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Abstract: Nonlinear identification problems for evolution differential equations, solved with respect
to the highest-order Dzhrbashyan—Nersesyan fractional derivative, are studied. An equation of the
considered class contains a linear unbounded operator, which generates analytic resolving families
for the corresponding linear homogeneous equation, and a continuous nonlinear operator, which
depends on lower-order Dzhrbashyan-Nersesyan derivatives and a depending on time unknown
element. The identification problem consists of the equation, Dzhrbashyan—-Nersesyan initial value
conditions and an abstract overdetermination condition, which is defined by a linear continuous
operator. Using the contraction mappings theorem, we prove the unique local solvability of the
identification problem. The cases of mild and classical solutions are studied. The obtained abstract
results are applied to an investigation of a nonlinear identification problem to a linearized phase field
system with time dependent unknown coefficients at Dzhrbashyan-Nersesyan time-derivatives of
lower orders.

Keywords: fractional differential equation; Dzhrbashyan-Nersesyan fractional derivative; coefficient
inverse problem; identification problem; initial boundary value problem
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1. Introduction

Works on fractional integro-differential calculus in contemporary mathematics are very
diverse. They concern both various theoretical aspects (properties of fractional integration
and differentiation operators, issues of solvability of new problems to equations with
various fractional derivatives and integrals, and much more [1-5]) and applications of
fractional calculus methods in various applied problems [6-9]. To the reader’s attention,
we present an article on the existence of a unique solution of a new class of coefficient
inverse problems to equations containing fractional derivatives, also called forecast-control
problems [10], or identification problems [11,12]. We are talking about a problem for an
equation containing, in addition to an unknown solution function, also unknown functional
parameters and overdetermination conditions of a corresponding nature.

Consider the equation

Dz(t) = Az(t) + B(t, Dz(t), D7 z(t), ..., D 1z(t), u(t)), (1)
endowed by the Dzhrbashyan—-Nersesyan initial conditions [1]
D%z(0) =z, k=0,1,...,.n—1, )
and by the additional overdetermination condition

Dz(t) =¥(t), te][0,T]. (3)
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Here, D%, k = 0,1,...,n € N are the Dzhrbashyan—-Nersesyan differentiation operator,
which corresponds to the set {a;}, 0 < ay < 1, (see Formula (4) below), A is a linear
closed operator with a domain D4 in a Banach space Z, U is another Banach space,
B:[0,T] x 2" xU — Z is a nonlinear mapping, ® : Z — U is a linear bounded operator;
initial values zx € Dy, k=0,1,...,n,and ¥ : [0, T] — U are known. A solution of (1)—(3)
is a pair of functions (z, u). The main aim of the work are theorems on the existence and
the uniqueness of a mild and a classical local solution (z, u).

Various linear inverse problems for differential equations containing Riemann-Liou-
ville or Gerasimov—-Caputo fractional derivatives were studied in papers [12-16]. Unique
solvability issues for a nonlinear identification problem of form (1)—(3) with Gerasimov—
Caputo derivatives and with a closed operator A, which generates an analytic resolving
family of operators for a respective linear homogeneous equation, were investigated in [17].

The notion of the Dzhrbashyan-Nersesyan derivative includes Riemann-Liouville
and Gerasimov—Caputo fractional derivatives as particular cases; for a study of various
problems with this general fractional derivative, see [1], its English translation [18], in
works [19-24]. The unique solvability conditions and a form of a solution for linear
inhomogeneous problem with the Dzhrbashyan—Nersesyan derivative (1), (2) (B = f(t))
in a Banach space were obtained in work [25] in the case of a bounded operator A, and in
paper [26] for a closed operator A from the class Ay, of generators of analytic resolving
families for a linear Equation (1) (B = 0). Problem (2) for quasilinear Equation (1) with
known u and with a bounded operator A was researched in [27].

The results of [25] were used for obtaining a theorem on the existence of a unique
solution of nonlinear inverse problem (1)—(3) with a linear continuous operator A in [28].
In the present work, we extend these results on the case of a nonlinear identification
problem with Dzhrbashyan-Nersesyan derivatives and with A € Ay, ). It is clear that
such results on Problem (1)-(3) with a closed operator A provide much greater possibilities
for their application to inverse problems to partial differential equations and systems of
them than results on the abstract inverse problem with a bounded operator A.

In the second section, preliminary definitions and statements are given; in particular,
a theorem on the existence of a unique solution of Dzhrbashyan—Nersesyan problem (2)
to linear Equation (1) (B = f(t)) with A € Ay, , is presented. The first subsection of the
third section contains a proof of the theorem on the existence and the uniqueness of a local
mild solution of identification problem (1)—(3). In the second subsection, for the case of
continuous mapping B:[0, T] x Z" x U — Dy, the existence of a unique local classical
solution is proven. A similar result is proven under the additional conditions of Holder
continuity in t of problem data. In the fourth section, obtained general results are used for
the investigation of a nonlinear identification problem to modified phase field equations
with depending on t unknown coefficients at Dzhrbashyan—Nersesyan time-fractional
derivatives of lower orders.

2. Preliminaries

For h : (0,T] — Z,where Z is a Banach space, and for § > 0, we introduce the
following notations:

t —
D= Ph(t) := JPh(t) := /“;(Sﬁ)flh(s)ds, t e (0,T]
0

for the Riemann-Liouville fractional integral of the order g > 0, and Df := D" ]"~F for the
Riemann-Liouville fractional derivative of the order g € (m — 1, m], m € N. For sequence
{wo,a1,...,0n}, ap € (0,1], k = 0,1,...,n € N, we define the Dzhrbashyan-Nersesyan
fractional derivatives D%, k = 0,1, ...,n by equalities [1]

D%z(t) := D% 1z(t), D%z(t) := D% D% 1D%2_  D%z(t), k=1,2,...,n. (4)
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They are natural general constructions of fractional derivatives (see, e.g., [1,19,20]), they
generalize the Riemann-Liouville fractional derivatives (xg € (0,1), 4y =1,k =1,2,...,n)
and the Gerasimov—Caputo fractional derivatives (¢ =1,k =0,1,...,n — 1, a, € (0,1)).
We also use notations

k
o= -1, k=01,...,n
j=0

For :Ry — Z, we denote by £[h] the Laplace transform of this function. The follow-
ing equalities are known [3,26]:

LlJ*r(A) = A7 L[h](A),  £[D*h](A) = A"L[R)(A) — mf D*1Fh(0)AF,
k=0

n—1
L[D7h](A) = AT L[h)(A) — Y DF*h(0)AT 1%, ®)
k=0
We let £(Z) be the Banach algebra of all linear bounded operators in the Banach space
Z and CI(Z) be the set of all linear closed densely defined in Z operators. We consider the
domain D4 of an operator A € CI(Z) with the graph norm of A as a Banach space due to
the closedness of A. We consider the linear inhomogeneous equation

D7z(t) = Az(t) + (1), t€(0,T] ©6)
endowed by the Dzhrbashyan—-Nersesyan initial conditions [1]
D%z(0) =z, € Dy, k=0,1,...,n—1. (7)

Here, f € C([0,T); Z).
A solution to Problem (6), (7) is functionz € C((0, T]; D 4), such that D%z € C([0, T)]; £),
k=0,1,...,n—1,D%z € C((0,T]; Z). Equalities (6) for all t € (0, T] and (7) are fulfilled.
IWe itroduce notations p(A) := {A € C: (Al — A)~' € L(Z)}, Ry(A) := (A] — A)~!
forA € C.

Definition 1. We denote by Ay, (60, a0) for some 6y € (7/2,7|, ap > 0, ax € (0,1],
k=0,1,...,n,aclass of operators A € CI(Z), such that
(i) A7 € p(A) forall A € Sg, 4, = {p € C:|arg(u —ag)| < 6o, 4 # ao};
(ii) for any 0 € (7/2,600), a > ag, there exists such a constant K(6,a) > 0, that for all
A€ Sg/a
K(0,a
HR/\"" (A) Hﬁ(Z) < |)\ _ a|1(x0|)\)m,,1xo :

If A € Ay (00, a0), then we define for ¢ > 0 operators

1
Ya(t) zmr/)‘ Ry (A)eMdA, BER

Here, for some 6 > 0,a > ag, 0 € (7/2,00) T := T, UT_UTy, Ty :={AeC:A=
a+ret® rc (6,00)},Tg:={A € C:A=a+de? ¢ c (—6,0)}. For brevity, we use the
notations of frequently used operators Zy(t) := Yy, ¢, —1(t), k=0,1,...,n — 1.

We denote also

Ay = U Ay (60,00)-
Ope(rt/2,m]
11020

We let C7 ([0, T]; Z) be the set of all Holder continuous functions from [0, T] to Z with

the power v € (0,1].
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Theorem 1 ([26]). We let o € (0,1], k =0,1,...,n, a9 +ay > 1,6y € (7/2,7], a0 > 0,
Ae A{ak}(GO,ao), 2k €Dy, k=0,1,...,n—1, f € C([0,T]; Do) UCY([0,T]; Z), v € (0,1].
Then, Problem (6), (7) has a unique solution. It has the form

2(t) = f Z(H)z + /Yo(t —8)f(s)ds.
k=0 0

Remark 1. We note that Z;(t)zy is a unique solution of the initial value problem D%z (0) = zj,
D%z(0) =0,1€{0,1,...,n — 1} \ {k} to equation Dnz(t) = Az(t). In addition, the unique
solution of Problem (6), (7) with zero initial conditions D”1z(0) = 0,1 € {0,1,...,n—1},is

t

/ Yo(t —s) f(s)ds.

0

Remark 2. In the proof of Lemma 1 in [26], it was shown that for some C > 0 and for all t € (0, T]
1Y)l 2(z) < Cton=1=B. Hence, for j,k € {0,1,...,n—1}, k > |, 1D Zk ()l g2y =
1Yo, —a—1+40; (D)l c(z) < Ct% . In addition, for j,k € {0,1,...,n =1}, k < j, zx € D, in the
proof of Theorem 3 in [26], the following relations were proven:

L[D% Zj(t)zg] = A% IR o (A)zge — A% Lz = AT% 1R 0 (A) Azg,

o KAz K| Az
oi—0—1 kllZ kllZ
H)\ J7%k T2 R \on (A)AZkHZ < |)\‘0'71+1+0'k_‘7j < ’/\|D¢0+061+“'+1Xk,1+0€k+06]'+1+Déj+2+"'+ﬂén,1+lxn ’

Consequently, | D?Zk(t)zkHZ S Cltho+D¢1+"'+Dék,1+06k+b‘tj+1+1Xj+2+"'+ﬂcn,1+lxn71 S Cttxo+lxy,71,

D52tz — 2z < 5 [ 1A R (A) Az 21dA] < Crtoteel, t e (0,7
T

3. Local Solvability of Identification Problem
3.1. Mild Solution

We take Banach spaces Z and U, an open set Z in R x Z", a nonlinear mapping
B:Z xU — Z,alinear operator ® € L(Z;U) and a function ¥ : [0, T] — U. The purpose
of Problem (1)—(3) is to find z : [0, T] — Z, u : [0, T| — U from Relations (1)-(3).

We denote 7 = (o, Y1, - - ., Yn—1) and formulate several conditions.

(A) The operator B : Z x U — Z can be presented as

B(t,y,u) = B1(t,¥) + Ba(t,y,u), (t,y,u)€ZxU.
Fora = (ag,a1,...,a,-1) € Z", R, T > 0, we use the following notations:

Sgn(ﬁ,R) = {yG Zn. ||y]—a]||g < R,j:O,l,...,n—l},
Szn(@,R,T) = [0,T] x Sz0(a,R).

For sufficiently smooth ¥, we define
v := DY (0) — ®Azg — ®B1(0,20,21,---,2Zn_1)- 8)

Here, the line above ® A means the closure of this operator.

We let the next conditions (B)-(F) be satisfied:

(B) the equation ®B,(0,yo,¥1,---,Yn—1,u4) = vy with unknown u has a unique solu-
tion uy € U,
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(C) there is an operator Bs : [0, T] x U™+ — U, for which
OBy (t,y,u) = Bs(t, Pyo, Py1, ..., Pyn—1,u), (tYy,u) € ZxU;

(D) there is such a constant, R > 0, that for every t € [0,T], the mapping
v = B3(t, DY (t), DY (t),..., D 1¥(t), u) with u in Sy;(up, R) has an inverse mapping
u=F(t,v);

(€) there is such a constant, R > 0, that operator F is continuous with respect to the
totality of the variables (t,v) on the set Sy (1o, R, T) and is Lipschitz continuous in v;

(F) there is R > 0 such that mappings By (t,¥) and B,(t,¥, u) are continuous with
respect to the totality of the variables on set Szny((z0,21,--.,2n-1,40),R, T) and are
Lipschitz continuous in (¥, u).

Using the form of a classical solution from Theorem 1, we can introduce the notion of
a mild solution.

Definition 2. Pair (z,u) € C([0,T]; Z) x C([0, T);U) for which D%iz € C([0,T}; Z) for j =
0,1,...,n—1, the inclusion (D%z(t), D"z(t),..., D1z(t)) € Z and Condition (3) are valid
forallt €0, T], and equality

n—1 f
z(t) = Y Zp(t)z + / Yo(t —s)B(s, D?z(s), ..., D 1z(s), u(s))ds )
k=0 3
is fulfilled for all t € (0, T|. It is called a mild solution of identification problem (1)—(3) on [0, T}.

Lemma 1. We letﬂ € (0,1, k=01,...,n,00+a, > 1,600 € (n/2,7],a0 > 0, A €
A{“k}(GO’QOB’CDA S ﬁ(Z,Z/[), zr € Z, fk(t) = qJZk(t)Zk, k=0,1,...,n—1. Then,
D fi(t) = ®AZk(t)zr € C([0,T);U), k=0,1,...,n — 1.

Proof. For some A € p(A), we take yx = Ry(A)zx € Dy, k = 0,1,...,n— 1. Then, by
Remark 1, ’DU"Zk(f)yk = AZk(t)yk, fk(t) = OZ (1) (M — A)yk e )Lq)Zk(t)yk — (DAZk(t)yk,

D‘T”fk(f) = /\‘DDU"Zk(i’)yk — @D""Zk(t)yk =
= A@Zk(t)yk — @Zk(t)Ayk = @Zk(t)zk S C([O, T],Z/[)
O]

Lemma 2. We let ap € (0,1], k = 0,1,...,n, ap+an > 1, 6y € (/2,7], a9 > 0,
A€ Agyy(60,m0), g € C([0,T]; 2), &, ®A € L(Z;U),

h(t) := CID/YO(t — 5)g(s)ds.
0

Then,
t

Doh(t) = @/Yo(t —5)g(s)ds + dg(t) € C([0, T;U).
0

Proof. For A € p(A), we put f(t) = Ry(A)g(t) € Dy, t € [0,T]. Hence, Af(t) =
AR)(A)g(t) —g(t) € C([0, T]; Z); consequently, f € C([0, T]; D). Therefore,

t t

h(t) = CD/YO(t — )M — A)f(s)ds = (AD — DA) /Yo(t ) f(s)ds,

0 0
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and, by Remark 1, we obtain

Doh(t) = (AD — BA)D™ / Yo(t — s) f(s)ds
0

= (A® — DA) (A / Yo(t —s)f(s)ds + f(t))
0

t t
— A ()\/Yo(t —8)f(s)ds — A / Yo(t — s)f(s)ds) +(AD — BA)F(H)
0 0

t

A / Yo(t —s)g(s)ds + (AD — ®A) f(t) = @/ Yo(t — s)g(s)ds + g ().
0 0

S

Here, PAf(t) = ®PAf(t),since f(t) € Dy. O

Theorem 2. We let ayp = 1, o € (0,1], k = 1,2,...,n, 6y € (n/2,7], a9 > 0, A €
A{ak}(eo,ao), Zr € Dy, k=01,...,n—-1, (0,20,21,...,Zn_1) € Z, (D,@ S ﬁ(Z,‘U),
DY e C([0,T;U), k = 0,1,...,n, ®zp = ¥(0), and we let conditions (A)—(F) be ful-
filled. Then, for some Ty € (0, T|, inverse problem (1)—(3) has a unique mild solution (z,u) €
C([0,Ty1]; Z) x C([0, Ty ];U) on segment [0, Ty].

Proof. Wetakez, € Dy, k=0,1,...,n—1; then, we have D Z;(t)z, = Yo, 0 —1+0; (t)zy €
C([0,T]; £L(Z)) as it is shown in the proof of Theorem 3 [26]. Lemma 1 in [26] implies that

t

t
ngO/Yo(t—s)g(s)dS B O/Ya;(t—S)g(S)dS/ j=01,...,n—1 (10)

Therefore, due to Remark 2 and Equation (9), we have correlations for j = 0,1,...,n —1

m—1 £
DIz(t) = Y Yo, o0, ()ze + / Yo (t — 8)B(s, DVz(s), ..., D"1z(s),u(s))ds. (1)
k=0 0

For a mild solution (z, 1), Equality (9) is valid; then, Condition (3) implies that
m—1 t
Y PZ(t)zk + @ / Yo(t —s)B(s, Dz(s), D™ z(s),..., D 1z(s),u(s))ds = ¥(t).
k=0 0

Therefore, due to Lemmas 1 and 2, we have

m—1 f
DY ®Z(t)z + D””@/Yo(t —5)B(s,D%z(s), D" z(s),..., D1z(s),u(s))ds
k=0 0

m—1 t
=AY Zi(t)z —l—@/ Yo(t —s)B(s, D%z(s), D"z(s),..., D1z(s),u(s))ds
k=0 )

F®B(t, DYz (t), DUz(t), ..., D1z(t), u(t)) = D (t).
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Due to condition (A), we can write the last equality as

m—1
®By(t, Dz(t), ..., D 1z(t),u(t)) = DY (t) — PA Y Z(t)z
/ - (12)
—@/Yo(t—s)B(s,D‘TOZ(s),D‘le(s),...,D‘Tﬂflz(s),u(s))ds
0

—®By (t, Dz(t), DMz(t),..., D 1z(t)).

Then, under assumptions (C), (D), Equation (12) implies equality
u(t) = F(t,u(t)), (13)

where

o(t) = DY (1) — A mf Zi(B)zg — @By (t, DVz(t), D z(t), ..., D 1z(t))
k=0
(14)

t
—@/ Yo(t —s)B(s, D%z(s), D7 z(s),..., D 1z(s),u(s))ds.
0

Thus, we obtained a nonlinear system of equations (11) with j = 0,1,...,n — 1 and
Equation (13) for unknown functions yg := D%z, y; := D%z, ..., y,—1 1= D1z, u.
We consider set

My = {(F,u) € C[0, T 2" xU) : |y;(t) —zi|z <R j=0,1,...,n—1,
[[u(t) = uoller < R}

with metrics d((x,u), (¥, w)) = |[(xu) — H©)llcqo,r;zrxu) and mapping
H = (H° H',...,H"), which is defined by equalities

n—1

H (Yo, y1 - n-1,1) = Y You—g—140, (D)2
k=0

t

+/ng(t—s)B(s,yO(s),yl(s),...,yn,l(s),u(s))ds, j=01,...,n—-1,
0

n—1

Hn(yo,yl,. . .,yn,l,u) =F (t, DU"‘P(t) —PA 2 Zk(t)zk
k=0

—CDBl(t/]/O(t)ryl(t)/ . -r]/nfl(t))
t
- /ay()(t - S)B(S/yO(S)/yl(s>/ e ~/]/n—1(5)/u(5))d5) .
0
Thus, Problem (1)—(3) are represented in the form of system

n
y1(t) = H (yo(t), y1(

Yucr () = H' o8,y (1), - yua (1), (1)),
u(t) = H (o £), 1 (1), ., Y1 (1), u(1)).

(15)

We take t = 0 in (15); then, we have H/ (29,21, ...,2n_1, 1) = zjforj=0,1,...,n—1,

Hn(Zo,Zl,. ..,Zn_l,uo) = P(O,‘Uo) = Ug.
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Due to the assumptions of Theorem, if (yo,y1,...,Yn—1,%) € Mr, then

H(yo(£),y1(8), -, yn-1(t), u(t))

is continuous with respect to t on [0, T]. Taking into account Remark 2 and assumptions
(&), (F), wehave, for t € (0, T],

IH (yo(£), y1 (), yur (8), u(t)) = 2| 2

n—1

< Y o140, (Dzkll 2 + (Yo, -1 (H)zk — 2l 2
=0
k#j

t
+/ 1Yo, (¢ =)l 22y 1 B(s, y0(s), - - -, yn—1(5),u(s)) — B(0, 20,21, .., Zn—1,U0) || 245
0

t
+/Hng(t—s)HC(Z)HB(O,zO,zl,...,zn_1,u0)||gds
0

n—1
< nCtrotan=l 4 ¢ 40 <Z lyk(t) — zkllz + |lu(t) — uo||u>
k=0

+C1t 7% ||B(0, 20, 21, - - -, Zn—1,U0) ||z < Cot* (14 (n+1)R+C3), j=0,1,...,n—1,
IH" (o (£), y1 (), - -, yn—1(t), u(t)) — uolles
< |[F(t,0(t)) = F(t,v0) llos + [|F(t,v0) — F(0,v0)l|es
< Ilf|o(t) = vollu + [[F(t,v0) — F(0,00)lles < | F(t,00) — F(0,00) s

n—1
DY (t) = DY (0)llor + U PAl £(z4) 1 Zo(t)z0 — 2ol z +1 ‘GDA Y Zi(t)z

k=1

u
+1|®By(t, yo(t), .-, yn—1(t)) — ®PB1(0,20,...,2u—1) s

t
—|—l/||@Yo(t—s)B(O,zo,zl,...,zn,l,uo)Huds
0

t
+Z/ ||@Y0(t—5)(3(54/0(5)/%(5)/---/ynfl(s)/“(s)) - B(O,Zo,Zl,...,anl,lxlo))HudS
0

< [|E(t,v0) = F(0,00) [loe + HID™Y¥ (£) — D (0) |l

n—1

+C 1+ 1) ) llye(t) — 2l 2 + Cat™
k=0

< [|F(,v0) — F(0,00) llor + LD ¥ (£) — DY (0)]fos
+t1 (1 + 1 )nCrCq (1 + (n 4+ 1)R + C3) + Cyt*r < Cst™r,

where [ is a Lipschitz constant for F, and vy and v(t) are defined by (8) and (14). Here and
further, various constants the value of which is not important are denoted by symbols Cj,
Cy, and so on. Thus, for a sufficiently small T; € (0, T], H acts from the set Iy, into itself.
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‘ We dengte for‘i = 1,2,]' = 0,1,'...,n -1 y;-(t) = Hi(yh(t), i (t), ...,y _{(t),ui(t)),
u'(t) = H"(yo(t), y1(t), ..., yi,_4(t),u'(t)); then, for k = 0,1,...,n — 1, the Lipschitz condi-
tion for B implies that

n—1
lye(t) = e (®)] 2 SCJ”‘”(Z sup |ly}(s) —¥7(s)llz + sup Iul(S)—uz(S)lu>,

j=0 s€[0,T] s€[0,T]
n—1
[ul (8) = ()]l < C2 Y, sup |lyj(s) —y7(s)llz
j=0 s€[0,T]

n—1
+CzT“”<Z sup |lyj(s) — 7 (s)]lz + sup ||”1(5)_u2(5)||u>
j=0s€[0,T] s€[0,T]

n—1
< (nC1+1)CzT“”<Z sup [lyj(s) —yi(s)||z + sup IIul(S)—uZ(S)Ilu>-
j=0 s€[0,T] s€[0,T]

Hence, for a small enough T; > 0, H is a contraction operator on M, and has in the
complete metric space M7, a unique fixed point (yg, y(l), ceey yg_l, u0).
Since &y = 1, we have

m—1 £
yo(t) = DOyg(t) = kZ Zy(t)z +/Yo(t —5)B(5,90(5), -, yy_1(s),u’(s))ds.
=0 0

Hence, pair (y9(t), u%(t)) is a mild solution of (1)-(3).

Each of the two mild solutions (z%,u°) and (z!,u!) corresponds to a fixed point
(zO, Doiz0 . D150, uO) and (zl, Dozl . D121, ul) of the mapping H. The unique-
ness of a fixed point for H in My, with a small enough T; > 0 implies that z0(t) = z!(¢),

uO(t) = ul(t) fort € [0,Ty]. O

3.2. Classical Solution

Definition 3. A classical solution of Problem (1)—~(3) on [0, T] is pair (z,u) € C((0,T]; D) X
C([0, T);U), for which D%z € C([0,T]; Z),k=0,1,...,n—1, Dz € C((0,T|; Z). Inclusion
(t, D%z(t), D"z(t),..., Dn-1z(t)) € Z and Condition (3) for t € [0, T|, Equality (1) for t €
(0, T] and Condition (2) are fulfilled.

To obtain the unique solvability theorem in the sense of classical solution for the
identification problem, we first use an additional condition B € C(Z; D).

Theorem 3. We let g = 1, o € (0,1], k = 1,2,...,n, 6y € (n/2,7], a9 > 0, A €
A{ak}(eo,{lo), Zr € Dy, k=01,...,n—-1, (0,20,21,...,Zn_1) € Z, Y,PA € ﬁ(Z,’U),
DY € C([0,T;U), k =0,1,...,n—1, &zy = ¥(0), and conditions (A)—(F) be satisfied,
B € C(Z;Dy). Then, Problem (1)—(3) has a unique classical solution (z,u) on segment [0, T} |
with some Ty € (0, T).

Proof. By Theorem 2, Problem (1)—(3) has a mild solution (z(t), u%()) on a small enough
segment [0, T;]. Then, f(t) := B(t, D%z(t), D"z(t),..., D-1z(t)) is contained in class
C([0,T]; D), and by Theorem 1, z is a classical solution of direct Problem (1), (2) with a
given u®. O

But condition B € C(Z;D,) is not often met in applications, so we replace it with
conditions for additional smoothness of B. For this aim, we replace assumptions (£) and
(F) with stronger conditions:
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(&1) there is such a constant, R > 0, that F is continuous with respect to the totality of
the variables (t,v) on the set Sy (up, R, T'), which is Lipschitz continuous in v and is Holder
continuous with a power of vy € (0,1] in £;

(F1) there exists R > 0, such that mappings By (t,) and B,(t,¥, u) are continuous
with respect to the totality of the variables on the set Sznyy/((20,21,-..,20-1,40),R, T),
which is Lipschitz continuous in (7, #) and is Holder continuous with a power of v € (0, 1]
in .

Lemma 3. Weleta € (0,1), h, D*h € C([0, T| Z); then,

3C >0 Vs, t € [0, T] [[i(s) — h(t)|lz < CID*hllc(0,1);2)ls — £I*-
Proof. We take 0 < s < t < T; hence,

h(t) = D'J'h(t) = D'J*J'=*h(t) = J*D'J'~*h(t) = J*D"h(t),
since J'=*1(0) = 0. Then,

h(t) — h(s) = J*D*h(t) — J*D*h(s)

— a— : a=
= [ G pamgar - [ D e,
0 S

I'(a)

s t

/ / ;7T drdr

J o
|

ID*A]|c(jo.11:2) o w1, )| _ 21D llcqomz) .

S

t—s

[B(t) = h(s)llz < [[D*Rlic(o,);2) ( +

T(a+1)
1D*hllc(jo,7];2) .
= T Twan (s

/t(r“ L (r—s)*Hdr

O

Theorem 4. We let g = 1, o € (0,1], k = 1,2,...,n, 6y € (n/2,7], a9 > 0, A €
A1 (60,a0), zx € Da, k = 0,1,...,n -1, (0,20,21,.--,2n-1) € Z, ®, QA € L(Z;U),
DY € C([0,T|;U), k=0,1,...,n—1, DY € CY([0, T|;U), v € (0,1], Dz9 = ¥(0), and
conditions (A)—(D), (£1), (F1) be satisfied. Then, Problem (1)—(3) has a unique classical solution
(z,u) on segment [0, Ty with some Ty € (0, T.

Proof. As before, (z(t),u’(t)) is a mild solution of (1)~(3) on some small enough segment
[0, T1], which exists by Theorem 2. We take « € (0,min{a; : k = 0,1,...,n}), a <

7. Then, due to Remark 2, for k,j € {0,1,...,n— 1}, k > j, we have D*D" Z;(t) -
D“an,gk,prgj(t) = Yan,ak,1+(7].+a(t) by Formula (5),

ID*DY Zi (D)l (2) = Yo o142 (Bl 2(z) < CE*T7%, £ € [0,T],

Ok —0j—a > o —a > 0. Ifk < j,zx € Dy; then, we have, due to (5), D*D% Z(t)z; =
Dle(Tj—Uk—l( )Azk Y —0;— 1+o¢( )Azk/

|D* D Zi(B)2k 12 = Yoy 100 (D) Azell 2 < CEP =545 Az 2,
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On—0j+0op—a > ay +ag—1—a=wn, —a>0.Inaddition, for z; € Dy,
D" (D% Zy(t)zx — zk) || 2 = [ID"Y-1(t) Azi|| 2 = [[Ya—1(t) Az ||z < Ct7" || Azl 2,

on—a=a1+ay+...ay —a > 0. Thus, DD Z(+)zx, D¥ (D% Z(t)z — zx) € C([0,T]; Z)
forzy € Dy, k,j € {0,1,...,n—1},k # j; therefore, by Lemma 3, D% Z; (- )z € C*([0,T]; Z).
Moreover, Equality (10) implies that

t
D”‘D“i/Yo(t—s)B(s,D‘Toz(s),D‘le(s),...,D‘Tnflz(s),u(s))ds
0

t
= D! /ng,lﬂ(t —$)B(s, D%z(s), D"z(s),..., D" 1z(s), u(s))ds
0

= /ngﬂ(t—s)B(s,D“OZ(s),D‘le(s),...,D(’"*lz(s),u(s))ds,
0

t
D”‘D”‘f/Yo(t—S)B(S,DUOZ(S),D(TlZ(S),---,DU”_lz(S)r”(s))ds
0

Z

C
< ———  max ||B(s,D%z(s), D" z(s), ..., D"1z(s),u(s oo TR,
_Un—aj—ocse[o,t]” ( (s) (s) (s),u(s))llz

o

Here, we use inequalities ||Y(7]._1+,,((t)||£(3) < Ct"97%, 0y — 07 — a0 > &y —a > 0. Hence,

t
D"‘/’/Yg(t —8)B(s, D%z(s), D"'z(s),..., D" 1z(s),u(s))ds € C*([0, T]; Z)
0

and DYz € C*([0,T); 2),j=0,1,...,n — 1.
We recall that u%(t) = F(t,v(t)), where
n—1
o(t) = D™Y(t) — PA Y Zy(t)zx — ®By(t, DVz(t), DMz(t), ..., D z(t))
k=0

DAYy (t — 7)B(t,D"z(7), D" 2(7),..., D™ 1z(7),u(T))dT.

o

Consequently, under conditions (&7), (F7),
u®(t) —u®(s) = F(t,0(t)) — F(s,v(s)) = F(t,0(t)) — F(t,v(s)) + F(t,v(s)) — F(s,v(s)),

() = u°(s)[lur < Culls = t* + o(t) = v(s)[lur) < Culs —t]*+
+Cy||B1(t, D?z(t), D1z(t), ..., D 1z(t)) — By (t, D?z(s), D" z(s),..., D 1z(s))| z
+Ca||By(t, D%z(s), D'z(s), ..., D" 1z(s)) — B1(s, Dz(s), D'z(s), ..., D 1z(s))| z

n—1
< Gals —t* +C3 ) [|[D%z(s) — D%z(s)]| z < Cals — t|*.
k=0
Therefore, mapping t — B(t, D?z(s), D"z(s),..., D% 1z(s), u(t)) satisfies the Holder
condition with power a due to condition (F7). Thus, by Theorem 1, z is a solution of direct
problem (1), (2) with a given u?; therefore, (z,u") is a classical solution of identification
problem (1)-(3). O
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4. Time-Fractional Phase Field System of Equations
We let O € R? be a bounded domain with a smooth boundary 0Q), 6,v,xk € R, a9 =1,

1,80, ...,0y € (0,1),ak:uc0+o<1—|—~~~+1xk—1,k:0,1,...,n;A:2—;+~~~+%i5

the Laplace operator, (-, -) is the inner product in space L,(Q), ; € H*(Q),1 =1,2,...,2n.
We consider problem

D*x(Z,0) = x¢(8), D y(&,0) =y(8), k=01,...,n—1, €Q, (16

(1—-0)x(¢,t)+ Jg—Z(C, t) =0, (1-0)y(¢t)+ (53—%(&5,15) =0, (&t)edrx[0,T], (17)

xCt)m) = gu(®), {y(o8),m) = pu(t), 1=1,2,...,2n, t € [0,T], (18)

to the system of equations in Q) x [0, T},

n—1 n—1
Dj*x(§,t) = Ax(&,t) — Ay (G, 1) + ) up(HDFx(G, 1) + ) op (D y(E,t) + £(E,1), (19)
=0 k=0

k
n—1 n—1
DIy(E,t) = vAy(&t) — kP (& 8) + Y ug (D x(Z, )+ Y v (D y (&, 1) +8(E,) (20)
k=0 k=0

with unknown functions x,y, u;'(, v};, k=01...,n—-1,i = 1,2. Atn =1, a1 = 1,
u,% = v}{ =0,k=0,1,...,n—1, u% = v% =0,k=12,...,n—1,System (19), (20) up to
linear replacement x(¢, t) = X(, t) + %'yv(ff, £,y t) = %'yv(é“, t),l € R, and stretching over
t coincide with the linearization of phase field equations [29,30].

WeputjeN,j>d/2, Z=(H(Q))?

A= a ) Da=H@2

H () = {h € H*2(Q): (551 +1-— §>h(§) =0, ¢c BQ}.
Therefore, A € CI(Z).
By {¢r:k € N}, we denote orthonormal in the sense of the inner product (-, -) in L»(Q2)
eigenfunctions of the Laplace operator with domain HZSJFZ (Q)), which are numbered in the
order of non-increasing eigenvalues {A;:k € N} taking into account their multiplicities.

Theorem 5. We let ap,aq,..., 04 € (0,1), a0+a, > 1,0, =1,v >0 €R,jeNy:=
NU {0}, then A € Ay, (60, a0) for some 09 € (70/2,7), a9 > 0in this case o(A) = {Ag, Ay
k € N}.

Proof. We take the basis {¢ : k € N} in L,(Q) and obtain for A # Ay, A # vAg, k € N
operators
AUHI_A:(M—A A )

0 AT —vA

(e 1 _ /\k
()\‘7111 _ A)—l — Z < )\BAk (A*/\kl)(/\fl//\k) > <', §0k>(Pk
k=1 A—vA;

We take arbitrary 6y € (71/2, ), a9 > max{Ay, vAy : k € N}; then, forany a > ag, A € Sg, 4,,

R —
~ |A —al|sinb

1
A= Ax

-1 1
~ A —a|sinfy”  |A—vAg
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Ak ’ 1
(A=A (A —vAy) (1= A/ M) (A =vAy)

for some C; > 0, since forall A € Sy 4., k € N,

-
|A — a| sin® 6

1
| <

T— /A

Therefore, for all A € Sq 4,

@]

_ allXO |A|0—”7’X0

IR (A)z) < Ty
and A € Ay, 1 (00,a0). O

Theorem 6. We let ag = 1, 0,0, 0y € 01,0, =1,v>0,6xkeR,jeN,j>d/2,
g h e C([0,T; HI(Q)), xp,yx € Hy 1(Q), k=0,1,...,n— 1,1, € HX(Q), D%y, D%y, €
C([O,T],R),k = 0,1,...,1’1, <XO,171> = (PZ(O), <y0,171> = IPI(O), | = 1,2,...,21’1,

D%y (t) DOi(t) ... D igy(t) D 1py(t)
det DOy (t)  DOPy(t) ... Dun1gp(t) Dn11py(t) 20 1)
Doy (t) DOYou(t) ... DIt (t) DI 1ihon(t)

forall t € [0, T]. Then, Problem (16)—(20) has a unique mild solution.

Proof. We take U = R*", (bp,cx) € Z,k=0,1,...,n—1, u;c,vfc eR,k=01,...,n—1,
1i=1,2,

1.1 1 1 2 .2 2 2
B(t, bo, CO, ceey bnfl,cnfl, uo, vo, “e. ’unfl’ vnil, uo, vo, ce. ’ul’lfl’ vnil)
n—1 1 n—1 1
)3 ”kbk+ )3 Ukck+f('/t)
k=0 k=0
n—1 2 n—1 5 3
kgo uiby + kgo vick — ke +8(+,t)

Hence,B: Z"x U — Z,

.t
By (t,bo,co, .-, bp—1,0p—1) = < —KCé((-f—;(' t) >

We have ® = (91, ®,,...,Py,), where for h = (hy,hy) ©h = ((hy, 1), (ha, 11)),
1=1,2,...,2n. Then,

CDlAh = (<A]/l1 — Ahz, 171>, <1/Ah2, 171>) = (<h1 — hz, A771>, <h2,1/A171>), | = 1,2,.. .,2n,
since 7, € H?(Q),1 =1,2,...,2n. Hence, ®A € L(Z;U).
Condition (B) is satisfied due to Condition (21) at t = 0. In Condition (C), we take for
w, O Uk, v ERk=0,1,...,n—1,1=1,2,...,2n,i = 1,2, By : R+ R,
B3<u10/ 0107+« -7 U2nn—1,02nn—1, Mé, 'Ué, ey u}l—l’ U‘}l—l/ M%, 'U%, ey u%l—l’ U%z—l)

1 1 1 1
Ul + 0107 + -t uy n—14,_4 + U1 n-19,_q

1 1 1 1
UppoUy + U200 + -+ + Udppn—1Uy,_1 T O2un—170,_1
2 2 2 2
UoUy + 0107y + -4 uy n—145,_1 + U1 n-195,_1

2 2 2 2
U Uy + V20005 + -+ -+ Udpn—1Uy_1 + V2nn—175_4
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By Inequality (21), Condition (D) is valid.

Due to inequality j > d/2, by virtue of the Sobolev embedding theorem, Z C (C(Q))>.
In such a case, a nonlinear operator N (bo, co) = (0, —xcj) acts from Z into Z and satisfies
the local Lipschitz condition. Therefore, Condition (F) is satisfied by the construction of
operators Bj and B, = B — By. In addition, F(t,v) = G(t)~'v, where matrix

D¢y (t)  DPyPi(t) ... D7 igy(t) D 1ypy(t)
G(t) _ ,DUOQbZ(t) ,DUOIPZ(t) s DUH71¢2<t) ,DU'F“/JZ(t) c C([O, T];RZnXZn)’
D@y (t) DOYou(t) ... D 1¢u(t) D 1ehpu(t)

hence, due to (21) G~! € C([0, T]; R¥**?"), Condition (&) is fulfilled.
Reference to Theorems 2 and 5 completes the proof. [

By slightly increasing the smoothness of some data, we obtain a theorem on the
classical solution of identification problem (16)—(20).

Theorem 7. We let ag = 1, a1, a0, ..., 0, € (0,1), On = Lv>046xeR jeN,j>d/2
gh e ([0, T;H(Q), v € 0,1], xyx € Hi7(Q), k = 0,1,...,n =1, € HX(Q),
D%¢;, D%y € C([0,T;R), k = 0,1,...,n—1, D¢, D¢y € CY([0, T|;R), (x0,1;) =
#1(0), (vo,m) = ¥(0), 1 = 1,2,...,2n, Condition (21) be fulfilled for all t € [0,T], G~! €
C7([0, T]; R?"*2"). Then, Problem (16)—(20) has a unique classical solution.

Proof. Under the additional condition g, i € C7([0, T]; H/(Q)), assumption (&) is satisfied.
Due to condition G~ € C([0, T]; R?"*2"), assumption () is valid. By Theorems 4 and 5,
we obtain the required result. [

5. Conclusions

The obtained abstract results of the unique solvability in the sense of mild and classical
solutions for a wide new class of identification problems can find their applications in the
study of coefficient inverse problems for various evolutionary equations and systems of
equations with the general fractional derivative. In particular, it can be useful for parabolic
equations, for equations of hydrodynamics, the theory of visoelasticity, etc. Moreover,
the unique solvability theorems can be used for the correct formulation of initial boundary
value problems in applied research and for the development of numerical methods for
solving these problems.
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