4
z4
1

 = T43


x3
y3
z3
1

 (25)

and for the points M1, M2, and M3, the ordinate y4 in frame 4 must be zero; thus, the
following system of equations is obtained, using Mathcad software [78]:

a23cosθ1cosθ2sinθ4 + a23cosα41sinθ1cosθ2cosθ4 − a23sinα41sinθ2cosθ4 − s1sinα41cosθ4 + a41sinθ4 = 0
x3cosθ1cosθ2cosθ3cosθ4 + a23cosθ1cosθ2sinθ4 + x3cosα41sinθ1cosθ2cosθ3cosθ4 . . .
+a23sinθ1cosα41cosθ2cosθ4 − x3sinα41sinθ2cosθ3cosθ4 − a23cosθ4sinα41sinθ2 . . .
−x3cosθ1sinθ2sinθ3sinθ4 − x3cosα41sinθ1sinθ2sinθ3cosθ4 − x3sinα41cosθ2sinθ3cosθ4 . . . .
−s1sinα41cosθ4 + a41sinθ4 = 0
a23cosθ1cosθ2sinθ4 + a23cosα41sinθ1cosθ2cosθ4 − a23sinα41sinθ2cosθ4..
+z3sinθ1sinθ4 − z3cosα41cosθ1cosθ4 − s1sinα41cosθ4 + a41sinθ4 = 0.

(26)

System (26) takes a simpler form if the first equation is subtracted from the last
two equations:

a23cosθ1cosθ2sinθ4 + a23cosα41sinθ1cosθ2cosθ4 − a23sinα41sinθ2cosθ4 − s1sinα41cosθ4 + a41sinθ4 = 0
cosθ1cosθ2cosθ3sinθ4 + cosα41sinθ1cosθ2cosθ3cosθ4 − sinα41sinθ2cosθ3cosθ4 . . .
−cosθ1sinθ2sinθ3sinθ4 − cosα41sinθ1sinθ2sinθ3cosθ4 − sinα41cosθ2sinθ3cosθ4 = 0
sinθ1sinθ4 − cosα41cosθ1cosθ4 = 0.

(27)

The Equation (27) now have the following significance: the first equation imposes
that the origin O3 of the frame x3y3z3 is positioned in the plane y4 = 0 while the last two
equations impose that the vectors M1M2 and M1M3 are parallel to the plane x4z4. The
system (27) can be solved analytically:

θ4 = atan
cosα41cosθ1

sinθ1
+ kπ, k ∈ Z. (28)

From a physical perspective, relation (28) does not have multiple solutions because the
term kπ does not alter the orientation of the plane of symmetry of the driven element but,
at most, reverses the orientation of the normal n4. Relation (28) can be re-written as follows:

tanθ4 =
cosa41

tanθ1
(29)

and it is identical to the relation between the position parameters of the driven and driving
elements of the Cardan transmission [1]. Relation (29) highlights the fact that the trans-
mission ratio of the mechanism depends only on the constructive parameter α41, and the
remaining constructive parameters of the mechanism must not satisfy special precision
conditions. With a known θ4 angle, from the first equation of the system (27), the angle θ2
can be obtained, since the coefficients A(θ1), B(θ1), C(θ1) are now known; thus,
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θ2 = 2atan
B(θ1)±

√
B(θ1)2 + A(θ1)2 − C(θ1)2

A(θ1)− C(θ1)
+ kπ, k ∈ Z (30)

where
A(θ1) = a23[cosα41sinθ1cosθ4+sinθ4 cosθ1];

B(θ1) = −a23sinα41cosθ4;
C(θ1) = a41sinθ4−s1sinα41cosθ4.

(31)

Equation (30) shows that, this time, from a physical point of view, for a stipulated
position of the θ1 angle of the driving element, there are two different assembling solutions
for element 2.

The second Equation (27) makes it possible to find the rotation angle θ3 with the
following relation:

θ3(θ1) = atan[P(θ1)/Q(θ1)] + kπ (32)

where
P(θ1) = cosθ1cosθ2sinθ4+cosα41sinθ1cosθ2cosθ4−sinα41sinθ2cosθ4;
Q(θ1) = cosθ1sinθ2sinθ4+cosα41sinθ1sinθ2cosθ4+sinα41cosθ2cosθ4.

(33)

Relation (33) shows that, similar to element 3, a unique assembly solution exists. As
a conclusion, for a given position of the driving element, only two different assembling
positions of the mechanism exist, presented in Figure 4, with the remark that the plane faces
of part 3 from the two variants must be coplanar. The mechanism was modelled in CATIA.

Axioms 2023, 12, x FOR PEER REVIEW  9  of  23 
 

𝜃ଶ ൌ 2𝑎𝑡𝑎𝑛
𝐵ሺ 𝜃ଵሻ േ ඥ𝐵ሺ𝜃ଵሻଶ ൅ 𝐴ሺ𝜃ଵሻଶ െ 𝐶ሺ𝜃ଵሻଶ

𝐴ሺ𝜃ଵሻ െ 𝐶ሺ𝜃ଵሻ
൅ 𝑘𝜋,𝑘 ∈ 𝒁  (30)

where 

𝐴ሺ𝜃ଵሻ ൌ 𝑎ଶଷሾ𝑐𝑜𝑠𝛼ସଵ 𝑠𝑖𝑛𝜃ଵ 𝑐𝑜𝑠𝜃ସ ൅ 𝑠𝑖𝑛𝜃ସ 𝑐𝑜𝑠𝜃ଵሿ;   

𝐵ሺ𝜃ଵሻ ൌ െ𝑎ଶଷ 𝑠𝑖𝑛𝛼ସଵ 𝑐𝑜𝑠𝜃ସ; 

𝐶ሺ𝜃ଵሻ ൌ 𝑎ସଵ 𝑠𝑖𝑛𝜃ସ െ 𝑠ଵ 𝑠𝑖𝑛𝛼ସଵ 𝑐𝑜𝑠𝜃ସ. 

(31)

Equation (30) shows that, this time, from a physical point of view, for a stipulated 

position of the  𝜃ଵ  angle of the driving element, there are two different assembling solu-

tions for element 2.   

The second Equation  (27) makes  it possible  to find  the rotation angle  𝜃ଷ with  the 

following relation: 

𝜃ଷሺ𝜃ଵሻ ൌ 𝑎𝑡𝑎𝑛ሾ 𝑃ሺ𝜃ଵሻ/𝑄ሺ𝜃ଵሻሿ ൅ 𝑘𝜋  (32)

where 

𝑃ሺ𝜃ଵሻ ൌ 𝑐𝑜𝑠𝜃ଵ 𝑐𝑜𝑠𝜃ଶ 𝑠𝑖𝑛𝜃ସ ൅ 𝑐𝑜𝑠𝛼ସଵ 𝑠𝑖𝑛𝜃ଵ 𝑐𝑜𝑠𝜃ଶ 𝑐𝑜𝑠𝜃ସ െ 𝑠𝑖𝑛𝛼ସଵ 𝑠𝑖𝑛𝜃ଶ 𝑐𝑜𝑠𝜃ସ ;  
                   𝑄ሺ𝜃ଵሻ ൌ 𝑐𝑜𝑠𝜃ଵ 𝑠𝑖𝑛𝜃ଶ 𝑠𝑖𝑛𝜃ସ ൅ 𝑐𝑜𝑠𝛼ସଵ 𝑠𝑖𝑛𝜃ଵ 𝑠𝑖𝑛𝜃ଶ 𝑐𝑜𝑠𝜃ସ ൅ 𝑠𝑖𝑛𝛼ସଵ 𝑐𝑜𝑠𝜃ଶ 𝑐𝑜𝑠𝜃ସ.  (33)

Relation (33) shows that, similar to element 3, a unique assembly solution exists. As 

a conclusion, for a given position of the driving element, only two different assembling 

positions of the mechanism exist, presented in Figure 4, with the remark that the plane 

faces of part 3 from the two variants must be coplanar. The mechanism was modelled in 

CATIA.   

 

Figure 4. The two alternatives of mechanism assembly. 

The variations in the angles  𝜃ସ,  𝜃ଶ, and  𝜃ଷ  as functions of the position angle of the 
driving element are presented in Figure 5, and it is noticed that the plot of the  𝜃ସ  angle 
presents  jumps which are not actual, caused by the multiform character of the function 

𝑎𝑡𝑎𝑛ሺ 𝑥ሻ  from relation (28). In these jump-points, as seen in Figure 5b,c, the mechanism 

Figure 4. The two alternatives of mechanism assembly.

The variations in the angles θ4, θ2, and θ3 as functions of the position angle of the
driving element are presented in Figure 5, and it is noticed that the plot of the θ4 angle
presents jumps which are not actual, caused by the multiform character of the function
atan(x) from relation (28). In these jump-points, as seen in Figure 5b,c, the mechanism
passes from an assembling position to another, which is in fact impossible. To overcome
this aspect, the θ4 angle is redefined to eliminate the discontinuities. Ensuring a continuous
variation of the θ4 angle is reflected to the variation of the other two angles θ2 and θ3, which
will also not present discontinuities any more, as seen in Figure 6.

θ4 =
∫ θ1

0

dθ4(θ1)

dθ1
dθ1 (34)
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Figure 5. The angles from the revolute pairs of the mechanism: (a) variation in angle θ4, relation (28);
(b) variation in angle θ21 and θ22 corresponding to the two asssembly options; (c) variation in angle
θ31 and θ32 corresponding to the two asssembly options.
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Figure 6. The rotation angles from the joints of the mechanism: (a) plot of angle θ4, relation (34);
(b) variation in θ2 angle for the two assembly options, θ21 and θ22; (c) variation in the θ3 angle for the
two assembly options, θ31 and θ32.
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Interesting consequences result from the analysis of the angular velocity variations,
represented by the curves in Figures 7 and 8. In Figure 7 is presented the variation in

the angular velocity of the driven element
.
θ4.
θ1

obtained by the derivative of relation (29)

with respect to time, both analytically and by modelling the mechanism in a specialised
software. The two plots are similar and this fact confirms the correctness of relation (32).
Additionally, the transmission ratio of the mechanism is the same as the one of a Cardan
coupling having the same angle between axes, with the mention that the present coupling
can transmit motion between crossed axes.

Axioms 2023, 12, x FOR PEER REVIEW  11  of  23 
 

 
(a) 

   

(b)  (c) 

Figure 6. The rotation angles from the joints of the mechanism: (a) plot of angle  𝜃ସ, relation (34); (b) 
variation in  𝜃ଶ  angle for the two assembly options,  𝜃2ଵ  and  𝜃2ଶ; (c) variation in the  𝜃ଷ  angle for 
the two assembly options,  𝜃3ଵ  and  𝜃3ଶ. 

 
(a)  (b) 

Figure 7. Variation in the transmission ratio: (a) analytical result; (b) numerical simulation. 

Regarding the motions from the other two revolute joints, when the two assembling 

solutions of the transmission are considered, the motions from pair 3 are identical but of 

opposite sign, but the motions from pair  𝑅ଶ  are completely different. This fact allows for 

selecting, from the two positions, the assembly variant for which the motion from pair  𝑅ଶ 
leads to minimal dynamic effects, this choice not affecting the quality of transmission. 

0 30 60 90 120 150 180 210 240 270 300 330 360
0

40

80

120

160

200

240

280

320

360

400

0

4 1( )
180




1
180




0 30 60 90 120 150 180 210 240 270 300 330 360
200

160

120

80

40

0

40

80

120

160

200

0

21 1( )
180




22 1( )
180




180

1
180




0 30 60 90 120 150 180 210 240 270 300 330 360
90

72

54

36

18

0

18

36

54

72

90

0

31 1( )
180




32 1( )
180




180

1
180




Figure 7. Variation in the transmission ratio: (a) analytical result; (b) numerical simulation.
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Figure 8. The angular velocities from the intermediate revolute pairs: (a) variation in ω2 (θ21 and
θ22 assembling options); (b) variation in ω3 (θ31 and θ32 assembling options).

Regarding the motions from the other two revolute joints, when the two assembling
solutions of the transmission are considered, the motions from pair 3 are identical but of
opposite sign, but the motions from pair R2 are completely different. This fact allows for
selecting, from the two positions, the assembly variant for which the motion from pair R2
leads to minimal dynamic effects, this choice not affecting the quality of transmission.

The magnitude of the rotational speed of the driving element is not relevant because
the study of the mechanism was performed only through a kinematics point of view. The
variations in all positional parameters from the kinematic pairs are proportional to this
input driving rotational speed.

2.2.4. Finding the Motion from the Planar Pair

The planar pair is a c3 joint (Class 3), so between the two elements forming the joint,
there are 6− ck = 3 degrees of freedom, which permit for two translations in the plane of
the pair and a rotation performed around an axis normal to the plane of the planar pair. The
motion from the planar pair is fully characterized if the motion of a point from an element
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with respect to the other element and the variation in the angle between two straight lines
from the contact plane, each line belonging to an element of the pair, are known. All these
parameters should be stipulated as functions of the angle θ1 of the driving element and of
the constructive parameters of the mechanism. A point of coordinates M(x3, 0, z3) from
element 3 is considered, which describes in the coordinate system 4 a trajectory defined by
the parametric equations: 

x4
0
z4
1

 = T43


x3
0
z3
1

 (35)

Relation (35) is developed; therefore, the parametric equations of the trajectory of a
point from the plane x3z3 in the plane x4z4 are obtained:

x4(θ1, x3, z3) = x3[cosθ1cosθ2cosθ3cosθ4 − cosα41sinθ1cosθ2cosθ3sinθ4 + sinα41sinθ2cosθ3sinθ4...
+cosα41sinθ1sinθ2sinθ3sinθ4 − cosθ1sinθ2sinθ3cosθ4 + sinθ3sinθ4sinα41cosθ2]...
+z3[sinθ1cosθ4 + cosα41cosθ1sinθ4] + s1sinα41sinθ4 + a41cosθ4...
+a23[sinα41sinθ2sinθ4 + cosθ1cosθ2cosθ4 − cosα41sinθ1cosθ2sinθ4]
z4(θ1, x3, z3) = x3[sinα41sinθ1cosθ2cosθ3 + cosα41sinθ2cosθ3 − sinθ3sinα41sinθ1sinθ2 + sinθ3cosα41cosθ2]...
−z3sinα41cosθ1 + a23[sinα41sinθ1cosθ2 + cosα41sinθ2] + s1cosα41.

(36)

In Figure 9, the trajectory of the origin of the system O3x3y3z3 in the plane x4z4
attached to element 4 is plotted, as in the particular case x3 = 0; z3 = 0 in relation (36).
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Figure 9. The trajectory of the origin of the system O3x3y3z3.

To find the rotation motion from the pair, it is sufficient to specify the variation in
time of the angle between two straight lines belonging to the planes that form the planar
pair. Aiming at this, the angle made by the versors i3 and i4 is found, considering that
versor i3 is defined by two points from the quadro-dimensional space by

[
1 0 0 1

]T

and
[
0 0 0 1

]T and the projections of versor i3 on the axes of the coordinate system 4
are given by the following relation:

i3 · i4
i3 · j4
i3 · k4

0

 = T43




1
0
0
1

−


0
0
0
1


. (37)

After the calculus is made, it results that

i3 · i4 = cosθ34(θ1) = cosθ1cosθ2cosθ3cosθ4 − cosα41sinθ1cosθ2cosθ3sinθ4 . . .
+sinα41sinθ2cosθ3sinθ4 . . .
−cosθ1sinθ2sinθ3cosθ4 + cosα41sinθ1sinθ2sinθ3sinθ4 + sinα41cosθ2sinθ3sinθ4
i3 · j4 = 0
i3 · k4 = sinθ34(θ1) = sinα41sinθ1cosθ2cosθ3 + cosα41sinθ2cosθ3 . . .
−sinα41sinθ1sinθ2sinθ3 + cosα41cosθ2sinθ3.

(38)
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Relation (38) allow for finding the rotation angle θ34(θ1) from the higher pair. It should
be mentioned that, since the motion of the mechanism is periodic, with the angular period
2π, an inverse trigonometrical function of two arguments is recommended to be used. With
a known angle of rotation, the angular velocity is obtained with the following relation:

ω43 = ω1
d

dθ1

[
atan(sinα43)

cosα43)

]
. (39)

One must emphasize that, while the angular velocities ω34 and ω43 are identical but
of opposite sign, it results from the definition of the two angles θ34 and θ43 that the relative
motions of the origins O3 and O4 in the contact plane of the planar pair differ. To sustain
this, based on relation (35), one can write the relation of transformation of the coordinates
of a point from the plane x4z4 to the plane x3z3:

x3
0
z3
1

 = T−1
43


x4
0
z4
1

 (40)

where the calculus of the homogenous operator T−1
43 is made simply, applying relation (35);

which results in
x3(θ1, x4, z4) = x4[cosθ1cosθ2cosθ3cosθ4 − cosθ1sinθ2sinθ3cosθ4 − cosα41sinθ1cosθ2cosθ3sinθ4...
+cosθ41sinθ1sinθ2sinθ3sinθ4 + sinα41sinθ2cosθ3sinθ4 + sinα41cosθ2sinθ3sinθ4]...
+z4[sinα41sinθ1cosθ2cosθ3 + cosα41sinθ2cosθ3 − sinα41sinθ1sinθ2sinθ3 + cosα41cosθ2sinθ3]...
−s1[cosθ3sinθ2 + sinθ3cosθ2]− a23cosθ3
z3(θ1, x4, z4) = x4[cosθ4sinθ1 + cosα41cosθ1sinθ4]− z4sinα41cosθ1 − a41sinθ1.

(41)

Two main conclusions can be drawn:

• The angular velocity ω4 has a constant sign and presents a periodic variation, which
attests to the fact that, in the final pair, the motion is rotatory (Figure 7).

• In the other internal pairs of the mechanism, the angular velocities ω2, ω3 (Figure 8a,b),
and ω34 (Figure 10b) present periodic changes in sign in a bounded domain, showing
that, in the inner revolute pairs and in the planar pair, oscillatory motions happen.
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Figure 10. The variation in the rotation motion from the planar pair: (a) rotation angle; (b) angu-
lar velocity.

In the obtained relations (41), the particular case x4 = 0, z4 = 0 gives the trajectory
of the origin O4 in the plane x3z3, which is represented in Figure 11a. The simulation
software was applied to obtain the same curve, presented in Figure 11b, and an excellent
concordance between the two curves is remarked.
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Figure 11. The trajectory of the origin O4 of the coordinate frame fixed to the final element with
respect to the plane x3z3: (a) analytical curve; (b) simulation curve.

The quantitative comparison between the two trajectories can be made when Cartesian
coordinate wireframes, spaced at 10 mm, are attached to each plot.

3. Results and Discussions

A laboratory device was designed and constructed for the study of the RPRRR trans-
mission and for future dynamic studies. The design was accomplished using the CATIA
Dassault software. The designed constructive solution and the laboratory device are
presented in Figure 12.
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diate elements 2 and 3, driven element 4; (b) laboratory device: output shaft 4a, part with channel 4b,
assembly screw 4c.

From the designing point of view, there are two important aspects:
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Avoiding the mechanical interference between the elements of the mechanism. The risk
that the edge ∆3 of element 3 touches the bottom of the rectangular channel from element 4
is shown in Figure 13. It is required for the bottom of the channel to be placed outside
the envelope of segment ∆3. Concerning the interference of element 4 upon element 3, it
cannot happen due to the constructive shape of element 3 that has a constant thickness;
therefore, segment ∆4 attached to element 4 never interferes with any of the points of
element 3. But there is the possibility that segment ∆4 interferes with the plane surface Σ2
of element 2. To avoid this interference, it is necessary that segment ∆4 and the straight line
∆23 (resulting from the intersection of the surfaces Σ3 and Σ2) do not intersect. This straight
line is mobile in space. To avoid the interference between element 4 and element 2, the
envelope of segment ∆4 must always be placed on the left side of segment ∆23, represented
in Figure 13. From the presented considerations, it results that, for an accurate design of the
mechanism, the envelopes of the segments ∆3 and ∆4 described with respect to element 4
and 3, respectively, must be found. These can be obtained by applying relations (36) and
(40), because the parameters x3, z3, x4, and z4, respectively, must be chosen in a manner
that the points of coordinates (x3, y3) and (x4, y4) are placed on the segments ∆3 and ∆4
respectively. The illustration of the procedure is shown in Figures 14 and 15.

In Figure 14a is presented the envelope of segment ∆3 obtained with relation (36)
and the envelope of segment ∆4 based on relation (39) is shown in Figure 15a. The same
envelopes were obtained by CAD simulation using the DMU-Kinematics CATIA module.
In Figures 14b and 15b were also represented the elements 4 and 3, respectively, which can
take part in the interference phenomenon. From these plots, it results that the mechanism
is correctly designed from the point of view of avoiding interference.

Another occurring problem consists in limiting the stresses and strains from the
elements of the mechanisms. Next, the elements forming the planar pair are under special
attention. From Figure 12, it can be seen that, for technological reasons, element 4 was made
from two parts: the shaft 4a and the prismatic part 4b, assembled by two screws. These
screws also have a safety character, as torque limiters. The coupling should not transmit a
torsion moment greater than Mtmax; the diameter d of the screws was chosen as they are
the first parts to break, protecting the parts with higher production costs.

Mtmax = τf n
πdint

2

4
D
2

(42)

where τf is the admissible shear stress of the material of the screws, n is the number
of screws (here n = 2), dint is the inner diameter of the thread, and D is the diameter
needed for mounting the screws. Relation (25) is used for dimensioning the diameter of the
assembling screws.
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Figure 13. Possible mechanical interferences in the proposed mechanism.
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Figure 14. The envelope of the position of a segment of element 3 in the contact plane of the planar
pair: (a) Mathcad result; (b) CAD simulation.

Axioms 2023, 12, x FOR PEER REVIEW  17  of  23 
 

 
(a)  (b) 

Figure 15. The envelope of the position of a segment of element 4 in the contact plane of the planar 

pair: (a) Mathcad result; (b) CAD simulation. 

Another occurring problem consists in limiting the stresses and strains from the ele-

ments of the mechanisms. Next, the elements forming the planar pair are under special 

attention. From Figure 12,  it can be seen  that,  for  technological reasons, element 4 was 

made from two parts: the shaft 4a and the prismatic part 4b, assembled by two screws. 

These screws also have a safety character, as  torque  limiters. The coupling should not 

transmit a torsion moment greater than 𝑀௧௠௔௫; the diameter d of the screws was chosen 

as they are the first parts to break, protecting the parts with higher production costs.   

𝑀௧௠௔௫ ൌ 𝜏௙𝑛
𝜋𝑑௜௡௧

ଶ

4
𝐷
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The assembly of the parts creating the planar pair is considered next. The finite
element module from CATIA software was used to find the stresses and the displacements
from the two parts when a moment of torsion is transmitted. As support schematics, part
3 was considered clamped on cylindrical surfaces Σ3 that create the revolute pairs and
the torque is applied by means of the cylindrical surface Σ4b that assembles the parts 4a
and 4b. To exemplify the design, it was considered that element 4b is loaded by a torque
Mt = 100 Nm. The calculus was made for the linear elastic domain and the value of the
torque was arbitrarily chosen. For another stipulated value of the torque, the stresses and
deformations will result by simply applying the proportionality principle. In Figure 16a are
presented the loading scheme and the main dimensions of the two parts. The optimized
mesh of the two parts, made using the CATIA FEA module, is presented in Figure 16b. It
must be mentioned that the software performs the analysis considering the materials in the
linear elastic domain. This restriction has the advantage of proportionality between the
loads and stresses, on one side, and stresses and deformations on the other side. Therefore,
if in a real situation a stress or deformation exceeds the admissible value from the elastic
domain, by simply diminishing the load, the stress/deformation can be adjusted to a
desired value.
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obtained in CATIA.

The von Mises equivalent stress distribution from the assembly of the planar pair is
presented in Figure 17 and it can be observed that the maximum stress obtained 8.3 · 108 N

mm2

exceeds the yield stress of the steel, σYsteel = 2.5 · 108 N
mm2 . Therefore, the two parts must

be re-designed. For this purpose, the equivalent von Mises stresses from each part are
represented separately, as seen in Figure 18. It is remarked that part 3 does not suffer
plastic deformations because the yield stress is not reached and the part to be re-designed
is element 4b. A similar methodology is applied for deformations. The total deformations
of the assembly of the pair are presented in Figure 19, which highlights the total maximum
deformation, and in Figure 20 are presented the deformations from each part.
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4. Conclusions

The present work proposes a solution for the transmission of rotation motion between
two shafts with crossed directions. The proposed coupling cannot be replaced by a Cardan
coupling since the Cardan transmission is a spherical linkage which can be used only for
shafts with intersecting axes. The RPRRR mechanism is suited for the most general case,
when the axes of the shafts are crossed (non-intersecting).

Analyzing, by structural considerations, the possibility of transmitting motion between
two crossed axes via a kinematic chain consisting of two elements and three kinematic
pairs, the conclusion that multiple structural solutions exist is reached.

The condition of high reliability implies dropping the higher pairs, where point or
linear contact exists between the elements of the pair. Therefore, the possible remaining
structural solutions are either a kinematic chain with two class 4 pairs and a class 5 pair,
or a kinematic chain with two class 5 pairs and a class 3 pair (with variants in planar
and spherical pairs). For constructive simplicity, the solutions including the planar pair
were chosen and, from the two variants, namely structurally symmetric, revolute–planar–
revolute (RPR), or asymmetric RRP, the last was chosen. Consequently, the coupling
mechanism of the two crossed axes is the RPRRR mechanism which, due to the presence
of a planar pair that does not have a rotation axis with a well-stipulated direction, is a
non-D–H mechanism.

The Denavit–Hartenberg mechanisms (D–H) have in their structure only cylindrical
pairs (with particular variants of revolute, translation or helicoidal) and the kinematic
analysis is performed using a well-established methodology which, based on the matrix
equation of closure of kinematic chain, makes it possible to find the kinematic parameters
characterizing all the kinematic pairs. The methodology is applicable to the non-D–H mech-
anism, requiring that all non-cylindrical pairs are replaced by kinematic chains containing
only cylindrical joints.

The methodology is laborious since the structure of the equivalent mechanism is more
complex than the actual one. For this reason, in the present paper, the kinematic analysis of
the mechanism uses geometrical conditions to create the planar pair. It results in a system
of three scalar equations that makes it possible to find the motions from the revolute pairs
of the mechanism based on known driving motion.

Two main conclusions are drawn after solving the system: for a set of constructive
data and a stipulated position of the driving element, two different assembling positions
exist and a rotation motion exists in the final revolute joint but, in the internal revolute
pairs, the motion is oscillatory. The motion from the planar pair is fully described by the
position of a point belonging to an element of the pair with respect to the other element
and by the angle between two straight lines appertaining to each of the elements. To solve
this problem, the relation of coordinate transformation of a point, when the coordinate
frames are changed, under the form of homogenous operators, is proposed by Denavit
and Hartenberg.

In order to validate the theoretical results, the mechanism was designed and animated
using CAD simulation software. The concordance between the analytical and the numerical
results provided by the software confirms the correctness of the analytical expressions. The
presented coupling mechanism can be used as a general solution for two crossed shafts,
with the mention that high torques are envisaged. For instance, equipment working in hard
conditions (mining, agriculture, civil engineering, etc.).

The mechanism was also constructed and a noiseless, smooth running was noticed;
dynamic aspects and constructive optimization are aimed for further studies.

Two main concerns were considered for the design of the mechanism: avoiding
mechanical interference between the elements of the planar pair and estimating the stresses
and deformations occurring in the parts of the pair. The first problem was solved using
the transformation relations of the coordinates of a point when the system of coordinates
is changed. Thus, the envelopes of different edges of an element with respect to another
were found. The problem of stresses and deformations estimation was solved using a finite
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element analysis software. The stresses and deformations from the elements of the planar
pair were found for a moment of torsion of stipulated maximum value that should be
transmitted by the pair.

The proposed coupling solution, the RPRRR mechanism, presents as main advantages
the constructive simplicity, which is reflected in manufacturing low costs and high reliability
due to the presence of lower pairs in the structure.

The main objectives of future research are the optimization of constructive parameters
of the mechanism in order to obtain a minimum variation in the transmission ratio and
finding the theoretical and experimental efficiency of the transmission.
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