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Abstract: Let the class of functions of f(z) of the form f(z) = z + Y3, a;z¥, which are denoted by
A and called analytic functions in the open-unit disk. There are many interesting properties of the
functions f(z) in the class A concerning the subordinations. Applying the three lemmas for f(z) € A
provided by Miller and Mocanu and by Nunokawa, we consider many interesting properties of
f(z) € A with subordinations. Furthermore, we provide simple examples for our results. We think it
is very important to consider examples of the results.
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1. Introduction
Let A be the class of functions f(z) of the form:

f@) =2+ Y ot M
k=2

which are analytic in the open-unit disk U = {z € C : |z| < 1}. Given the two analytic
functions f(z) and g(z), the function f(z) is said to be subordinate to g(z) in U and written
as f(z) < g(z) if there exists a Schwarz function w(z) analytic such that f(z) = g(w(z))
withw(0) = 0and |w(z)| <1,z € U.In particular, if g(z) is univalentin U, then f(z) < g(z)
if and only if f(0) = ¢(0) and f(U) C g(U) (cf. [1,2]). We note that if f(z) € A satisfies

zf'(2)
<
f(2)
for some real « (0 < a < 1), then f(z) is said to be the starlike function of order « in U and,
if f(z) € A satisfies
11
')
f'(2)

for some real w (0 < a < 1), then f(z) is said to be the convex of order a in U.
Furthermore, let p(z) be analytic in U and p(0) = 1. Then, if p(z) satisfies

14+ (1—20)z

2 e @

14+ (1—2a)z
1-z

1+ (zeU) ®)

1+z\*
v < (122) Geu @
-z
for some real o (« > 0), then p(z) satisfies

jargp(z)| < Za (z€ ). (5)
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If f(z) € A satisfies
largf'(z)] < %zx (ze 1) (6)

for some real & (0 < a < 1), then we say that f(z) is the strongly univalent function of
order a in U.If f(z) € A satisfies

arngég) ’ < gzx (zeU) (7)

for some real « (0 < & < 1), then we say that f(z) is the strongly starlike function of order
« in U. Further, if f(z) € A satisfies

arg (1 + z]{/”(iz))) ‘ < gl’é (z€U) 8)

for some real & (0 < a < 1), then we say that f(z) is the strongly convex function of order

win U (cf. [2]).

2. Some Applications of Differential Subordinations

To consider some applications for subordinations, we introduce the following lemma
from Miller and Mocanu [3].

Lemma 1. Let By = 1.21872... be the solution of Brt = 37t — Tan"'B and let & = a(B) =
B+2Tan~! (g) for 0 < B < Bo. If p(z) is analytic in U with p(0) = 1, then

Mﬂ+mﬂﬂ<<i+9 ;i (zel) ©)
implies that
p
p(z) < (ii—z) ; (zel). (10)

Remark 1. If = 1in Lemma 1, then a(1) = 3. Thus, Lemma 1 says that if the function p(z)
satisfies the following subordination:

p(z) +2p'(2) < Gfi)z ; () a1
then ,
pE) < e (€ D). (12)

Now, we prove the following theorem.

Theorem 1. Let By = 1.21872... be the solution of Bt = 37 — Tan~'B and let & = a(B) =
B+ 2Tan~! (g) for 0 < B < Bo. If p(z) is analytic in U with p(0) = 1, then

P+ @ <7+ (1-0(12) 5 ey 13
implies that
1+z)\°
v <7+ 1-n(12) i Gew 19

where 0 < ¢ < 1.
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Proof. Let us define a function F(z) using
F@%zﬂﬁ:l—(zeU) (15)
11— 7
Then, F(z) is analytic in U with F(0) = 1 and
/
2F(z) = 2P (16)
(@) = 2
Therefore, Lemma 1 implies that if
/ _ a
F(z)+2F(z) = A EZP @) =7 (1+2N" 0 (17)
1—1v 1-z
then 5
_pr@E - (142
F(z) = T <<1_Z , (z €. (18)

The subordination (17) implies (13) and the subordination (18) is the same as (14). O

Letting 8 = 1 in Theorem 1, we obtain the following corollary.

Corollary 1. If p(z) is analytic in U with p(0) = 1 satisfies

P&+ @ <7+ 1-10(12) 5 D) 19
for some real v (0 < y < 1) then
p(z) < 1—1—(11%227)2 ; (zeU) (20)

and Rep(z) > v (z € U).

_ f@

In Corollary 1, considering p(z) = =~

the following.

for the function f(z) in the class A, we have

Corollary 2. If the function f(z) in the class A satisfies

fE<r+a-n(1E) e @

for some real y (0 <y < 1) then

f(z) - 1+ (1—27)z

: i (z€ ) (22)

and Re(@) > (z € U).

In Corollary 1, ensuring p(z) = f’(z) for the function f(z) in the class A, we have
the following.

Corollary 3. If the function f(z) in the class A satisfies

FE 2@ <+ - (152) 5 e @
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for some real y (0 < 7y < 1), then

fie) < U212 (o ey )
and Re(f'(z)) > v (z € U).
zf'(z)

Further, in Corollary 1, letting p(z) = ) for the function f(z) in the class A, we
have the following corollary.

Corollary 4. If the function f(z) in the class A satisfies

#@)  21E) _(FEY 142\
G+ e () ran(iE) een e

for some real y (0 < 7y < 1), then

zf'(z) - 1+(1—-2y)z
f(2) l—z 7

and f(z) is the starlike function of order <y in U.

(z € ) (26)

To consider the next problem, let P, be the class of functions p(z) that are analytic in
U with

pz) =1+ ) cuz" neN={1,23,---}). (27)
k=n
For p(z) € P, Nunokawa [4,5] derives the following lemma.

Lemma 2. Let a function p(z) be in the class Py. If there exists a point zy (|zg| < 1) such that

larg(p(2))] < 3B (2] < |z0]) 8)
and
jarg(p(z0))| = 78 29)
for some real B > 0, then
) 0)

for some m > %(a + %) > n, where

1
(p(20))F = ia (a > 0). G1)
Applying the Lemma 2, we derive the following theorem.

Theorem 2. If the function p(z) in the class Py satisfies

z) —a zv'(z) )2 n 2z
{p(l)tx +P(Z)()o<} 1< e (32)

for some real & (0 < w < 1), then

Re(p(z)) >a , (z € ). (33)
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Proof. We suppose that there exists a point zg (|zg| < 1) such that

Re{”(f);"‘} S0 (2] < |z| <1)

and

1—«a

Re{p(ZO) _a} =0.

If
p(Zo)*OC #O

1—ua !

then Lemma 2 provides

plzo) —a 7 1—a
2im
= ——arg(p(z0) — )

zop'(20) _ Zimarg<P(Zo) - l")

for some real m > 7 (a + %) > n with

>l

<P(ZO)_“) = +ia (a > 0).

1—ua

It follows from the above that

p(zo) —a  zop'(z0) 2_ = (dia +im)? —
{ 1—u« +P(Zo)—“} b= Gy

2a

We consider a function /(a) provided by

B n(a®+1)
h(a)=a-+ P (a>0).
Then, h(a) satisfies
ha) > (| —— ) = /n(n+2)
- n+2) '

This implies that

ORI o

1—w p(zo) — 2a
= —(n+1)>

On the other hand, we consider a function g(z) provided by

3) = {5 e,

<(a+”<”2+1>)21.

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

The function ¢(z) maps U onto the domain with the slit (—oo, — (1 + 1)?). This contra-

dicts our condition (31). Therefore, we have that

Re(p(lz)__“lx> >0

(44)
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for all z € U. This shows us that
Re(p(z)) > a , (z € U). (45)
O

Considering p(z) = @ for the function f(z) in the class A, we have the following
corollary.

Corollary 5. If the function f(z) in the class A satisfies

’ . 2
S+ ) s e o

for some real & (0 < & < 1), then

Re@ >a; (zeU). (47)

Causing p(z) = f'(z) for the function f(z) in the class .4, thus we obtain the following
corollary.

Corollary 6. If the function f(z) in the class A satisfies

flz)—a  zf'(z) \* 16z
{ 1—a +f’(z)—oc} *mNZEU) (48)

for some real & (0 < & < 1), then

Ref'(z) > a; (z€U). (49)

Using p(z) = Z}(;S) for the function f(z) in the class A, we have the following corollary.

Corollary 7. If the function f(z) in the class A satisfies

1 (2f(2) —af(2) | z(f @ (2 + @@ —z(F @)D _ 16z
{ra (F ) - ) )} iy ©0
for some real & (0 < & < 1), then
e 2f(2) a; (z
R (f(z) ) >a; (zelU). (51)

Next, we derive the following theorem.

Theorem 3. If the function p(z) in the class Py, satisfies

pE) -, =) 1tz
1—a pz)—a 1—2z'

(z € ) (52)
for some real & (0 < a < 1), then
Re(p(z)) >a , (z € U). (53)

Proof. We consider that there exists a point z (|z9| < 1) such that

Re{p(lz)__alx} >0 (2] < |zo| < 1) (54)
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and

M{M%%“}:a

11—«

If
P(ZQ)—W 750

1—u« !

using Lemma 2 we have

zop'(z0)  2im

P(ZO) Y 7”"3(?(20) - 0‘)

for some real m > % (a + %) > n with

p(zo) = = +ia (a > 0).

1—«
This provides
o /
plzo) —a | zo0p"(z0) _ ;0
1—a p(zo0) —«
= ti(a+m).
Noting that
1+z
R
e(l—z> >0 (zeU),
we say that

B /
pz) —« + =P 2) is not subordinate to 14_2 (zel).

1—w p(z) —a -z

Therefore, there is no zg (|zg| < 1) as in (34) and (35). This implies that

(M”_“)>0@6U)

1—na

that is
Re(p(z)) >a , (z€U).

O

Example 1. Let us consider a function p(z) provided by

1
p(z) = 12 P
and o = 0. Then, p(z) satisfies

zp'(z) 14z
p(z) 11—z

Thus, p(z) satisfies the subordination (52) for « = 0. For such p(z), we have that

p(z) + , (ze€T).

Re(p(z)) > % >0, (zel).

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)
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Corollary 8. If the function p(z) in the class Py, satisfies

At )G e e

for some real & (0 < w < 1), then
Re(p(z)) >a , (z € U). (68)

Corollary 9. If the function f(z) in the class A satisfies

for some real & (0 < & < 1), then
Ref'(z) > a; (z € U). (70)
Corollary 10. If the function f(z) in the class A satisfies

f(z)+zf’(z) 1_<1+Z;(26U) (71)

z f(z) 1—z

for some real & (0 < & < 1), then

Re(f(ZZ)> >0; (z€U). (72)

3. Applications of Miller-Mocanu Lemma

In this section, we would like to apply the Miller-Mocanu lemma [1,6] (also from
Jack [7]).

Lemma 3. Let w(z) be analytic in U with w(0) = 0. Then, if |w(z)| attains its maximum value
on the circle |z| = r < 1 at a point zy € U, then we have

zow' (zg) = mw(zg) (73)
and //( )
zZow (20

where m > 1.
Theorem 4. If the function f(z) in the class A satisfies

for some real o (« > 1), then

fz) | _a
’22<2,(Z€U). (76)
Proof. Let us define a function w(z) using
f&) _ _allrw@) g o

z  a+(2-a)w(z)
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Then, w(z) is analytic in U with w(0) = 0 and |w(z)| < 1 (z € U). Letting

ﬂ@zg?, (78)

we see that (e(2) - 1)

_ | a8\z) — .
It follows from (79) that

2(g(2) P —a(g(2) +g(2)) <0; (z€U) (80)

and that N N
‘ﬁ@—ﬂ<§;&eU) (81)

O

Next, we have the following theorem.

Theorem 5. If the function f(z) in the class A satisfies

a(l+z)

/ .
f<z)<oc+(27a)z’(Z€U) (82)
for some real a (« > 1), then
)~ X <4
f(z) J<2,@em. (83)
Proof. Considering a function w(z) such that
oy a(ltw(z)
fiz) = a+(2—a)w(z)’ (z€D), (84)
we prove the theorem. O
Remark 2. The inequality (76) implies that
O<Re<fi_z)) <a; (zel) (85)
and the inequality (83) implies that
0 < Ref'(z) <a; (z€U). (86)
The following theorem is our next result.
Theorem 6. If the function f(z) in the class A satisfies
zf'(z) v—1
Re(f(z)><l+ Y ; (ze ) (87)
for some real (1 < & < 2) or
zf'(2) .
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for some real o (a > 2), then

; (ze ) (89)

N &

7N
‘i
NN
S—
~__
>
|
N R

where 0 < 6 < 1.

Proof. We define a function w(z) provided by

@V a(tw(E)
( ) EsrEnrE ) 0

for 0 < § < 1. Then, w(z) is analytic in U with w(0) = 0. This function w(z) satisfies

zf'(z) , _z'(z) [ w(z) = (2-a)w(z)
@ T ) (1+w(z) at (Z—a)w(z))' 1)

Suppose that there exists a point zy € U such that

max|;|<|z|[w(z)| = |w(zo| = 1. (92)
Then, Lemma 3 shows us that
zow'(zg) = mw(zg) (m > 1) (93)

and w(zg) = ¢ (0 < 6 < 27). It follows from the above that

() (5 (e )

(94)
_qLm 1+ (0 —2)(2 — & + acosB)
N d\2 a2+ (2—wa)2+2a(2—a)cosd )
We consider a function g () provided by
2—wa+at
g(t) = PER By S PYC Y (t = cos0). (95)
It follows from (95) that
fon do(o — 1)
fO= e rmz—amn ©6)
for &« > 1. Since g(t) is increasing for t = cosf, we have
zof'(zo0) m(l a—2 a—1
> — | = >
Re( )2 s et ) 2y (97)

forl <a <2and

zof"(z0) m (1 a—2 1
>14 (- Z ) > 1
Re( f(zo0) =1+ J\2 2a-1) _1+25(1x—1) ©8)
for « > 2. Thus, inequalities (97) and (98) contradict the conditions (87) and (88). Therefore,

we say that there is no w(z) such that w(0) = 0 and |w(zp)| = 1 for zg € U. This implies
that |w(z)| < 1forall z € U, that is
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This completes the proof of the theorem. [

Using 0 = 1 in Theorem 6, we have the following corollary.

Corollary 11. If the function f(z) in the class A satisfies

() <55 e

for some real & (1 < & < 2)or

. zf!(z) 20—1 ,
R(%) < sy eV

for some real & (« > 2), then

; (ze ).

Letting 6 = %, we have the following corollary.

Corollary 12. If the function f(z) in the class A satisfies

Re(i{éi?) <a; (zel)

for some real & (1 < & < 2) or

Re<ZJJ:;S)> < lel ; (ze )

for some real & (« > 2), then

<=, (zel).

N &

Ve

Theorem 7. If the function f(z) in the class A satisfies

() <15t e

for some real & (1 < & < 2) or

”Cﬁg><w&4>

; (z€U)

for some real o (« > 2), then
5 & «
(F@)-5|<5: eD)

where 0 < 6 < 1.

(99)

(100)

(101)

(102)

(103)

(104)

(105)

(106)

(107)

(108)
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Proof. Let us consider a function w(z) provided by

a(14+w(z))

(f/(z))(S = it 2—awE) ; (z€U) (109)

for 0 < § < 1. Then, w(z) is analytic in U with w(0) = 0 and satisfies

zf"(z)  zw'(z) wiz  2-w)w()
fl(z) — owl(z) (1+w(z) ,x+(2_,x)w(z))- (110)

Therefore, applying Lemma 3 as the proof of Theorem 6, we prove the theorem. O

Using 6 = 1, we have the following corollary.

Corollary 13. If the function f(z) in the class A satisfies

Re<z}c,,;iz)>> < “;1 ; (zeU) (111)
for some real a (1 < a < 2) or
Re<zj{:;;)) < 2(0611) ; (ze ) (112)
for some real a (> 2), then
f(z) — %] < % ; (z ). (113)

Example 2. We consider a function f(z) € A provided by

f(z):zi(x(z—i-z(zl__:‘)log(l—i-z;az)). (114)
Then, we see ( )
iy a1tz

fl(z) = P Y (115)

and

/ —_ =
f@ -3 = are a2 (116)
It follows from (116) that
| w
f(z) - E‘ <3 (zel). (117)
On the other hand, f(z) implies that
zf"(z)  z (2—a)z
flz) 1+z a+(Q2-a)z (118)
Thus, f(z) satisfies the conditions (111) and (112) of Corollary 13.
Causing § = % in Theorem 7, we have the following corollary.
Corollary 14. If the function f(z) in the class A satisfies
zf"<z>>
Re <a—1;(z€U (119)
§ic et
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for some real a (1 < a < 2) or

zf"(2) [
Re( ) ) <1 (zeU) (120)

for some real o (« > 2), then

e

Further, we obtain the following theorem.

< % ; (z € ). (121)

Theorem 8. If the function f(z) in the class A satisfies

zf"(z) _zf'(z)\ _a—-1
Re<1+ o) o) > <55 i (z€D) (122)

for some real & (1 < & < 2) or

2f'(z)  zf'(2) 1
&) f@) > S 26(—1)

(5

; (z€U) (123)

Re <1 +
for some real o (v > 2), then

<5, (zel) (124)

N R

where 0 < 6 < 1.
Letting 6 = 1, we obtain the following corollary.

Corollary 15. If the function f(z) in the class A satisfies

zf"(z)  zf'(2) a—1
Re<1+ 72) 5 ) <5 (zeU) (125)
for some real e (1 < & < 2) or
zf"(z) _ zf'(2) L
Re(1+ 55 - 55) <y eV (120)

for some real & (« > 2), then

zf'(z)

flz) 2

Example 3. We consider a function f(z) € A provided by

<Z; (zel). (127)

N R

flz)=z(a+ (2— zx)z)% , (e #2). (128)

It follows from (128) that

f(z) a+(-a)z

zf'(z) a(l+z) (129)

and
1

YD) TR 1tz at@-a)z

')z _(-a) 130



Axioms 2023, 12,131

14 of 16

With (130), we know that f(z) satisfies the inequalities (125) and (126). Furthermore, by (129) we

see that f(z) satisfies the inequality (127).
Letting 6 = } in Theorem 8, we have the following corollary.

Corollary 16. If the function f(z) in the class A satisfies

(1D DY
Re(1+ 55 ) <ot e w)

for some real & (1 < & < 2) or

(D @Y 1
R (” ) f(Z)><rx—1’( €v)

zf'(z)
\ fz) 2

In addition to our results given above, we can add the following:

for some real o (v > 2), then

< =; (zel).

N[ &

(131)

(132)

(133)

In Theorem 3, we prove that if p(z) € P, satisfies the subordination (52), then p(z)

satisfies the inequality (53). We know that

Re(1+z> >0; (zel)

—Z

and

Furthermore, Equation (59) implies that

p(zo) —a | zop'(20) \ _ .
Re{ - +p(zo)—¢x}0’(zew)'

Thus, we see that

plzo) —a | zop'(z0) \*
e PR 4 )

>

arg( 112’
S\1-z
for some real fand v (0 < B <y < 2).
With the above comment, we derive the following theorem.

Theorem 9. If p(z) € Py satisfies

() (7)) eew

for some real & (0 < a < 1) and for some real pand v (0 < p <y < 2), then
Re(p(z)) >a , (z € U).

Corollary 17. If the function p(z) in the class Py satisfies

piz)—a | zp'(2) \P
”rg( -« *p(z)—zx)

<;B, (zeU)

(134)

(135)

(136)

(137)

(138)

(139)

(140)
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4. Conclusions

There are many interesting properties of functions f(z) that are analytic in the open-
unit disk concerning subordinations. In this paper, we consider many interesting properties
of f(z) that are analytic in the open-unit disk with subordinations by applying the three
lemmas for f(z) provided by Miller and Mocanu and by Nunokawa. Furthermore, we
provide simple examples for our results since we think it is very important to consider
examples of the obtained results.
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