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*
Abstract: Two main topics are addressed in the present paper, first, a rigorous qualitative study
of a second-order reaction—diffusion problem with non-linear diffusion and cubic-type reactions,
as well as inhomogeneous dynamic boundary conditions. Under certain assumptions about the
input data: g, (t,x), g, (£ x), Up(x) and {o(x), we prove the well-posedness (the existence, a priori
estimates, regularity and uniqueness) of a solution in the space W;’Z(Q) X W;’Z (X). Here, we extend
previous results, enabling new mathematical models to be more suitable to describe the complexity
of a wide class of different physical phenomena of life sciences, including moving interface problems,
material sciences, digital image processing, automatic vehicle detection and tracking, the spread
of an epidemic infection, semantic image segmentation including U-Net neural networks, etc. The
second goal is to develop an iterative splitting scheme, corresponding to the non-linear second-order
reaction—diffusion problem. Results relating to the convergence of the approximation scheme and
error estimation are also established. On the basis of the proposed numerical scheme, we formulate
the algorithm alg-frac_sec-ord_dbc, which represents a delicate challenge for our future works. The

check for
updates

Citation: Fetecdu, C.; Morosanu, C.
Fractional Step Scheme to
Approximate a Non-Linear
Second-Order Reaction-Diffusion
Problem with Inhomogeneous
Dynamic Boundary Conditions.
Axioms 2023,12, 406. https://
doi.org/10.3390/axioms12040406

Academic Editors: Péter Korus and

Juan Eduardo Népoles Valdes

benefit of such a method could simplify the process of numerical computation.
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1. Introduction

Considering the following non-linear second-order reaction—diffusion problem:
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where Q C R", n < 3 is a compact domain with a C?> boundary 9Q) =T, [0, T] a generic
time interval, Q = (0, T] x ), £ = (0, T] x 0Q) and:

te (0,T], x=(x1,...,xn) € Q;
Py, Pas Prr Ps and p, are positive parameters;
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. 82 U(s,-) (Us in short) is the partial derivative of U(s, -) (U in short) relative to s €
(0, T};

e Uls,y), (s,y) € Q,is the unknown function (the order parameter in Q, for example).
VU(s,y) = Uy(s,y) (VU = Uy) denotes the gradient of U(s,y) iny,y € Q) (see [1-3]
for more details);

*  K(s,y,U(s,y)) is the mobility (attached to the solution U(s,y), (s,y) € Q, to Equation
(1)) (see [2—4] for more details);

* g,(s,y) € LP(Q) is the distributed control (see Remark 1 below), where

p>2; ()

15

1-L2-1
* 8,5y EW, #"" 7 (%) is the boundary control (see Remark 1 below);

2
e Uy e Wy " (Q) verifying
d
pzﬁuo = Aplo +pUp = gfr(o’x);

* n=rn(x) has the same meaning as in [5];
* A, has the same meaning as in [6];

Remark 1. The given functions g, and g, in (1), can be interpreted as distributed and boundary
control, respectively, opening a large field of applications for the non-linear second-order problem

(1), such as optimal control.

For convenience, let us write (1) in the following form

d 0
2 ﬁll(t, x) — pzﬁxj [K(t, x, U(t, x))Lle} Us;x,

= A(t, x, U(t, x), Ux,.(t,x)) +p, [U(t,x) - U3(t,x)} +p.8,(t,x) inQ

®3)
0 5|
ngu—i—plgU—ArU—f—ptu:gﬁ(t,x) onX
u(o,x) = Up(x) on (),
02 ..
where uxm = WU(t,x), i,j=1,...,nand

{x, U, YU,

axZ(K(txll)Ux) i=1,...,n. (4

A(t,x, Ut x), Uy (t x)) = au( (

As in [1-3,5-9], we recall that Equation (1); is a quasi-linear one, i.e.,

ai(t,x, U(t,x), Uy(t,x)) = K(t, x, U(t,x)) Uy, (t,x), i=1,...,n

and
a(t,x, U(t, x), Ug(t,x)) = —p, [u(t,x) — Bt x)] —p.g,(tx).

On the other hand, the problem in (3); is similar to in [10] (p. 3, relation (2.4)), where,
fori=1,...,n,

J )
ijai(t, x, U(t x), Uy (t, ) = au (K (kU ) Uy (t,3)],

a;i(t, x, U(t,x), Ux(t,x)) =
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and

a(t,x, U(t x), Uy (t,x)) = —A(t,x, U(t x), Uy (,x)) — p, [u(t,x) — Ut x)] —p.g,(tx),
while (3); are of the second type, namely

ainll(t,x) = aij(t, x, U(t, x), Ux(t,x))llxj(t, X) cos ;,

and 5
l[)(t,x,U)‘z:plgu—ArU—l—ptu—gﬂ(t,x) ®)
(see [10] (p. 475, relation (7.2))).

Moreover, we consider that Equations (1); and (3); are uniformly parabolic, i.e.,

v (UG < aazjaxs,y,u<s,y>,z<s,y>>a@j <, (U2 6)

for arbitrary U(s,y) and z(s,y), (s,y) € Q,and { = ({1, ...,{x) for an arbitrary real vector
(see [5] for more details).

Equation (1); was initially introduced by Allen and Cahn (see [5,11] and references
therein) to describe the motion of anti-phase boundaries in crystalline solids. In fact, the
Allen—Cahn model is widely applied to moving interface problems, such as the mixture of
two incompressible fluids, the nucleation of solids, vesicle membranes, etc. Furthermore,
the non-linear parabolic Equation (1); appears in the Caginalp’s phase-field transition sys-
tem (see [2-9,11-22]), describing the transition between phases (solid and liquid) (see [17],
for example).

In the present paper we investigate the solvability of boundary value problems of
the form (1) or (3) in the class W;’Z(Q). The new model expressed in (1) stands out by
the presence of parameters p,, p,, p,, p,, P, K(s,y,U(s,y)), and (s,y) € Q, the principal
part being in the divergence form and by considering a non-linear reaction term (see [5,11]
and references therein). The most important aspect in our paper concerns inhomogeneous
dynamic boundary conditions. Thus, we more precisely define the significant aspects of
the physical features. In this regard, we advise applying (1) or (3), to the moving interface
problems (see [5,7,8,11-15]), anisotropy effects (see [3-6,9,11,16-22]), image de-noising and
segmentation (see [2,4] and references therein), etc. Let us point out that the following
assumption is satisfied (see [20]):

Hy: (U-U®)UupPr—u <1+ |Uupr-t—|upr.

2. Results—Theorem 1

In order to approach the problem in (3) (or (1)), we use the same ideas as in [1,6,7,9].
In this respect we introduce a new variable {(t, x) = U(t,x), {(0,x) = Up(x) on T (see [10]
(6.2)). Correspondingly, (3), is approached in the following

U(t,x) =¢(tx) on ¥

0 0
pzﬁu_l_ p]&é(t/x) - Arg(t/x) + ptg(t/x) = gfr(t’x) on X )

¢(0,x) = Go(x) xel.
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Accordingly, the non-linear second-order boundary value problem (3) can be written
suitably as follows

d d
p1$U(t, x) — pzﬁxj [K(t, x, U(t, x)) Uy, (t, x)} Usjx,

= A(t, x, U(t, x), Uy, (t, x)) +p, [U(t,x) - U3(t,x)} +p.8,(tx) inQ

U(t,x) =((t, 2
(t,x) =(t,x) on )
d d

ngu+p1§§_Ar€+ptg:gfr(t/x) on X

U(0,x) = Up(x) on ()

¢(0,x) = Go(x) xeT,

where A(t, x, U(t, x), Uy, (t, x)) is defined by (4), Up(x) = {o(x) onT and o(x) € Weo %(1")

Definition 1. Any solution (U(t,x),{(t,x)) to problem (8) is called the classical solution
if it is continuous in Q, with continuous derivatives Uy, Uy and Uyy in Q and (t, {x, and {xx in L,
satisfying Equation (8)1 at all points (t,x) € Q and satisfying conditions (8)y_3 and (8)4_5 on the
lateral surface T of the cylinder Q for t = 0, respectively.

Our main results regarding the existence, uniqueness and regularity of solutions to
problem (8) (the well-posedness of the solutions to the non-linear second-order boundary
value problems (1) or (3)) are presented below.

Theorem 1. Suppose (U(t,x),{(t, x)) € C*(Q) x CY2(X) is a classical solution to problem (8),

and for positive numbers M, My, m1, My, My, M3, My and Ms one has

Ii. |U(t,x)| < M forany (t,x) € Q and for any z(t,x), the map K(t,x,z) is continuous,
differentiable in x, where its x-derivatives are bounded, satisfy (6), and

0 < Kyin < K(t,x,U(t,x)) < Kpax, for (t,x) € Q, 9)

iba (t,x, U(t,x),z(tx))| + ‘ail (t,x,U(t,x),z(t,x))H (1+]z|)

i=1
(10)

+|U(t, x)| < Mo(1+]z])%

+Z

1]1

i(t,x, U(t, x),z(t x))

I,.  Forany sufficiently small € > 0, the functions U (t, x) and K(t, x, U(t, x)) satisfy the relations
U] 50) <M, |K(t, x, U(t, x))Uy, <M, i=1,..,n

s o)
where

_ max{p,4} p#4 s— max{p,2} p#2

4+¢ p=4, 2+¢ p=2.

2_2 2_2 1_L’2_l
Then, when Vg, € LP(Q), Uy € Weo " (Q), Jo(x) € Weo "(T), g, € W, PR,

with p # 3, there exists a unique solution (U, {) € W;’Z(Q) X W;’Z(Z) to (8) which satisfies
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HUHW;/Z(Q) + HCHW;,Z(Z)
2 3p-2
<c{t+ltoll o5  +1Gol 53  +IUollda + I50ll 5
L7 @) 2w L2 P2 (1)

3p-2 3p-2
+||gd HL3};—2(Q) + ||gfr||L3l:1—2(2) + ”gﬁHWliﬁ/Zi%(Z) }’
P

where C > 0 does not depend on U, {, 8, 0r &,

If ut, @1) and (U?,z%) are solutions to (8) which correspond to (U}, Z1), (U3,3) €

2,,
We "(Q)) X W ( ), gd, gd, gfr and gfr, respectively, then
UM a2y 12 llyi2q) < Ma, (12)
1 2
ey 18y < M, 13)
and the following holds
max |U' —U?| + max |t — g2
(t,x)eQ (tx)ex
< CueTmax{ max, U3~ U, max 125~ 23, 1)
t
2
o gt — 2, max Ig! g2,

where C; > 0and C > 0, do not depend on {Ul, gl,g;, g}r, uj, Ql)} and {Uz, §Z,gd2,gf2r, uz, Cé}.
In particular, the uniqueness of the solution to (8) holds.

As far as the techniques used in this paper are concerned, it should be noted that we

derive the a priori estimates for L¥(Q) and L?(X). Moreover, basic tools in our approach

are:

the Leray-Schauder degree theory (see [15] (p. 221) and reference therein);
the L? theory of linear and quasi-linear parabolic equations [10];
Green’s first identity

—/ydivzdx:/Vy~zdx—/y%zd'y,
Q Q a0
(15)
—/yAzdx:/Vy'Vzdx—/y%zd'y,
Q Q a0

for any scalar-valued function y and z in a continuously differentiable vector field in n
dimensional space;
the Lions and Peetre embedding theorem [1] (p. 100) to ensure the existence of a

continuous embedding W;’Z(Q) C L*(Q), where the number y is defined as follows
(see (2))

n itive number > 3 ifl—i<
any positive number > 3p ra—
p(n+2) .fl_ 2

n+2-2p ' p n+2>
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For a given positive integer k and 1 < p < co, we denote by WI;’Zk(Q) the Sobolev
space on Q:

ng,Zk(Q) — {]/ e LP(Q): 877 y € LP(Q), for 2i+j < Zk},

i.e., the spaces of functions whose t- and x-derivatives up to the order k and 2k, respectively,

belong to LP(Q). Furthermore, we use the Sobolev spaces W;,(Q) and W,,%’I(Z) with the
non-integral 7 for the initial and boundary conditions, respectively, (see [10] (p. 70 and 81)).
Furthermore, we use the set C1*(D) (C?(D)) of all continuous functions in D (in
D) with continuous derivatives u;, uy, and uyy in D (in D) (D = Q or D = X), as well as
the Sobolev spaces W,f (Q)), and W]f'g/ (%) with non-integral ¢ for the initial and boundary
conditions, respectively (see [10] (p. 8, p. 70 and p. 81)).
In the following we will denote by C some positive constants.

3. Proof of the Main Result — Theorem 1

We consider B = Wg’l (Q)NL3(Q) x LP(Z) as a suitable Banach space, with the norm
Il - || g expressed by

(e, @) 5 = llelliro) + loxllro) + 12l ).
and a non-linear operator H : B x [0,1] — B defined by
(U,)=H(p,9,2)=U(p. @A), 59,9, A) V(g 9)€B, VA0, (17

where (U(¢,@,A), (@, $,A) is a unique solution to the following linear second-order
boundary value problem

d d ;

Py gu_pz /\@(K(t/xr 90)(Px,~>—(1—/\)5£ ux,»xj
]
A5 0 95) +p,[9t3) — 9*(t0)] +pg, (b)) inQ

U(t,x) =t x) onX (18)
Uu(0,x) = Alp(x) on Q)

d d
Pzainu"i_ﬂgg_Arg"i'ptg:)‘gfr(t/x) on X
2(0,x) = AZo(x) xeT.

Remark 2. The non-linear operator H in (17) depends on A € [0, 1] and its fixed point for A = 1
is a solution to problem (18).

Proof. We now prove that the non-linear operator H, defined in (17), is well-defined,
continuous and compact.

From the right-hand side of (17);, it follows that, V(¢, $) € B, then ¢* € LP(Q) and
thus A(t,x, ¢, ¢x,) +p, [@(t, x) — ¢*(t,x)] + p.8,(t,x) € LP(Q). Using the L? theory of
linear parabolic equations (see [10]), the solution (U, {) to problem (18) exists and it is
unique with

(U,0) = Ulp,9.A),5(9.p,A) €B, V(9,9) €B,VAE1]. (19)
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Using the continuous inclusions (see [6])

Wy?(Q) € B C LP(Q)
(20)
W2 (Z) C LP(Z),

we obtain H(¢,$,A) = (U,{) € Bforall (¢,p) € Band V A € [0,1], meaning the
non-linear operator H is well defined.

Now, using the ideas from [1-7,9,16,20], let ¢" — ¢ in Wg’l (Q)NL%(Q), ¢" — ¢ in
LP(X) and A" — Ain [0, 1]. Using the notations

(U, gy = H(g", 9", A"),
(urt, gvt) = Hig", ", A),
(u ’g ) = H(QOI(P/)\)/

we obtain

Ay, nA nAn _ 7nA
l|u u ||W;,2(Q) +IC 4 HW;'Z(Z) —0 forn — o (21)

and
7 =1 a2 gy + 18" = P llypag) = 0 forn — co. 22

The continuous embedding of (20), (21), and (22) allows us to derive the continuity of
the non-linear operator H, introduced in (17). Furthermore, H is compact, easily written as

B x [0,1] = Wy*(Q) x Wy*(Z) = B = W) (Q) N L*(Q) x LF (%),
where the second map is a compact inclusion (see [1] (p. 100)).
Next, we look at a positive number R, such that (see (17))
(U,g,A) € Bx[0,1] with (U,{)=H(U,{,A) = ||(U,Q)|ls <R (23)

The above expression (U, {) = H(U,{, A) can be written as (see (1), (8) and (18))

)
p@u-Apzdiv(K(t, X, U)VU) — (1= A)p,AU

=A {p, [U(t,x) — W (t,x)] + psgd(t,x)} in Q

U(t,x) =¢(tx) on X% 1)
u(0,x) = Alp(x) on ()

d d
Pz%u"ﬂ% gg_Afé—i_ptg:)\gﬁ(t’x)] on X

2(0,x) = Alp(x) xel.
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Multiplying (24); by |U?r—4U and integrating over Qs := (0,5) x Q, s € (0,T],
we obtain

Py / U (s, x)|?~2 dx
QO

3p—2

“Ap, / div (K(z, x, U)VU ) [U¥~*U drdx

o,

(25)
—(1-A)p, / AU |UPP~4U drdx
Qs

—Ap, / [U (T, x) — UP(x, )] U ~*U drdx + Ap, / g, (1, x)|UPP~*U drdx.

Qs Qs

To process the terms

/div (K(z,x, uyvu) [upr-tudedx
o
and
/ AU [UPP*Udzdx, in (25)
0

we use Green’s first identity (15); and (15),, respectively, to obtain

“Ap, / div (K (7,2, U)VU ) |UPP~4U drdx

o ) 26)
_ /\pZ/K(T,x, wyvu- v (jupr-u) drdx+)\/|ll|3”‘4u (~piazl) drdy,

Qs s

—(1-A)p, /ALI \UPr—4u drdx

» 2 3p—4 3p—4 d (27)
- (1—A)3(p—l)p2/|VU| e drdx+(l—)\)/|ll| PU (~p, =) drdy,
Qs s
where s = (0,s) x 9Q), s € (0, T] and

0 0
_pza;u = p1g€_Arg+pr€_/\gfr

(see (24)4).

Combining the above equality with the boundary condition in (24),, the left inequality
in (9), and the relations (26), (27), and (25) leads us to the following inequality
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Py / 3p-2 Pl/ 3p-2 _ P1 / 3p-2
s Jle 0 gl [lets 0 2 =N gy fieGo P2

+/\p2/K(T,x, uyvu - V<|U|3P—4U>drdx—i—(l—/\)S(p—l)pZ/|VU|2|U|3P‘4dex
) )

+ap, [ e 0Pt drdy + (1= N)p, [ [2(r,x)f72 drdy
s s

2 [ Ve (I2fr2) - Vigdrdy + 1= A) [ (1877) - V,g dedy
s X

Py / 3p—-2 Py / 3p—-2
<
<Azl [1Uaofr 2 dr+ P [iza(or2ay
Q r
+Ap, /[U(T,X) — U3 (7, x)]|UPP~*U drdx
Qs

Ap, / ¢, (T, 2)|UPPP—*U drdx + A / 8, (7, )P~ drdy
Qs Zt

(28)

for all s € (0, T]. The last two terms in the above inequalities can be manipulated via

Holder and Cauchy’s inequality giving us the following estimates

a. Ap, / g, (T, )| UPP~*Udrdx
Qs

_GBp-2)-1
- 3p-2

3p-2
8357*3/|U|3p*2dnlx+)\ps 3]91—2
Qs

b. /\/gf,(r,x)\U|3p74Ude'y
X

S*(3p*2)/|gd 1>P~2drdx,
Qs

_9\_1 3p—2
< Bp=2)-1 35 [ lupr-2ardy + A%e*“”*z) [ 1g,,r-2avar.
Z i

- 3p—-2 p—2
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Due to the inequalities a. and b., from (28) we obtain

3;7 5 /|st|3p‘2dx+/|§sx|3p 2dy

+/\p2/K(T,x, U)vwV(\U\?’Hu)drdx+(1—A)3(p—1)p2/|VU|2|U|3Hdrdx
o )

+/\pr/|ll('r,x)|3p dtdx
Qs

/|§ T,X) \3” szd'y—i—/V |§|3p 3) V. Cdrdy
s
(29)

IN

Pl o) P2 dx+ [ éo(x)|3”_2d7]
Q r

— — 3p—2
+ {/\p, + %2)2153;;—3} / \U(T,x)|?P2dtdx

S

+M83P 3/|LI 7, %)|*P7% drdx
3p—2

3p2

3p—2 1 5
L € (BP 2||g rHLSp 2( )

1 3 2
(Bp—
+p53p 2 ||gdHL3p 2 )+3P*2

foralls € (0, T].
In particular, it follows that from (29) we obtain

Jluts,x)Pr2ax+ 156,017 2y
Q T
3p—2 3p—2 3p—-2 3p—-2
< Col Il () 1%, 5 ) + 120 ) +1Igall 5 0 + 18, 1552 ] 30)

t
+Co/ /|U(T,x)|3f’_2drdx+/|C(T,x)|3f’_2d'y dt
0 L r

where Co = C(|Q, [T'|, p, p,, P, P,s Pss P ), In conjuction with (24),.
By Gronwall’s lemma and owing to L3 ~2(Q) C L?(Q), from (30) we obtain

1Uly g + 1217 s
3p—2 3p—2
< (T, Co) [ Il o) + 121352 (31)

3p—-2 3p—-2 3p—-2 3p—-2
S C(T,CO){HUO(-X)HLQJV,Z(Q)‘F||§0(x)||L§p,2(r)+||gdHLé]p 2 +Hg r”Lé]p 2 ]
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Having established an estimate for || U||i’3’pi 2 @t Ire H‘Z’;;, 2 =) (see (31)), we now return

to the relation in (29) to derive the following estimate:
AP )

(32)
< C(T, Co) Lo () 135, ) + 10 (I 3 ) +l1ga 1255 o)+ 18, 1o 2

where the boundary condition in (24); is also used.

Applying Lemma 7.4 in Choban and Morosanu [1] (p. 114) to the linear inhomoge-
neous problem (24) with

f3=Mp, [U(t,x) = U (t,x)] +p.g,(t,x)} € LP(Q) and
8 = Ag, (tx) € LF(X),

we obtain

|| UHW;,Z(Q) + Hg”W;z(Z)

<Ol s g #1002+l sl

(33)
420, [l + 1P le) |
for a constant C; = C(n, C(T,Cp)) > 0.
Now using (31) and (32), (33) then becomes
HUHW;Z(Q) + ”éHW;,Z(Z)
3p-2 -2
< 4
< Cl{1+ HUOHWSJ%(Q) + ||Co||wi,;( )+ 1Uoll 13p-2(cy) + G0l 3p-2 (34)

3p—-2 3p-2

+||gd HLS};*Z(Q) + ||g r HL;;FZ(Z) + Hgd ||LP(Q) + ||g r HLP(Z) }’
The inclusions in (20) guarantee that

1Ullrg) + Nelles) < €(IUllypag) + IElupas))

where, thanks to (34), we may conclude that a constant R > 0 exists such that the property
in (23) is true.

Denoting BE := {(Ll, 0)eB: (U < R}, relation (23) implies that

(U,g,A) # (U,8) V(U Q) € 0By, ¥A€[0,1],

provided that R > 0 is sufficiently large. Furthermore, following the same ideas
in [1,3-7,16,20], we can conclude that problem (8) has the solution (U, ) € W;'Z(Q) X
WA (%)

Making use of the embedded L3’ ~2(Q) C L”(Q) and the estimate (34), it follows that
(11) and this completes the proof of the first part in Theorem 1.
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Proof of Theorem 1 Continued

In this subsection we demonstrate the second part of Theorem 1 which entails checking
(14) and thus the uniqueness of the solution to (1) (or (3)). We consider Uk, gl and (U2, %)
as in the statement of Theorem 1. From the first part we know that U', U? € W;’z (Q) and
', (> € Wy*(Z). Therefore, U = U' — U? € Wy*(Q) and Z = {' — (% € Wy*(Z).

Following [1-3,5-7,16,20], the increments of 4;; and A (see (4)) can be written in the
following form

1
a;i(s, x, ut,ul) — a;i(s, x, uz,u?) = / i/\ s x, U*, U)‘)d)\
0
[ d
Als, x, ut, LI}C) —A(s, x, uz?, UJ%) = / ﬁA (S, x, Ut Uj})d/\
0
and so
al-]-(s, x, UL, U}C)Ui_xj - al-j(s, x, U?, U,%)Uix]_
1 (35)
= ayi(s,x, U, UbU, { / u” s, x, U, UA)d/\}uxi,
Fa
Als,x, UL, UL) — A(s, x, U2, U2) — / Alsx Ut U )dA b U, (36)
/ ouz, :
where
al-,j (S, X, u_))(\/ Ufc‘) = au)\ |:K(S, X, UA>U;C\I:|,
pi3

]

Als,x, u’, U,)C‘) = (s, x, u’, Ufc‘), a; (s, x, Ut U,)Q) = % {K(S, X, U’\)Uﬂ ,
1

UMs,x) = AU (s, x) + (1 — A)U?(s,x) and
UL (s, x) = AUL(s, x) + (1 — A)U2(s, x).

Subtracting (3) for U?(s, x) from (3) for U!(s, x) and using (35) and (36), we obtain the

following linear parabolic problem with inhomogeneous dynamic boundary conditions,
ie.,

U — (5, AU = (s, VU — pU +p,(g) — ) inQ
U(s,x) = Z(s,x) ons
u(o,x) = (Ug — uj)(x) in Q) (37)
Pliu—l—Png—ArZ-i-PtZ:gl -4 ony
on ot g S
2(0,x) = (g5 — G5) (%) onT,
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where
dl-j(s, x) = al-]-(s, X, Ul, U}(),

1 1

"~ 0 Jd 0
i — 2 9 A qA 9
az(S,x) u:‘ixj b/ au’){\]al,] (S/x/u rux)d)\+0/ au})(\] axl

Next, following the work of A. Miranville and C. Morosanu [3], we easily deduce the

validity of the estimate in (14); thus, the uniqueness of the solution to (1) or (3) is true. O

K(s,x, UM UL |dA.
[ ]

Corollary 1. Corresponding to U} = U2 and {} = {3, the problem (1) possesses a unique classical
solution.

4. Approximating Scheme—Convergence and Error Estimate

Here we use the fractional steps method in order to approximate the unique solution to
problem (8) with inhomogeneous dynamic boundary conditions (see Corollary 1). Precisely,

Ve>0, let My = [%} and
Qi = lie, (i4+1)e] x Q, rE= lie,(i4+1)e] x0Q) i=0,1,---,M,—1,

with Q3 1 = [(Me — 1), T] x Q, E5; | = [(M — 1)g, T] x 0Q). Correspondingly, we link
the following numerical scheme with problem (8)

d . .
P4 gug - p2d1V (K(t’ X ug) Vus) =P, us+ psgd(t’x) m Qf
a € a € € € €
pzau +p gg - Arg + Pté = gfr(t’x) on 2‘i (38)
Ut (ie, x) = z(g, UE (ig, x)) on O
gs(ie, X) = ug(isr .X') on BQ,
with z(e, U (i, x)) being the solution of Cauchy problem:
Z(s)+p22(s) =0 se€l0
z(0) = U (i, x) on Q)
(39)

Uc(0,x) =Up(x) on Q

Ut (0,x) = Zo(x) on 9Q,

where U¢ stands for the left-hand limit of U®.

For a detailed discussion regarding the importance of the above numerical scheme we
direct the reader to the works [5,9,11-14,17-19,22,23].

The main question of this work concerns the convergence as ¢ — 0 of the sequence
(UF, 2¢) of the solutions to problems (38) and (39), and to the solution (U, {) of problem (8)
(see [11] for more details).

For simplicity, we note:

W, = L*([0, T; H'(Q)) NL®(Q) and W, = L*([0,T];H'(9Q)) N L¥(Z).
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Definition 2. By a weak solution to problem (8) we refer to a pair of functions (U, ) € W, x Wy
and U = { on X, which satisfy (8) in the following sense:

T —
Q Q

+p2/ <aat€’¢2> dtdfy+/V§V¢zdtd7+Pt/&Pzdfd?
5 z

5 (40)

:pr/(u—uf%1 dtdx + p. /'gd¢1dtdx+ /gf,¢2dtdfy
Q Q o

V(¢ ¢2) € L2([0, T); H(Q)) x L2([0, T]; HY(T)),
where ¢p1 = ¢p on X, and U (0, x) = Up(x) on Q.
Definition 3. By a weak solution to problems (38) and (39) we refer to a pair of functions

(us,z8) € Wng X W):f, and U = (fon X5, 1 € {0,1,..., M, — 1}, which satisfy (38) and
(39) in the following sense:

N Ty —
0 Q

i [ (800 drir s [ VETadtdy +p, [ Cadiy
x > z (41)

:p,/usgl dth+ps/gd§1 dtdx+/gfr§2dtdfy
Q Q by

¥(81,62) € L2([0, T]; H(Q)) x L*([0, T); H' (9€Y)),
where U (0, x) = Up(x) on Q, and U* (0,x) = o(x) on 9QL.

In (40) and (41) the symbols [ and [ denote the duality between L?([0, T]; H1(Q)))
Q z

and L2([0, T]; H'(Q)’) as well as L2([0, T]; H'(9Q)) and L([0, T]; H' (9Q))"), respectively.

Convergence of the Numerical Schemes (38) and (39)

The purpose of this subsection is to prove the convergence of the solution to the
numerical scheme associated with the non-linear problem (8). Therefore,

_2
Theorem 2. Assume that Uy(x) € Wa 2 (Q), satisfying p, 2 Uy — A Uy + p, Uy = 8, (0,x) on

1

1-42-1
0Qandg, (s,x) € W, 7P (R). Let (UF, ) be the solution to the numerical schemes (38) and (39).
As e — 0, one has

(UE,2¢) — (U*,7*) strongly in L?(Q) x L2(dQ)) for any s € (0,T], (42)
where (U*,¢*) € L2([0, T); H'(Q)) x L?(]0, T]; H*(3QY)) is a weak solution to problem (8).

The following lemmas, which involve the Cauchy problem (39), are very useful in the
proof of Theorem 2. These were proven for the first time in [11]. Here, we reproduce them
as well as sketch out the proof when pertinent.



Axioms 2023, 12, 406

15 of 23

Lemma 1. Assume U® (ie,x) € L®(Q)),i=0,1,..., M — 1. Then, U*(ig, x) € L®(Q) and

||U£(is,x)\|i2(0) < ||Ue_(z's,x)||%2(0). (43)

1 !/
Proof. We write (39); in the form (zz) = p,, and following the same reasoning as in [11]

we obtain
2% (e, UE (ig, x)) < UE (i, x)?, a.e x € Q. (44)

Owing to (38)3 and (44), we can easily conclude the inequality complete in (43). O
Lemma 2. Fori=0,1,..., M, — 1, the estimate below holds

VUi, )20 < IVUE (e, ) 20, 5)
Lemma 3. The following estimate holds

1z(e, x) — UL (ie, x| ;2() < €L (46)

where L > 0 depends on € Iy and p,.

Now, we are in a position to give the proof of Theorem 2. Following the same steps
as in [11], we obtain the solution to problem (38) as (U¢,(¢) € W;’Z(Qf) N L*(Q5) x
Wy (Z5) NL(%$), Vi € {0,1,..., M — 1}.

Next, we give a priori estimates to Q5, Vi € {0,1,..., M — 1}. Firstly, we multiply (38)
by Uj and obtain

po [1UsPdx +p, [ 165 Pdy
0 r
e £|2 €2 e|2
/Ktxu> VU Pdx +2dt/|VC|d7+2dt/|C|dv )

_p
= D8 [\upaxt [g,5ar+p, [ 5,5 dx
Q I Q

Using Holder’s inequality for the right-hand terms [ ¢ 1 Cidyand [ g, Uz dx, we have
r Q
/gfyét dy <™t /|€t|2d7+ 7/|gf,\2d%
r

ps/gd Ui dx < —pzl /|Uf|zci.’x+—2ps /|gd\2dx,
121
O o} Q
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and substituting them in (47), we derive

B[ ugPax+ B 165 Py
2 2
Q r
P, €2 €2 s2
+ 2Ry 5 [ 19U +2dt/|VC|d’r+2dt/IC| 8)

Q
d s
s%—/|us|2dx+*/|gf,|2 Lo [1g. 2z,
Pln

where the inequality (9) is also used.
Multiplying (38), by llS as shown above, we obtain

- 82
2p2dt/‘ +2 dt/|§|

+ 1 Kwamm”M+—/W§”M+ /WV (49)
1 2

Pl
1 / .
g,C"d
by L)

plpz r/‘

In addition, using Holder’s inequality for the right-hand terms [ g, {*dyand [ g,U®dx,
r 0

Ps /gdllsdx.
LEWA

we have

1 / 2p ) 1 2
gy < P [jeRay + [ 15, P ar,
mmr& Pip2 ) M%mr&

[+ B [l P,
1 ZQ

12Q

Utdx <
mm/&

and then from (49) we obtain
- % € 2
2;[;2011&/| +2 ﬂ/M|

1 1
+—K-/VW%M+—/V e2g
P me | | P / | F€| Y (50)

Clprpipyp) | [1UPax+ [15Pay+ [ g, Par+ [ 1g,Pdx|,
Q T I Q

where the inequality (9) is also used.
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Adding (48) and (50), we obtain

[ /|u€|2d +(’;+ )/|58|2d7+p21<mm (VU Pdx = /|Vr§£2dx]
(@]

+ B [upax+ B [igay + S [ \vuspax+ - [ g Py
2 & 2 7 LSNP Py

C(p, P P1/ P2)

Integrating the preceding on Qf, we derive

L € 2 P: 1 €
oo U 0B+ (G5 I 0l

€ 1 €
22 Ko VU (&) 22 + 5 V7% &) 22y

+/ {”1 /|u€|zazx+”1 /|§t|2d7+ ; /|VU£|2dx+ /|Vr§£|2d7]
1
(@)

Q

p 1 P 2
< gyl + (5t ) Mol + 5 i IV s +

22p

€

+C(PserP1/Pz){/ {l|ue|%2(o)+ IC“:Hiz(r}dHIgﬂlle we) 1841 T2 e }

0

[1upax+ [1ear [lg, Pare [ lgPax].
Q r T Q

(51)

It is relatively easy to observe that the estimate above refers to Qf and X (i = 0).
Proceeding in a similar way fori =1,2,..., M — 2, we obtain

1
2y U (G D 2z +

2

i+1)e

(
K .
[ I B+ 5128y 22 T U
ie

1 p 1
< g UG 0l + <2t 4 p) 2 Gie, )12,

p ; 2 1 ; 2
+72||Vu8(18, x)HLQ(Q) + EHVrge(lS, x>||L2(1—v)

(i+1)e

+c<ps,pt,pl,pz>{ / [||u€|izm) T ||§€||i2m}ds 1180 agee) + 118420y }

ie

P: 1 € . 2
(5 + 50 )1 G+ D),

. 1 .
+ P2 Ky |V US (1), 1) gy + 5| VIS (4 1), 0)] e

1
+— Vet lf2
Py

(52)
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while for i = M, — 1 we have

1 € 2 p: 1 € 2
By U (0 iy + (B + 5 I (T 0l

B2 Ky VU (T, ) 2y + 311 V2 (T2
’ 1 1
+ / [’71 WU 22 0y + BLNEE 2y + - IV U 2 ) + 108 2y | s
o Py P
(53)
< S UE(T, ) oy + (24 = ) IEE(T, )1
2p, 2 {3 2p,
& YU(T 2 1 Vi lE(T 2
+2 ” us( ’x)||L2(Q)+2H g ( /x>HL2r
C(p., PPy Ps {/ U 122y + 11251122 ]ds+|gf,| ”)+|gd||%2(%_l)}.
Adding (51)-(53) and owing to the inequalities (43) and (45), we obtain
1 € 2 p: 1 €
o U (T 0+ (54 ) e
+ B2V UE (T, ) 22 + 2l VEEE (T, )2
> — ’ LZ(Q) 2 T LZ(F
’ 1
[ B0y + B8 ey + - ITU s 5198 g
2 My (@) ()
0
< ooy + (B4 5 ) 190lBaqry + 219Ul 22y + 211 Vol
>~ sz 0 LZ(Q) > 2]17 0 LZ(I" 0 LZ Q) 6o LZ(F)
T
c<p5,pt,pl,pz>{ [ 1 B )+ 120 |-+ g, P +|gd||i2(@}.
0
Applying the Gronwall inequality to the above inequalities, we finally deduce
T
/{IIUfll%z(Q) 118812 )+ IVUE 2 ) + [ V0EE N2y et < C, (54)
0

where C > 0 is independent of € and M.
Owing to (38)3, (38)4 and (46), we obtain

Me—1
Z ||UE (i, x) — Ui(is,x)HLz(Q) <TL=Cy, (55)
i=0
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M:—1
Y N2 (ie,x) = 25 (i, x) | 2 (r) < Ca, (56)
i=0

where C; > 0and C; > 0 are independent of M, and e. Summing (54)—-(56), we derive

T

T T

VLU V2 [N 132 )+ I2E o )+ I VU o) #1978 Jds < €, 57)
0

T T
where the positive constant C is independent of M, and ¢, while 161 U and \62 {* stand for

the variation of U¢ : [0, T] — L?(Q) and ¢ : [0, T] — L?(T), respectively.

Since the introduction of L2(Q)) into H~1(Q) is compact and {U%(s)} is bounded in
L*(Q) Vs € [0, T], we conclude that there exists a bounded variation function U*(s) €
BV([0,T]; H }(Q))) and subsequent U¢(s) (see [11]), such that

Ut(s) — U*(s) strongly in H~1(Q) Vs e [0,T], (58)

7¢(s) — {*(s) stronglyin H1(T) Vs € [0,T]. (59)

Further, from (57) we deduce that

Ut — U* weakly in L%(0,T; H}(Q
{ y ( (Q)) ©0)

¢ — " weakly in L2(0,T; H(T)).
By the well-known embeddings H' (Q) C L?(Q) C H~1(Q),and H!(0Q) C L?(9Q)) C
H~1(3Q), standard interpolation inequalities (see [11] p. 17) yield that ¥/ > 0, 3C(¢) > 0
such that
{IUS(S) — U (s)llr2(q) < U (s) = U™ ()|l () + CONU(s) = U™ ()| 1)
18°(s) = T ()l 12a0) < LUE°(s) = ()l aca) + CLONE(8) = " ()l -1a02)-
Ve > 0and Vs € [0, T|, where C(¢) — 0as ¢ — 0.

Finally, relations (58)—(61) permit us to conclude that the assertion conducted in (42)
holds true, ending the proof of Theorem 2.

(61)

2_2
Corollary 21 Aslsume Uy € Wao *(Q), py 2Up(x) — Arlp + p,Up(x) = 85, (0,x) on 0Q) and
1-L2-1
8, €Wp ¥ P(Z). Then U* € W, is a weak solution to the non-linear problem in (1).

Now we search the error of the numerical schemes (38) and (39) relative to g, and ¢ e
1 1

1-55,
From Theorem 1 we know that Vg, € LP(Q) and g, € W, # 7 (%), the problem (8) has
a unique solution (U, () € W;’Z(Q) X W;’z(Z). Moreover, (see (11))

”uHW;Z(Q) + H€||W;2(Z)

(62)
2 3p-2
<clitfuol 7, +ll”,  +lgull g + s
w7 (@) W 7 ) s

2
P

==

1— ok 2
TV
w, 7 T(E)

|
2 2

2—= 22
with a fixed {p € Wy "(T) and Uy € Wy 7 (Q) verifying pz%UO — Arly + p,Uy =
8,,(0,x). Thus, we have
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1-L -1 1-Lo2-1
Theorem 3. Letg, € LP(Q)andg, € W, ™" 7 (). Letgk C LP(Q)andg’;r cwW, ¥ (%)
1-L2-1
be two sequences such that g’d‘ — g, in LP(Q) and g’f‘y — 8, in Wy PP () as k — oo
Denoted by (U, {m) C W,l,’z(Q) X W;'2(Z) and (U, i, Cmi) C W;'Z(Q) X W;'Z(Z), the ap-

proximating sequences are given in (38) and ((39), for (g,,g,,) and ( g{;, g’jfr ), respectively, with
2

2_2
Uy € We 7 (Q) fixed. Then,

m—-700

imsup s — Ul )+ ot~ Eliz)|
(63)

< CeCTmax{ max |¢F — , max ko _ }
< s 185 = &l Jax, 185, — 85|

Vk > 1, where C > 0 depends on [Q, T, 1, p, p,, P,, Pis P Per [|Uo| 2} ) 18, /lLr (@) and
Woo Q
lgpll 1-1p1 -
7w, )

In particular, 3 (Uy, x, {n i), denoted by (Uy,, {my ), such that (U, {m, ) — (U, ) in
LP(Q) x LP(X)and in Q x X as k — oo.

Proof. Owing to (62) we assume that

Ukl 12 g) + 1kl w12 s,

<1+ (Ul

3-3 ke k
+1Zoll + 1851l 3p—2 0y T+ 1185,
wo () At R (=)

1 1
1- Lo 1
W, 2p P

Wl F, 1l gl + g,
<C1+||Up 2 + 120 2 + 118411352 + 1185, _1,.1 ’
w7 () A T R VAT )

where C > 0 is interpreted as My in (12). This ensures the applicability of (14) in Theorem
1 with Ucl) = US and gg = gg obtains

”Uk - UHW;Z(Q) + ”Ck - g”W;Z(Z)

(64)

< Ci1e“Tmax{ max |¢* — , max ko _ , Vk>1,

<G { Jnax 18 — &l Jnax, 185, — &l >
where C; > 0. For k > 1, Theorem 2 gives

(Ui (s,), Gmi(s,) — (Uk(s, ), Ci(s, ) in L2(Q) x L*(2Q0),

uniformly for s € [0, T], as m — co. In particular, Yk > 1 we have

(um,k/ Cm,k) — (ukr gk)r in LZ(Q) X LZ(Z)/ as m —; oo. (65)
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On the base of the relation in (64) and owing to (20), we obtain

Uk — Ul 20y + 18k — Clli2ix)
< Ui = Ukl 20y + 118mk = Ckll 2wy + 11Uk — Ull 2y + 12k — Cll2 (s

< Uk = Urellr2(g) + 18mk — Ckll 12 (s

+C eCTmax{ max |~ — , max ko }, Vm, k> 1.
1 e L 18— &l Jax, 185, — &5l >

Using (65) we can substitute the above inequality into the superior limit as m — oo to

prove that (63) is correct.
The last statement in Theorem 3 follows directly on from (63). O

The general frameworl of the numerical algorithm to compute the approximate solu-
tion to problem (1) via the fractional steps scheme may be demonstrated as follows:

Begin alg-frac_sec-ord_dbc
i=0 — Uy from (39)3;
For i = 0 perform M, — 1
Compute z(¢, -) from (39);
Ut(ie, ) = z(¢,-);
(e, ) = Ueie, )
Compute (U*((i + 1), -), {°((i + 1)¢, -)) solving the linear system (38);
End-for;
End.

5. Conclusions

The main problem addressed in this work concerns the non-linear second-order
reaction—diffusion equation with its principal part in divergence form with inhomogeneous
dynamic boundary conditions. Provided that the initial and boundary data meet the appro-
priate regularity and compatibility conditions, the well-posedness of a classical solution to
the non-linear problem is proven in this new formulation (Theorem 1). Precisely, the Leray—
Schauder principle and L” theory of linear and quasi-linear parabolic equations, via Lemma
7.4 (see [1]), were applied to prove the qualitative properties of solution (U(t,x), {(t,x)).
More precisely, we cannot directly apply the L? theory to problem (1) (or (3)). Thus, this
makes the result of Lemma 7.4 in Choban and Morosanu [1] (p. 114) very important. More-
over, the a priori estimates were made in L?(Q) and L (X) which permit the derivation
of higher-order regularity properties, that is, (U(t, x),{ (t,x)) € W;'Z(Q) X W;'Z(Z). Thus,
the classical method of bootstrapping (see Morosanu and Motreanu [20]) can be avoided.

Let us note that, due to the presence of the terms K(t, x, U(t, x)), the non-linear opera-
tor H (see (17)) does not represent the gradient of the energy functional. Therefore, the new
proposed second-order non-linear problem cannot be obtained from the minimisation of
any energy cost functional, i.e., (1) is not a variational PDE model.

Furthermore, an iterative fractional step-type scheme was introduced to approximate
problem (8). The convergence and error estimates were established for the proposed
numerical scheme and a conceptual numerical algorithm was formulated. In this regards,
we want to underline the solutions dependence in Theorem 2 on the physical parameters,
which could be useful in future investigations regarding error analysis and numerical
simulations.
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The qualitative results obtained here could be later used in quantitative approaches to
the mathematical model (1) (or (3)) as well as in the study of distributed and/or non-linear
optimal boundary control problems governed by such a non-linear problem.

Numerical implementation of the conceptual algorithm, alg-frac_sec-ord_dbc, as well
as various simulations regarding the physical phenomena described by the non-linear
parabolic problem (1) represent a matter for further investigation.

Author Contributions: Conceptualization, C.F. and C.M.; methodology, C.M.; validation, C.F. and
C.M,; writing—original draft preparation, C.M.; writing—review and editing, C.F,; visualization, C.F.;
funding acquisition, C.F. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

Choban, M.; Morosanu, C. Well-posedness of a nonlinear second-order anisotropic reaction-diffusion problem with nonlinear and
inhomogeneous dynamic boundary conditions. Carpathian J. Math. 2022, 38, 95-116. [CrossRef]

Croitoru, A.; Morosanu, C.; Tdnase, G. Well-posedness and numerical simulations of an anisotropic reaction-diffusion model in
case 2D. ]. Appl. Anal. Comput. 2021, 11, 2258-2278. http:/ /www.jaac-online.com/article/doi/10.11948 /20200359 (accessed on 1
January 2021). [CrossRef] [PubMed]

Miranville, A.; Morosanu, C. A Qualitative Analysis of a Nonlinear Second-Order Anisotropic Diffusion Problem with Non-
homogeneous Cauchy-Stefan-Boltzmann Boundary Conditions. Appl. Math. Optim. 2021, 84, 227-244. [CrossRef]

Morosanu, C.; Pavil, S. Rigorous Mathematical Investigation of a Nonlocal and Nonlinear Second-Order Anisotropic Reaction-
Diffusion Model: Applications on Image Segmentation. Mathematics 2021, 9, 91. [CrossRef]

Miranville, A.; Morosanu, C. Qualitative and Quantitative Analysis for the Mathematical Models of Phase Separation and Transition. Apli-
cations; Differential Equations & Dynamical Systems; AIMS—American Institute of Mathematical Sciences: Springfield, MO, USA,
2020; Volume 7. Available online: www.aimsciences.org/fileAIMS/cms/news/info/28df2b3d-ffac-4598-a89b-9494392d1394.pdf
(accessed on 11 January 2023).

Morosanu, C. Well-posedness for a phase-field transition system endowed with a polynomial nonlinearity and a general class of
nonlinear dynamic boundary conditions. J. Fixed Point Theory Appl. 2016, 18, 225-250. [CrossRef]

Berinde, V.; Miranville, A.; Morosanu, C. A qualitative analysis of a second-order anisotropic phase-field transition system
endowed with a general class of nonlinear dynamic boundary conditions. Discret. Contin. Dyn. Syst. Ser. S 2023, 16, 148-186.
[CrossRef]

Conti, M.; Gatti, S.; Miranville, A. Asymptotic behavior of the Caginalp phase-field system with coupled dynamic boundary
conditions. Discret. Contin. Dyn. Syst. Ser. S 2012, 5, 485-505. [CrossRef]

Miranville, A.; Morosanu, C. Analysis of an iterative scheme of fractional steps type associated with the nonlinear phase-field
equation with non-homogeneous dynamic boundary conditions. Discret. Contin. Dyn. Syst. Ser. S 2016, 9, 537-556. [CrossRef]
Ladyzenskaja, O.A.; Solonnikov, V.A.; Uralceva, N.N. Linear and Quasi-Linear Equations of Parabolic Type;, Translations of
Mathematical Monographs; American Mathematical Society: 201 Charles Street, Providence, RI, USA, 1968; Volume 23.
Morosanu, C. Analysis and Optimal Control of Phase-Field Transition System: Fractional Steps Methods; Bentham Science Publishers:
Sharjah, United Arab Emirates, 2012. [CrossRef]

Arndutu, V.; Morosanu, C. Numerical approximation for the phase-field transition system. Int. J. Comput. Math. 1996, 62, 209-221.
[CrossRef]

Benincasa, T.; Morosanu, C. Fractional steps scheme to approximate the phase-field transition system with non-homogeneous
Cauchy-Neumann boundary conditions. Numer. Funct. Anal. Optimiz. 2009, 30, 199-213. [CrossRef]

Benincasa, T.; Favini, A.; Morosanu, C. A Product Formula Approach to a Non-homogeneous Boundary Optimal Control Problem
Governed by Nonlinear Phase-field Transition System. PART I: A Phase-field Model. ]. Optim. Theory Appl. 2011, 148, 14-30.
[CrossRef]

Gatti, S.; Miranville, A. Asymptotic behavior of a phase-field system with dynamic boundary conditions. Differential Equations:
Inverse and Direct Problems; Lecture Notes Pure Applied Mathematics; Chapman & Hall/CRC: Boca Raton, FL, USA, 2006;
Volume 251, pp. 149-170.

Miranville, A.; Morosanu, C. On the existence, uniqueness and regularity of solutions to the phase-field transition system with
non-homogeneous Cauchy-Neumann and nonlinear dynamic boundary conditions. Appl. Math. Model. 2016, 40, 192-207.
[CrossRef]

Morosanu, C. Modeling of the continuous casting process of steel via phase-field transition system. Fractional steps method.
AIMS Math. 2019, 4, 648-662. [CrossRef]


http://doi.org/10.37193/CJM.2022.01.08
http://www.jaac-online.com/article/doi/10.11948/20200359
http://dx.doi.org/10.11948/20200359
http://www.ncbi.nlm.nih.gov/pubmed/34538142
http://dx.doi.org/10.1007/s00245-019-09643-5
http://dx.doi.org/10.3390/math9010091
https://www.aimsciences.org/fileAIMS/cms/news/info/28df2b3d-ffac-4598-a89b-9494392d1394.pdf
http://dx.doi.org/10.1007/s11784-015-0274-8
http://dx.doi.org/10.3934/dcdss.2022203
http://dx.doi.org/10.3934/dcdss.2012.5.485
http://dx.doi.org/10.3934/dcdss.2016011
.
http://dx.doi.org/10.2174/97816080535061120101
http://dx.doi.org/10.1080/00207169608804538
http://dx.doi.org/10.1080/01630560902841120
http://dx.doi.org/10.1007/s10957-010-9742-x
http://dx.doi.org/10.1016/j.apm.2015.04.039
http://dx.doi.org/10.3934/math.2019.3.648

Axioms 2023, 12, 406 23 of 23

18.

19.

20.
21.

22.

23.

Morosanu, C. Stability and errors analysis of two iterative schemes of fractional steps type associated with a nonlinear reaction-
diffusion equation. Discret. Contin. Dyn. Syst. Ser. S 2020, 13, 1567-1587. [CrossRef]

Morosanu, C.; Croitoru, A. Analysis of an iterative scheme of fractional steps type associated with the phase-field equation
endowed with a general nonlinearity and Cauchy-Neumann boundary conditions. J. Math. Anal. Appl. 2015, 425, 1225-1239.
[CrossRef]

Morosanu, C.; Motreanu, D. The phase field system with a general nonlinearity. Int. J. Differ. Equations Appl. 2000, 1, 187-204.
Morosanu, C.; Pavil, S. On the numerical approximation of a nonlinear reaction-diffusion equation with non-homogeneous Neu-
mann boundary conditions. Case 1D. ROMAI J. 2019, 15, 43—-60. Available online: https:/ /rj.romai.ro/arhiva/2019/2/Morosanu-
Paval.pdf (accessed on 13 January 2023).

Morosanu, C.; Pavil, S.; Trenchea, C. Analysis of stability and errors of three methods associated with the nonlinear reaction-
diffusion equation supplied with homogeneous Neumann boundary conditions. J. Appl. Anal. Comput. 2017, 7, 1-19. [CrossRef]
Ovono, A.A. Numerical approximation of the phase-field transition system with non-homogeneous Cauchy-Neumann boundary
conditions in both unknown functions via fractional steps methods. J. Appl. Anal. Comput. 2013, 3, 377-397. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.3934/dcdss.2020089
http://dx.doi.org/10.1016/j.jmaa.2015.01.033
https://rj.romai.ro/arhiva/2019/2/Morosanu-Paval.pdf
https://rj.romai.ro/arhiva/2019/2/Morosanu-Paval.pdf
http://dx.doi.org/10.11948/2017001
http://dx.doi.org/10.11948/2013028

	Introduction
	Results—Theorem 1
	Proof of the Main Result — Theorem 1
	Approximating Scheme—Convergence and Error Estimate
	Conclusions
	References

