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Abstract: We prove LF estimates of a class of generalized Marcinkiewicz integral operators with
mixed homogeneity on product domains. By using these estimates along with an extrapolation
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1. Introduction

Throughout this article, let s > 2 (s = x or 77) and S°~! be the unit sphere in the
Euclidean space R® which is equipped with the normalized Lebesgue surface measure
do (+) =do.

For fixed Bsx > 1 (k € {1,2,---,s}), we define the mapping ® : Rt x R® — R by

s _
O(t,v) = ¥ v,zc Ty 2B with v = (v1,0p,...,05) € RS, For a fixed v € R®, the unique
k=1
solution to the equation ®(t;,v) = 1 is denoted by 7; = 7;(v). The metric space (R*, ;) is
known by the mixed homogeneity space associated to {B};_;. Let Dy, be the diagonal
§ X s matrix

Tf’s'l 0
DT =

S

0 Tf S8

The following transformation presents the change of variables concerning the space
(R, 75):

v = Ts’gs'l COS X7 - - - COS X5_2 COS Xs_1,

vy = Tfs'z COS X7 - + - COS Xg_p SIN Xg_1,
_ ﬁs,sfl :

0., =T COSs X1 SIn Xy,

v, = Tf % sin x7.

Hence, dv = Tfs_lfs(v’)d‘rsda(v’), where

s s
Bs = Z Bs ks IS(U/) = 2 ,Bs,k(v;<>2/ v = DT;1Z) € Ssjlr
k=1 k=1
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and T; 1 Js(0') is the Jacobian of the transformation.

Fabes and Riviére showed in [1] that J; € C®(S°*~!) and that there is a constant
A > 1 satisfying
1< Js(0') < A.

For p1 = a1 +iay, pa = by + iby (a1, a2, b1, by € R with aq, by > 0), we assume that
O(v, w)h(t(v), 7y (w))
)

(Te(0))Peb1 (7 (w) ) Prr2

where & is a measurable function defined on R4 x R, and U is a measurable function de-
fined on R* x R” which is integrable over S*~! x S7~! and satisfies the following properties:

KU,h(U/ CU) =

O(Dyv,Dyw) = U(v,w), V7, >0 1)
and

L, B wde) = [ 5wy w)de(w) =0. @

For g € S(R* x R"7), we define the generalized parabolic Marcinkiewicz integral gg‘ })1
on product domains by

dsdr\ /#
0w = ([ @)

where
Tsr(g)(x PerZ / / g(x—v,y—w)Ky (v, w)dvdw
and 1 < p < oo.
We notice thatif 1 = Bx2 = -+ = Bxx = 1l and /3,7,1 = /3,7,2 =+ =By, =1, then
we have B¢ = «, 7c(v) = [v], By = 11, Ty(w) = |w|, and (R* x R7, 7, 7)) = (R* x R7, |-
l,|-]). In this case, we denote the operator gg‘ 21 by ./\/lg‘ ,)1 In addition, when y =2, h =1

and p; = 1 = pp, we denote ./\/lg‘ ,)1 by M5 which is the classical Marcinkiewicz integral on

product domains. The investigation of the boundedness of M;; began in [2] in which the
author proved the L2 boundedness of M5 under the condition U € L(log L)?(S¥~! x §771).
Subsequently, the investigation of the L¥ boundedness of M5 was considered by many
authors (see for instance [3-9]).

On the other hand, the investigation of the L¥ boundedness of the operator g{j" 2{
was considered by many authors. For example, Al-Salman introduced gg‘ ;)l in [10] in
which he proved that Qg% is bounded on LF(R* x R") for all p € (1,00) provided
that U € L(log L)(S*~! x S7-1). Later on, the authors of [11] improved the results pre-
sented in [10]. In fact, they proved the L? boundedness of g{f 21 for all [1/2-1/p| <
min{1/2,1/¢'} whenever U in BL(IO’O) (S x §771) with g > 1 or U in L(log L)(S*! x

ST=1),and h € Ay(Ry x Ry) with £ > 1. Here, Ay(R; x R,) (for £ > 1) refers to the set
of all measurable functions 4 such that

2k+1

1/¢
) = su TK,T < Q.
Ap(RyxR,) ]epz o ok 1 T
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Let us now recall the definition of Triebel-Lizorkin spaces on product domains. Let
1 < pp < and @ = (c1,c2) € R xR. The homogeneous Triebel-Lizorkin space

(R" x R7) is defined to be the set of all tempered distributions g on R* x R" satisfying

< oo,

1/u
( Z chmz]czli‘(lpk,’( ® l/Jj,;y) * g‘ﬂ>

Igll. 2.,
Ep JkEZ

(RKXRW)__‘
LP(R* xRY)

where fors € {x,7}and x € R?, l,Ej\s(x) = 27/°Dy(27/x) and Ds € C§°(R®) is radial function
satisfies the following:

(1) Dse€[0,1],

(2) supp (Ds) C {x ERS: |x| € [%,2]},

() Ds(x) > A > 0if |x| € [£, 3] for some constant A,

(4) ¥ Ds(277x) =1 with x # 0.

jez
T . ,
The authors of [12] proved that the space F,, * (R* x R") satisfies the following prop-
erties:

—

.0,2
(i) Forpe (1,00), wehave F, (R*xR7) = LP(R* x R"),
- —
(i) If s < o, then F, " (R¥ x RY) € F, " (RF x RY),

—) /

— *
(iii) F (]R" x RT) = (F pc 'P(]RK X ]R’7)> , where p’ is the exponent conjugate to p,

R
(iv) The Schwartz space S(R* x R") is dense in F ; 'F(RK x RT).

Recently, the authors of [13] employed the extrapolation argument of Yano [14]
to prove that whenever Q lies in the space L(logL)?/#(S*~1 x S771) or in the space

0,2-1
Bé B )(S’“l x §771), then for all p € (1,00),

HMz(s;fi(g)H < pIIgH T 3)

U’(R"X}R”) (Rx xR

where Bl(io’“) (S*1 x ST71) (« > —1, g > 1) refers to a special class of block spaces intro-
duced in [15]. Very recently, the result in [13] was improved in [16] in which the authors

0,2
proved that if § € L(logL)*/*(S*1 x S1=1) U B( R )(SK_l x ST71) with g > 1 and

he Ay(Ry x Ry), then M(”})l is bounded on LP(R* x R") for p € (¢, 00) with u > ¢’ and
forp € (1,u) with u < ¢/if 2 < £ < o0; and also for ¢/ < p < oo with u > ¢’ and for

pe (i, M) withp < (/i1 < 0 <2

In the view of the results in [11] regarding the boundedness of the parabolic Marcinkiewicz

operator gg,l and the results in [16] regarding the boundedness of the generalized parametric
(1)

Marcinkiewicz operator M;j;, we have the following natural question: Is the integral

operator QU , bounded under the same conditions on & and U as that was assumed in [16]?
In this article, we shall answer the above question in the affirmative. In fact, we prove
the following:

Theorem 1. Let U € L1(S*~1 x S"71) for some q € (1,2] and h € Ay/(Ry x R, for some
¢ € (1,2] . There then exists a real number Ay > 0 such that

Apisn((g—1)(€—1))" 2/'*||g||

553 gy < 425 -
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ZI /e . .
forp € (#,ﬁ)zfy < V,andfor ! < p < coify > Z’;whereAp,U,h = A,,||UHM(SK71X§,771)

||hHA/(R+ <R, and Ay is independent of U, h, q, ¢

Theorem 2. Let U € L1(S* ! x S"71) with q € (1,2 and h € Ay(Ry x Ry for some
¢ € (2,00). Then

(1) Lo\
< - —
Hgo'h(g)HL”(R"XR”) = Ay <q - 1> HgHF,f”"(RKxR")

forallp € (¢',00) if u > 0" and forallp € (1, u) if u < '

Now by using the estimates in Theorems 1 and 2 and following the same method as
employed in [17] along with the extrapolation argument as in [14,18,19], we obtain the
following results.

Theorem 3. Assume that h is given as in Theorem 1.

. (012_1) -1 -1 . . .
(i) IfOeB; " (S xS" ') with q > 1, then the inequality

(1) < a
T e (S [ N S,

p
holds for ¢! < p < coif u > ', and for p € (Hﬁ%,%) ifu<t.
(ii) IfU € L(log L)*/#(S*~1 x S1~1), then the inequality
el < Ap (1501 rogry b+ 1)l lell
U,h LP(RKxRT) — P L(logL)?/#(SF—1xS1-1) Ap(RyxRy) FPO/#(RKX]RW)
holds for ¢! < p < coif u > ¢', and for p € (#{l_l,y’f—/_@) ifu<t.

0,2-1
Theorem 4. Suppose that U € L(log L)?/#(S*~1 x S1=1) U B,g ’ )(SK_l x ST=1) with g > 1

and h € Ap(Ry x Ry) with 2 < ¢ < oco. The integral operator gg*,z is then bounded on
LP(R* x R") forp € (¢, 00) if u > ', and forp € (1, u) if u < ¢'.

Remark 1.
(i) Forany0 <y <1,m > 0andq > 1, the following inclusions hold and are proper:

CLS* 1 x ST71) € Lip, (S*1 x ST71) € LI(S* ! x S"71) € L(log L)™(S* x §T71),

ULt xS c B 8171 € LS x §17Y) forany T > —1,
r>1

L(log L)™ (S x S"71) € L(log L)™(S*"! x ST71) for 0 < my < my,

BIO™ (515 s171) € B (81 x 8171 for —1 < < 1.
(ii)  For the special cases h = 1 and y = 2, the authors of [7] showed that ./\/lg )1 is bounded
on LP(R¥ x R") for all p € (1,00) under the condition Q € L(logL)(S*1 x S1~1).
In addition, they found that this condition is the weakest possible condition so that the
boundedness of /\/lg )1 holds. On the other hand, the LP (1 < p < o) boundedness of Mg )1

was proved in [8] if O € B‘;O’O) (S*=1 x S"1=1) with g > 1. Furthermore, the optimality of

the condition Q) € B{go,o) (S*=1 x S1=1) is established. Therefore, our conditions on U in both
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Theorems 3 and 4 are known to be the best possible in their respective classes in the cases
u=2andh =1.
(iii) In Theorem 4, when we consider the special case h = 1, we get that gg‘l) is bounded on

2_
LP(RS x RY) for all p € (1,00) if § € L{log LY/#(S* x 1) UBL " (851 x

S"=1). Hence, The results in Theorem 4 are improvement as well as generalization to the
results in [10,13].

(iv) When y = ¢’ with2 < { < oo, Theorem 4 gives the boundedness onghfor all p € (1,0),
which obviously gives the full range of p.

(v)  For the case y = 2 and { € (1,2], the range of p in Theorem 3 is better than the range

obtained in Theorem 1.2 in [11] in which the authors proved the LP boundedness of g{f 21 only

forp e ( T E) Therefore, our results improve the main results in [11].

(vi) For the specml case s € {x,n} with Bs1 = Psp = -+ = Pss =1, p =2andh =1,
we extend the results in [4] in which the authors proved the LV boundedness of gg‘ 2 for
p € (1,00) under stronger condition L1(S*~1 x S1-1).

(vii) For the special case s € {x,1} with Bs1 = Psp = - -+ = Pss = 1, our results are the same as
that obtained in [16]. Thus, the results in [16] are special cases of our results.

Throughout the rest of the paper, the letter A represents a positive constant which
is independent of the essential variables and its value is not necessarily the same at
each occurrence.

2. Auxiliary Lemmas

In this section, we need to introduce some notations and establish some lemmas. For
¥ > 2, consider the family of measures {U,CU wsr = sy 28,7 € R, } and its concerning
maximal operators 0} and M, on R* x R given by

1
d = — / / K , L, w)dvdw,
//wag Tar P2 J1/2s<r(v)<s J1/2r<m (w)<r 6 (0, w)g (v, w)dvdw

03 () (v, w) = sup [[og,|*g(v,w)],
s,reR4
and
;\’j‘*’l ,)/k+l de]/‘
My, (@) = sup [ [0 o] «g(v,@) =T,
jkez v v

where |05 /| is defined in the same way as 05 » except that hU is replaced by |hU| .

We shall need the following two lemmas from [11].

Lemma 1. Let § € L9(S*" 1 x S"1) and h € Ay(Ry x Ry) for some q,¢ > 1. There then
exists Ay ;5 > 0 such that

S Ah,U/ (4)

v dsdr o
/ / | o évg 2 < A Uln )’D/ykg‘ 11 (7)

where ||0s || is the total variation of 05,, 0 < 6 < mm{§, ;—q/, 2”—;,, g—l g—z} and ny, np denote the

)
1y In(y) , (5)

distinct numbers of { B}, {By,;}, respectively.
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]keZ

AL et 1/u

2//

Lemma2. Let U € LY (S*"1 x S""1) and h € Ay(Ry x Ry.) for some ¢ > 1. Then we have that
17 () 1r (resrry < Ap s8Il e (6)
forall p € (¢, 00), where /Tp,h,u = Apllhlla, . xm) 100 1 (sr-1x87-1)-
By using Lemma 2, it is easy to show that

1My (8) e Ry < Ap s I (1) 1181 o (R ) @)

forall p € (¢, ).
Now we need to prove the following result:

Lemma 3. Let U € Lq(SK’l xS11), h € ARy x Ry) with1 < €,q < 2and v = 2''7.

lhenﬁ)r all pEc (]4
1/u
( k ’ ‘ >
JkEZ

where {Fx(-,+), j,k € Z} is any class of functions defined on R* x R".

+£’ 1/ Jf/_éf) with u € (1,¢'], we have

7

%dsdr 1 2/u

— <A —_
%t F < (==
LP(RFxRY)

s )

LP (R xR)

Proof. Let us start with the case p € (y, % i é) It is clear that

S
/W (/4
oo Falo)|' < SIS oy WIS s [ [ L o)
7/2 s/2

¢
”_% AtdTy,

|Fii(o = Dyx,0 = Do) [ [6(x, )ldo (x)de (y) (i, )| ®)

TeTy

By duality there exists a non-negative function ¢ € L(P/ V)/(]RK x R7) such that
<1land

(=0
= Jlew E./, A

Thus, by the last two inequalities and Holder’s inequality, we obtain that

,yj+1 ,)/k+l ]’ldeT’
( L / j / o | Tk
jkez /v

sr
M _
// q( k(v,w)‘ )M it (®)(—v, —w)dvdw
REXRT \ j kez " ¥y

’

L |7l

JkEZ

||¢|| (p/m) (R xRY)

Osp* Fig| —
sr

1 I
I dsdr) /n

LP(RK xRY)

s,r % Fip(v,w) ﬂ?(p(v w)dvdw. )

I3

(/ (u/
< AHO”L’i g’f 1% Si— 1 || ||A’i £+XR+

LP (R¥xRY)

(u/ / —
< ARIEE g IOIE S g M o (9)

7

W] * oy

7

Lp/n) (Rn X]Rm)

L(P/1) (R¥ xRM)
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)
where ¢(v,w) = ¢(—v, —w). As |h| l‘/ belongs to the space A/,

(=) (R+ XR+)I

then by

employing (7), we obtain that

/p p
(s J dsdr) |
‘ ( / / O-S r * Sr - S AU,h 11'12/}4 Z ‘ ‘ (10)
jkez =Y LP(R* xRY) jkez LP(RX xRY)
e
forall p € (u, M’—K)'
Let us consider the case p = y, by Holder’s inequality and (8), we get
/P
7 Hdsdr ! (n/ (n/
‘( /, / o Fi < AIOIGEL o 1L
jkez LP (R xRY)
,Y]+1 u
X — D x,w—D
]}gz /R"XRW/ /vk //2 //2 /SK 1egr | Tk~ D T”y)’
B0 dtdty dsdr
x O, y)||h(te, )| ¥ do(x)do(y)———" T ——dvdw
1 (u/u')+1 (n/u)+1
A S AN AN N M LRSI E an
(@=1)(¢=1) LIE D T Ry xRs) ]keZ‘ ‘
Finally we prove the lemma for the case p € ( m f ;, ,1). Let L be the linear operator
defined on any function ' = Fj(x,y) by L(F) = 0.k, * Fjx(x,y). It is easy to see that
”‘C HLl [1,7) % [1,7)),%dr < Aln < Z ]:]k ) (12)
HH (L) <[ 7)) INVAYA L1(R*xR") ]kEZ‘ ‘ LI (RF<RY)
Furthermore, by the inequality (6) we get
sup sup ‘aﬂrksﬁjr * ]:]k‘ < ( sup ‘ ’)
JREL (sr)€la]x (1] LP(RXxRY) Jkez LP(RXxRY)
< Apps Sup‘
JkeZ LP (R xRY)
forall p € (¢/,00), which in turn implies that
, ‘ <ir < A . 1
HHHO’,Yks,y]r * Tkl Lo (1) 1,7, 228 ‘MZXZ) g H kHlm ) F— (13)

Consequently, the proof of the lemma is finished in the case p € ( _f 7—1, 1) if we interpolate
(12) with (13). O

Lemmad. Let Gand {Fj(-,-), j k € Z} begivenasin Lemma 3. Suppose thath € Ap(Ry x R+ )
for some ¢ € (1,00). Then there exists a positive constant Ay, ;5 such that

Pl kL s 1/p )\ , n
ol B TN <t 5) ( ¥ |7l ) 1)
JkEZ Nk JkEZ LP(RXxRY)

LP (RXxRY)
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Yyl oy

jkez

ok

k+1

Ts,r % Fik

forallp € (1,u)if u < andy > 2;and

1/p
ndsdr

0 2
2 <4 (=ne)

LP(RX xR)

forallp € (¢/,00) if u>1'.

(15)

LP(RXxRY)

A proof of this Lemma can be constructed by following a similar argument as that
employed in the proof of Lemma 3 and following similar argument as that used in the
proofs of Theorems 4-5 in [16] (with minor modifications). We omit the details.

3. Proof of the Main Results

Proof of Theorem 1. Suppose that O € L1(S*"1 x S7"1) and h € A,(R; x Ry) for
some g, ¢ € (1,2], and that u > 1. By Minkowski’s inequality we get

=1

N (//]R+><]R+ 2 sP1yP2 A’f*15<pr(v)§2*fs /Z—k—1r<p,<(w)§2—kr

j k=0
dsdr) 1w

g(x — v,y — w)dvdw|"
sr
sPirP2 /2’/"15<pT(v)§2’fs /Z—k—1r<pk(w)§2—kr

j,kZ::O (//R+ XR+
dsdr) 1w

_ Z
g(x—v,y —w)dvdw| =

20m+h dsdr\ V/*
"
e (//M o gl ) . (16)

Let v = 2/, For k € Z, choose a collection of smooth functions {;} defined on R*
satisfying the following properties:

P C (0], ) gi(s) =

keZ

Kesn(v, w)

X

1

IN

K p(v,w)

X

d' Py (s)

dst <9
s

_Stl

—1-k 1—k]

supp (lpk) - h/ 7Y ’ and

where C; does not depend on 7. For ({,¢) € R* x R", define the operators (¥x(0)) =
i(t(0)) and (¥;(8)) = $j(7(€)). Hence, for any g € S(R* x RY),

dsdr\ V/#
<// o5 % g(x, y) [ — ) <A Z Hum(8)(x, ), 17)
Ry xRy nme”z
where Y
d d B
and

Vin(©) (0,57 = T 050 % (o © Fo) 80X, 0 o (57)
jkeZ ’

Thus, to finish the proof of Theorem 1, it is enough to show that there exists a positive
constant € such that
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IN

IN

IN

IN

1 2
< - =5 (In|+|m|) N
| Hin,m(8) ”LP(]RK xRy = Ap,h,U ( e 1)) 272 ”fHFpo H (RexR) (18)

forall ¢/ < p < cowith ¢’ < pandforall p € (#ﬁ,%) with ¢/ > p.

First, we estimate the norm of H,, ,(g) for the case p = u = 2. By using Fubini’s
theorem along with Plancherel’s theorem and the inequality (5) we get

HHn,m( )||L2 R xRT)
yitl

ke oy </7 / 106 2d5dr> 8(¢,0)Pdgdg
1
Ap((ql)(ﬂl) ]keZ //n+j,m+k

1
A ———= ) p—ellnl+m]) 42 5(7,5)12ded
p((q—l)(€—1)> h’U]’,gz//BnH,erk'g(g &)|dgdg

1 2
I —e(|n|+|m|) 22
A”((a—w-l)) 2 Ao

where By = {(2,8) € R x RV : (1], 12)) € [y, 7' x [y, 7] } and e € (0,1).

Now, let us estimate the LP-norm of #,,,(g). By Littlewood—Paley theory, Lemma 3,
inequality (15), and invoking Lemma 2.3 in [13], we get

18, €)[dgde

D g’ nlln

)’ (19)

||Hm,n(g)||LP (R¥ xRY)

1/u
QL gkt dsdr
( / /yk |Us,r* ("Fm+k®lifn+j) *g|}l St
ikeZ

<
L (Rx xR
1 M
< Ah,U[( - 2/]4 <Z| m+k®‘i’n+j)*g|l4>
1 jkel LP(Rx xRY)
1
< A A = (20)
"l D@ )P ey

for ¢/ < p < oo with y > ¢/, and also for p € ( +€€l 1/ Jf’ff) with yu < ¢'. Therefore, by
interpolating (19) with (20), we obtain (18). The proof of Theorem 1 is complete.

Proof of Theorem 2. A proof can be constructed by following a similar approach as
that used in the proof of Theorem 1 except that we employ Lemma 4 instead of Lemma 3.

We omit the details.
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