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Abstract: Using convolution (or Hadamard product), we define the El-Ashwah and Drbuk linear
operator, which is a multivalent function in the unit disk U = [w : |w| < 1and w € (], and satisfy
its specific relationship to derive the subordination, superordination, and sandwich results for this
operator by using properties of subordination and superordination concepts.
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1. Introduction and Definitions

The set Q(U) denotes the class of all analytic functions in the open unit disk
U= [w:|w| <langw € ¢] and Q[a, k] as the subclass of Q(U), which consists of the
form functions

k+1+.

f(w) = a+aw* + agqw ., (ac¢ wel, keN). 1)

With A, as the class of all multivalent functions in open unit disk U of the form

flw)y=wP+ Y aw", wel,peN. ()
k=1+p

Additionally, we use A = A; to denote the class of analytic functions in the open unit
disk U and normalize them with f(0) =0, f'(0) = 1.

Additionally, consider S as the class of the univalent function in U,

Let $*(0), C(0) and K be the subclasses of A such that:

{f €S Re{ wf,(w)} > Q},w € U, (0 < 0 <1),then f is a starlike function;

flw
{f eC: Re{l + w}[;/(%;)} > Q},w € U, (0 <o <1),then fis a convex function;
{ fek: Re{ J;l/,((;”)) } >0:9€C }, w € U, then f is a close-to-convex function.

If the functions f and g are analytic in U, then we say f is subordinate to g or f is said
to be superordinate to f in U, written as f < g or f(w) < g(w) if there is a Schwarz function
v(w) analytic in U, with |v(w)| < 1, so that f(w) = g(v(w)) and w € U. In particular, if
the function g is univalent in U, then the subordination f < g is equivalent to f(0) = g(0)
and f(U) C g(U), (see [1-8]).

If f,¢ € Ap, where f(w) is provided by (1) and g(w) is defined by

[ee]
g(w) =wP + Z akwk,w e U,
k=1+p
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the Hadamard product (or convolution) of the function f and g is defined by

f(w) x g(w) = wP + i abwk, (wel)=(fxg)(w). 3)
k=1+p

Leté > 0, a,c € ¢ such that Re(c—a) > 0and Rea > —ép, p € N, n € Z,6 >0
and A > —p.

El-Ashwah and Drbuk [5] introduced the linear operator szn’\ (a,c,0): Ap — Ap
defined by

By (a,¢,0) f(w)

o0 n (4)
_ T'(c+dp) p+A+0(k—p) \ " I(c+dp) k
= W' Tewop) k:%p( A ) T(crap) W™

It is readily verified from (4) that

Byt P (a,c,0)f(w) = (1— 5 ) By (a,c,0) f(w)
/ ()
+ 5z By (a,c,0)f () -

Putting a = c in (4), we obtain the Prajapat operator J;;(6, 1), see [9].

Additionally, when n = 0, we obtain the Erdelyi-Kober integral operator IZ’S, see [10].

Definition 1. Let Y: ¢ x U — ¢ and h (w) be univalent in U. If p (w) is analytic in U, that
fulfils the second-order differential subordination [11]:

Y (p(w), wp'(w), w?p’ (w);w) < h(w), (©)
then p(w) is the differential subordination solution of (6).

Definition 2. Let Y;: ¢3xU— ¢ and h(w) be univalent in U. If p(w) and
Yi(p(w), wp' (w), w?p" (w); w) are univalent in U and p(w) fulfill the second-order differential
superordination [11]:

h(w) < Y1 (p(w), wp'(w), wp" (w);w), %)

then p(w) is the differential superordination solution of (7).

Definition 3. Let Q be the collections of functions f that are analytic and injective on U\E(f),
when E(f) = {g el :?}]igng f(w) = oo} and f'(w) # 0 for g € QU\E(f) [11].

Lemma 1. Let py(w) be the univalent function in U and let X and & be holomorphic in a
domain p1(U) C D, with 9(w) # 0, when w € p1 (U). Set O(w) = w p1’(w)d(p1(w))
and h(w) = X(p1(w) + O(w). Suppose that [12]

(i) O is starlike in U.

(if) Re(“5i)) > 0,we U,

If p2(w) is holomorphic in U with py(0) = p1(0), po(U) C D, and Z(p2(w))+
wpy' (w)d(p2(w)) < E(p1(w)) + wpy' (w)d(p1(w)), then pa(w) < p1(w).

Lemma 2. Let py(w) be convex in U and By € ¢,By € ¢* with Re(l—i— ’;711/,/((5’))) >

max{O, —Re%}. If pa(w) is holomorphic in U and Bipz(w) + Bowpy' (w) < Bipi(w) +
Bowpy' (w), then pa(w) < p1(w) [11].
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Lemma 3. Let p1(w) be convex univalent in U and let X and ¢ be holomorphic in a domain D, p;

(U) C D. Suppose that [12]
(i) wp1 (w)O(p1(w) is starlike univalent in U.

i Z /(py(w))
(if) Re(%) >0,we U

If pa(w) € A[p1(0),1] N Q, with po (U) C D, Z(pa(w) + wp' (w)d(pa2(w)) is univalent
in U and E(py(w) + wp (@)8(pr (@) < E(pa(w)) + wps(@)8(pa(w)),  then

p1(w) < pa(w).

Lemma 4. Let p1(w) be convex in U and Re(B) > 0.

If p2(w) € A[p1(0),1]1 N Q, p2(w) + Bwpy (w) is univalent in U and py(w) + pwp:’ (w)

=< pa(w) + Bwpy' (w), then p1(w) < pa(w) [12].

2. Subordination Results

Theorem 1. Let b(w) be convex univalent in U, with b(0) =1, a1 > 0,0 # a, € ¢ and suppose

b” (w) ay
Re(l + b’(w)) > max{O, Reg

If f € A, it satisfies the subordination:

< AR ) Byl (a,¢,8)f(w)\" L aa(p+A) By P (a,c,0)f(w) " [ By (a,c,6)f(w)
0 w o\ Bl acof() o

then

(B;’:ﬂa, aé)f(w))”l <b(w)

wP

Proof. Consider

wP

g(w) = (Bs:)\p(a, ¢, 6)f(w) ) ”1.

Then

) %b(w)-i—a

Vo) — g [ Boa (@8 @)\ w?
q(w)-ﬂl( « ) B 0cd)(w)

( wP [Bg,’f (u,c,é)f(w)] = pwP~1 (Bg,’)f (a,c,0)f(w) ) )

(wp)?

wP

- (BZ:{’w/c,&)f(m ) " < (B3 e @)]

Bg”)Lp(a,c,(S)f(w)
We have
/ w{Bn’ P(a,c (5)f(w)}/
wq' (w) g \Ar s
By (a,¢,0)f(w)

-Pp
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By using (5) we obtain
wq' (w)
q(w)
_ (PZM (Bg;\rl’ p(a,c,é)f(w)) +p(Bg”Ap(a,c,5)f(w))f (pg’\) (Bg,’/\p(a,c,é)f(w)) _
A (BE T (a,00)f (w)) P

_ e (B o)
— T (B ) f(w)) '

and

aywq' (w) _ as(p+A) (Bg;\rl/ p(”/cré)f(w)> Bg,’)‘p(a,c,é)f(w) n
ay 0 (Bg:Ap(a,c,tS)f(w)) w?

0 wP

_ my(ptA) (BZ[,\p(arclfS)f(w) ) &

By using the hypothesis, we obtain q(w) + 22wq’(w) < b(w) + Zwb'(w).
Additionally, apply Lemma 2, when 1 = 1 and 8, = Z—f, then

(BZ:J’W, aé)f(w))“l <b(w).

wP

O

Corollary 1. Let b(w) be convex univalent in U, with b(0) =1, a1 > 0,0 # ay € ¢ and suppose

Re (1 + Z/,/((;U)U > max{O, —ReZ;}.

If f € A, it satisfies the subordination:

(1 B az(P—i-/\)) (],Z’(G,A)f(w)yl CICARD) (]ﬁ“(f),?\)f(w)>al (];’(G,A)f(w)

a
a
5 7 5 ) < b(w) + =wb' (w),

T30, M) f(w) w n
then .
9, A f(w)\™
<]p( wif( )) < b(w).

Theorem 2. Let b be convex univalent in, b(0) = 1, and b(w) # 0 for all w € U, and suppose
that b satisfies:

wtec  we(o+1)
wPay wPay

Re{p + whw) | wb’ (w) } >0, ®)

W% Hw)
where 0, ¢,t € ¢,a; > 0,0 # ay € ¢ and w € U. Suppose that wP (b(w))” '’ (w) is a starlike
univalent in U.

If f € A satisfies the subordination:

M(p,n,A,0,¢,a1,a0;w) < (t+ ¢ b(w))(b(w))” + az(b(w))" b’ (w)
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where
M(p,n,A,0,¢a1,aw)
_, ( 50 (B (o) f(w)) +(1- 250 ) (Byr) (acd) f(w)) ) n
- wP
a 1
e ( PN (By 3 P (@) flw) ) +(1- 25 ) (B! (a,c,a)f(w))> e
wP
n 1, amo
+a2a1 < (P;)L) (B +1, p(aC())f( )) w(p W;”)(BQ,AP(Q,C,Is)f(w)))
n+1, / n, /
wllg) (B3 (a,e,)f(w) + (1= 72 (Byl e o)pw) ) o
A (B P (a,c,0)f(w)) + (1- T5M) (Byf (a,c,6)f(w) )
then

wP

( A (Bt Plaed)f(w))+ (1= T (B (acd)f () ) a

=< b(w).

Proof. Let H(B) = (t+¢B)p” and L(B) = ay(B)° ', 0 # B € ¢, when H(B) and L(B) are
analytic in ¢. [

Then, we obtain G(w) = wb'(w)L(b(w)) = ayw? (b(w))° ¥ (w) and y(w) = H(b(w))
+ Gw) = (¢ +e(b(w)) )( ()" + azw? (b(w)) "'t (w).
Since w” (b(w))” '’ (w) is starlike, then G(w) is starlike in U, and

Re(ia) = Re{p+ 2 + “U5 (w) + (o — 1) %) 4 Sl
>0

Additionally, consider

q(w)
< W0 (B3t P(a,e0) f(w)) +(1- 52 ) (B (a,c.0)f () ) “

wP

Then,
q'(w)
. ( (’”Z—A) (Bg;\rl' p(ﬂ,c,ﬁ)f(w)> + (1— W?;/\) ) (Bg/’)‘p(a,c,é)f(w)) ) .
=M

wP

W) (53 (e 8)f (@) + (1 - C5) (By! (ac,8) f(w)
(P-g/\) (nglf P(a, c, (5)f(w)) + (1 N (P‘g/\)) (BZ,,AP (11, C,5)f(w)

S
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We obtain
, ( N (B3t Placs) f(w) +(1- B2 (By (a,c.0)f () ) e
wP
(p+2) (grtl p (MY (g P a1(c+1)
+8< (B (a,c,é)f(w>)+(p1— ) (8y, (a,c,zs>f<w>)>
w
= t(q(w))” +e[(q(w)) q(w)] = (t +eq(w))(q(w))".
Since
n+1, ! n,
. w(p;)‘) (Bejl p(a,c,é)f(w)) + (1 - (,,45/\)) (B(M (a, c,é)f(w)) wq (w)
1 " o — = ,
R (By3 P (a e, 0)f () + (1= 52 (Byl (a,c,0)f(w)) (@)
That

B (B3 P wenf() )+ (1= ) (B (aed) f(w)

(WP) (B33 P (wea)f(w)) +(1- T (B! (aeorf ) )

= ay w(q(w))" g (w).
From (8) we obtain (t+ eq(w))(q(w))” + az w(q(w))” ¢’ (w) < (t+eb(w))(b(w))”
+ a3 (b(w))” b (w) and using Lemma 1 we obtain g(w) < b(w).

Corollary 2. Let b be convex univalent in, b(0) = 1, and b(w) # 0 for all w € U, and suppose
that b satisfies:

wt we(o+1) wb' (w)  wb” (w)
Re{p—kwpzva wof;az (w)+(c—1) b(w) + b (w) }>0,

where o, e,t € ¢,a1 > 0,0 #a; € ¢Candw € U.
Suppose that wP (b(w))° 'V (w) is a starlike univalent in U.
If f € A, it satisfies the subordination:

M (0,8, by, 1,1, a2;w) < (E+eb(w)) (b(w))7 + az(b(w))” b (w),

then

oF < b(w).

((”?) (oM f@) + (1= 252) (0.0 f ) ) "

3. Superordination Results
Theorem 3. Let b(w) be convex in U, with b(0) =1, a7 > 0, Reay > 0,if f € A,

(BZ:A”w, c,é>f<w>>“1

wP

€ 0q(0),1]nQ

and
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(1 3 ﬂz(P+/\)) By, (a,¢,0)f(w)\" n a(p+A) BSXLP(“ ¢,0)f(w) ) By (a,¢,0)f(w)\"
0 wP 6 Bg ,\p(a ¢, 5)f(w) wp

is univalent in U and satisfies the superordination.

- wlp+ 1) (B @edf @\ aap+a) (B @ed)f@)" (Bl @es)f@)"
b(w) + 2 wb' (w) < (l 0 ) ( wp ) T ( By (a,¢,6) f(w) wh

then

a

() < (Bsm ¢, 8)f (w)

wP

Proof. Consider

N——— SN

q (w) _ [BeAp(” ¢, 0)f(w )}/ 1
@) (Bplacofw) @)

with the same steps of Theorem 1 and using the hypothesis, we obtain

b(w) + wa’(w) =< b(w) + a—jwb’(w).
a1 a

Apply Lemma 4 we obtain

O
Corollary 3. Let b(w) be convex in U, with b(0) =1, a7 > 0, Reay > 0, if f € A,

n(0,A) f(w) \ ™
(FOS) canoane

and

et N (BOAS@\" ap ) (FTOM@)\" (10,A)f))"
(‘ 0 ) wp T T5(0, M) f () w
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is univalent in U and satisfies the superordination

n a
b@a+gwymo<(1_wgmg<hmgﬂm>

w

Laapd) (BREN@ N (BN )"
o\ BN wr /

o < ()"

then

wP

Theorem 4. Let b be convex univalent in b(0) = 1 and b(w) # 0 for all w € U and suppose that
b satisfies:

ap

Re{Zb’(w) G 1)b(w)b’(w)} >0, (10)

where, €, € ¢,0 # ay € ¢*, w € U, and w(b(w))” b’ (w) are all starlike univalent in U.
If f € A, satisfies the condition:

( (pJerA) (ngl, P(a,c, 5)f(w)) + (1 _ (me-A)) (Bg,’f(a, ¢, 8)f(w

wP

N\
) € O[p(0),1] Q,
and M(p,n, A, 0,¢,a1,a;w) is univalent in U.

If (t+ e b(w)) (b(w))” + az(b(w)) 'V (w) < M(0,t,€ hy, j, a1, a2;w), then
o) < < (Pv;/\) (Bg")*\‘l, p(g, c, 5)f(w)> + (1 - @) (BZ:/\P(Q’ 0,5)f(w)) ) m.

wP

Proof. Let H(B) = (t+¢B)p” and L(B) = az(B)” "', 0 # B € ¢, when H(p) is analytic
in ¢ and L(B) # 0 is analytic in ¢/0. Then, we obtain G(w) = wPb'(w)L(b(w)) =
awP (b(w))" ' (w). O

Since w” (b(w))" b (w) is starlike, then G(w) is starlike in U, and
)

H'(b(w))\ _ [(t+e(b(w))) (b ( )]’ o, e(c+1) , .
Re(L(b(w)) ) _ Re( T ) _ Re {azb (w) + Ly (w)} = 0;

Now, let
q(w) a
( 5 (853 (o) f(w) + (1= 75 ) (85 (aco)f (w)) ) 1

wP

From (8) we obtain

(t+eb(w))(b(w))” + az(b(w))”" 15’(W)
=< (t+ eg(w)) (q(w))" + a2 w(q(w))" ' (w).

Using Lemma 3 we obtain b(w) < g(w).



Axioms 2023, 12, 169

9o0f 11

Corollary 4. Let b be convex univalent in U, b(0) = 1, and b(w) # 0 for all w € U, and suppose
that b satisfies:

Re{wb’(w) + 8(0+1)b(w)b’(w)},> 0, (11)

a ap

where, €, € ¢,0 # ay € ¢*, w € U, and w(b(w))” b’ (w) are starlike univalent in U.
Let f € A, satisfies the condition:

(”M(V“wAV(>)+O—”¢”)Uﬁawﬂw0)menwwxﬂﬂCl

wP

and M(p,n, A, 0,¢,a1,a;w) is univalent in U.
If (t+ e b(w)) (b(w))" + az(b(w))” "0 (w) < M(0,t, e hy, 4,a1,a2;w), then

bww<<pM<VﬂwAV<0+(“” thAV(D)?

wP

4. Sandwich Results

By combining the above theories, we obtain the following two sandwich theories.

Theorem 5. Let by, by be convex univalent in U, with by (0) = by(0) = 1 Reay > 0 and

Re (1 + 0]’/’ (w)) > max{O, Real},
q'(w) a

(BeAp(ﬂ c,d)f(w )>u1 cam 1N Q

whereay > 0,0 # ap € (.
If fe Aand

wP

and

(1 . az(er/\)) (Bg”/\p(a,c,é)f(w)>a1
2] wP

L) (Boat M eed)fw) "B (ac8) flw) |
Bg,’)‘p(”ff"s)f(w) wp

is univalent in U, it satisfies:

1, p ﬂl
by (w) + Zwb'y (w) < (1 — “z(%ﬂ)) (Bm (ﬂ;f)f(w))

n+l 14 . o
2 (p+A) (a,c,0)f(w) P (a,c0)f(w)
% ( BG,)\ (a,c,0)f (w) wP =< by(w) + Z%Wblz(w),

n, p ay
then by (w) < (BM(“CW) < by (w).

wP

Theorem 6. Let by, by be convex univalent in U, with by(0) = by(0) = 1, and let f € A satisfy
the condition:

(@?)(Bﬁl "(a,6,0)f(w)) + (1= 257 (By (@) f(w )))al coL1NQ

wP
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and M(p,n, A, 0,¢,a1,a;w) is univalent in U.
If
(t+ € by (w)) (b1 (w)) + az(by (w))" by’ (w) < M(p,1,A,0,¢,a1,a2;w)

=< (t+ e ba(w)) (ba(w))” + a2 (ba(w)) "~y (w),

a1

) (53" ) + (1 25 (55 e 1)

by (w) < =

< bz(w)

5. Conclusions

In this paper, using the convolution (or Hadamard product) we defined the El-Ashwah
and Drbuk linear operator, which is a multivalent function in the unit disk U and satisfied
its specific relationship to derive the subordination, superordination, and some sandwich
results for this operator using the properties of subordination and superordination concepts.
The interesting results can be obtained for other operators using the same techniques of
subordinations and superordinations.
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