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] and Ω[a, k] as the subclass of Ω(U), which consists of the
form functions

f (w) = a + akwk + ak+1wk+1 + . . . , (a ∈
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, w ∈ U, k ∈ N) . (1)

With Ap as the class of all multivalent functions in open unit disk U of the form

f (w) = wp +
∞

∑
k=1+p

akwk, w ∈ U, p ∈ N. (2)

Additionally, we use A = A1 to denote the class of analytic functions in the open unit
disk U and normalize them with f (0) = 0, f ′(0) = 1.

Additionally, consider S as the class of the univalent function in U,
Let S∗($), C($) and K be the subclasses of A such that:{

f ∈ S∗ : Re
{

w f ′(w)
f (w)

}
> $

}
, w ∈ U, (0 < $ < 1), then f is a starlike function;{

f ∈ C : Re
{

1 + w f ′′ (w)
f ′(w)

}
> $

}
, w ∈ U, (0 < $ < 1), then f is a convex function;{

f ∈ K : Re
{

f1
′(w)

g′(w)

}
> 0 : g ∈ C

}
, w ∈ U, then f is a close-to-convex function.

If the functions f and g are analytic in U, then we say f is subordinate to g or f is said
to be superordinate to f in U, written as f ≺ g or f (w) ≺ g(w) if there is a Schwarz function
υ(w) analytic in U, with |υ(w)| < 1, so that f (w) = g(υ(w)) and w ∈ U. In particular, if
the function g is univalent in U, then the subordination f ≺ g is equivalent to f (0) = g(0)
and f (U) ⊂ g(U), (see [1–8]).

If f , g ∈ Ap, where f (w) is provided by (1) and g(w) is defined by

g(w) = wp +
∞

∑
k=1+p

akwk, w ∈ U,

Axioms 2023, 12, 169. https://doi.org/10.3390/axioms12020169 https://www.mdpi.com/journal/axioms

https://doi.org/10.3390/axioms12020169
https://doi.org/10.3390/axioms12020169
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0002-0269-0688
https://doi.org/10.3390/axioms12020169
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms12020169?type=check_update&version=2


Axioms 2023, 12, 169 2 of 11

the Hadamard product (or convolution) of the function f and g is defined by

f (w)× g(w) = wp +
∞

∑
k=1+p

akbkwk, (w ∈ U) = ( f × g)(w). (3)

Let δ > 0, a, c ∈
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such that Re(c− a) ≥ 0 and Rea ≥ −δp, p ∈ N, n ∈ Z, θ ≥ 0
and λ > −p.

El-Ashwah and Drbuk [5] introduced the linear operator Bθ, λ
p,n (a, c, δ) : Ap → Ap

defined by

Bn, p
θ,λ (a, c, δ) f (w)

= wp + Γ(c+δp)
Γ(c+δp)

∞
∑

k=1+p

(
p+λ+θ(k−p)

p+λ

)n Γ(c+δp)
Γ(c+δp) akwk.

(4)

It is readily verified from (4) that

Bn+1, p
θ,λ (a, c, δ) f (w) =

(
1− pθ

p+λ

)
Bn, p

θ,λ (a, c, δ) f (w)

+ θ
p+λ w

(
Bn, p

θ,λ (a, c, δ) f (w)
)′

.
(5)

Putting a = c in (4), we obtain the Prajapat operator Jn
p (θ, λ), see [9].

Additionally, when n = 0, we obtain the Erdelyi-Kober integral operator Ia,c
p,δ, see [10].

Definition 1. Let Y:
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and h (w) be univalent in U. If p (w) is analytic in U, that
fulfils the second-order differential subordination [11]:

Y
(

p(w), wp′(w), w2 p′′ (w); w
)
≺ h(w), (6)

then p(w) is the differential subordination solution of (6).

Definition 2. Let Y1:
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and h(w) be univalent in U. If p(w) and
Y1(p(w), wp′(w), w2 p′′ (w); w) are univalent in U and p(w) fulfill the second-order differential
superordination [11]:

h(w) ≺ Y1

(
p(w), wp′(w), w2 p′′ (w); w

)
, (7)

then p(w) is the differential superordination solution of (7).

Definition 3. Let Q be the collections of functions f that are analytic and injective on U\E( f ),

when E( f ) =
{

ς ∈ ∂U : lim
w→ς

f (w) = ∞
}

and f ′(w) 6= 0 for ς ∈ ∂U\E( f ) [11].

Lemma 1. Let p1(w) be the univalent function in U and let Σ and ϑ be holomorphic in a
domain p1(U) ⊂ D, with ϑ(ω) 6= 0, when ω ∈ p1 (U). Set O(w) = w p1

′(w)ϑ(p1(w))
and }(w) = Σ(p1(w) +O(w). Suppose that [12]

(i) O is starlike in U.
(ii) Re

(
w}′(w)
O(w)

)
> 0, w ∈ U.

If p2(w) is holomorphic in U with p2(0) = p1(0), p2(U) ⊂ D, and Σ(p2(w))+
wp2

′(w)ϑ(p2(w)) ≺ Σ(p1(w)) + wp1
′(w)ϑ(p1(w)), then p2(w) ≺ p1(w).

Lemma 2. Let p1(w) be convex in U and β1 ∈
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∗ with Re
(

1 + p1
′′ (w)

p1
′(w)

)
>

max
{

0,−Re β1
β2

}
. If p2(w) is holomorphic in U and β1 p2(w) + β2wp2

′(w) ≺ β1 p1(w) +

β2wp1
′(w), then p2(w) ≺ p1(w) [11].
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Lemma 3. Let p1(w) be convex univalent in U and let Σ and ϑ be holomorphic in a domain D, p1
(U) ⊂ D. Suppose that [12]

(i) wp1
′(w)ϑ(p1(w) is starlike univalent in U.

(ii) Re
(

Σ ′(p1(w))
ϑ(p1(w))

)
> 0, w ∈ U.

If p2(w) ∈ A[p1(0), 1]
⋂

Q, with p2 (U) ⊂ D, Σ(p2(w) + wp2
′(w)ϑ(p2(w)) is univalent

in U and Σ(p1(w)) + wp1
′(w)ϑ(p1(w)) ≺ Σ(p2(w)) + wp2

′(w)ϑ(p2(w)), then
p1(w) ≺ p2(w).

Lemma 4. Let p1(w) be convex in U and Re(β) > 0.
If p2(w) ∈ A[p1(0), 1]

⋂
Q, p2(w) + βwp2

′(w) is univalent in U and p1(w) + βwp1
′(w)

≺ p2(w) + βwp2
′(w), then p1(w) ≺ p2(w) [12].

2. Subordination Results

Theorem 1. Let b(w) be convex univalent in U, with b(0) = 1, a1 > 0, 0 6= a2 ∈
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and suppose

Re
(

1 +
b′′ (w)

b′(w)

)
> max

{
0,−Re

a1

a2

}
.

If f ∈ A, it satisfies the subordination:

(
1− a2(p + λ)

θ

)(Bn, p
θ,λ (a, c, δ) f (w)

wp

)a1

+
a2(p + λ)

θ

Bn+1, p
θ,λ (a, c, δ) f (w)

Bn, p
θ,λ (a, c, δ) f (w)

a1(
Bn, p

θ,λ (a, c, δ) f (w)

wp

)a1

≺ b(w) +
a2
a1

wb′(w),

then (
Bn, p

θ,λ (a, c, δ) f (w)

wp

)a1

≺ b(w).

Proof. Consider

q(w) =

(
Bn, p

θ,λ (a, c, δ) f (w)

wp

)a1

.

Then

q′(w) = a1

(
Bn, p

θ,λ (a,c,δ) f (w)

wp

)a1
(

wp

Bn, p
θ,λ (a,c,δ) f (w)

)
(

wp[Bn, p
θ,λ (a,c,δ) f (w)]

′−pwp−1(Bn, p
θ,λ (a,c,δ) f (w))

(wp)2

)

= a1

(
Bn, p

θ,λ (a,c,δ) f (w)

wp

)a1
(
[Bn, p

θ,λ (a,c,δ) f (w)]
′

Bn, p
θ,λ (a,c,δ) f (w)

− p
w

)
We have

wq′(w)

q(w)
= a1

w
[
Bn, p

θ,λ (a, c, δ) f (w)
]′

Bn, p
θ,λ (a, c, δ) f (w)

− p

.
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By using (5) we obtain

wq′(w)
q(w)

= a1

(
(p+λ)

θ

(
Bn+1, p

θ,λ (a,c,δ) f (w)
)
+p(Bn, p

θ,λ (a,c,δ) f (w))− (p+λ)
θ (Bn, p

θ,λ (a,c,δ) f (w))

(Bn, p
θ,λ (a,c,δ) f (w))

− p

)

= a1
(p+λ)

θ

( (
Bn+1, p

θ,λ (a,c,δ) f (w)
)

(Bn, p
θ,λ (a,c,δ) f (w))

− 1

)
,

and
a2wq′(w)

a1
= a2(p+λ)

θ

( (
Bn+1, p

θ,λ (a,c,δ) f (w)
)

(Bn, p
θ,λ (a,c,δ) f (w))

)(
Bn, p

θ,λ (a,c,δ) f (w)

wp

)a1

− a2(p+λ)
θ

(
Bn, p

θ,λ (a,c,δ) f (w)

wp

)a1

.

By using the hypothesis, we obtain q(w) + a2
a1

wq′(w) ≺ b(w) + a2
a1

wb′(w).
Additionally, apply Lemma 2, when β1 = 1 and β2 = a2

a1
, then(

Bn, p
θ,λ (a, c, δ) f (w)

wp

)a1

≺ b(w).

�

Corollary 1. Let b(w) be convex univalent in U, with b(0) = 1, a1 > 0, 0 6= a2 ∈
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and suppose

Re
(

1 +
b′′ (w)

b′(w)

)
> max

{
0,−Re

a1

a2

}
.

If f ∈ A, it satisfies the subordination:

(
1− a2(p + λ)

θ

)( Jn
p (θ, λ) f (w)

wp

)a1

+
a2(p + λ)

θ

(
Jn+1
p (θ, λ) f (w)

Jn
p (θ, λ) f (w)

)a1
(

Jn
p (θ, λ) f (w)

wp

)a1

≺ b(w) +
a2

a1
wb′(w),

then (
Jn
p (θ, λ) f (w)

wp

)a1

≺ b(w).

Theorem 2. Let b be convex univalent in, b(0) = 1, and b(w) 6= 0 for all w ∈ U, and suppose
that b satisfies:

Re
{

p +
wtσ
wpa2

+
wε(σ + 1)

wpa2
(w) + (σ− 1)

wb′(w)

b(w)
+

wb′′ (w)

b′(w)

}
> 0, (8)

where σ, ε, t ∈
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, a1 > 0, 0 6= a2 ∈
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and w ∈ U. Suppose that wp(b(w))σ−1b′(w) is a starlike
univalent in U.

If f ∈ A satisfies the subordination:

M(p, n, λ, θ, ε, a1, a2; w) ≺ (t + ε b(w))(b(w))σ + a2(b(w))σ−1b′(w)
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where
M(p, n, λ, θ, ε, a1, a2; w)

= t

(
(p+λ)

θ

(
Bn+1, p

θ,λ (a,c,δ) f (w)
)
+
(

1− (p+λ)
θ

)
(Bn, p

θ,λ (a,c,δ) f (w))
wp

)a1σ

+ε

(
(p+λ)

θ

(
Bn+1, p

θ,λ (a,c,δ) f (w)
)
+
(

1− (p+λ)
θ

)
(Bn, p

θ,λ (a,c,δ) f (w))
wp

)a1(σ+1)

+a2a1

(
(p+λ)

θ

(
Bn+1, p

θ,λ (a,c,δ) f (w)
)
+
(

1− (p+λ)
θ

)
(Bn, p

θ,λ (a,c,δ) f (w))
wp

)a1σ

w (p+λ)
θ

(
Bn+1, p

θ,λ (a, c, δ) f (w)
)′

+
(

1− (p+λ)
θ

)(
Bn, p

θ,λ (a, c, δ) f (w)
)′

(p+λ)
θ

(
Bn+1, p

θ,λ (a, c, δ) f (w)
)
+
(

1− (p+λ)
θ

)(
Bn, p

θ,λ (a, c, δ) f (w)
) − p

, (9)

then (
(p+λ)

θ

(
Bn+1, p

θ,λ (a,c,δ) f (w)
)
+
(

1− (p+λ)
θ

)
(Bn, p

θ,λ (a,c,δ) f (w))
wp

)a1

≺ b(w).

Proof. Let H(β) = (t + εβ)βσ and L(β) = a2(β)σ−1, 0 6= β ∈

Axioms 2023, 12, 169. https://doi.org/10.3390/axioms12020169 www.mdpi.com/journal/axioms 

Article 

Properties of Differential Subordination and Superordination

for Multivalent Functions Associated with the  

Convolution Operators 

Luminiţa-Ioana Cotîrlă 1,* and Abdul Rahman S. Juma 2 

1 Department of Mathematics, Technical University of Cluj-Napoca, 400114 Cluj-Napoca, Romania 
2 Department of Mathematics, College of Education for Pure Sciences, University of Anbar,  

Ramadi 31001, Iraq; eps.abdulrahman.juma@uoanbar.edu.iq 

* Correspondence: luminita.cotirla@math.utcluj.ro

Abstract: Using convolution (or Hadamard product), we define the El-Ashwah and Drbuk linear 

operator, which is a multivalent function in the unit disk 𝑈 = [𝑤: |𝑤| < 1 and 𝑤 ∈ ₵ ], and satisfy its 

specific relationship to derive the subordination, superordination, and sandwich results for this op-

erator by using properties of subordination and superordination concepts. 

Keywords: multivalent functions; subordination; Hadamard product; superordination 

MSC: 30C45 

1. Introduction and Definitions

The set Ω(𝑈) denotes the class of all analytic functions in the open unit disk 𝑈 =
[𝑤: |𝑤| < 1 𝑎𝑛𝑞 𝑤 ∈ ₵] and 𝛺[𝑎, 𝑘] as the subclass of Ω(𝑈), which consists of the form 

functions 

Citation: Cotîrlă, L.-I.;  

Juma, A.R.S. Properties of  

Differential Subordination and  

Superordination for Multivalent 

Functions Associated with the 

Convolution Operators. Axioms 

2023, 12, 169. 

https://doi.org/10.3390/xxxxx 

Academic Editor: Clemente 

Cesarano 

Received: 8 December 2022 

Revised: 1 February 2023 

Accepted: 3 February 2023 

Published: 7 February 2023 

Copyright: ©  2023 by the authors. 

Licensee MDPI, Basel, 

Switzerland. This article is an open 

access article distributed under the 

terms and conditions of the 

Creative Commons Attribution 

(CC BY) license 

(https://creativecommons.org/lice

nses/by/4.0/). 

, when H(β) and L(β) are
analytic in
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. �

Then, we obtain G(w) = wb′(w)L(b(w)) = a2wp(b(w))σ−1b′(w) and y(w) = H(b(w))

+ G(w) = (t + ε(b(w)))(b(w))σ + a2wp(b(w))σ−1b′(w).
Since wp(b(w))σ−1b′(w) is starlike, then G(w) is starlike in U, and

Re
(

y′(w)
G(w)

)
= Re

{
p + wtσ

wpa2
+ wε(σ+1)

wpa2
(w) + (σ− 1)wb′(w)

b(w)
+ wb′′ (w)

b′(w)

}
> 0

Additionally, consider

q(w)

=

(
(p+λ)

θ

(
Bn+1, p

θ,λ (a,c,δ) f (w)
)
+
(

1− (p+λ)
θ

)
(Bn, p

θ,λ (a,c,δ) f (w))
wp

)a1

.

Then,
q′(w)

= a1

(
(p+λ)

θ

(
Bn+1, p

θ,λ (a,c,δ) f (w)
)
+
(

1− (p+λ)
θ

)
(Bn, p

θ,λ (a,c,δ) f (w))
wp

)a1

 (p+λ)
θ

(
Bn+1, p

θ,λ (a, c, δ) f (w)
)′

+
(

1− (p+λ)
θ

)(
Bn, p

θ,λ (a, c, δ) f (w)
)′

(p+λ)
θ

(
Bn+1, p

θ,λ (a, c, δ) f (w)
)
+
(

1− (p+λ)
θ

)(
Bn, p

θ,λ (a, c, δ) f (w)
) − 1

w

.
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We obtain

t

(
(p+λ)

θ

(
Bn+1, p

θ,λ (a,c,δ) f (w)
)
+
(

1− (p+λ)
θ

)
(Bn, p

θ,λ (a,c,δ) f (w))
wp

)a1σ

+ε

(
(p+λ)

θ

(
Bn+1, p

θ,λ (a,c,δ) f (w)
)
+
(

1− (p+λ)
θ

)
(Bn, p

θ,λ (a,c,δ) f (w))
wp

)a1(σ+1)

= t(q(w))σ + ε
[
(q(w))σq(w)

]
= (t + εq(w))(q(w))σ.

Since

a1

w (p+λ)
θ

(
Bn+1, p

θ,λ (a, c, δ) f (w)
)′

+
(

1− (p+λ)
θ

)(
Bn, p

θ,λ (a, c, δ) f (w)
)′

(p+λ)
θ

(
Bn+1, p

θ,λ (a, c, δ) f (w)
)
+
(

1− (p+λ)
θ

)(
Bn, p

θ,λ (a, c, δ) f (w)
) − p

 =
wq′(w)

q(w)
,

That

a2a1

(
(p+λ)

θ

(
Bn+1, p

θ,λ (a,c,δ) f (w)
)
+
(

1− (p+λ)
θ

)
(Bn, p

θ,λ (a,c,δ) f (w))
wp

)a1σ

(
w (p+λ)

θ

(
Bn+1, p

θ,λ (a,c,δ) f (w)
)′
+
(

1− (p+λ)
θ

)
(Bn, p

θ,λ (a,c,δ) f (w))
′

(p+λ)
θ

(
Bn+1, p

θ,λ (a,c,δ) f (w)
)
+
(

1− (p+λ)
θ

)
(Bn, p

θ,λ (a,c,δ) f (w))
− p

)

= a2 w(q(w))σ−1q′(w).

From (8) we obtain (t + εq(w))(q(w))σ + a2 w(q(w))σ−1q′(w) ≺ (t + εb(w))(b(w))σ

+ a2(b(w))σ−1b′(w) and using Lemma 1 we obtain q(w) ≺ b(w).

Corollary 2. Let b be convex univalent in, b(0) = 1, and b(w) 6= 0 for all w ∈ U, and suppose
that b satisfies:

Re
{

p +
wtσ
wpa2

+
wε(σ + 1)

wpa2
(w) + (σ− 1)

wb′(w)

b(w)
+

wb′′ (w)

b′(w)

}
> 0,

where σ, ε, t ∈
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and w ∈ U.
Suppose that wp(b(w))σ−1b′(w) is a starlike univalent in U.
If f ∈ A, it satisfies the subordination:

M
(
σ, t, ε, hµ, µ, a1, a2; w

)
≺ (t + ε b(w))(b(w))σ + a2(b(w))σ−1b′(w),

then  (p+λ)
θ

(
Jn+1
p (θ, λ) f (w)

)
+
(

1− (p+λ)
θ

)(
Jn
p (θ, λ) f (w)

)
wp

a1

≺ b(w).

3. Superordination Results

Theorem 3. Let b(w) be convex in U, with b(0) = 1, a1 > 0, Rea2 > 0, if f ∈ A,(
Bn, p

θ,λ (a, c, δ) f (w)

wp

)a1

∈ Ω[q(0), 1] ∩Q

and
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(
1− a2(p + λ)

θ

)(Bn, p
θ,λ (a, c, δ) f (w)

wp

)a1

+
a2(p + λ)

θ

Bn+1, p
θ,λ (a, c, δ) f (w)

Bn, p
θ,λ (a, c, δ) f (w)

a1(
Bn, p

θ,λ (a, c, δ) f (w)

wp

)a1

is univalent in U and satisfies the superordination.

b(w) +
a2
a1

wb′(w) ≺
(

1− a2(p + λ)

θ

)(Bn, p
θ,λ (a, c, δ) f (w)

wp

)a1

+
a2(p + λ)

θ

Bn+1, p
θ,λ (a, c, δ) f (w)

Bn, p
θ,λ (a, c, δ) f (w)

a1(
Bn, p

θ,λ (a, c, δ) f (w)

wp

)a1

then

b(w) ≺
(
Bn, p

θ,λ (a, c, δ) f (w)

wp

)a1

.

Proof. Consider

q(w) =

(
Bn, p

θ,λ (a, c, δ) f (w)

wp

)a1

,

then

q′(w) = a1

(
Bn, p

θ,λ (a, c, δ) f (w)

wp

)a1−1
wp

[
Bn, p

θ,λ (a, c, δ) f (w)
]′

(wp)2 −
pwp−1

(
Bn, p

θ,λ (a, c, δ) f (w)
)
(w)

(wp)2

.

We have

q′(w)

q(w)
= a1


[
Bn, p

θ,λ (a, c, δ) f (w)
]′(

Bn, p
θ,λ (a, c, δ) f (w)

) − 1
w

,

with the same steps of Theorem 1 and using the hypothesis, we obtain

b(w) +
a2

a1
wb′(w) ≺ b(w) +

a2

a1
wb′(w).

Apply Lemma 4 we obtain

b(w) ≺
(
Bn, p

θ,λ (a, c, δ) f (w)

wp

)a1

.

�

Corollary 3. Let b(w) be convex in U, with b(0) = 1, a1 > 0, Rea2 > 0, if f ∈ A,(
Jn
p (θ, λ) f (w)

wp

)a1

∈ Ω[q(0), 1] ∩Q

and(
1− a2(p + λ)

θ

)( Jn
p (θ, λ) f (w)

wp

)a1

+
a2(p + λ)

θ

(
Jn+1
p (θ, λ) f (w)

Jn
p (θ, λ) f (w)

)a1
(

Jn
p (θ, λ) f (w)

wp

)a1
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is univalent in U and satisfies the superordination

b(w) + a2
a1

wb′(w) ≺
(

1− a2(p+λ)
θ

)( Jn
p (θ,λ) f (w)

wp

)a1

+ a2(p+λ)
θ

(
Jn+1
p (θ,λ) f (w)

Jn
p (θ,λ) f (w)

)a1
(

Jn
p (θ,λ) f (w)

wp

)a1

,

then

b(w) ≺
(

Jn
p (θ, λ) f (w)

wp

)a1

.

Theorem 4. Let b be convex univalent in b(0) = 1 and b(w) 6= 0 for all w ∈ U and suppose that
b satisfies:

Re
{

tσ
a2

b′(w) +
ε(σ + 1)

a2
b(w)b′(w)

}
> 0, (10)

where, ε, t ∈
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, 0 6= a2 ∈
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∗, w ∈ U, and w(b(w))σ−1b′(w) are all starlike univalent in U.
If f ∈ A, satisfies the condition: (p+λ)

θ

(
Bn+1, p

θ,λ (a, c, δ) f (w)
)
+
(

1− (p+λ)
θ

)(
Bn, p

θ,λ (a, c, δ) f (w)
)

wp

a1

∈ Ω[b(0), 1]
⋂

Q,

andM(p, n, λ, θ, ε, a1, a2; w) is univalent in U.
If (t + ε b(w))(b(w))σ + a2(b(w))σ−1b′(w) ≺M

(
σ, t, ε, hµ, µ, a1, a2; w

)
, then

b(w) ≺

 (p+λ)
θ

(
Bn+1, p

θ,λ (a, c, δ) f (w)
)
+
(

1− (p+λ)
θ

)(
Bn, p

θ,λ (a, c, δ) f (w)
)

wp

a1

.

Proof. Let H(β) = (t + εβ)βσ and L(β) = a2(β)σ−1, 0 6= β ∈
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, when H(β) is analytic
in
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and L(β) 6= 0 is analytic in
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/0. Then, we obtain G(w) = wpb′(w)L(b(w)) =

a2wp(b(w))σ−1b′(w). �

Since wp(b(w))σ−1b′(w) is starlike, then G(w) is starlike in U, and

Re
(

H′(b(w))

L(b(w))

)
= Re

([
(t + ε(b(w)))(b(w))σ]′

a2(b(w))σ−1

)
= Re

{
tσ
a2

b′(w) +
ε(σ + 1)

a2
b(w)b′(w)

}
> 0;

Now, let
q(w)

=

(
(p+λ)

θ

(
Bn+1, p

θ,λ (a,c,δ) f (w)
)
+
(

1− (p+λ)
θ

)
(Bn, p

θ,λ (a,c,δ) f (w))
wp

)a1

.

From (8) we obtain

(t + ε b(w))(b(w))σ + a2(b(w))σ−1b′(w)

≺ (t + εq(w))(q(w))σ + a2 w(q(w))σ−1q′(w).

Using Lemma 3 we obtain b(w) ≺ q(w).
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Corollary 4. Let b be convex univalent in U, b(0) = 1, and b(w) 6= 0 for all w ∈ U, and suppose
that b satisfies:

Re
{

tσ
a2

b′(w) +
ε(σ + 1)

a2
b(w)b′(w)

}
,> 0, (11)

where, ε, t ∈
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, 0 6= a2 ∈
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∗, w ∈ U, and w(b(w))σ−1b′(w) are starlike univalent in U.
Let f ∈ A, satisfies the condition: (p+λ)

θ

(
Jn+1
p (θ, λ) f (w)

)
+
(

1− (p+λ)
θ

)(
Jn
p (θ, λ) f (w)

)
wp

a1

∈ Ω[b(0), 1]
⋂

Q,

andM(p, n, λ, θ, ε, a1, a2; w) is univalent in U.
If (t + ε b(w))(b(w))σ + a2(b(w))σ−1b′(w) ≺M

(
σ, t, ε, hµ, µ, a1, a2; w

)
, then

b(w) ≺

 (p+λ)
θ

(
Jn+1
p (θ, λ) f (w)

)
+
(

1− (p+λ)
θ

)(
Jn
p (θ, λ) f (w)

)
wp

a1

.

4. Sandwich Results

By combining the above theories, we obtain the following two sandwich theories.

Theorem 5. Let b1, b2 be convex univalent in U, with b1(0) = b2(0) = 1 Rea2 > 0 and

Re
(

1 +
q′′ (w)

q′(w)

)
> max

{
0,−Re

a1

a2

}
,

where a1 > 0, 0 6= a2 ∈
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.
If f ∈ A and (

Bn, p
θ,λ (a, c, δ) f (w)

wp

)a1

∈ Ω[1, 1]
⋂

Q,

and (
1− a2(p+λ)

θ

)(Bn, p
θ,λ (a,c,δ) f (w)

wp

)a1

+ a2(p+λ)
θ

(
Bn+1, p

θ,λ (a,c,δ) f (w)

Bn, p
θ,λ (a,c,δ) f (w)

)a1(Bn, p
θ,λ (a,c,δ) f (w)

wp

)a1

is univalent in U, it satisfies:

b1(w) + a2
a1

wb′1(w) ≺
(

1− a2(p+λ)
θ

)(Bn, p
θ,λ (a,c,δ) f (w)

wp

)a1

+ a2(p+λ)
θ

(
Bn+1, p

θ,λ (a,c,δ) f (w)

Bn, p
θ,λ (a,c,δ) f (w)

)a1(Bn, p
θ,λ (a,c,δ) f (w)

wp

)a1

≺ b2(w) + a2
a1

wb′2(w),

then b1(w) ≺
(
Bn, p

θ,λ (a,c,δ) f (w)

wp

)a1

≺ b2(w).

Theorem 6. Let b1, b2 be convex univalent in U, with b1(0) = b2(0) = 1, and let f ∈ A satisfy
the condition: (p+λ)

θ

(
Bn+1, p

θ,λ (a, c, δ) f (w)
)
+
(

1− (p+λ)
θ

)(
Bn, p

θ,λ (a, c, δ) f (w)
)

wp

a1

∈ Ω[1, 1]
⋂

Q,
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andM(p, n, λ, θ, ε, a1, a2; w) is univalent in U.
If
(t + ε b1(w))(b1(w))σ + a2(b1(w))σ−1b1

′(w) ≺M(p, n, λ, θ, ε, a1, a2; w)

≺ (t + ε b2(w))(b2(w))σ + a2(b2(w))σ−1b2
′(w),

then

b1(w) ≺

 (p+λ)
θ

(
Bn+1, p

θ,λ (a, c, δ) f (w)
)
+
(

1− (p+λ)
θ

)(
Bn, p

θ,λ (a, c, δ) f (w)
)

wp

a1

≺ b2(w).

5. Conclusions

In this paper, using the convolution (or Hadamard product) we defined the El-Ashwah
and Drbuk linear operator, which is a multivalent function in the unit disk U and satisfied
its specific relationship to derive the subordination, superordination, and some sandwich
results for this operator using the properties of subordination and superordination concepts.
The interesting results can be obtained for other operators using the same techniques of
subordinations and superordinations.
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