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1. Introduction

The study of ordinary differential equations and partial differential equations of
fractional order has interested several researchers for a long time [1-4]. Problems of the
stability of these equations have been studied in a very large way. For example, the authors
in [5,6] studied the finite-time stability, and in [7-10], the authors studied the stability in the
sense of Ulam—Hyers—Rassias (UHR) and Ulam-Hyers (UH). Additionally, some problems
of controllability and optimal control of these equations have been completed by several
researchers [11-15].

In the literature, several types of fractional derivatives have been introduced by
some researchers such as [16-18]. These different types of fractional derivatives have
greatly contributed to the development and enrichment of many basic sciences such as
mathematics, physics, medicine, engineering, stochastics, etc. For example, the authors
in [19] studied a fractional model for COVID-19, in [20] the authors studied a fractional
order eco-epidemiological system with infected prey, and a fractional differential system in
hepatitis B has been investigated in [21].

The existence of a solution and the stability in the sense of Ulam have been studied
abundantly by several researchers [7-10,22]. In [2,23-25], and the stability with delay was
investigated for different types of fractional derivatives. To the best of our knowledge,
the study of stability with time advance for a backward differential equation with time
advance via {—Caputo fractional derivative has never been investigated. In this paper, we
considered a backward differential equation with time advance via {—Caputo fractional
derivative. In the first time, we proved the existence and uniqueness of solutions by using
a fixed point method. Next, we gave two stability results, in the sense of Ulam, for the
backward differential equation with time advance. Finally, some numerical experiments
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have been presented at the end of the paper to illustrate the theoretical results. Then, we

can summarize the novelties of this work as follows:

¢ The presentation a new problem defined by a backward differential equation with
time advance via { —Caputo fractional derivative.

¢ The study of the existence and uniqueness of solutions for the backward differential
equation with time advance via {—Caputo fractional derivative by using Banach
fixed-point Theorem.

¢ Study of the UHR and UH stabilities for the backward differential equation with time
advance via {—Caputo fractional derivative.

¢ Numerical implementations.
In Section 2, the main results of the paper are given. Section 4 is devoted to the

numerical implementations and discussion of the numerical experiments.

2. Preliminaries and Definitions
In this paper, we consider following notations:
e The space AC([a, b]; R) defined by:

AC([a,b|;R) = { f:lab] — R, f isabsolutely continuous}.

e The Banach space C([a, b]; R) of continuous functions defined from [a, b] into R.
e The Banach space D,([—r,0];R) of continuous functions defined from [—r, 0] into R,
where r > 0.

Let a,b,r be some positive real numbers such that a < b and r > 0. We define a metric
space (€&, d), where the space € = C([a,b + r|;R) and the metric d is given by

do)= sup {2y

x€la,b+r] (r(x)(S(x)
where the function o and J are defined by

B 1 , v X € [b/b + 7’],
o(x) = ML)y x € [a,b).

B y(b), V x€[bb+r],
(x) = {7(x), YV x € [a,b],

where 1 is a non-increasing continuous positive function and { is an increasing continuous
function. It is clear that the two functions ¢ and ¢ are non-increasing functions on [a, b].

Definition 1 ([26]). Let a € (0,1) and { € C'([a, b]) be functions such that { is increasing and
g'(t) #0, forall t € [a,b]. The {—Caputo fractional derivative of a function v(t) is defined by:

CDyto(t) = I’(11 ) (- gfit) %) /tb Z'(s)(&(s) = 2(1))"o(s) ds.

Lemma 1. Ifv € AC([a,b];R), then the {—Caputo fractional derivative of the function v(t) is
given by

e € - e s

where o € (0,1) and { € C*([a, b)) is a functions such that { is increasing and ' (t) # 0, for all
£ € [ab].

CDyfo(t) = —
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Theorem 1 (Theorem 2.1 in [9]). Suppose (F,d) is a complete metric spaceand L : F — Fisa
contraction (with T € [0,1)). Suppose that v € F, A > 0and d(v, L(v)) < A. So, there exists a
unique p € F that satisfies p = L(B). Moreover,

d(v,B) < 1ff.

3. Main Results

Consider the backward differential equation with time advance:

CDYfu(t) = f(tu'), V€ [k, T), (1)
u(t)=¢(T—1t), Vte|T, T+r], )

where CD%’C(-) is the well-known {—Caputo fractional derivative with order « € (0,1),
see [26]. The variable u’ is defined by

u(x) =u(t—x), forall x¢€[-r0], r>0. 3)

Let: =T —t, fort € [T, T +r], thent € [—r,0]. Consequently, the initial condition defined
by Equation (2) can be rewritten as follows:

ul (1)) = @(1), Vie[-r0],

where ¢ is a continuous function belonging to the space D, = C([—r,0];R). The second
member f in Equation (1) is a continuous function and is defined by

£ [to, T] x Dy — R.

The correspondent integral equation of (1) is given by [26]

1 x—1

T
_ ! _ s
wl) = ()t [ E(E0 ) flews
Let us now consider the following assumption:
(H): Lf(t,vi) — f(t,v2)| < L||v1 — V2|, Vvi,vo €D, and Vte [ty,T],
where L is a positive constant.

Definition 2. The problem (1)-(2) is UH stable if there exists a real number A ¢ > 0 such that for
every € > 0 and for each solution @ € AC([ty, T + r]; R) of the following inequality:

C
DYfa(t) - f(1a'(1)| < e,
there exists a solution u of Equation (1) with
u(t) =a(t), Vtel[T,T+r],

such that
[G(t) —u(t)] < /\fs, t € [k, T].

Definition 3. The problem (1)-(2) is UHR stable with respect to v € C([to, T]; R), if there exists

a real number Cg ., > 0 such that for every e > 0 and for each solution @ € AC([to, T +r|;R) of
the following inequality:

C
Dfa(t) — f(ta' (1) <ey(t), te o, Tl
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there exists a solution u of Equation (1) with
u(t)=ua(t), vte[Tl,T+r],
() —u(t)] < Crpex(t), t€ [to, T].
Let M‘)T"g be the constant defined by
vy AYE(T) = 3(t0))" A@()—2(t))
My = e O Tat )¢ / @)

where A is a positive constant such that £ < A%.
We present in the following the first main result, Theorem 2, which expresses the UHR
stability for the system (1)—(2).

Theorem 2. Suppose that the assumption () holds. If y € AC([to, T + r];R) satisfies the
inequality:

ICDYEy () — F(t, )| < ey(t), forall te [ty T], 5)

where ¢ > 0 and <y is a non-increasing continuous positive function, then there exists a unique
solution u* of (1)—(2) with
u(t) =y(t), Vtel[T, T+r],

such that
u* (1) = y(H)] < eMFEa(t), Ve [to, T),

where the constant M‘;’C is given by the relation (4).

Remark 1. Let y € C([tp, T];R). Then, the function y is a solution to the inequality (5) if and
only if there exists a function 0 € C([to, T]; R) and a function x € C([to, T|;R):

CDYoy(t) = f(t,y") +0(t) and [8(1)] < ex(t), Vte [t T).

Let € = C([to, T + r]; R). Now, we define the operator 2 : € — € as follows:

y(t), Vte [T, T+r],

() (1) = )
y(T) + 5 [T (26 —2() flsw)ds, Ve [to,T]

Immediately, we have the following result.
Proposition 1. The operator 2 : & — € is contractive.

Proof. Let u;, u; € €. Then, we have
() (t) — (Auz)(t) =0, Vte [T, T+rl.

For t € [ty, T], we obtain

@)t - )] = |5 [ (20 - 20)" [Fls ) - s up)as

IN
=
—~
=
N
—
ﬂ
U\i
~~
1)
N~—
/N
N
~~
1)
N2
|
N
~—~
—
N—
N~
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where:

Jui w3l = sup (Jui(s 1) —ua(s = 0)]):

1€[-1,0]

Fors € [t, T], there is ¢ € [—r,0] such that

[ui — w3

Therefore,

‘Cd(ul/ 112)
I'(a)
Ld(uy,up)
I'(a)

(Auy ) (£) — (Auz)(t)

IN

T
IRAGIORI0)
5) [ 26) (566) ()" AED g

= Jui(s—1) —up(s —1)|,
[ui(s — 1) —ua(s — 1)
o(s—1)d(s—1)

d(uq,up)o(s)d(s).

o(s—

0(s — 1),

A

x—1
a(s)é(s)ds,

(6)

Let p = {(s). Then, dp = ' (s)ds. Consequently, we obtain

¢(1)

/éf(t)

/é(T)
()
o(T)
AMET)=L(1))
/C(f)

a—1

a—1
(p—2()" AEM-E0e-No-2) gy,

a—1

Lets = A(p — {(t)). Then, ds = Adp. Therefore,

a—1

[ a6 (e)-em)

t

eA(é(T)fé(s))ds

< @)

Thus, from relations (6) and (7), we deduce that

(Auy) (1) — (Aua) (8)] <

/\IX

Therefore, we obtain

d(mull mHZ) <

Recall that £ < A%. Thus, the

£ d(ur, up)(H)eMEM L)

£ 4w, u)o()5(t),

/\ad(ul,uz).

operator 2l is contractive. [

We can now establish the proof of Theorem 2.

Proof of Theorem 2. We have

(Ay)(

It follows from (5) that

ly(t) — (Ay)(¢)

£) —y(t)

0, forall te ([T, T+r].

| <
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AN
>—j$
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Therefore,

a(y ) < ;g (60— 2w

Using Theorem 2.1 in [9], there exists a unique solution u* of (1)—(2), with u*(t) = y(t) for
allt € [T, T + r], such that

€ a1
ﬁﬁﬂgm—wmifz

)\D(
A (2(r) = ¢(to))”
<
= A LOT(a+1)

d(yu") <

E.

Therefore,

A (g(m) = ¢(t)”
() —u*(1)] < (Agff z))r(i(ti?) MO0y (1)e = eMBEy(2), Vit € [t, T.

O

The second main result of this paper is given by the following Corollary 1, which
expresses the UH stability for the system (1)—(2).

Corollary 1. Suppose that the assumption (H) holds. If y € AC([to, T + r]; R) satisfies the identity
“DYy(t) ~ f(t,y) < forall te [to,T], ®)
where € > 0, then there exists a unique solution u* of (1)—(2) with
u*(t) =y(t), Vte[T,T+r],
such that
(1) —y(1)] < Mife, VEE [T, ©)
where the constant Mgﬂ’g is given by the relation (4).

Proof. The proof of Corollary 1 can be deduced from that of Theorem 2, where the consid-
ered metric function d, in this case, is defined by

d(u,0) = sup {M}

x€E|[to, T+7] /S(x)
where the positive function g is given by

1 , V x€l[T,T+r],
B(x) =
AT (x))

, V xe [i‘o,T}.
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4. Numerical Illustration
In this section, we consider the case when f (s, u®) is written in the form g(s, u(s +r)).
Consider the following integral equation:

1 x—1

T
u() = w(l) e [ EE(E6) —E0)" sl uls+ s (10)

We divide the interval [fg, T| into N sub-intervals [¢;,t; 1], fori = 0,--- ,N — 1, of
equal amplitude i, where

T—t
ti=ty+ih, i=0,---,N and h= 0,
N
Then, it is clear that
T = tn,
h = tiy1 —ti, 0,---,N—1

At the grid point t;, fori = N —1,- - - ,0, Equation (10) takes the form

T

1 a—1
u(t) = u(tn)+ gy | CO(6E) ) glsuls+n)ds,

[ e (e - ) gtsut s an

a—1

stteut+n) [ 06 (26 - 2) s

k=i t

X
=
2
_|_

By integrating the integral in the right side of Equation (11), we obtain
1 N=t

Y gt u(ty +1))wp, (12)

u(t;) = u(ty) + T ta) Z

1

where the coefficients w]"f are given by

wh = (C(tesr) = C(4))" = (C(t) = C(4))*, k=i, ,N—1, i=N-1,---,0.
Now, let us consider the following notation:
ui:u(ti), i=0,---,N.

Assume that there exists a positive integer p > 0 such that » = ph. The coefficient u(t; + r)
can be rewritten as

u(ty +r) =u(to +kh+ ph) = u(to+ (k+ p)h) = u(tiy,) =~ upyp-
Therefore, Equation (12) can be rewritten as
N-1 4
Ti1a) k; g(te upyp)wy, i=N-—1,---,0. (13)

1

u;, = uy +

Example 1. Let [to, T] = [0,1], r = 0. Consider the system:

CDYfu(t) = Su(t)+F(t), Vet T], (14)
u(T) = ur. (15)
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whose exact solution is u(t) = 1+ t2. The initial condition u(T) = u(1) = 2and a = 0.75, {(t)
= t. The source term | is given by

2t271x

G ) 5(1+ ).

Ft) =

The system (14)—(15) is solved using the scheme (13) by the software Matlab 7.5.0 (R2007b).
Figure 1 show the convergence of the numerical solution to the exact solution.

2

= = = Numerical solution ’

L 72
1.9 Exact solution /]

1.8 N

1.7 N

1.6 .

1.5 N

141 .

131 N

1.2} : : : .

111 .

1 I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

t

Figure 1. The exact solution and the numerical solution for a time step h = 10~3.

Example 2. This example is devoted to the UHR stability.
The data used in this experiment are chosen as follows:

lto, T] = [1,e], [~r,0] = [—%(e ~1),0], A =02, & =075,

Let {(t) = In(t). In this case, we obtain CD”T"Cu(t) =CH DO75u(t), where CHDY75u(t) is
the Caputo—Hadamard fractional derivative of u(t) (see [26]).
Consider the Caputo-Hadamard fractional problem:
CHDYPu(t) = f(tu'), Vie(Le], (16)

where f(t,u') = {5 cos(t)u(t+ ). Note that the function f satisfies the assumption (H):
1
() = f(t, V)] < pllu=vl, Vi€ [lel.

Now, let us define the fractional system:

CHDOTSy(r) = f(ty')+0(t), Vte[lel,
y(t) = 06cos(257(e—t))e >, Vte[ee+r],
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where 6(t) = 30%4—1' Since, we have
1 11
O(t)] = ———— < ——, Vte]l,e,
)= g1 <z0pr LA
then, from Remark 1,y € C([1, e];R) is a solution to the inequality (5), with e = 35 and ~(t) = %2:
SHDYTy(1) — fty)| < 5535 VE€ L)
¢ =301 ’

Therefore, from Theorem 2, we deduce that Equation (16) has a unique solution u* such that
u*(t) =y(t), Vtelee+r],
and

. 11 0
[u(t) —y(B)] < %§M375’§, vte[lel,

where the constant MS'75'5 is given by
07— AME(T) = E(t0))" aqe(m)-¢(to)
¢ (A= L)T(ae+1) !

0275 (In(e) = In(1))°” 51n(e)—in(1))
(0.2075 — 0.1)T(0.75 4+ 1) ¢ e

So, we obtain
* 1
[u* () —y(t)] < 0.06655t—2, Vi e [1,e].

In Figure 2, we plotted the solution w* of Equation (16) for t € [1,e] and the corresponding initial
condition u(t) = y(t) = ¢@(e —t), for t € [e,e +r]. In Figure 3, we plotted the solution u*
of Equation (16) and the solution y(t) of the inequality (5), for t € [1,e|, with the same initial
condition u(t) = y(t) = ¢(e —t), for t € [e,e + r]. The difference |u*(t) — y(t)| and the curve
of the function e (t)MS”%, for t € [1,¢], are plotted in Figure 4. In fact, it is clear that there is
consistency between the UHR stability result and the numerical experiment given in Figure 4.

0.7
0.65 J
06~ . 1
0.55 J
0.5 Solution u*(t),t € [1,¢] g
—o— Initial condition u(t) = p(e —t),t € [e,e + 7]
0.45- : J
0.4 :
0.35 J
1 1 1 1 1 1 1 1 1
1 1.2 1.4 1.6 1.8 2 2.2 24 2.6 2.8 3
t

Figure 2. The numerical solution u*(¢) for t € [1, |, with the initial condition ¢(e — t), for t € [e,e+7].
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0.62
0.6151 %,
0.61 \
0.605
0.6
0.595
0.59
0.585

0.58

u*(t),t € [1,€

- - =y(t)te(ld

2.8

0.7

0.65-

0.6~—0 " -~-..

0.55

0.5

0.45-

u*(t),t € [1,€]

y(t),t € [1,€]

——p(e—t),t €le,e+7]

0.35

1 1.2

Figure 3. The numerical solution u*(¢) and the numerical solution y(t), for t € [1,e].

1.4

1.6

1.8

1
2 2.2
t

2.4

2.6

2.8 3

0.07
q

0.06 -

o

[u*(t) — y(t)]
ey (t) MO

0 1
1 1.2

2.6 2.8

Figure 4. The difference |u*(t) — y(t)| and the curve of the function s'y(t)MSjS’g, fort € [1,e].
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Example 3. This example is devoted to the UH stability.
The data used in this experiment are chosen as follows:
lto, T] = [1,2¢], [~r,0] = [—%(26 ~1),0], A =02, & =07,
Let {(t) = /12 + 1. Consider the system defined by {—Caputo fractional derivative:
DY u(t) = f(tu'), Vte[1,2e], (17)

where f(t,ut) = 0.3sin(5¢)u(t + r). Note that the function f satisfies the assumption (H):
If(t,u) — f(t,v)] <03|lu—v]|, Vte]l2e].
Now, let us define the fractional system:

DY y(t) = flty')+e Vie[l,2],
y(t) = 6cos(127t(2e —t))sin(137(2e — t)), Vi€ [2¢,2e+71],

where ¢ = 0.01. If y € C([1,2e];R) is a solution to the inequality
CD5 y(t) — f(Ly") <& VEe[1,2e],
then, from Corollary 1, we deduce that Equation (17) has a unique solution u* such that
u*(t) =y(t), Vte|2e2e+7],

and
[w* (£) —y(6)] < eMyS, e [1,2],

where the constant Mg‘:’g is given by:

07— AMET) = E(t))® aem)—zito))
2 (A —L)T(a+1) ’

027 (g(2e) = £(1)*7 oa(c(2e)-¢())
ooy M, ~ 90.5732.

So, we obtain
lu*(t) — y(t)] <0.905732, Vt € [1,2e].

In Figure 5, the solution u* of Equation (17) for t € [1,2e] and the corresponding initial condition
u(t) = y(t) = ¢(2e —t), for t € [2e,2e + r] are plotted. In Figure 6, we plotted the solution u*
of Equation (17) and the solution y(t) of the inequality (8), for t € [1,2e|, with the same initial
condition u(t) = y(t) = ¢(2e —t), for t € [2e,2e + r]. The difference |u*(t) — y(t)| and the
horizontal line &(t) = sMg'Z’g, for t € [1,2e], are plotted in Figure 7. Again, it is clear that there is
consistency between the UH stability result and the numerical experiment given in Figure 7.
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-1+ .

Solution u*(t),t € [1,2¢]

=3 —o— Initial condition u(t) = p(2e — 1),t € [2¢,2¢ + 1] .

-6 I I

Figure 5. We plotted the solution u* of Equation (17) for t € [1,2e], and the corresponding initial
condition u(t) = y(t) = ¢(2e — t), for t € [2¢,2e +1].

0.15

—04F u*(t),t € [1,2€] i
-0 =y(t),t €[1,2¢
-0.15- .
-0.2 i
-0.25 :
-03 | | | | | | | |
1 1.5 2 25 3 3.5 4 4.5 5 5.5
t
2
(]
1- (] -
(]
0 —
@
® 0
1 4
q
s u*(t),t € [1,2¢€] B
== =y®),t € [1,2]
-3r —— p(2e —t),t € [2¢,2¢ + 7] .
(v
s i
[ ]
sl ) © |
o
-6 L L L L d
1 2 3 4 5 6 7
t

Figure 6. We plotted the solution u* of Equation (17) and the solution y(t) of the inequality (5), for
t € [1,2¢], with the same initial condition u(t) = y(t) = ¢(2e —t), for t € [2¢,2¢ +1].
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0.035

0.03 [u™(t) —y(t)],t € [1,2¢]

0.025 al

0.02 al

0.015 : al

0.01 al

0.005 al

1 1.5 2 25 3 3.5 4 4.5 5 5.5

0.6 i

051 () — y(0)] ¢ € [1,2¢] 1

0.4 O () =eMy" t € [1,2¢] : =

0.3r- *

0.1 .

1 1.5 2 25 3 3.5 4 45 5 5.5

Figure 7. We plotted both the difference |u*(#) — y(¢)| and the horizontal line &(¢) = SMgZ'é, for
te[1,2e].

5. Conclusions

In this work, several goals are achieved. We have proved the existence and the
uniqueness of solutions for the problem defined by backward differential equations with
time advance via { —Caputo fractional derivative. Moreover, two stability results, in the
sense of UHR and UH, have been established. Finally, we presented numerical results to
confirm the theoretical results obtained.

In future work, it would be interesting to study the finite-time stability for this type of
backward differential equation with time advance with other types of fractional derivatives.
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