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Abstract: In this paper, we generalize the N-dimensional Heisenberg’s inequalities for the windowed
linear canonical transform (WLCT) of a complex function. Firstly, the definition for N-dimensional
WLCT of a complex function is given. In addition, the N-dimensional Heisenberg’s inequality for
the linear canonical transform (LCT) is derived. It shows that the lower bound is related to the
covariance and can be achieved by a complex chirp function with a Gaussian function. Finally, the
N-dimensional Heisenberg’s inequality for the WLCT is exploited. In special cases, its corollary can
be obtained.
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1. Introduction

f,*,‘,e(fﬁt?sr Inequalities for the Fourier transform (FT) are widely used in mathematics, physics
Citation: Li, Z.-W.; Gao, W.-B. and engineering [1-6]. The classical N-dimensional Heisenberg’s inequality of the FT is

given by the following formula [7]:
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The windowed linear canonical transform (WLCT) [9-11] is a generalized integral
transform of the FT [12] and the FRFT [13]. In recent years, inequality of the WLCT has
become a hot topic. Many scholars [14-17] have studied different types of inequalities for
the WLCT.

The purpose of this paper is to obtain various kinds of N-dimensional inequalities
associated with the WLCT.

2. Preliminary

Let any function f(t) = f(t)e?®) € L?(RN) and window function 0 # g(t) =
g1 (t)el?® ¢ L2(RN).

Definition 1 ([18]). Let A = [Z Z} be a matrix parameter satisfying a,b,c,d € R and ad —
bc = 1. For any function f(t), the linear canonical transform (LCT) of f(t) is defined as

fla) = | Jan f(OKA(tw)dt, b #0
LA<u>—LA[f<t>1<u>—{ A oy, b0 ©)

where

1
Vi27th

Additionally, the paper [19] presented the following properties:

ia g2 1 id 2
KA(t,u) _ elzlibt —iptutizput @)

K (tu) =K, 1(u,t), (8)
_ +iux
27265(x) = /R ey, )
where A~1 = _dc ;b ,X = (xlrle.-- 1xN)-

If b = 0, then the LCT becomes a kind of scaling and chirp multiplication opera-
tions [20]. In this paper, we only consider b # 0.
The inverse formula of the LCT is given by [19]

£(t) = /]R L (@)K, (u, t)du, (10)

Definition 2 ([9]). Let A = {Z Z} be a matrix parameter satisfying a,b,c,d € R and ad —bc =

1. The WLCT of function f with respect to g is defined by

Wiftw = [ F1g"(y ~ OKaly u)dy

= [ ft(¥)Ka(y, w)dy,

(11)

wherey = (y1,v2,- - ,yn) and fi(y) = f(y)g*(y —t) = fi(y)g; (y — t)el?¥)—o(y=1),
Next, we will give a lemma.

Lemma 1. For f € L*(RY) and g € L*(RY), we have

WAf(tu) = /RN I, () Q" (k|u, t)dk, (12)
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where A1 = { g

],O#b’:be]R,

<

Q" (klu, t) = vV=i27be' L8 (I — ) K a (&, w) K (8 K).

Proof. According to Definition 2 and Formula (10), we obtain

Wif(bw) = | F(y)s(y — KAy, u)dy
— (13)
= Jry Lh( / Ky-1(k y)g(y — t)Ka(y, u)dydk.
Assume that Q* (k|u, t) = [pn K4 1(k,y)g(y — tKa(y,u)dy and y — t = p, then
Q*(k|u, t) = /RN K, (k,y)mKA(y,u)dy
R 1 1 )
- e
78 =g Vb p
1 1 —— 0 lew d g
= el TP i Pt 55 ( u)d
Tt e T ) P
x e P9 (k—u)2 i (w2 —k2) —i e g
1 ii’(kfu)Z g _jutgd 2 gkt do d k2
== L5 (k—u gy u? iy
Jianb (e—w)e

= V=i2mbe' R LY (ke — u)* Ky (4, u) K (1K)
Hence the Formula (13) becomes (12). O

3. Inequalities Associated with the WLCT

The aim of this section is to obtain the new inequalities for the WLCT by the precise
mathematical formulation.

Definition 3. Let f € L>(RY), then we can define [21]

tf = % ot | £(t) | dt, (15)
E/ u) P du, (16)

ul E/ u |, (u) |? du. (17)

2o g LR P (18)
A= [ =t ) P du (19)
A= E/ u—u)? | Iy () 2 du, (20)

where

E= / t) 2 dt= /N|Lf;(u)|2du:/RN|?(u)\2du, 1)
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=, ), 22)
=5 [ bl S0Pt 3)
k RN 4

uf = (u{, ujzi, o ,u{\,), (24)
f_ l Z 2
uf =5 [ [ fw) P du. 25)

Zhang [8] has generalized the N-dimensional Heisenberg’s inequality of the FT for
complex function. It can be restated as follows:

Lemma 2. Let f(t) = f(t)e'?®) € L2(RN), for any 1 < ¢ < N, the classical partial derivatives

9f oh exist at any point t € RY, then the inequality of the N-dimensional FT can be

ot.” ot.” ot.
obtained:
8202 = )£ 4 covi 26)
2 = 16m2 ’
where
COWfiéQF4W@@—“Wﬁﬁﬂt 27)

and @ = ( g;l) gj) . 84) ) If @@ is continuous and f1 # O, then the equality holds if and

only if f(t)isa chzrp functzon, the function is

N
et 2 N Zm‘[%ﬁ N1 o(te) et P tuf illo—t Q“‘”}
Le

fl)y =

where ,0 > 0and 1, [lo=10(0) € R,

, (28)

1, o€zt

-1, 0 € 7y
te) = , 29
W)=\ sontto =), o 22 )

—sgn(te —t), o€z

d 1
zZie = {211,212, , 210} = {1 <s<N| % = @(ts - té() +u£}, (30)
S
] 1
Zyr = {201,200, -+ , 220} = {1 <s<N| % = _E(ts - t{) +u£}, (31)
S

¥ _ [§t—d)rul, L=
1 fyo o f f}’ (32)
_g(ts_ts)‘i‘us, ts < s

Mm#b+d,azé} )

T\ —tD+ul, <t
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and Ué:l zor = {1,2,--- ,N}, zy Nzor =D for p # 0.

Theorem 1. Let f(t) = f1(t)e?) ¢ L2(RY), tf(t) € L2(RN), forany 1 < ¢ < N the

classical partial derivatives g—f ? a;P exist at any point t € RN, E = 1, then inequality of the
N-dimensional LCT can be obtamea‘lg ‘
(bN)?
AfFNGp > 5 1P+ COVE (34)
where
_ _4f I A2
COVj 4 = /R =€l —u| (b, (35)
P'(t) = ¢(t) + 55 t% and o’ = (gf ?)(f - g;P ), If @ is continuous and f1 # 0, then the

equality holds if and only if f(t) is a chirp function (28).
Proof. According to the Formulas (2) and (6), we have
LALF(D)(w) = —=PUF0e' €} (3) 2, (36)
letu' = % and f(t) = f(t)e'#%t, then
3G = [ (=2 £ Pt [ (u—uf)? | L (w) [ du
lb/ C2 170 P [ (w—u})? [FFO}(F) Pdu @)
=T [ 0 Pt [ - R F )

1

By the Formula (26), we have

(bN )?

NFNG ;> 5| fII* + COVZ 4. (38)

O

Corollary 1. When A = {_Ol (1)] , the above theorem can become the Lemma 2.

cosa  sina
—sina  cosw
Heisenberg’s inequality of the FRFT for complex function [8].

Corollary 2. When A = , the above theorem can reduce the N-dimensional

Definition 4. Let f,g € L?(RY), then we can give the definition [11]

1
tw:i/ / t| WAf(tu) |* didu, .
A= TWEF WP o Jon 1 We S (0] [t )

W A 2
o = W/RN/RN | WL F(tw) |? dedu, (40)
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@2y = W/RN /RN t—t))2| WAF(t w) 2 dtdu, (41)

Y2 w / / W f(t,u) [* dtdu, 42
AW ||WAf u) |2 Jry SRy )| f(tu) | u (42)
Next, the N-dimensional Heisenberg’s inequality of the WLCT will be obtained.

Theorem 2. Let A = [i b} be a matrix parameter satisfying a,b,c,d € R and ad — bc = 1.

d
For f(t) = f1(t)e®) € L2(RY), g(t) = g1 (t)e'?) € L2(RN)tf(t) € L2(RY), we have

bN
¥ = OV ey covz, + N e covz, )
1
bN)? 2
r2( (S0 se+cov, ) (S g +covz, )
0 v . . . . o
where A1 = 1) 0 # bV = b € R, the equality holds if and only if f(t) is a chirp
function (28).

Proof. On the one hand, according to Lemma 1 and the Formula (9), we obtain

Hwéqf(t,u)uz = /RN /RN |W§4f(t,u)|2dtdu
- /]RN /ﬂ‘{N [/]RN Lﬁ(m)me g5 (m—u)?

X L5, (m — ) K (t, w) K (t, m)dm|

[ [ (o) e 0=
% ng“‘l ( ) (t, u)Kj:‘ (t, n)dn:| *dtdu
B RN /RN| {4( )| |Lg ( u)|2dmdu'
Let m-—u=yv, thErl
||WAf tu)|® = / /RN‘ f ‘Lg (v)|?dmdv -
- ||L{4(m)|| ||LA] ).
Moreover, we obtain
1
tw:i/ / t| Wi f(tu) [* dd
AT WA ()2 Jre S | Wg' f(tu) |~ dtdu
1 / / [ o | |
||L{4(m)||2||L§1(V)H2.RN o | Jan ;

X

{ f(n/)g(n’—t)KA(n’,u)dn/} *dtdu

L L trm') Plg(m’ — o)2dm’dt
I )| ||Lg )2 RN S
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Letm’ — t = r, then

%= 1 ' (m’ — 1) f(m) Plg(r)[2dm’dr
! ||L{4(m)]|2|\Lil (v)|? /JRN ./[RN 8

Y i m Pl — [ e () P
T o e e

=tf — 8.

(48)

Using the same method, we can obtain
K‘V = u? — u?l. (49)

From the Formula (46), then

YW = )2 WAf(t u) |? dtdu

||WAf tu)? /RN /RN

1 / / f "2 /

= (m—u)|L (m’)]*dm’ +
1L, (m) |2 Jee foa

, 1

x/ (v — a8 (v)[Pdv —2—

RN g A HLJ;(m)”z (50)
1

IL%, (V)12

1
1%, (V)2

X /RN(m’ —uf) |, (m') Pdm’

x / (v — uf")| L8, (v) v’
JRN
2
From the same method, we can obtain
D w = A7+ A, (51)
On the other hand, using the Formulas (48)—(51), we can obtain
Do waw = (AF+ D) (A + A% ) )
= DAY DGAG o + DAY o+ ATAT £

According to the fact: n? +m? > 2nm, for Vn,m € R, then

O ¥y = AZAY + AZAG + ARAT L+ AZAD -

>AfA f+A2A +2./A2A2 A2A2

AT
From the Formula (34), we can obtain the result. [
cosx  sinw

—sinx  coswa
windowed fractional Fourier transform (WFRFT) [22] for the complex function can be obtained:

Corollary 3. When A = [ , the N-dimensional Heisenberg’s inequality of the

(sinaN)?2

(sin aN)?2
P tow = 1672

116772

1
sinaN)? sinaN)? 3
+2<<(i16n2>||f||2+covfﬂ) <<i167-[2)”g|2+covg2a1>> -

If1?+COVE, + Igl* +covg

2 (54)
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where
2 T E—— _ WH2 1 2
q)a,w ”W'xf ||2 /]RN /RN t ty ) | W, f(t u) | dtdu, (56)
2 Wea .
[IWg £t )l B 7
Yaw = HW’)‘f( )12 /RN /RN w')> | W, o f(tu) |° dtdu, (57)
1
w_ 1 ) )
W = e e fo A i, .
w_ 1 . )
COViu = /RN|t — tf[|oeg — u}xf,w|f12(t)dt, (60)
COVgw = [ It~ Ellog' — il (61)
o 1 . )
uf,WIE/RNu|ng(t,u)| du, 62)
' 1
YW = E /R u | Wef(tu) |? du, ©3)

and Wy f(t, u) is the WERFT of complex function

Jr £ —t)Ky(y,u)dy, a #nm
Wef(tu) = f(“)/ a =2nm , (64)
—f(u), a=_2n+1)m

and K, (y,u) — (1 _ iCot(X)%eni(\y\z—k\u\z)cottx—27tiyucsca.

0 1
-1 0
Fourier transform (WFT) [23] for the complex function can be obtained:

Corollary 4. When A = , the N-dimensional Heisenberg’s inequality of the windowed

R > N1+ lgl) + COVE + cov? ©5)
w2 (N e+ covz) (A2 g+ covz) ) 6)

16772 fI\ 1628 g ,

where
2 - W2 2

= ||ng )P Je Je (6= € I W) P dtc (67)

$2 — / / W2 ,
W= |\wgf TWef(t w2 Jrre Jre )? | Wef(tu) | dtdu (68)
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1 .
thi/ /tw tu) 2 didu, -
Hng(t,u)Hz.RN. RN | Wef(t,u) | u (69)
1
W ___ ~ 2
e A (RO /RN /]RNu | Wef(t,u) |* dtdu, (70)
_ _4f /o 2
covy = [ Jt=tll@w’ — ugwl (Bt 1)
COVy = [ t—t8]l@g’ —ugwlgi(v)at, (72)
ufwzl/ u | Wef(tu) [*du (73)
’ E RN 8 7 7
uwzl/ u | Wef(tu) |*> du (74)
8 E Jrv g \b ’

and Wy f (t,u) is the WFT of the complex function

S f(y)g* (y —t)e ¥udy, a # nm
Wef(tu) =< f(u), a=2nm : (75)
—f(u), a=_2n+1)r

4. Conclusions

In this paper, by the N-dimensional Heisenberg’s inequality of the FT, the N-dimensional
Heisenberg’s inequalities for the WLCT of a complex function are generalized. Firstly, the
definition for N-dimensional WLCT of a complex function is given. In addition, according
to the second-order moment of the LCT, the N-dimensional Heisenberg’s inequality for the
linear canonical transform (LCT) is derived. It shows that the lower bound is related to
the covariance and can be achieved by a complex chirp function with a Gaussian function.
Finally, the second-order moment of the WLCT is given, the relationship between the LCT
and WLCT is obtained, and the N-dimensional Heisenberg’s inequality for the WLCT is
exploited. In special cases, its corollaries can be obtained.
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