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1. Introduction

In recent years, the theory of asymptotic behavior for evolution equations has become
a topic of large interest that has witnessed significant progress. This concept has been used
in studying problems concerning aeronautics, applied engineering subjects, fluid mechanics
and acoustics. The connections between functional analysis, control theory, differential
equations and fractional differential equations are given in the work of Ben-Artzi and
Gohberg [1], Elaydi and Hajek [2], Foias, Sell and Temam [3], Lidskii [4] and Kukushkin [5].

One of the most famous theorems that has had an important role in the development
of the stability theory of evolution operator is due to Datko—Pazy, who proved that an
evolution operator ¢/ on a Banach space X is uniformly exponentially stable if and only if
there exists a constant p € [1,00) with

o

sup [ ||U(t,s)x||Pdt < oo, forall x € X.
5>0
- S

Datko’s article [6] from 1972 refers to the integral characterization of the uniform
exponential stability property. We generalize this result in three directions: a variant of
Datko’s theorem is given for the general concept of nonuniform dichotomy with growth
rates which has as particular cases the concepts of nonuniform exponential dichotomy
and nonuniform polynomial dichotomy that obviously contain the concepts of uniform
exponential, respectively polynomial stability and dichotomy. For the case p € [1, ), Pazy
used different techniques in order to prove that the above result holds for any p € [1, %),
in [7] for Co- semigroups in Banach spaces. In 1984, Ichikawa presented in [8] an interesting
result in the nonlinear case; more precisely, the Datko type theorem was proved for a
family of nonlinear operators T = {T(t,s) }>s>0 on a Banach space X. Moreover, Reghis
obtained several important applications using this concept in [9]. The idea was continued
by Rolewicz in [10], where the author gave a new nonlinear condition.
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The notion of skew-evolution cocycle has become a front-line topic in the modern
theory of dynamical systems and differential equations. It can be traced back to the works of
Megan, Stoica and Buliga [11], continued by Hai [12] and Stoica and Megan [13]. Moreover,
several results were obtained by Huy [14], Megan, Sasu and Sasu [15], Mihit [16] and Sacker
and Sell [17] for skew-product semiflows or evolution operators which depend on two
variables compared to skew-evolution cocycles which have three variables. The class of
skew-product flows became a great topic of interest because it arises from linearization of
nonlinear equations with multiple applications in nonlinear problems (see [3,18,19] and
the references therein). For the future, the authors would like to extend these results for the
nonlinear case.

The present paper gives three types of integral characterizations for the concepts
of nonuniform dichotomy with growth rates, nonuniform exponential dichotomy and
nonuniform polynomial dichotomy for the general case of skew-evolution cocycles. The
first theorem that we present has as particular case the classical result of Datko [6] for
uniform exponential stability. Other important approaches for these characterizations
have been presented by Boruga and Megan [20], Megan, Sasu and Sasu [15], Sasu [21] and
Stoica [22].

Besides the concepts of stability and instability, special attention has been given
to the study of dichotomy. In 1920, Perron [23] introduced the notion of exponential
dichotomy and it gained prominence since the appearance of the monographs of Massera
and Schéffer [24], Daleckii and Krein [25] and the books of Chicone and Latushkin [26]
and Barreira and Valls [27]. Regarding the practical examples for dichotomy concepts, we
refer to the above works and references therein. The concept of exponential dichotomy
can also be found in the works of Bento, Lupa, Megan and Silva [28], Dragicevi¢, Sasu and
Sasu [29], Stoica and Megan [13], Stoica [22], Boruga and Megan [20] for both nonuniform
and uniform behavior.

The notion of exponential dichotomy may be considered too restrictive for dynamical
systems so, lately, a lot of researchers have focused on polynomial dichotomy, a concept
that was introduced by Barreira and Valls in [30] and it was also studied by Dragicevi¢,
Sasu and Sasu [31], Stoica [22], Bento and Silva [32], Boruga and Megan [20].

Throughout the years a more general concept of dichotomy has been considered
called dichotomy with growth rates (or h-dichotomy) which is an important extension of
exponential dichotomy and polynomial dichotomy. Pinto studied for the first time in [33]
the notion of a growth rate, which is a nondecreasing and bijective function 7 : Ry — [1, 00).

The purpose of this paper is to study integral characterizations of nonuniform di-
chotomy with growth rates with the particular cases of nonuniform exponential dichotomy
and nonuniform polynomial dichotomy for skew-evolution cocycles in Banach spaces. We
also establish the relation between these three concepts of dichotomy.

2. Preliminaries

Throughout this paper, we consider X a metric space, V a Banach space and B(V) the
Banach algebra of all bounded linear operators acting on V. The norm of vectors on V and
B(V) is denoted by || - ||. Moreover, we consider the following sets

A={(ts) R :t>s}
T ={(ts,ty) €RE:t>s>ty}.

Definition 1. A mapping ¢ : A x X — X is called an evolution semiflow on X if:
(es1)  ¢@(s,s,x) =x, forany (s,x) € Ry x X;
(es2)  @(t,s, (s, to, x0)) = @(t, to, x0), for any (t,s,tg,x9) € T x X.

Definition 2. A mapping @ : A x X — B(V) is called a skew-evolution cocycle on X x V over
the evolution semiflow ¢ if :
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(ses1)  D(s,s,x) = I (the identity operator on X), for any (s, x) € Ry x X;
(sesp)  @(t,s, (s, to, x0))P(s, to, x0) = P(t, to, xg), for any (t,s,t9,x9) € T x X.

Example 1. Let us consider X = R.. The mapping ¢ : A x Ry — R defined by ¢(t,s,x) =
t — s + x is an evolution semiflow on R.. For every evolution operator E : A — B(V), we have

P AX X — B(V),De(t,s,x) = E(t —s+ x,x)

is a skew-evolution cocycle on X x V over the evolution semiflow ¢. So, a skew-evolution cocycle
on X x V is generated by an evolution operator on V.

Definition 3. We say that a skew-evolution cocycle @ is strongly measurable if for any (s, x,v) €
R4 x X x V the mapping t — ||®(t, s, x)v|| is measurable on [s, 00).

Definition 4. A mapping P : R x X — B(V) is called a family of projectors if
P2(s,x) = P(s,x), forany (s,x) € R, x X.

Remark 1. If P : Ry x X — B(V) is a family of projectors, then Q : Ry x X — B(V),
Q(s,x) = I — P(s, x) is also a family of projectors, which is called the complementary family of
projectors of P.

Definition 5. A family of projectors P : Ry x X — B(V) is called invariant to the skew-evolution
cocycle @ if
D(t,s,x)P(s,x) = P(t, ¢(t,s,x))P(t,s,x),

forany (t,s,x) € A x X.

Definition 6. The pair (P, P) is called nonuniformly h-dichotomic if there are a nondecreasing
function N : Ry — [1,00) and a constant v > 0 such that:

(nhdy) — h(t)"||D(t to, X0) P(to, X0)vo|| < N(to)h(s)"||P(s, to, x0) P(to, Xo)vol |

(nhdy) — h(£)"[|D(s, to, x0) Q(to, Xo)vo|| < N(to)h(s)"|| (¢, to, x0) Q(to, Xo)voll,

forany (t,s,to, x0,v0) € T x X x V.

Remark 2. The particular cases for Definition 6 are:

1. h(t) = ¢!, then the concept of nonuniform exponential dichotomy is obtained.

2. h(t) =t + 1, then we have the nonuniform polynomial dichotomy concept.

3. N(to) constant, we obtain the concepts of uniform h-dichotomy, uniform exponential di-
chotomy and uniform polynomial dichotomy.

Example 2. Let C be the metric space of all continuous functions x : R — R with the topology of
uniform convergence on compact subsets of R.

Let f : Ry — (0,00) be a decreasing function with the property that there exists
tlg?oﬂt) =1>0.

We denote X the closure in C of the set {f;,t € Ry}, where fi(t) = f(t + T), for any
T € Ry. Then (X, d) is a metric space. The mapping

¢:TxX—=X,0(ts,x)(1)=2x-5(7) =x(t —5+ 1)

is an evolution semiflow on X. We consider V = R? the Banach space with the norm ||v|| =
|v1] + |v2|, where v = (vq,v2) € V. The mapping

O:TxX— B(V),
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ﬁr“) 2t775m(5+1)+25 f (t—s)dt 75&;(5{1) —25— Sm,(r{l +2t+f s)dt
D(t,s,x)v=[e s vy,e 02

where (t,s,x,v) € A x X x V, is a skew-evolution cocycle over the evolution semiflow ¢. Let
us consider the families of projectors P, Q : Ry x X — B(V) defined by P(t, x)v = (v1,0) and
Q(t,x)v = (0,v7), forany (t,x,v) € Ry x X X V.
Using the properties of x, we obtain
sin1) _p; sinlig+l) +2t07ft x(t—to)dT

t +1 i
[|@1(t, to, x0)0|| = e 0 lo1| =
= ||P1(s, to xo)v||esmt<ﬁ1) B f (to)r
- 1 7 7 s =
< |1 (s, o, xo)ol e (e M 2 42 <
2
< e T D)9y (s, 1, x0) )|,
where ||D1(t, to, x0)v|| = |[@(t, to, x0) P(to, x0)v]|-
Moreover, t
sm(Jt:rl) Zt*smf(tf];lrl)+2t0+f X(Tfto)d‘l’
[[@a(t to, x0)0|| = e 0 2| =
sin‘(s+1) o sm(t+1 42+ T—ty)dt
— |l@a(s to vo)olle frte-une
> |[®a(s, to, x0)0|[eBTDE) e F1 5T,
where || @, (¢, to, x0)v|| = || P (¢, to, x0) Q(to, x0)v]|-

We obtain that

IN

B2 (s, b0, x0)0|| < e~ PHES)emTH 51| |y (8, £, x0) 0| <

2
< 87(2+l)(t75)eto+1||<:D2(t,to,xo)v||-

In conclusion, the skew-evolution cocycle @ is nonuniformly exponentially dichotomic with
2
v=142and N(ty) = e,

Remark 3. Using the inequality

t S

e ¢ ’
t+1 7~ s+1

for any (t,s) € A, it results that if (@, P) is nonuniformly exponentially dichotomic, then it is

also nonuniformly polynomially dichotomic. The converse implication is not true, as we can see in

the following.

Example 3. We consider the metric space C, the decreasing function f, the Banach space V, the
evolution semiflow ¢ and the family of projectors P and Q defined as in Example 2.
Let
O:TxX— B(V),

t t
B(ts,x)0 = s+3\? —.!J((T—S)df F4+3\2 [x(t—s)dt
,S,X)v = 13) ¢ nlii3) @ v,

where (t,s,x,v) € A x X x V, be a skew-evolution cocycle over ¢.
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We observe that
t
2 2 2 — [x(t—ty)dt
t+1 t+1 to+3
D (t,t = - - to —
(s+1> @1t fo, x0)o]] <s+1) <t+3> ¢ [o1]
t
2 2
s+3 t+1 = [ x(t—to)d
= Dy (t, ¢t —_— t 1 E <
stttz (357 (Fig) o+ 1e <
< 9(tg+1)||Pa(t, to, x0 )| |1 ¢5) g
s+1
< 9(tg+1)||Pa(s, to,
< Sty + 1) a(s, 0x0)0||<t+1)
Thus

(t41)2| Dy (s, to, x0)v|| < N(to)(s + 1)%|| @y (t, to, x0)||,

where || Py (t, to, x0)v|| = ||D(t, to, x0)Q(to, x0)?||, N(to) = 9(to+ 1) and v = 2+ 1, for any
(t,s,tg,x0,v) € T x X x V and also

2 2 f (T—tg)
t+1 t+1 s+3 0)d
(0}) 0 =
( ) || P2 (s, to, x0)v|| (S+1> <t0+3> ¢ |vz|

s+1
& s+3 2 t+1 2 1 —‘]t’x(’r—tg)dr<
loats sl (557 ) (3 ) (o e <

< 9(tg+1)||®1 (s, to, xo)v|[e ") g
s+1
< 9(tg+1)||P1(s, to,
< ot + oG to el (1)
So
(t+ 1> @1 (¢ to, x0)0l| < N(to) (s +1)**||@1 (s, to, x0) 0],
where ||D1(t,to, x0)v|| = ||DP(¢, to, x0) P (to, x0)v (to) =9(to+ 1) and v = 2 + 1, for any

(t,s,t0,%0,v) ET Xx X X V.
Then the pair (P, P) is nonuniformly polynomially dichotomic.
If we suppose that (®, P) is nonuniformly exponentially dichotomic, then there is a nonde-
creasing function N : Ry — [1,00) and v > 0 with
|| D(, to, x0) P(to, x0)ol| < N(to)e =) [|@(s, to, x0)P(to, x0)vo|,
For (®, P) defined as above, we have

t

2~ [x(t—to)dr f (t—to)dt
(t0+3> e o 0 SN(to)eV(ts)<t0+3> e o ’

t+3 s+3
meaning
t
1 — [x(t—tp)dr 1
s 7V(t S)
(t+ 3)26 N(s)e (s+3)2
b s —v(t—s)__ 1
(t+3)2° < Nis)e (s+3)2

For s = 0, we have
e(v—Dt N(O)
<
(t+3)2~ 9
and for t — oo we obtain a contradiction.
In conclusion, (@, P) is not nonuniformly exponentially dichotomic.
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Remark 4. It is obvious that the pair (P, P) is uniformly h-dichotomic, then it is nonuniformly
h-dichotomic. The converse implication is not generally valid. For an example, see [13].

Definition 7. The pair (®,P) has nonuniform h-growth if there are a nondecreasing function
M : Ry — [1,00) and a constant w > 0 with:

(nhg1)  h(s)“[|P(t, to, x0)P(to, x0)vo|| < M(to)h(t)“||P(s, to, x0)P(to, x0)voll;
(nhga)  h(s)“[|D(s, to, x0)Q(to, x0)vol| < M(to)h(t)“||D(t,to, x0)Q(to, X0)voll,
forany (t,s,to, x0,v0) € T x X x V.

Remark 5. In Definition 7, if we consider

1. h(t) = €', then we obtain the nonuniform exponential growth concept.

2. h(t) =t +1, then the skew-evolution cocycle has nonuniform polynomial growth.

3. M(tp) constant, we obtain the concepts of uniform h-growth, uniform exponential growth and
uniform polynomial growth.

3. Results

In what follows, we present the relation between nonuniform h-dichotomy and nonuni-
form exponential dichotomy, respectively, between nonuniform polynomial dichotomy
and nonuniform exponential dichotomy for skew-evolution cocycles in Banach spaces.

Let @ : A x X — B(V) be a skew-evolution cocycle over the evolution semiflow,
let 9 : AxX — X, P: Ry x X — B(V) be the invariant family of projectors and let
h:Ry — [1,00) be a growth rate.

Theorem 1. Let
on:AX X = X, o4(t,5,x) = (h 1 (ef), k7 1(e°), x)
be the evolution semiflow on X,
Dy Ax X = B(V),®p(t,s,x) = @(h1(e!), k7 1(e°), x)
the skew-evolution cocycle over ¢y, and the families of projectors
PRy x X — B(V),P,(t,x) = P(h~1(e!), x),

Qh : IRJr XX — B(V), Qh(t/ X) = Q(h_l(et)rx)'
The pair (®, P) is nonuniformly h-dichotomic if and only if the pair (®y, Py,) is nonuniformly
exponentially dichotomic.

Proof. Necessity. If we suppose that the pair (@, P) is nonuniformly h-dichotomic, then
we obtain

||y (t, to, x0) Py (fo, x0)vo| | = [|@(h~ ('), 2 (), x0) P(h~ (e"), x0)vp]| <
N(h1(e))e =9 |d(h =1 (e*), h 1 (e'0), x0) P(h ™ (e"0), x0)vo| =

= N(h71(e))e " =2)||dy (s, to, x0) Py (to, Xo0)vo|| <

< Ni(to)e V9| @y (s, to, x0) Py (to, x0) 0] |,

IN

where N (tg) = N(h~1(ef0)) + 1, for any (t,s, to, x0,v9) € T x X x V.
Analogously, we have
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||®n(s, to, x0) Qn(to, x0)vo|| = ||@(h 1 (e°), ™ (€0), x0) QR (), x0)vg]| <
N (i (e0))e )| (h 2 (e'), k1 (e!), x0) QU ('), x0) o] | =

= N(h 1(e0))e =9 | @y (t, to, x0) Qu(to, Xo)vo|| <

< Ny(to)e =)@y (¢, to, x0) Qu (to, X0)vo|

IN

where Nj(tg) = N(h~1(ef)) + 1, for any (t,s, to, x0,v9) € T x X x V.
Sufficiency. We suppose that the pair (P, P;) is nonuniformly exponentially di-
chotomic.

||y (£, to, x0) Py (to, x0)vo|| < N(to)e™"\=3)|| @y, (s, to, x0) Py (to, x0) o
||¢( Ye"), h ('), x0) P(h~ 1 (e), x0)wo|| <

< N(to)e "= |J@(h(e*), h 1 ("), x0) P(h ™ (e"), x0) vy

Denoting ! (e) = w,h~1(e") = wp and h~1(¢*) = u, we have

|1 (a0, w0, x0) P, x0) 00| < N(lnh(wo»(;“(g)_ [ (ut wo, x0) P (w0, x0) 0| <
S Nz(ZUO) <};l((::))) _V| |(D(u, wo, XQ)P(ZUO, X0)00| |,

where N; (1) = N(Inh(wy)).
Similarly, we prove (nhd,):

|| (s, to, x0) Qu(to, x0)vo|| < N(to)e " =5)||®y(t, to, x0) Qu(to, x0)vo|
[[@(h1(e*), h (), x0) Q(h 1 (e), x0)vo]| <

< N(to)e )| (h ('), k7! (e"), x0) Q(h (e™0), xo)vo |
For h=1(e') = w,h=1(e'0) = wp si h~1(e*) = u, we obtain

1000, 30) Qo x0)2 < Nhaoo)) (e ) (e, 30) Qa0 3ol | <
< Ny(wp) (’;ii’i) [ (w0, w, x0)Q (w0, o) o,

where N; (1) = N(Inh(wy)).
In conclusion, (@, P) is nonuniformly h-dichotomic. [J

Corollary 1. We consider the evolution semiflow on X
p1:Ax X — X, 91(t,s,x) = go(et —1,¢—1,x),
the skew-evolution cocycle over ¢q
D1 Ax X — B(V),®(t,s,x) = Pl —1,¢° —1,x)
and the families of projectors
PRy x X — B(V),Pi(s,x) = P(ef —1,x),

Q1 :Ry x X —= B(V),Q1(s,x) = Q(e’ —1,x).
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The pair (P, P) is nonuniformly polynomially dichotomic if and only if the pair (1, Py) is
nonuniformly exponentially dichotomic.

Proof. Necessity. We suppose that the pair (@, P) is nonuniformly polynomially dichotomic:
||(D1 (t, to, Xo)Pl (to, XO)Z)QH = ||(P(€t -1, eto -1, XQ)P(EtO -1, JCQ)UQH <

N(e —1)e V=9 [|d(ef —1,ef0 —1,x0)P(e" — 1,x0) 00| <

<
< N(to)e "=)||®y (s, t, x0) 1 (to, x0) 0o |-

In a similar manner, we obtain:
|| 1 (s, to, x0) Qi (to, Xo)vo|| = [| (e — 1,€" —1,x0)Q(e" — 1, x0)vp|| <
< N(e —1)e I — 1,0 — 1,x0)Q(e — 1, x0)p]| <
< N(to)e "=9|y (1, to, x0) Qi (to, x0) o .

Sufficiency. 1f the pair (®1, P;) is nonuniformly exponentially dichotomic, then

||@1(t, to, x0) Py (to, x0)vo|| < N(to)e ™ =)||@1 (s, to, x0) Py (fo, x0)v0] |
| @(e" —1,e" —1,x0)P(e" —1,x0)00|| <
< N(tg)e*"(t*s)Hd’(es —1,¢f0—1, xO)P(et0 —1,x0)v]]-

Foref —1 =u,e!o — 1 = ugand ¢* — 1 = w, we obtain

u+1
w+1

[|D(u, ug, x0)P(ug, x0)vo|| < N(In(ug + 1)) ( >V| | D (w, ug, xo) P(1o, x0)vo] |

u+1
w—+1

-V
||q><u,uo,xo>P<uo,xo>vo||swuo)( ) 1 (a0, 49, x0) P10, x0)ol,

where Nj (1) = N(In(up +1)).
Similarly, we prove (npd,)
|| @1 (s, to, X0) Q1 (fo, Xo)vo|| < Ni(to)e " =)[|dy(t, to, x0) Qi (to, x0) ol
[|®(ef —1,e0 —1,x0)Q(e0 —1,xq)vp|| <
< N(to)e V=9 ||@(ef — 1,0 —1,x9)Q(e" — 1,x0)vy]].
If we denote ¢! —1 = u,efo —1 = uy and ¢ — 1 = w, then the following relation

takes place:

u+1
w+1

10 a0, 110, %0)Qt0, %) 00| < N<1n<u0+1>>( ) 1 (1, 110, 20) Q0 20) 00|

u+1
w+1

||¢(w/u0rx0)Q(uo,xo)Uo||<N1(M0)< ) 10 s, 10, %0)Q1t0, X0) 0 |-

In conclusion, the pair (@, P) is nonuniformly polynomially dichotomic. [

Necessary and sufficient conditions of nonuniform h-dichotomy, including the partic-
ular cases of nonuniform exponential dichotomy and nonuniform polynomial dichotomy
for skew-evolution cocycles, are given by the following theorems.

In what follows, we consider some classes of functions:

*  H the set of functions i : R; — [1,00) with the properties:
(hy)  exists Hy > 1suchthat h(t+ 1) < Hjh(t), forany t > 0;



Axioms 2023, 12, 394

(hy)  forany a € (0,1), there exists Hy > 1 such that /hit)“ <
S

s>0;

t
(h3)  for any a € (—1,0), there exists H3 > 1 such that /h(s)“ds < Hsh(t)*, for

any t > 0;

e Hp the set of functions /1 : Ry — [1,00) with h(t) >t + 1, for any > 0.

Remark 6. For the particular case when h(t) = e', we obtain that h € H.

Theorem 2. If the pair (P, P) has nonuniform h-growth, with ® being a strongly measurable
skew-evolution cocycle and h € H, then (P, P) is nonuniformly h-dichotomic if and only if there
are a nondecreasing function D : R — [1,00) and a constant d € (0,1) such that

(nhDy) fh 4| @(t, to, x0) P(to, x0)vol|dt < D(to)h(s)*||@(s, to, x0) P(to, Xo)vol,

for any (s, to, x0,v0) € A x X x V.

(nth) f]/l dHQD S to,xo)Q(to,xO)UolldS < D(to)h(t

for any (t,tg, X9, v9) € AXx X x V.

Proof. Necessity. Letd € (0,v).

IN

h(t)?||D(t, to, x0) P(to, xo)vo||dt <

[ NG (53) 119065 to,30) Pt 30 ol e =

N(to)h(s)vl|®(S,to,x0)P(f0,xo)Uo||/h(t)d_vdt =
N (to) Hah(s)"||®(s, to, x0) P(to, x0)vo| |1 (s)? " =

(
N(fo)th(S)d| |<D(S, to, X())P(to, Xo)UoH =
D(to)h(s)"||®(s, to, x0) P(to, x0)vol|,

where D(ty) = N(ty)Hp.
Analogously, we have

IN

IN

t
/h(s)*d“cp(s, to, %0) Q(to, X0 )vo||ds <

to

/N(to)h(s)—d (Zgi)_v@(t, to, x0)Q(to, x0)vo||ds =
t
N (to)h(t)~"[|P(t, to, x0)Q(to, X0)vo]| /h(s)”f”’ds <

to
N(to)Hsh(t)™"||®(t, to, x0) Q(to, xo)vo|[h(t)" ™ =
N (to)Hsh(t) || (t, to, x0)Q(to, x0)vo|| <
D(to)h(t) || ®(t, to, x0) Q(to, Xo)vol|,

)~4]|@(t, to, x0)Q(to, x0)vol|,
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where D(ty) = N(to)Hs.
Sufficiency. Case1.1:t > s+ 1.

h(t)d"Cp(t,to,X())P(to,XO)UoH = h(f)d||@(t,t0,X0)P(tQ,XQ)Uo|‘dT <

h(t)dM<to>(fj((?))w||@<r, fo,30)P(fo, %) 0] |4 —

t

IA
— L h—

d+w
M(m)h(r)d(,’j((?)) 19(7, to,x0) Pto, x0)ou]|dT <

t—

[any

IN

H1d+wM(t0) /h(T)d"@(T,to,Xo)P(to,Xo)voHdT <

S
D(to) HE ™ M(to)h(s)?||@(s, to, x0) P(to, x0) o] |.

IN

So

=
—~

t)
(s

=

—d
|| @(t, to, x0) P(to, x0)vol| < D(to)M(fo)Hin( ) [|® (s, to, x0) P(to, x0)vol|, (1)

~—

for any (t,s,tg, x0,v9) € T x X x V.
Case1.2:t € [s,s+1).

RO D (1, o, 0) Pk, Xo)o0l| <t )dM(to)(hED 110(s, £, x0)P(to, x0)20]| =
( v )| @ (s, to, x0) P(to, x0)vo|| <

< M(to)Hw+dh ()71 (s, to, x0) P(to, x0) o]

So
h(t)

—d
h(s)> [1(s, to, x0) P(to, x0)wol |, (2)

||(D(t, tO/xO)P(tO/xO)UOH < M(to)Hiu+d<

for any (t,s,tg, x0,09) € T x X xX V.
From relations (1) and (2), we obtain that there exists N(to) = D(to) M(to) Hit* with
h(t)\ ™
(e o x0)P(o xo)ull < Nlto) (3 ) 119065t 30) PG s0)l,
for any (t,s,tg, x0,v9) € T x X X V.
In a similar, way we obtain (nhd,).
Case1.1:t > s+ 1.
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s+1
h(s)~4||®(s, to, x0)Q(to, X0)vo|| = /h(5)7d||‘P(S,fofxo)Q(fo/xo)UoHdTS
o1 N
< !M(to)h(s)_d(;lig) |[@(7, to, x0)Q(to, x0)vo|[dT <
s+1 h(t) w+d
< [ Mono (5 l0(m m)Qtt, w)vlldr <
t
< M) H [ n(x) (7, to,x0)Qlto, x0)v0lldT <
< D(fo)M(tO)Hiqudh(t)_ﬂ|¢’(t/fofxo)Q(tO,xo)vo||~
Thus
—d
||q><s,to,xo>Q<to,xo>vo||SDao)M(to)Hr*d(ZEg) 10 (t to, x0)Qlt0, 200l ()

for any (t,s,tg, x0,v9) € T x X x V.
Case1.2:t € [s,s+1).

h(s) |9 (s, to, x0)Qlto, 0)oo]| < M(fo)h(s)_d(28>w||@(t,t0,X0)Q(t0,xo)Uo||:
w+d
- M(m)(zg) (e~ (1, o, x0) Q o, x0)o0]| <
< M(to)HY M h(t) || ®(t, to, x0) Q(to, x0) o] .
So
—d
@(s,to,xom(to,xo)vouSMuo)Hf*d(hEg) 0t fo, x0)Qlto, x0)ooll, (@)

for any (t,s,tg, x0,v9) € T x X X V.
It follows from relations (3) and (4) that there exists N(to) = M(to)D(to)HY’ + with

—d
h(t
(st 30)QU00 sl < Nito) (53 ) 190, 500t e,
for any (t,s,tg, x0,v0) € Tx X x V. O
Corollary 2. If the pair (®, P) has nonuniform exponential growth, with @ being a strongly

measurable skew-evolution cocycle, then (P, P) is nonuniformly exponentially dichotomic if and
only if there is a nondecreasing function D : Ry — [1,00) and d € (0,1) with:

(neD1) [ e™||@(t, to, x0) P(to, X0)vol|dt < D(to)e™ || (s, to, x0)P(to, Xo)vol,
S
forany (s, to, xp,v9) € A X X X V.
t
(neDa) [ e=®||@(s, o, x0)Q(to, Xo)vol|ds < D(to)e™¥||®(t, to, x0)Q(to, X0)vol|,

fo
forany (t,tg, x0,v0) € A X X X V.

Proof. This results from Theorem 2 for h(t) =e'. O
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Corollary 3. If the pair (®,P) has nonuniform polynomial growth, with @ being a strongly
measurable skew-evolution cocycle, then (®, P) is nonuniformly polynomially dichotomic if and
only if there is a nondecreasing function D : R, — [1,00) and d € (0,1) with:

[e9)

(leDl) f(f + 1)d71 | |©(t, to, xO)P(to, x0)00| |dt < D(to)(s + 1)d| |@(S, to, X)P(to, xO)Uol |,
S
forany (s, to, x9,v9) € A X X X V.
t

(npD2) [ (s +1)~*"1|@(s, to, %0)Qto, x0)vollds < D(to) (¢ +1)~*||(t, to, x0)Q(to, x0)
to
v, for any (t, to, x0,v0) € A x X x V.

Proof. From Corollary 1, we have that (@, P) is nonuniformly polynomially dichotomic if
and only if the pair (P, Py) is nonuniformly exponentially dichotomic.

In order to prove (npd;) <= (npD;), we use this equivalence and from Corollary 2
we have

o)

[ 111t to,x0) Py (to,x0)volldt < Di(to)e™™[| @1 (s, to, )P (fo,x0)o |,

S

which is
o0

/edt||<b(et —1,et0 —1, xO)P(etO —1,x0)vpl|dt < D(to)edchb(es —1,¢f0—1, xo)P(et0 —1,x0)vg]
S

With the change of variable ¢! — 1 = u and the notations e/0 —1 = ugand ¢’ — 1 = w,
we obtain

T du
[+ 119 (1,10, 70) (o, %)l
w

u+1

< D(In(ug + 1)) (w + 1) |1 (w, ug, x) Py (g, x0) o |

meaning
/(u + 1)‘17l || @ (1, ug, x0) P (10, x0)vo||du < D1(ug)(w + 1)d| | D1 (w, ug, x) Py (o, x0)vol|,
w

where D1 (1) = D(In(ug + 1)).
For the proof of (npd,) <= (npD;), we follow the same idea as above:

t
[ e 1191(5,to, %) Qa o, xo) ol ds < Dto)e™ ][ (1 o, 1) Qa (Fo, ¥
to

more precisely

t
/e_ds||cl>(eS — 1,0 —1,x0)Q(e —1,x0)vp]||ds <

to
< D(tg)e ||d(e" — 1, €' —1,x0)Q(e* — 1, x0)vp][;

using the change of variable ¢ — 1 = w and the notations ¢/ — 1 = u and ef0 — 1 = uy,

we have
u

dw
—d
[ @+ 1), 10, %0) Qo x0)ool | =

<

Up

< D(In(ug + 1)) (u + 1) | ®(u, ug, x0) Q(u0, Xo0)vo| |,
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which is equivalent to

u

/(w+1)7d71||¢’(w/u01x0)Q(u01xO)UO"dw < Dy (uo) (u+ 1)~ | (1, ug, x0)Q (10, X0)vo| |,

uo
where D1 (1) = D(In(up +1)). O

Theorem 3. If the pair (P, P) has nonuniform h-growth, with & being a strongly measurable
skew-evolution cocycle and h € H, then (P, P) is nonuniformly h-dichotomic if and only if there is
a nondecreasing function D : Ry — [1,00) and a constant d € (0,1) such that

D(to)h(t)*

!
(nhDy) f Tl < o sl
for any (t, to, xo, vg) € A x X x V with ®(t,ty, x0)P(tg, x0)vo # 0.
: D(t)h(s)*
(nhD3) f R0 Y < oo bl

for any (s, to, x0,v0) € A x X x V with Q(ty, x9)vy # 0.

Proof. Necessity. We consider d € (0,v).

h(s)~¢ h(t)\ " ds _
0||q><s,to,xo>P<to,xo>vo||ds / N(“’)h@)d(h(s)) (7, b, x0) P(fo, x0) 0]

N(to)h(t)™" /

= s v—d s

= [0t fox)P(to,x0) ”0”t0/h() s <
N(to)h(t)™" d

< ||(D(t’t0’x0)P(t0/xo)Z)0||H3h(t) =

h(t)
[|D(t, to, x0) P(to, x0)vo|| —
h(t)—
|| ®(t, to, x0) P(to, x0)vo]|”

= N(to)Hs

IN

D(to)

where D(ty) = N(to)Hs.
Similarly, we have

(! o (1 1
/ Qo < VOO (i) o oy s

B N(to)h(s)" Ty
= ot | S
N(to)h(s)"
56, o, %) 00, 5o)o0l] 2 =
D(to)h(s)*
[|® (s, to, x0)Q(to, x0)vo||”

where D(ty) = N(ty)Ha.
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Sufficiency. Case 1.1: t > s+ 1 and ®(t, ty, x9) P(ty, x0)vg # 0.

s+1 h(s)_d

h(s)™ _
190, fo, %0) P(fo, 0)o0]] J ||<;D(s,to,xo)P(to,xo)vo||drS
s+1
h(t)\“ h(s)~* =

s/M(tO)(h(s)> |\<I>(T,to,xo)P(t0fx0)UO||dT_

s+1 w—+d -
_ L )\ ()
= M(tO)S/ (h(s)) ||<;D(wr,to,xo)P(fo,xo)Uo\’dTS

IN

t
h(t)™*
M(t Hw+d/ dr <
(fo)Hy ; || (T, to, x0)P(to, x0)v0||  —
0

IN

h(t)™
||®(t, to, x0) P(to, x0)vo||

IN

M(to)HY T D (to)

Thus
h(t)?|D(t, to, x0) P(to, x0)vo|| < M(to)D(to) H ™ h(s)?||®(s, to, x0)P(to, x0)voll,  (5)

for any (t,s,tg, x0,v9) € T x X x V.
Case 1.2: t € [s,s + 1) with ®(t, ty, x9)P(t, x0)ve # 0.

h()4]|@(t, to, x0)P(to, x0)v0|| < M(to)h(t)d<h(t)>w|@(s,to,xo)P(to,xo)voH—

h(s)
w+d
= M(to) (;1123) h(S)dH@(S, to, XO)P(fo,XO)U()H <

< M(to)Hiqudh(S)ﬂ |(I’(S, to, xO)P(fo, XQ)U()‘ ‘

So
h(t)qu)(f, to, XO)P(to, XO)Z)QH < M(fo)HiuJ'_dh(S)ﬂ ‘@(S, to, XO)P(to, XO)UoH, 6)

for any (t,s,tg, x0,v9) € T x X X V.
From relation (5) and relation (6), it follows that there exists N (ty) = M(to)D(to)HY’ +d
such that

h(t)|D(t, to, x0)P(to, x0)vo|| < N(to)h(s)?||®(s, to, x0)P(to, xo)vol|,

for any (t,s,tg, x0,v9) € T x X x V.
Using the same method as above, we obtain (nhd,):
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Case 1.1: t > s+ 1 and Q(to, x0)vo # 0.

t

(¢, to,xoglgzto,xo)voll - t—/l ||®(t’t0'x’:)§2ito,xo)vo|dT <
: t;/i M ( (1) )wIICD (T, t0, x0) ();(tOIxO)UOHdT:
: t/i a <h(>w+d”¢ (7, tOfxo()TQ)ifo,xo)vo||dT =
< M(t) HW+d/ |o(7, to’xo()Q)d(tO/x())UOHdT <
< M(to)Hi"+dD(to)||(p(s,t0,x};§2itolx())vo||.

So we have

h(t)?||D(s, to, x0) Q(to, x0)vo|| < M(to)D(to) H¥h(s)4||®(t, to, x0) Q(to, x0)v0l|,  (7)

for any (t,s,ty, x0,00) € T x X X V.
Case1.2°: t € [s,s + 1) with Q(to, x9)vy # 0.

()

W(EY|0 (s, to, x0)Qto, x0)eol| < M(to)h(t)? ( ()) b f0, %0)Q(fo, x0)v0]| =

:.

w+
_ ( ) )19, to, %0)Q ko, x0)v0]| <

M(to) HY ™ h(s)?| | (t, to, x0) Q(to, X0)vo] |-

IN

So

h(t)]|®(s, to, x0) Q(to, xX0)vo|| < M(to) HY Th(s)?||P(t, to, x0) Q(to, X0)vo]|, 8)

for any (t,s,ty, x0,v9) € T x X x V.
From (7) and (8), we obtain that there exists N () = M(ty)D(to) Hy’ *+4 such that

h(t)]|@(s, to, x0) Q(to, x0)vo|| < N(to)h(s)?||®(t, to, x0) Q(to, x0)vol|,

for any (t,s,ty, x0,v0) € Tx X x V. O

Corollary 4. If the pair (®, P) has nonuniform exponential growth, with & being a strongly
measurable skew-evolution cocycle, then (P, P) is nonuniformly exponentially dichotomic if and
only if there are a nondecreasing function D : Ry — [1,00) and a constant d € (0,1) such that:

t

!/ 7d1’ D(to)e_dt
s <
(neDy) f Gk 0Pl m)al %S < el x) Plowall

for any (t, to, xp,v9) € A x X x V with ®(t, tg, x9)P(to, x9)vo # 0.

f et dt < D(to)es
5 [1@(tto,x0)Q(to,x0)v0l[ ™" = [[P(s,t0,x0)Q(to,x0)v0l[”

for any (s, to, xo,v9) € A x X x V with Q(ty, x0)vo # 0.

(neD})

Proof. It follows from Theorem 3 for h(t) = e'. [
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Corollary 5. If the pair (®,P) has nonuniform polynomial growth, with @ being a strongly
measurable skew-evolution cocycle, then (®, P) is nonuniformly polynomially dichotomic if and
only if there are a nondecreasing function D : Ry — [1,00) and d € (0,1) a constant with:

. (s41)-d-1 D(to) (t+1) ¢
(npDy) f o) Pl En)aal| 25 < TT@Thho o) Pliosa) ol
for any(t, to, xo,vo) € A x X x V with ®(t,tg, x9) P(to, x9)vg # 0.
p t+1 D(t) (s+1)"
(npD3) f ||q>tto %0)Q(fo, xo)von S 186 0, 10)QU0 x0)w0]”

for any (s, to, x0,v0) € A x X x V with Q(ty, x9)vy # 0.

Proof. From Corollary 1, we have

e~ 1s s D(tg)e
|| @1 (s, to, x0) Py (to, x0)vol| ~ ~ ||P1(t, to, x0)P1(to, x0)vo||’
0

which is

e~ s s < D(to)e_dt
[|P(es —1,efo —1,x9)P(eto —1,x0)vo||  — ||P(ef —1,efo —1,x9)P(eto — 1, x0)v]|

Fore! —1=u,ef0 —1 =ugande* —1=w

w+1) Dy (ug)(u+1)7¢
||CP w, Up, X0) (uo,xo)UOH = ||®@(u, 1o, x0) P(ug, x0)vo||”

where Dl(uo) = D(In(up +1)).
Using the same method, we obtain

et D(to)eds
/ dt <
5 ||(D1(t, tQ,XO)Q1<t0,XO>UO|| ||¢1<S/ tOIXO)Ql(tOIxO>UO||

dt ds
f f - f dt < t Dlto)e f
[|@(et —1,eto —1,x0)Q(eto — 1, x0)vo]| [|@(es —1,efo —1,x0)Q(efo — 1, xg)vo]|

Fore! —1 =u,eto —1 =ugand ¢* — 1 = w, we have

u+1) < D (uo) (w +1)*
S (1@ (u, g, x0) (uorxo)voH = |[@(w, uo, x0)Q(uo, x0)vo ||’

where Dl(uo) =D(In(up+1)). O

Theorem 4. If the pair (P, P) has nonuniform h-growth, with ® being a strongly measurable
skew-evolution cocycle and h € H N Ho, then (P, P) is nonuniformly h-dichotomic if and only if
there are a nondecreasing function D : Ry — [1,00) and a constant d > 1 such that:

(TlhDi’) fh d 1||(P t, tQ,xO)P(to,xO)UoHdt < D(to)h(s)d||(I)(S,t0,xO)P(t0,x0)Z)0||,
for any (s, to, x0,v0) € Ax X X V.
" h( t -1 D(to)h(s)?
(nhD3) f [[®(t.t0,x0) Q(to, XO)UOHdt < [[®(s,t0,20)Q(to,x0)vol]”

for any (s, to, x0,v0) € A x X x V with Q(ty, x9)vy # 0.
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Proof. Necessity. From Theorem 2, we obtain

[e0) (e )

/h(t)d—lncp(t, to, x0) P(to, xo)vo|dt < /h(t)d||<1>(t, to, x0) P(to, xo)vo||dt <

S S

D(to)h(s)d| |©(S, to, XO)P(to, XQ)?}0| ‘

IN

and from Theorem 3 we have

h(t)41 h(t)
190 b ) Qo 0wl = / Tt £, %0) Qo 50)ool =
D{to)h(s)"

< .
= ||®(s, to, x0) Q(to, x0)vol|

Sufficiency. Case 1.1: h(t) > 2s.

2
h(t)?||®(t, to, x0)P(to, x0)vol| = 1G] h(t)?||D(t, to, x0)P(to, x0)vo|[dT <

IN

10y (10) (1) 10(e ko x0) Pt 0 =

~—

. d4+w—1
= 2M(to) h(T)d_1<t)> ||@(7, to, x0) P(to, x0)vo||dT <

2d+wM(t0)/h(T)d_l"@(T,to,Xo)P(to,XO)Z)QHdT <

IN

s
D(t0)2d+wM(fo)h(S)d| ‘@(S, to, XO)P(to, XO)Z)0| |

IN

So

=
—

t)
(s)

—d
|| (%, to, x0) P(to, x0)vol| < D(fo)M(to)2d+w< ) [|® (s, to, x0) P(to, x0)voll, (9)

=

for any (t,s,tg, x0,v9) € T x X x V.
Case 1.2: h(t) < 2s.

WO (L o, %) Pl xo)eull < )dM(to)(hED 1905, £, %0)P(to, x0)voll =
= e (B0 sy ts o 0Pt el <
< M(t0)2h(s)||D(s, to, x0) P(to, Xo)vo] |

So
20

—d
||¢<t,to,xo>P<to,xo>vo||SMao)z‘“d( ) 0G5, to, x0)P(to, x0)20ll,  (10)

=

(s)

for any (t,s,tg, x0,v9) € T x X X V.
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From relations (9) and (10), we obtain that there exists N (ty) = D(tq)M(tg)2?+t with

—d
||®(t, to, XO)P(fo,xO)U()H < N(to) (ZE:%) H@(S, to,Xo)P(to, XO)U()H,
for any (t,s,tg, x0,v9) € T x X X V.
Case 1.1": h(t) > 2s and Q(tg, x9)vg # 0.
h(t)
20k _ 2 ()’ it <
|| (¢, to, x0) Q(to, x0)vol| h(t) i |[@(t, to, x0) Q(to, x0) ol —
2
h(t)
2 h(t)) h(t)" gt —
=) M0 (3 oIt
h(t) w+d—1 —
h(t)) * ()1
= 2M — d
) (i) Tormmamm S
h(T)d—l
M 2w+d d
< MO [ g Qo ol S
h(s)?
M(t)2¢HD .
< MU)2D00) 15, x0)Qlko, )00l

So we have

h(t)?[|@(s, to, x0)Q(to, x0)vo | < M(to) D(to)2*h(s)*||®(t, to, x0)Q(to, x0)voll, (1)

for any (t,s,tg, x0,v9) € T x X X V.
Case 1.2°: h(t) < 2s with Q(to, x0)vp # 0.

B9 (s 0, 50) QU0 xo)eall < M(t)h(r)! (zﬂ) (¢, to 10)Qt0, 0ol =
w+d

= M) () IRt x0) Q30| <
< M(t0)2 h(s)|| D (¢, to, x0)Q(to, X0)vo] |
So
h()?[| D (s, o, x0)Q(to, x0)v0]| < M(t0)2°*h(s)[| D (t, to, x0) Q(to, x0)voll,  (12)

for any (t,s,tg, x0,v9) € T x X x V.
From (11) and (12), we obtain that there exists N (o) = M(tg)D(t9)2“ " such that

h(t)?[|®(s, to, x0)Q(to, x0)v0|| < N(to)h(s)"||(t, to, x0)Q(to, x0)wol|,

for any (t,s,tg, x0,v0) € T x X x V. O

Corollary 6. If the pair (®, P) has nonuniform exponential growth, with @ being a strongly
measurable skew-evolution cocycle, then (P, P) is nonuniformly exponentially dichotomic if and
only if there are a nondecreasing function D : Ry — [1,00) and a constant d > 1 with

)
(neDi’) fet(d71)||(l)(t, to, XO)P(to, xO)UoHdt < D(to)edSH(P(S, to, XO)P(to, XQ)UQH,

S
forany (s, to, xp,v9) € A X X X V.
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< Hd—1) D(tg)e

J Tttt < Te6mm) QG
for any (s, to, x0,v0) € A x X x V with Q(ty, x9)vy # 0.

(neDy)

Proof. This follows from Theorem 4 by taking h(t) = ¢!. [

Corollary 7. If the pair (@, P) has nonuniform polynomial growth, with @ being a strongly
measurable skew-evolution cocycle, then (@, P) is nonuniformly polynomially dichotomic if and
only if there are a nondecreasing function D : Ry — [1,00) and a constant d > 1 with

(npD})  [(t+ 1) ||@(t, to, x0) P(to, x0)vo||dt < D(tg)(s + 1)4|| (s, to, x0) P(to, x0)vo] |,

S
for any (s, to, x0,v0) € Ax X X V.

" (t+1)41 D(to)(s+1)*
(npD7) f [[o( ffo X0 Q(fo Xo)volld < [|@(s,t0,x0) Q(fo,%0)v0l|”

for any (s, to, x0,v0) € A x X x V with Q(ty, x9)vy # 0.

Proof. This results from Theorem 4 if the growth rate equals f + 1. O

4. Conclusions

The theory of skew-evolution cocycles is used to study the asymptotic properties
of time-varying linear systems. In this sense, we can say that it is possible to give gen-
eralizations of Datko [6] for the concepts of stability or dichotomy. So, the question is
whether we can find a system associated with skew-evolution cocycles in order to use the
concepts of nonuniform h-dichotomy, nonuniform exponential dichotomy and nonuniform
polynomial dichotomy.

The aim of this paper is to find an answer for this question. Therefore, we succeeded
in giving necessary and sufficient conditions for nonuniform h-dichotomy and its corre-
spondents for the particular cases of nonuniform exponential dichotomy and nonuniform
polynomial dichotomy of skew-evolution cocycles in Banach spaces.

The article gives characterizations for nonuniform dichotomic behaviors of dynamical
systems described via skew-evolution cocycles that contain as special cases evolution
equations in abstract spaces and introduces a new concept of nonuniform dichotomy
compared to the classical ones considered in Bento, Megan, Lupa and Silva [28], Stoica and
Borlea [34], Stoica and Megan [13] and Stoica [22].

The main results of our work are presented in Theorems 2—4 for the concept of nonuni-
form h-dichotomy of skew-evolution cocycles in Banach spaces.

The connection between nonuniform h-dichotomy and nonuniform exponential di-
chotomy is given by Theorem 1 and between nonuniform polynomial dichotomy and
nonuniform exponential dichotomy is given by Corollary 1.

As particular cases of Theorems 2—4 , we obtain Corollaries 2, 4 and 6 when the growth
rate is the exponential function ef and Corollaries 3, 5 and 7 when we have h(t) =t + 1.

In the near future, the goals pursued by the authors are to obtain integral characteriza-
tions for these three concepts which extend the results of Barbashin [35] and also for the
concept of trichotomy described by skew-evolution cocycles in Banach spaces.

Author Contributions: Conceptualization, A.G., M.M. and R.B.; methodology, A.G., M.M. and R.B,;
investigation, A.G., M.M. and R.B.; writing—original draft preparation, A.G., M.M. and R.B.; writing—
review and editing, A.G., M.M. and R.B.; supervision, M.M. All authors have read and agreed to the
published version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.



Axioms 2023, 12, 394 20 of 21

Acknowledgments: The authors would like to express their gratitude to the referees for the valuable
comments which have improved the final version of the paper.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Ben-Artzi, A.; Gohberg, I. Dichotomies of perturbed time-varying systems and the power method. Indiana Univ. Math. . 1993, 42,
699-720. [CrossRef]

2. Elaydi, S.; Hajek, O. Exponential dichotomy of nonlinear systems of differential equations. In Trends in Theory and Practice on
Nonlinear Analysis; Elsevier: Arlington, TX, USA; Amsterdam, The Netherlands, 1985; pp. 145-153.

3. Foias, C.; Sell, G.; Temam, R. Inertial manifolds for nonlinear evolutionary equations. J. Differ. Equ. 1988, 73, 309-353. [CrossRef]

4. Lidskii, V.B. Summability of series in terms of the principal vectors of non-selfadjoint operators. Tr. Mosk. Mat. Obs. 1962, 11,
3-35.

5. Kukushkin, M.V. Evolution Equations in Hilbert Spaces via the Lacunae Method. Fractal Fract. 2022, 6, 1-21. [CrossRef]

6. Datko, R. Uniform asymptotic stability of evolutionary processes in Banach space. SIAM . Math. Anal. 1972, 3, 428-445.
[CrossRef]

7. Pazy, A. Semigroups of Linear Operators and Applications to Partial Differential Equations; Springer: Berlin/Heidelberg, Germany;
New York, NY, USA, 1983.

8.  Ichikawa, A. Equivalence of L? and uniform exponential stability for a class of nonlinear semigroups. Nonlinear Anal. TMA 1984,
8, 805-810. [CrossRef]

9.  Reghis, M. On nonuniform asymptotic stability. . Appl. Math. Mech. 1963, 27, 344-362.

10. Rolewicz, S. Functional Analysis and Control Theory. In Linear Systems; Kluwer Academic Press: Dordrecht, The Netherlands, 1987.

11. Megan, M.; Stoica, S.; Buliga, L. On asymptotic behaviors for linear skew evolution semiflows in Banach spaces. Carpathian J.
Math. 2007, 23, 117-125.

12.  Hai, P.V. Polynomial stability and polynomial instability for skew-evolution semiflows. Results Math. 2019, 74, 175. [CrossRef]

13. Stoica, C.; Megan, M. Nonuniform behaviors for skew-evolution semiflows in Banach spaces. Oper. Theory Live Theta Ser. Adv.
Math. 2010, 12, 203-211.

14.  Huy, N.T. Existence and robustness of exponential dichotomy of linear skew-product semiflows over semiflows. J. Math. Anal.
Appl. 2007, 333, 731-752. [CrossRef]

15. Megan, M,; Sasu, A.L.; Sasu, B. Exponential stability and exponential instability for linear skew-product flows. Math. Bohem.
2004, 129, 225-243. [CrossRef]

16. Mihit, C.L. On Some Nonuniform Dichotomic Behaviors of Discrete Skew-product Semiflows. Theory Appl. Math. Comput. Sci.
2019, 9, 1-7.

17.  Sacker, RJ.; Sell, G.R. Existence of dichotomies and invariant splittings for linear differential systems IL. J. Differ. Equ. 1976, 22,
478-496. [CrossRef]

18. Chow, S.N.; Leiva, H. Existence and roughness of the exponential dichotomy for linear skew-product semiflows in Banach spaces.
J. Differ. Equ. 1995, 120, 429-477. [CrossRef]

19. Sasu, B,; Sasu, A.L. Input-output conditions for the asymptotic behavior of linear skew-product flows and applications. Commun.
Pure Appl. Math. 2006, 5, 551-569. [CrossRef]

20. Boruga, R.; Megan, M. On some characterizations for uniform dichotomy of evolution operators in Banach spaces. Mathematics
2022, 10, 3704. [CrossRef]

21. Sasu, B. Integral conditions for exponential dichotomy: A nonlinear approach. Bull. Sci. Math. 2010, 134, 235-246. [CrossRef]

22. Stoica, C. Dichotomies for evolution equations in Banach spaces. arXiv 2010, arXiv:1002.1139 .

23.  Perron, O. Die Stabilitdtsfrage bei Differentialgleichungen. Math. Z. 1930, 32, 703-728. [CrossRef]

24. Massera, J.L.; Schiffer, ].J. Linear Differential Equations and Function Spaces; Series: Pure and Applied Mathematics; Academic Press:
New York, NY, USA; London, UK, 1966.

25. Daleckii, J.L.; Krein, M.G. Stability of Solutions of Differential Equations in Banach Spaces. In Translations of Mathematical
Monographs; Providence, R.I., Ed.; American Mathematical Society: Providence, RI, USA, 1974.

26. Chicone, C.; Latushkin, Y. Evolution semigroups in dynamical systems and differential equations. In Mathematical Surveys and
Monographs; American Mathematical Society: Providence, RI, USA, 1999.

27. Barreira, L.; Valls, C. Stability of Nonautonomous Differential Equations. In Lecture Notes in Mathematics; Springer: Berlin,
Germany, 2008.

28. Bento, A.; Lupa, N.; Megan, M; Silva, C. Integral conditions for nonuniform y—dichotomy on the half-line. Discrete Contin. Dyn.
Syst. Ser. B 2017, 22, 3063-3077.

29. Dragicevi¢, D.; Sasu, A.L.; Sasu, B. On the asymptotic behavior of discrete dynamical systems—An ergodic theory approach. J.
Differ. Equ. 2020, 268, 4786—4829. [CrossRef]

30. Barreira, L.; Valls, C. Polynomial growth rates. Nonlinear Anal. 2009, 71, 5208-5219. [CrossRef]

31. Dragicevi¢, D.; Sasu, A.L.; Sasu, B. On polynomial dichotomies of discrete nonautonomous systems on the half-line. Carpathian J.

Math. 2022, 38, 663—-680. [CrossRef]


http://doi.org/10.1512/iumj.1993.42.42031
http://dx.doi.org/10.1016/0022-0396(88)90110-6
http://dx.doi.org/10.3390/fractalfract6050229
http://dx.doi.org/10.1137/0503042
http://dx.doi.org/10.1016/0362-546X(84)90078-6
http://dx.doi.org/10.1007/s00025-019-1099-3
http://dx.doi.org/10.1016/j.jmaa.2006.11.029
http://dx.doi.org/10.21136/MB.2004.134146
http://dx.doi.org/10.1016/0022-0396(76)90042-5
http://dx.doi.org/10.1006/jdeq.1995.1117
http://dx.doi.org/10.3934/cpaa.2006.5.551
http://dx.doi.org/10.3390/math10193704
http://dx.doi.org/10.1016/j.bulsci.2009.06.006
http://dx.doi.org/10.1007/BF01194662
http://dx.doi.org/10.1016/j.jde.2019.10.037
http://dx.doi.org/10.1016/j.na.2009.04.005
http://dx.doi.org/10.37193/CJM.2022.03.12

Axioms 2023, 12, 394 21 of 21

32. Bento, A.J.G,; Silva, C.M. Stable manifolds for nonuniform polynomial dichotomies. J. Funct. Anal. 2009, 257, 122-148. [CrossRef]
33. Pinto, M. Asymptotic integration of a system resulting from the perturbation of an h-system. J. Math. Anal. Appl. 1988, 131,
194-216. [CrossRef]

34. Stoica, C.; Borlea, D. On H-dichotomy for skew-evolution semiflows in Banachspaces. Theory Appl. Math. Comput. Sci. 2012, 2,
29-36.

35. Barbashin, E.A. Introduction in the Theory of Stability; 1zd. Nauka: Moscow, Russia, 1967.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1016/j.jfa.2009.01.032
http://dx.doi.org/10.1016/0022-247X(88)90200-4

	Introduction
	Preliminaries
	Results
	Conclusions
	References

