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Abstract: The space, F(R), of all fuzzy intervals in R cannot form a vector space. However, the
space Fc.(R) maintains a vector structure by treating the addition of fuzzy intervals as a vector
addition and treating the scalar multiplication of fuzzy intervals as a scalar multiplication of vectors.
The only difficulty in taking care of F,(R) is missing the additive inverse element. This means that
each fuzzy interval that is subtracted from itself cannot be a zero element in F¢c(R). Although F¢(R)
cannot form a vector space, we still can endow a norm on the space F.(R) by following its vector
structure. Under this setting, many different types of open sets can be proposed by using the different
types of open balls. The purpose of this paper is to study the topologies generated by these different
types of open sets.
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1. Introduction

The fuzzy set, %, in topological space, U, is defined by a membership function, ¢z :
U — [0,1]. For A € (0,1], the A-level set of ¥ is defined by

Ty ={xel:gz(x) > A}

The 0-level set, %y, is defined as the closure of the support {x € U : {z(x) > 0}, given by

Fo=c({xelU:&z(x) >0})=c

U %

Ae(0,1]

Let £ be a fuzzy set in R. We say that ¥ is a fuzzy interval when its A-level set, £, is a
bounded closed interval for A € [0, 1]. More precisely, we write

- oL U
) = {x)\,x)l},

where f)L\ denotes the left endpoint of the bounded closed interval, ¥,, and fkl denotes the
right endpoint of the bounded closed interval, X;. We denote by F.(R) the family of all
fuzzy intervals.
Let ® denote any one of the four basic arithmetic operations, ®, ©, ®, or ©, between
two fuzzy intervals, X and §. The membership function of ¥ ® i/ is defined by
Crog(z) = sup  min{Ze(x),{y(y)}
{(vy):z=xoy}
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for all z € R. More precisely, the membership functions are given by

Crop(z) =  sup  min{Z:(x),&5(y)};
{(xy)z=x+y}

Crog(z) = sup  min{&:(x),&5(y)};
{(xy)iz=x—y}

Srog(z) = sup  min{Cz(x),&(y)};
(e

Crog(z) = sup min{z(x),&5(y) }-

{(xy)iz=x/y,y#0}

For example, given two fuzzy intervals, 2 and 3, with membership functions ¢5 and &3, the
addition 2 & 3 is a new fuzzy interval, Z = 2 ® 3, with a membership function given by

G2(2) = Ca3(z) = sup  min{g;(x),¢5(y)}-

{(xy)z=x+y}

02(5) = G3e3(5) = sup  min{G5(x), G3(y)}-

{(xy):5=x+y}

Each real number a can also be treated as a fuzzy interval, 1 {a}, With a membership
function defined by
1 ifr=a

gi{a}(r) - { 0 ifr#a.

In this case, the fuzzy interval 1 {a} 1s also called a crisp number with a value of a. For
convenience, we write k¥ = 1, ® &.
Let ¥ and  be two fuzzy intervals with £, = %}, #}/] and 7, = [7}, 7Y{] for A € [0,1].
It is well known that
(f@9), = |%h+ 7k 5 + 7

and, forx € R,

[zt ngtl] ifkx >0

(k) = { ez, xxy] ifx <O.
Forany ¥ € Rand %, € Fc(R), itis clear to see
K(Z®7) = kX O K. 1

Given any ¥ € F..(R), we have
(r0%), = [sh— 2l & — 2k] = [ (& - k), 2 - #]. )

We see that each A-level set (¥ © %), contains 0 as the middle value of this bounded closed
interval. In this case, we can say that ¥ © ¥ is a fuzzy zero number. Now, we can collect all
these fuzzy zero numbers as a set:

Y= {f0F: %€ Fo(R)D.

We also call ¥ the null set in F.(R). It is clear to see that the crisp number 1 {0y with a
value of 0 is in the null set, ¥.
By referring to (2), the elements in the null set ¥ can be realized as follows.

¥ € Yifand only if p}{ > 0and pk = —pY{ forall A € [0,1].
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The A-level sets are given by
o = [wh el = ol el
Given any fuzzy interval, ¥, and crisp number, 1 {0} it is clear to see
ol =1 of=71

which shows that Ty is the zero element of the space F¢c(R). Since ¥ © % is in ¥ and is
not a zero element of F.(R), this means that the space F..(R) of all fuzzy intervals cannot
form a vector space under the above fuzzy addition and scalar multiplication. In other
words, the additive inverse element of each fuzzy interval does not exist.

From the monographs [1-10], we see that the normed space must be based on the
vector space. Since F..(R) is not a vector space, this means that we are able to endow a
norm on the space (Fe(R, || - ||). The purpose of this paper is to overcome this difficulty.
Since the space F..(R) maintains a vector structure by treating the addition of fuzzy
intervals as a vector addition and treating the scalar multiplication of fuzzy intervals as
a scalar multiplication of vectors, we can still endow a norm on Fee(R) and study its
topological structure by including the null set in F,.(R) and following the similar axioms
of the conventional norm.

In order to study the topological structure of the normed space (F¢.(R), || - ||), itis
necessarily to consider the concept of open balls. Suppose that (X, || - ||) is a (conventional)
normed space. It is clear to see

illx—yli<et={x+z:]z]<e}

by taking y = x + z. However, for the space (F(R),|| - ||), we cannot have the above
equality. A detailed explanation is given below.
Given any %,7,Z € F(R), by taking 7 = ¥ @ Z, we have

Izegl=lzc ez l=lyozl#lz]
where p = £ © ¥ € Y. This means that the following equality
:lzoyll<e={xaz:fz]<e}

cannot hold true.

In this case, two different types of open balls will be considered in (Fe(R), | - [|)-
This also means that we can consider many different types of open sets. A more detailed
definition will be presented in the context of this paper. Based on the different types of
open sets, the topological structure of the normed space (F(R), || - ||) will be studied.

The fuzzy topology has been studied for a long time by referring to the monograph by
Liu and Luo [11], in which the intersection and union of fuzzy sets are defined based on
membership functions. The topological structure studied in this paper is based on the point-
set topology, which is completely different from the fuzzy topology using membership
functions. On the other hand, many different types of fuzzy normed spaces have also be
introduced by many researchers, which are briefly described below.

(@) The concept of fuzzy normed space is referred to by Felbin [12] and Xiao and Zhu [13].
Let X be a vector space, and let £ and R be two symmetric and nondecreasing
functions defined by [0,1] x [0,1] in [0, 1], satisfying £(0,0) = 0 and R(1,1) = 1.
Let F be a family of all the nonnegative fuzzy numbers in R, and let || - || be a
function defined by X in F,, where, given any fixed x € X, the a-level set || x ||, of
the nonnegative fuzzy number || x || is a bounded closed interval given by

I la= I D% 1 x 1] for a € (0,1]
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We say that (X, || - ||, £, R) is a fuzzy normed space when the following conditions
are satisfied:

| x|=0ifand onlyif x = 6;
| Ax ||=|A|® || x || forx € Xand A € R;
e Givenanyx,y € X, fors <| x |}, t <[y |} and s+t <| x+y ||}, we have

[x+yll (s+8) = L> x || (), [l y Il (£))-

. ivenany x,y € X, fors >|| x ||7,t > ands—+t > x+ , we have
Gi yx,y € X, fors >|| x [|f, t >[|y [} and s+t >| x +y [|f, we h

x4yl (s+8) <R x [l (), Iy Il (£)-

(b)  The concept of a fuzzy norm in the vector space X is referred to by Bag and Samanta [14,15].
Let \V be a function defined on X x [0, o) into [0, 1]. We say that the function \ is a
fuzzy norm in X when the following conditions are satisfied:

e  N(x,0)=0forallx € X;

e  N(x,t)=1forallt > 0if and only if x = 0;

o N(Ax,t) = u(x,t/|A]) for (x,t) € X x [0,00) and A # 0;

e N(x+y,s+t)>min{N(x,t),N(y,s)} forall (x,t),(y,s) € X x [0,00);
¢ Given any fixed x € X, we have

lim NV (x,t) = 1.
t—o0
(¢) The concept of an intuitionistic fuzzy normed space is referred to by Saadati and
Park [16]. Let * be a continuous t-norm, let o be a continuous f-conorm, and let X be a
vector space. Given two functions y and v, defined by X x (0,0) in [0, 1], we say that
(X, p, v, %, 0) is an intuitionistic fuzzy normed space when the following conditions
are satisfied:

e Givenany (x,t) € X x (0,00), we have pu(x,t) +v(x,t) <1;

e Givenany (x,t) € X x (0,00), we have p(x,t) > 0;

e For(x,t) € X x (0,00), u(x,t) = 1if and only if x = 0;

e Givenany (x,t) € X x (0,00), we have u(Ax,t) = u(x,t/|A|) fora # 0;

e Givenany (x,t),(y,s) € X x (0,00), we have u(x,t) * u(y,s) < u(x+y,s+1t);
*  Given any fixed x € X, the function p(x, -) : (0,00) — [0,1] is continuous;

* Given any fixed x € X, we have

tlggo u(x,t) =1and %gré‘u(x,t) =0.
e Givenany (x,t) € X x (0,00), we have v(x, t) < 1;

e For (x,t) € X x (0,00), v(x,t) = 1if and only if x = 0;

e Givenany (x,t) € X x (0,00), we have v(Ax,t) = v(x,t/|A]) fora # 0;

e Givenany (x,t),(y,s) € X x (0,00), we have v(x,t) ov(y,s) > v(x +y,s + t);
e Givenany fixed x € X, the function v(x, -) : (0,00) — [0,1] is continuous;

¢ Given any fixed x € X, we have

lim v(x,t) = 0and limv(x,t) = 1.
t—ro00 t—0

A bunch of articles that studied these three kinds of fuzzy normed spaces have been
published. In this paper, we endow a norm directly on the family of all fuzzy intervals,
which is completely different from that of those three fuzzy normed space since the vector
space is not taken into account.

In Section 2, we present many interesting properties of fuzzy intervals, which will be
used to study the topology generated by the norm. In Section 3, the concept of the norm
in the space of fuzzy intervals is introduced. Many useful properties are also provided in
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order to study the topology generated by the norm. In Section 4, two different types of
open balls are introduced. In Section 5, using the different types of open balls, many types
of open sets are introduced. Finally, in Section 6, the topologies generated by these different
types of open sets are investigated.

2. Space of Fuzzy Intervals
Let us recall that the following set

Y={iox:%c F.(R)}

is called the null set in . (R). For further discussion, we present some useful properties.
¢ Wehave

¥ — {¢ € FuelR) : o = [—q;},;f, ¢g] foralla € [0, 1}}.

e Itisclear to see that ¥ € ¥ implies — = 1.
*  We have the equality AY = ¥ for A € Rwith A # 0.

Example 1. The membership function of the trapezoidal fuzzy interval i is given by

(r—aL)/(al—aL) ifaL <r<um

&a(r) = 1 ifay <r<a
ST (@Y —r) /(@Y —ap) ifay <r <aY
0 otherwise,

which is denoted by & = (a*,ay,a2,a"). The a-level set d, = [ak,aY] is obtained by
ik = (1 —a)at + aay and a = (1 — a)a + way.

Let @ = (a, a1, ap,a") and b = (b, by, by, bY) be two trapezoidal fuzzy intervals. We can show
that & ® b is also a trapezoidal fuzzy interval given by

a®b=(a"+b"a; + by, a0 + by, a +bY).

Now, we have = 4 © 4 € ¥, with the a-level sets given by

- L U L AU L AU AU AL
Yo = dy — g = {aa,aa} - [aa/aa} = {aa — Ay, 0y _aﬂéj|
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fora € ]0,1].

Proposition 1. We have the following properties:

(i)  Let § be a subset of Fec(R). We have the inclusion § CFd Y.
(ii) Given any 1,9 € Y, we have Y1 @ o € Y. Moreover, we have ¥ ¥ =Y.

Proof. To prove part (i), since 1{0} € Y, given any ¥ € §, we have
i=folgegay.
To prove part (ii), for 1, o € ¥, the definition of a null set says
Y =%cfand P =707
for some X, € F(R). Using the distributive law (1), we obtain

P DY =X0F@joj= X0y o (Xay) V.
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This also shows the inclusion ¥ & ¥ C Y. Now, we want to prove the other direction of
inclusion. Given any ¢ € ¥, since the crisp number 1,4, € ¥ is a zero element, we have

This shows the inclusion ¥ C ¥ @ Y. Therefore, we obtain the desired equality Y @ ¥ = Y,
and the proof is complete. [

Definition 1. Given any %, € Fc.(R), we say that the fuzzy intervals ¥ and § are almost
identical when there exist 1), p(2) € ¥ satisfying

oy =gy, ®3)

.

In this case, we write 7.

Suppose that the fuzzy interval ¥ is regarded as the “approximated real number r”.
This means {z(r) = 1. Since {y(0) = 1, we can say that ¢ € ¥ is a fuzzy zero number. It is
also clear to see {zay(r) = 1. In this case, we can say that ¥ @ ¢ is an “approximated real
number r”. Similarly, we can also say that §j @ ¢ is an “approximated real number r”. In

other words, ¥ = 7 means that ¥ and 7 are identical, but they differ from the fuzzy zero
elements (1) and (2, respectively, as referred to in (3).
Suppose that ¥ © j = Z. We cannot obtain ¥ = 7 & Z as with the conventional

operation in vector space. We can just obtain x 7 ®Z. An explanation is given below.
Since ¥ © §j = Z, by adding § on both sides, we obtain

Yooy =Z07.

Lety = jo# € Y. Then, we obtain ¥ @ ¢ = §j @ Z, which gives % i JTOZ.
Proposition 2. Given any %,ij € Fc.(R), we have the following properties:

(i)  Supposethat x © § € Y. Then, we have X z 7.
(if) Suppose that & z . Then, there exists € Y satisfyingXcjd P € Y.

Proof. To prove part (i), there exists (1) € ¥ satisfying  ® (—7) = ¢p1). By adding 7 on
both sides, we obtain
to(-g) @y =y

Let O 7 € ¥. We also have # @ ¢®) = p(1) @ ¢ for p), p(@) 7. ThlSShOWSXEy

=Y
L 7 implies that there exist (1), (2) € ¥ satisfying
ey

To prove part (ii), the relation
=y ey
By adding —7 on both sides, we obtain
rogjep? =ypVajgor.
Let p®) = §© 7 € ¥. Using part (ii) of Proposition 1, we obtain
ojeyp® =yl eyl ey
This completes the proof. [

The following interesting results will be used for studying the topological structure of
the normed space of fuzzy intervals.
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Proposition 3. Given any two subsets, §1 and §, of Fec(R), we have the following inclusion

FENF)e¥C[(ZHeY)N(FaY)).

If we further assume
518YCFand5H oY CF (4)

then the following equality is satisfied
(Gre¥)N@EGeY))=ENs)eY =8N

Proof. Given any
JE@E@NS) DY,

there exist p € ¥ and ¥ € §; for i = 1,2 satisfying 7 = % @ . This gives
jeEE )N aY).

Therefore, we obtain the following inclusion
FN%)eYC(EGHat)n(EaY)).
Under a further assumption (4), using part (i) of Proposition 1, we obtain
Sie¥ =% and 3 oY =3,
which shows the following equality

(Fre¥Y)Nn(EHReY))=5nNH<EHnNsh) a¥.
This completes the proof. [

3. Normed Space of Fuzzy Intervals

Although the space, Fc:(R), of all fuzzy intervals in R is not a vector space as we
mention above, we still can endow a norm on F.(R) by following similar axioms.

Definition 2. Let || - ||: Feo(R) — Ry be a nonnegative real-valued function. We consider the
following conditions.

(@) ||AZ||=|Al]| || for X € Fee(R)and A € R;

@) || Ax|=|A| || % || for £ € Fee(R) and A € R with A # 0.

® xogl<z|+I[7lfrxyec Fe(R)

(c) || % ||=0implies % € ¥.

When condition (c) is replaced by the following statement

| % ||=0ifand only if ¥ € ¥,

the norm || - || is said to satisfy the null condition.
Different kinds of normed space of fuzzy intervals are defined below.

e Thespace (Fec(R), || - ||) is said to be a pseudo-seminormed space when conditions (a') and
(b) are satisfied.

*  Thespace (Fec(R), || - ||) is said to be a seminormed space when conditions (a) and (b) are
satisfied.

o Thespace (Fec(R), || - ||) is said to be a pseudo-normed space when conditions (a'), (b), and
(c) are satisfied.

*  The space (Fee(R), || - ||) is said to be a normed space whe conditions (a), (b), and (c) are
satisfied.

Regarding the null set Y, we also consider the following
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e Thenorm || - || is said to satisfy the null super-inequality when the inequality
[xey =] |
is satisfied for ¥ € Fe.(R) and p € Y.
e Thenorm || - || is said to satisfy the null sub-inequality when the inequality
Txey <[ |

is satisfied for ¥ € Feo(R) and p € Y.
e Thenorm || - || is said to satisfy the null equality when the equality

[z |=[ x|

is satisfied for ¥ € Fec(R) and ¢ € Y.

Given any %,7 € Fc(R), since ¥ © § = — (7 © %), by referring to the distributive law

(1), we have the following equality

lxegl=lvoxl, ®)
which also confirms that the symmetric condition is satisfied.
Example 2. Let us define a nonnegative real-valued function, || - ||, in Fec(R) by
1
0= [ |t — 24|ae.
0
Then, we have the following properties:
1
. ; / [Azk —A5[da ifA >0
1A% 1= [ [a0); - an]de =< Sy
0 / AR~ Agk|da ifA <0
0
1
=] [ |5k = stllaa =117
and
L N P SN Yoo, wu su
lzey)= [|Een-Eony|= [ |a+k- -
1 1
< []ok - W aw+ [k - gldn =) 50+ 171
Given any ¥, we have {, = [—Y, 1], which shows that
! u
I ll=2 [ [g¥]ax 0.
Therefore, (Fec(R), || - ||) is a seminormed space of fuzzy intervals such that the null condition is
not satisfied.
Example 3. Let us define a nonnegative real-valued function, || - ||, in Fe.(R) by
1
= [ |+ 54 |a
0
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Then, using the argument of Example 2, we can still obtain
Az = [A[ % (| and || x@F <[ %[+ 7
For || % ||= 0, we must have L + Y1 = 0 for all & € [0,1], which gives % = —x{ for all

« € [0,1]. Therefore, we obtain % € Y. It is also clear that € ¥ implies || i ||= 0, which shows
that the null condition is satisfied. Finally, for € ¥, i.e., 9L = —¢Y, we have

kel gl

Izoy] :/1\<f@¢>L+<f@w>5

x+x =| %] .

Therefore, we conclude that (Fcc(R), || - ||) is a normed space of fuzzy intervals such that the null
condition and null equality are satisfied.

Example 4. Forany X € F(R), we define

k4 gU

ae0,1]

Then, we can show that (Fq.(R), || - ||) is a normed space of fuzzy intervals such that the null
condition and null equality are satisfied.

Proposition 4. Let (Fe(R), || - ||) be a pseudo-seminormed space such that the norm || - ||
satisfies the null super-inequality. Given any %,Z,71,- - ,Jm € Fec(R), we have the following
inequality

lxezl<lzonl+lnonl+ -+1707unl++lmozl.

Proof. Since 7; ©#; € ¥ fori = 1,--- ,m, using the null super-inequality m times, we
obtain
[xezl<re(-2)2n e - SFn® (—71) D& (=Fn) [ -

After re-arranging and using the triangle inequality, we obtain

[rezl<l e (=g)le i @ (=)l + - + 7@ (=Fi)] + -+ [n ® (=2)] |
<lzrepl+linenl+ -+17ovunl++lmozl].

This completes the proof. [

4. Open Balls

Let X is a vector space, and let (X, || - ||) be a (conventional) normed space. It is clear
to see

{yillx—yli<et ={x+z:lzl<e}
by taking ¥ = x + z. However, in the pseudo-seminormed space (F.(R), || - ||), we cannot
have the following equality

{7:llxoyll<et={xaz: z]<e}

As a matter of fact, by taking § = % @ Z and using the distributive law (1), we can just
obtain
lxogl=lxe oz l=l-zoy|#lz]

where i = ¥ © ¥ € Y. Therefore, we can define two types of open balls as follows.
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Definition 3. Let (Fe(R), | - ||) be a pseudo-seminormed space. Two different types of open balls
with a radius of € are defined by

0°(Be) = {F@2:] 2 || < €}
and

OFe)={j:|gex|<e}
where | O 7 ||=|| §© % ||, as shown in (5).

Remark 1. Let (Feo(R),|| - ||) be a pseudo-seminormed space. Then, we have the following
observations.

*  Given any fuzzy interval, %, we cannot have the equality

[xox|=Iy¢l=0.

However, if the norm || - || satisfies the null condition, then we have || P ||= 0 for any ¢y € ¥,
which also means || X © X ||= 0. Therefore, in general, we cannot have ¥ € O(%;€), unless
the norm || - || satisfies the null condition.

*  Since Ty is the zero element of Fec(R), this gives & = % & 1yqy. Now, we assume || 110y ||=
0. It is clear to see X € O°(%;€).

Example 5. Continued from Example 4, we have the open ball

O°(Fe) ={x®z:|Z]<e}= {JZEBZ: sup |zL +2U) < e}.
ae0,1]
We remark that
{f@i sup |z +2U) < e} = {32692: by s < eforalla € [0,1}}
ael0,1]

when the supremum
sup Z,,L‘—G-Zf,;[ = max Zﬁ—i—ikl
066[0,1] BCG[O,l]

is attained. For example, the function z& + 2Y is upper semicontinuous with respect to a. We also
have the following open ball

o<f;e>={g:uy~efu<e}={y: sup |+ 5') (= + 22 <e}.

Proposition 5. Let (F.(R), || - ||) be a pseudo-seminormed space of fuzzy intervals. Then, we
have the following properties:

(i) Given % € Fee(R), let py = X © % € Y. Then, we have the following inclusion:
O(%;€) @z C O°(F;€).

(i) Suppose that the norm || - || satisfies the null sub-inequality. Then, we have the following
inclusion:
O°%(%;€) C O(F;€).

(iii) Given ¥ € Fec(R), let Yz = X © % € Y. Suppose that the norm || - || satisfies the null
sub-inequality. Then, we have the following inclusions:

O(%;€) ® P C O(X;€) and O°(%;€) D s C O°(F;€).



Axioms 2023, 12, 996

11 0f33

Proof. To prove part (i), given any j € O(%;€), wehave | & % ||< €. Let Z = j & . This
means || Z || < e. By adding & on both sides, we also have i @ ¢z = % @ Z. Therefore, we
obtain

OFe)dyp: C{idys:||Z|<e}={FdzZ:] z]|<e}=9D0%Fe).

To prove part (ii), given any Z € F..(R) satisfying || Z ||< €, using the null sub-
inequality, we obtain
lFeox|=lvazl<|zl<e

This shows ¥ & Z € O(%; €). Therefore, we obtain the following inclusion:
O°%Fe)={x@z:|| 2 |[< e} CO(Fe).
Part (iii) follows immediately from parts (i) and (ii). This completes the proof. O

Proposition 6. Let (Fcc(R), || - ||) be a pseudo-seminormed space of fuzzy intervals. Then, we
have the following properties:

(i)  Suppose that the norm || - || satisfies the null super-inequality. Then, we have the following

inclusion
O(X® y;e) CO(K€)
foranyp € Y.
(i) Suppose that the norm || - || satisfies the null sub-inequality. Then, we have the following
inclusions:
O(%€e) COXDY;€) and O° (X p;e) C O°(F€)
foranyp € Y.

(iii) Suppose that the norm || - || satisfies the null equality. Then, we have the following equality
O(X® y;e) = O(%€)
foranyp € Y.

Proof. To prove part (i), given any 7 € O(¥ @ ¢;€), we have || 7© (¥ @ ) ||< e. Therefore,
we obtain
7oz <| (ox) dy| (using the null super-inequality)
=l (Fex)ey| (since —p =)
=76 (£@ ) ||< € (using the distributive law (1)).

This shows the desired inclusion.
To prove part (ii), for 7 € O(%;¢), we have || ¥ © 7 || < €. Using the null sub-inequality,
we obtain
IFey)ogl=llFopaypl<lzog|<e

This shows the following inclusion
O(%;e) COXDyPse).

Now, for j € O°(X @ ;€), we have

j=ioypoiwith |[Z]<e

Let 4 = ¢ @ Z. Using the null sub-inequality, we obtain

[oll=lyvezi<|zl<e (6)
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This shows
J=%d0 € O°(Fe).
Therefore, we obtain the following inclusion
O°(X® ¢;e) C O°(F;€).
Finally, part (iii) follows immediately from parts (i) and (ii). This completes the proof. [
Let X be a vector space, and let (X, || - ||) be a normed space. It is clear to see
O(x;e) +y=9O(x+ye)

for x,y € X. However, in the pseudo-seminormed space (F(R), | - ||) of fuzzy intervals,
we cannot have
O(Te) Dy =0(xDd 7€)

for %, € Fee(R). An interesting relationship is presented below.

Proposition 7. Let (F.(R), || - ||) be a pseudo-seminormed space of fuzzy intervals. Then, we
have the following properties:

(i) Forany x,%* € F(R), we have the following equality:
O%(%€) @& = O°(X D *5¢).
By taking % = 1 € ¥, we also have the following equality:
O°(Fe) Dy = O (T D Pse).

(i) Suppose that the norm || - || satisfies the null sub-inequality. Then, we have the following
inclusion:
O(Fe)dx* COX DI e).

We further assume that || - || satisfies the null equality. Given any ¢ € ¥, we also have the
following inclusions:

O(%;e) DY CO(%€) and O(P;e) ® ¥* C O(%*;€).

(ili) Suppose that the norm || - || satisfies the null sub-inequality. Given any ¥ € Fe.(R), let
Pz = X © % € Y. Then, we have the following inclusion:

O(%;e) ¢z C XD O(Ps;€).

(iv) Given any * € Feo(R), let Pz = ¥* © &* € Y. Then, we have the following inclusion:
O(XDI%e) Dy C O(X;€) DI,

Proof. To prove part (i), for || Z || < €, we have the following equality:
F@2)BF = (FHF) D2,

which shows the desired equality.

To prove part (ii), given any § € O(%;€) @ ¥, there exists §* € O(X;€) satisfying
7=7"®%". Wealsohave || ¥ & 7" ||< €. Let ¢ = ¥* © ¥* € ¥. Then, we obtain

ez )eill=l(xex)o @ ex) |
=|| (67" ® (¥ 6 %) || (using the distributive law (1))
| (xei")®y ||<| £& 7" ||< € (using the null sub-inequality).
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This shows 7 € O(% @ £*; €). Therefore, we obtain the following inclusion:
O(X;e) X COFXDI%e).
Now, taking ¥* = ¢ and using part (iii) of Proposition 6, we obtain
O(Fe) By COXBY;e) = O(K€).
Similarly, by taking ¥ = ¢, we also obtain
O(P;e) T CO(Pd ™ e) = O(F%€).
To prove part (iii), for ¥* € O(X;€), we have
| % ©% ||< eand ¥ @ s = T (F* © %).
Using the null sub-inequality, we also have
lpso(F o) |<[[Tox|<e
This shows ¥* © & € O(¢¢; €). Therefore, we obtain
oY =30 (FOX) €D O(Pse),
which shows the desired inclusion.
To prove part (iv), for j € O(X @ %*;€), we have || 76 (¥ ® &) ||< e. Using the
distributive law (1), we also have

e>| 7o (X@x") |

o
—~
<
O
=
*
S—
®
=

This shows 7 © ¥* € O(&;€). Since
JOYe = (JOI) D1,

we obtain
TD P € O(F€) d T¥,

which shows the desired inclusion. This completes the proof. O

Proposition 8. Let (Fc:(R),| - ||) be a pseudo-seminormed space of fuzzy intervals.
(i)  We have the following properties:
(@)  Suppose that the norm || - || satisfies the null super-inequality. Given any ¢ € ¥,

T DY € O(F*;€) implies & € O(X*;€).
(b)  Suppose that the norm || - || satisfies the null sub-inequality. Given any ¢ € ¥,
¥ € O(X%;¢€) implies ¥ ®p € O(%*;€)

and
% € O°X;€) implies ¥ B P € O° (I €).

(c)  Suppose that the norm || - || satisfies the null equality. Then, given any € ¥,
@ € O(X%€) ifand only if X € O(X%;€).
(if)  We have the following inclusions:

O(%e) CO(K;€) DY and O°(%;¢) C O°(%e) D Y.
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We further assume that the norm || - || satisfies the null sub-inequality. Then, we have the
following equalities:

O(Fe) DY = O(%;€) and O°(%;¢) &Y = O°(%; €).

(iii) Suppose that the norm || - || satisfies the null condition. Given a fixed ¥ € ¥, we have the
following inclusions:
Yoy CO%(p;e)and ¥ C O(y;e).

Proof. To prove case (a) of part (i), using the null super-inequality, we have
lxox <[ (xey)or|<e

which shows the desired implication.
To prove case (b) of part (i), given any ¥ € O(%*; €), using the null sub-inequality, we
have
IFeyp) o |<lrox|<e

This shows
To Y€ O(Fe).

Now, given any ¥ € O°(%*;¢), wehave ¥ = ¥* @ Zand || Z [[< €. Givenan ¢ € ¥, let
Z* = Z® 1. Then, we have
Top=x"oz,

where
2=l zey(<lzl<e

This shows
ToP e O°(Fe).

It is clear to see that case (c) of part (i) follows immediately from the previous cases (a) and (b).
To prove part (ii), since 1 {0y € ¥ isazeroelement, we have j = 7 ® 1 {0}, which shows
the following inclusions:

O(%%;€) CO(%%;€) DY and O°(x%;€) C O°(%;¢) D Y.

We further assume that the norm || - || satisfies the null sub-inequality. Given any ¥ €
O(%*;€) and p € ¥, using case (b) of part (i), we have ¥ & ¢ € O(%*;€). This shows the
following inclusion:

O(F%e)dY C O(%%€).

Given any ¥ € O°(%*;¢€) and ¢ € ¥, using case (b) of part (i), we have ¥ & ¢ € O°(%*;¢).
This shows the following inclusion:

O°(x*;€) DY C O°(%%;€).

Therefore, we obtain the desired equalities.
To prove part (iii), for any ¢’ € ¥, we have || ¢’ ||= 0. This shows

poy e 0(ye),
which shows the inclusion ¥ @ ¢ C O°(¢; €). On the other hand, we also have
I ogl=lv o) <l I+1-¢l=l¢l1+]yl=0.
This shows ¢’ € O(¢; €). Therefore, we obtain ¥ C O(i; €). This completes the proof. [

Proposition 9. Let (F¢.(R), || - ||) be a pseudo-seminormed space of fuzzy intervals.
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(i) Given any fixed p € ¥ and A # 0, we have the following properties:

(@)  Suppose that the norm || - || satisfies the null equality. Then, we have the following
inclusion:

AD(r€) € O(y; |Ale).

(b)  Suppose that the norm || - || satisfies the null super-inequality and A < 1. Then, we
have the following inclusion:

O(1p;|Me) C AD(y;e).
(i) Given any fixed p € ¥ and A # 0, we have the following equality:
AD°(;€) = O°(Ay; |Ale).

Proof. To prove case (a) of part (i), given any ¥ € O(;€), since Ay € ¥, using the null
equality, we have

lpert|=[l (porp)orx|=[Aporz(=[AFEoy)l=[All oy [<[Ale
This gives AX € O(i; |A|e). Therefore, we obtain the following inclusion:
AD(y;€) € O(y; [Ale).
To prove case (b) of part (i), given any ¥ € O(¢; |Ale), we have || p © % ||< |A|e. This

gives

| (w/A) o (x/A) =

Since A < 1, we have
l_w@ 1 » and 1 vew
A A l)ya A 1 '

Therefore, there exists p* € ¥ satisfying /A = ¢ @ 1p*. Now, we obtain

[ wexn)/Al=1/Al [yex<e

Ty @/A) <l (yoyp?)o (@/A) =] (p/A) o (x/A) [<e

This gives ¥/A € O(¢;€), which also gives ¥ € AO(y;€). Therefore, we obtain the
following inclusion:

O(¢;[Ale) C AD(y;e).

To prove part (ii), given any ¥ € O°(y;€), wehave ¥ = p @ Z and || Z || < €. Therefore,
we obtain AX = AP @ AZ. Let 2¥ = AZ. This gives || 2* ||< |A|e. Therefore, we obtain the
following inclusion:

AD°(;€) C O°(Ay; | Ale).

Now, given any ¥ € O°(A;|Ale), wehave ¥ = A @ Zand|| Z ||< |Ale. Let 2* = Z/A. We
obtain

F=AMpDIZ=APpDA(Z/A) = AP DAZ" = A(Pp @ Z") with || Z* [|[<e.
This gives ¥ € AO°(; €). Therefore, we obtain the following inclusion:
O°(Ap; [Ale) € AD%(yse).
This completes the proof. [

5. Open Sets

Let (Fec(R), || - ||) be a pseudo-seminormed space of fuzzy intervals. The concept of
open set in F..(R) is considered below by using the types of open balls studied above.
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Definition 4. Let (F(R), | - ||) be a pseudo-seminormed space of fuzzy intervals, and let § be a
nonempty subset of Fec(R).
e A fuzzyinterval, ¥ € §, is called an interior point of § when there exists an open ball O(X;€)
satisfying
O(%€) C 3.

The collection of all interior points of § is called the interior of § and is denoted by int(F).
* A fuzzy interval, ¥ € §, is called an w-interior point of § when there exists an open ball
O(%; €) satisfying
O(%e) DY C 3.

The collection of all a-interior points of § is called the w-interior of § and is denoted by

int @ (§).
*  Afuzzyinterval, ¥ € §, is called a B-interior point of § when there exists an open ball O(%; €)

satisfying e
O(Xe) CFDVY.

The collection of all B-interior points of § is called the B-interior of § and is denoted by
intP) ().
*  Afuzzy interval, X € §, is called a y-interior point of § when there exists an open ball O(X;€)

satisfying
O(FHe)p¥YCFaY.

The collection of all «y-interior points of § is called the ~y-interior of § and is denoted by
int") ().

The different types of o-interior points using the open ball, O°(%; ¢), can be similarly
defined. For example, a fuzzy interval, X € §, is called a oy-interior point of § when there
exists an open ball, O°(X; €), satisfying

O°(Fe) Y CFDY.

The collection of all ¢y-interior points of § is called the oy-interior of § and is denoted by
int(*7) (§).

Example 6. Continued from Example 1, given a trapezoidal fuzzy interval, i = (a*,ay,ap,aY),
the a-level set d, = [ak,al!] is obtained by
ik = (1 —a)at + aaq and 3 = (1 — a)a" + aay.

We consider a nonempty subset, §, of Fec(R) by

3= {yﬁ:/@l‘(ghgﬂ) - (aha}})‘dag 1}
= {g;/()l‘(gnggy) — (1 —a)(a +a") — a(a —|—u2)‘doc < 1}.

Considering the norm given in Example 3, we have the open ball

O(Fe)={7:| jot|<e = {g:/olﬂ(gbrgﬁf) - (az§+x§f)’da <e}.



Axioms 2023, 12, 996

17 of 33

The definition says that & is an interior point of § when there exists an € > 0 satisfying the following

inclusion
ENICEES <x <)
{ /‘ ya+ya — (1 —a)(a" +a"%) —a(ay + a) ‘dzx<1}

In particular, if we take % to be a trapezoidal fuzzy interval b = (b*, by, by, bY), then b is an interior
point of § when there exists an € > 0 satisfying the following inclusion

{g:/ol\(g,,%+gy)(1a)(bL+bU)a(b1+b2)’da<e}
C {y:/ol’(gngg,ﬁl) —(1—¢x)(aL+au)—zx(a1+a2)‘dzx < 1}.

Remark 2. Let § be a nonempty subset of Fc(R). Remark 1 says X ¢ O(%;€) in general, unless
the norm || - || satisfies the null condition. For a fuzzy interval, %, satisfying || X © X ||# 0 and
€' <|| x e ||, it follows that ¥ ¢ O(X;€*). Given any € < €*, it is clear to see O(X;€) C
O(X; €*). When we take § = O(%; €*), we see that the open ball, O(%; €), is contained in §, even
though the center X is not in §.

Remark 3. Let § be a nonempty subset of Fec(R). Remark 2 says that it is possible that there exists
an open ball, O(%; €), satisfying O(%;€) C Fand X ¢ §. In this situation, X is not an interior point
since ¥ ¢ §. Similarly, the set O(X;€) & Y does not necessarily contain the center X. Therefore, it
is possible that there exists an open ball, O (X; €), satisfying O (%;€) ®Y C Fand ¥ ¢ §. In this
situation, ¥ is not an a-interior point, since ¥ ¢ §. However, we make the following observations.
*  Suppose that the norm || - || satisfies the null condition. Remark 1 says ¥ € O(%;€). Since
1{0} € Y is a zero element, we have ¥ = ¥ ® 1{0} which also means ¥ € O(%;¢€) & Y.
*  Suppose that || Tyoy ||= 0. Then, we have & € O°(%;e€) by the second observation of Remark 1.
Since ¥ = X @ 1{0} and 1{0} €Y, we also have ¥ € O°(%;¢) ® Y.

According to Remark 3, the different types of so-called pseudo-interior points are
defined below.

Definition 5. Let (Fe(R), || - ||) be a pseudo-seminormed space of fuzzy intervals, and let § be a
nonempty subset of Fec(R).

*  Afuzzyinterval, ¥ € Fec(R), is called a pseudo-interior point of § when there exists an open
ball, O(%; €), satisfying
O(%€) C 3.

The collection of all pseudo-interior points of § is called the pseudo-interior of § and is denoted
by pint(3).
*  Afuzzyinterval, ¥ € Fec(R), is called an a-pseudo-interior point of § when there exists an
open ball, O(X; €), satisfying
O(Fe)pY C3.
The collection of all a-pseudo-interior points of § is called the a-pseudo-interior of § and is
denoted by pint™ (F).
* A fuzzyinterval, & € Fcc(R), is called a B-pseudo-interior point of § when there exists an
open ball, O(X; €), satisfying
O(Fe) CTDY.
The collection of all B-pseudo-interior points of § is called the B-pseudo-interior of § and is
denoted by pintP) ().
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*  Afuzzyinterval, & € Fe.(R), is called a y-pseudo-interior point of § when there exists an
open ball, O(X; €), satisfying
O(Fe)pYCFaY.

The collection of all y-pseudo-interior points of § is called the y-pseudo-interior of § and is
denoted by pint) (§).

The different types of o-pseudo-interior points using the open ball, O°(%;€), can be
similarly defined. The difference between Definitions 4 and 5 is that ¥ € § is considered in
Definition 4, and ¥ € F,.(R) is considered in Definition 5.

Remark 4. Let § be a nonempty subset of Fcc(R). Then, we have the following observations.
*  The following inclusions are obvious:

int(§) C pint(§) and int(®) (¥ C pint(o) (3).
We also have

int®) () C pint' ™ (§) and int°*)(F) C pint' ()
int'B)(3) C pint'P) () and int*P) (F) C pint'°P) ()
int(7) (¥) € int(7) (§) and int(°7) (¥) € pint(”) (¥).

*  The following inclusions are obvious:

nt(3) C g int(F) CF it (F) CFandint)(F) C 3.

Howeuver, the above inclusions may not hold true for pseudo-interior points.
*  Using Remark 1, we also have the following observations.

- Suppose that the norm || - || satisfies the null condition. Since ¥ € O(X;€), the concepts
of an interior point and a pseudo-interior point are equivalent.
- Suppose that || 6 ||= 0. Since ¥ € O°(X;e), the concepts of a o-interior point and a

o-pseudo-interior point are equivalent.

Remark 5. Suppose that the norm || - || satisfies the null sub-inequality. Using part (ii) of
Proposition 8, we make the following observations.

*  The concept of an interior point is equivalent to the concept of an a-interior point.

®  The concept of a B-interior point is equivalent to the concept of a y-interior point.

*  The concept of a pseudo-interior point is equivalent to the concept of an a-pseudo-interior
point.

®  The concept of a B-pseudo-interior point is equivalent to the concept of a y-pseudo-interior
point.

The equivalence between the concepts of o-interior points and o-pseudo-interior points can be

similarly realized.

Remark 6. Suppose that the norm || - || satisfies the null sub-inequality. Using part (ii) of
Proposition 5, we make the following observations:

e If ¥ is an interior point, then it is also a o-interior point.

e [fXis an a-interior point, then it is also a oa-interior point.

e If % is a B-interior point, then it is also a o B-interior point.

o If X is a y-interior point, then it is also a oy-interior point.

Let § be a nonempty subset of F.(R). Using Remark 5, we obtain the following relationships:

int(§) = int(F) C int*) (F) = int*(3)
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and

intB)(F) = int(F) C int°(F) = intl*P) ().
Similarly, for the pseudo-interior point, we also have the following relationships:
pint(F) = pint™) (F) C pint ) (F) = pint® ()

and

pint® (3) = pint")(§) C pint©? (3) = pint°P ().

Remark 7. Let (Fe.(R), || - ||) be a pseudo-seminormed space of fuzzy intervals, and let § be a
nonempty subset of Fec(R). Suppose that X € O(%;€) for any ¥ € Fe(R) and € > 0. Then, the
concept of an interior point is equivalent to the concept of a pseudo-interior point, which shows

pint(§) = int(F) C .
Similarly, if ¥ € O°(%;€) for any X € Fe(R) and € > 0, then we have
pint®(§) = int°(F) C 3.

Remark 8. Let (Fec(R), || - ||) be a pseudo-seminormed space of fuzzy intervals, and let § be a
nonempty subset of F.(R). From part (ii) of Proposition 8, we have the following inclusions:

O(%;€) CO(F;e) DY and O°(X;¢) C O°(F;6) B Y.
Suppose that ¥ € O(X;€) forany & € Fe.(R), and € > 0. Given any ¥ € pint("‘) (%), we have
TeDFe) COFe)dYCF.

This gives
% € int™ () and ¥ € int(F).

Using Remark 4, we obtain the following inclusions:
pint ™) (§) C int(F) C § and pint™ (F) C int'™) (F) C pint™(3).

This shows pint™) (§) = int™) (). Similarly, if ¥ € O°(%;€) forany & € Fee(R) and € > 0,
then we can also obtain the following relationship

pint(oa) (%) C int©) (3) C Fand pint(o"‘) (%) = int(o%) ().

Remark 9. Let (Fe(R), || - ||) be a pseudo-seminormed space of fuzzy intervals, and let § be a
nonempty subset of Fe(R) satisfying § &Y C §. Suppose that X € O(%;€) for any X € Feo(R)
and € > 0. Given any & € pint(ﬁ) (§), we have the following inclusions:

TeO(Fe) CFOYCSF.

This gives
% € int'P)(F) and € int(3).

Using Remark 4, we obtain the following inclusions:
pint(ﬁ) (%) Cint(F) C Fand pint(ﬁ) %) CintP(F) pint(ﬁ) (F)-

This shows pint'¥)(§) = int'B)(F). Similarly, if ¥ € O°(%;€) for any ¥ € Feo(R) and € > 0,
then we can also obtain the following relationship

pint®P)(F) C int')(F) C § and pint*P) (F) = int'°P) ().
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Remark 10. Let (Fe.(R), || - ||) be a pseudo-seminormed space of fuzzy intervals, and let § be a
nonempty subset of]-"cc( ) satisfying § ®Y C §. Suppose that ¥ € O(%;€) for any ¥ € Fe.(R),
and € > 0. Using part (ii) of Proposition 8, we have the following inclusions:

O(%;€) CO(Fe) Y and O°(%;¢) C O°(F;6) Y.
Given any X € pintm (§), we also have the following inclusions:
FeO(Fe) COXKe)PYCFDYCF
This gives
teint™(F), xeintP(F), xeint"(F)andx € int(3).

Therefore, we obtain the following inclusions:

pint(F) Cint(F) CF, pint(F) Cint(F) € pint(F) CintP(F) CF

and

pint)(3) C int () C 3.

Using Remark 4, we can obtain the following inclusions:
pint(F) C int"(F) C pint) ().

This shows pint") () = int")(F). Similarly, if ¥ € O°(%;€) for any ¥ € Fee(R) and € > 0,
then can also obtain

pint(F) Cint)(F) € F, pint®(F) Cint(F) CF, pint°(F) CintP)(F) C

and
pint©) (§) = int©V) ().

Definition 6. Let (Fc(R), || - ||) be a pseudo-seminormed space of fuzzy intervals, and let § be a
nonempty subset of Fec(R).

o We say that the set § is open when § = int(§), and we say that the set § is pseudo-open when
§ = pini(3).
o Wesay that the set § is a-open when § = int (=) (&), and we say that the set § is a-pseudo-open

when § = pmt( )(3).
o Wesay that the set § is p-open when § = int (B) (§), and we say that the set § is B-pseudo-open

when § = pintP)(F).
e Wesay that the set § is y-open when § = int(7) (§), and we say that the set § is ~y-pseudo-open
when § = pznt )(3).

Using the different types of o-interior and o-pseudo-interior points, we can similarly define the
corresponding types of o-open sets.

We adopt the convention @ & ¥ = @.

Remark 11. Let (F(R), || - ||) be a pseudo-seminormed space of fuzzy intervals, and let § be a
nonempty subset of Fec(R).

*  Since the empty set, D, contains no elements, we can treat the empty set as an open ball, which
also means that the empty set O is open and pseudo-open. Since

repCX
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for any open ball O, it follows that
Fee(R) C int(Fee(R)) and Fee(R) C pint(Fee(R)).

This shows that F.(R) is open and pseudo-open.
o  Since@®Y =D C @, this means that that the empty set @ is a-open and x-pseudo-open.
Since
reDoYCX

for any open ball O, it follows that
Fee(R) C int™) (Fee(R)) and Foe(R) C pint™@ (Fee(R)).

This shows that Fe.(R) is a-open and a-pseudo-open.
*  Since® C D =Y @ Q, this means that the empty set @ is B-open and B-pseudo-open. Using
part (i) of Proposition 1, given any X € Fe.(R) and any open ball, O, we have

F€9DC Fee(R) C Fue(R) @ Y.
Therefore, we obtain
Fee(R) C intP) (Fee(R)) and Fue(R) C pint'P) (Foe(R)).

This shows that Fe.(R) is B-open and B-pseudo-open.
*  Since@®Y C Y @D, this means that the empty set, D, is y-open and y-pseudo-open. Given
any % € Fe(R) and any open ball, O, we have ¥ € © C X. This also means

OBYC XY,
Therefore, we obtain
Fee(R) C int (Fue(R)) and Foe(R) C pint') (Fee(R)).

This shows that Fe:(R) is y-open and y-pseudo-open.
Regarding the o-open sets and o-pseudo-open sets, we can obtain similar results.

In order to study the topological structure of (Fc:(R), || - ||), we need some interesting
results.

Proposition 10. Let (F(R), || - ||) be a pseudo-seminormed space of fuzzy intervals, and let §
be a nonempty subset of Fc(R). Then, we have the following properties:

(i)  Suppose that § is pseudo-open, i.e., § = pint(F). Then, § is also open. In other words, we
have

§ = pint(F) = int(F).
Suppose that § = pint®(§), Then, we have

§ = pint®(3) = int° (3).
(i) Suppose that § = pint® (). Then, we have
3 = pint™ (3) = int@(3).
Suppose that § = pint(®®) (F). Then, we have

§ = pint®¥(F) = int* (3).
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(iii) Suppose that § = pint'P) (F). Then, we have
3 = pint®) (F) = int#) ().
Suppose that § = pint(°P) (F). Then, we have
§ = pint®?)(F) = intP)(F).
(iv) Suppose that § = pintY) (). Then, we have
3 = pint)(3) = int")(F).
Suppose that § = pint'®Y)(F), Then, we have
§ = pint©®?)(3) = intl*V ().
Proof. It suffices to prove part (i), since the other parts can be similarly realized. Given any
% € pint(§) = §,

there exists an open ball, O(X;¢), satisfying O(%;e¢) C §. Since ¥ € §, it follows that
% € int(§). Therefore, we obtain pint(F) C int(F). Using the first observation of Remark 4,
we obtain pint(F) = int(F). This completes the proof. [I

Proposition 11. Let (F(R), || - ||) be a pseudo-seminormed space of fuzzy intervals, and let §
be a nonempty subset of Fec(R).

(i)  Suppose that the norm || - || satisfies the null super-inequality. Then, we have the following
properties:

(@)  Given any type of pseudo-open set, §, ¥ € § implies X @ ¢ € § forany ¢ € Y.
(b)  Givenan open set §, ¥ € § implies X ® P € pint(F) forany p € Y.
(c)  Given an a-open set §, X € § implies X © ¢ € pint(“) (§) forany p € ¥.
(d)  Givena p-open set 5, & € § implies £ ® ¢ € pintP) () forany p € ¥.
(e)  Givena y-openset 3, % € § implies ¥ @ ¢ € pintV)(F) for any v € ¥.
(i) Suppose that the norm || - || satisfies the null sub-inequality. Given any type of pseudo-open
set §, we have the following properties:

(@) X®Y e Fimpliesk € § forany ¢ € Y.

(b) SOYCFforanyp e ¥YandFOY C 3.
() XOYeFDyYimpliesx € Fforanyp € Y.
(d)  We have the equality § =F O Y.

(ili) Swuppose that the norm || - || satisfies the null sub-inequality. Given any type of o-pseudo-open
set§, % € §impliesX D € § foranyp € Y.

Proof. To prove part (i), we first assume that § is y-pseudo-open. Given any
¥ € § =pint")(5),
there exists an open ball, O(X;€), satisfying
O(Fe)d¥CFaY.
Part (i) of Proposition 6 shows the following inclusion

OFdyPe) Y CFDY.
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Therefore, we obtain
i@y e pint)(F) = 3.

Now, we assume that § is y-open. Given any
# € § =it (§) C pint™(3),

we can similarly obtain
i@ e pint ().

The other cases can be similarly obtained.
To prove case (a) of part (ii), it suffices to consider the case of a y-pseudo-open set.
Given any

toype§=pint"(F),
there exists an open ball, O (X & ; €), satisfying
OFeyPe)dYCFaY.
Part (ii) of Proposition 6 shows the following inclusion:
O(Fe)p¥YCFaY.

Therefore, we obtain ¥ € pint('y) (% =3
To prove case (b) of part (ii), it suffices to consider the case of a y-pseudo-open set.
Given any ¥ € § @ ¢, there exists

7 e § = pint)(F)
satisfying ¥ = ¥* @ 1p. This also means that there exists an open ball, O(%*; €), satisfying
O(Fe) Y CFDY.
Using part (ii) of Proposition 6, we have
O(%;€) COXDY;e) = O(%%;€).
Therefore, we obtain
O(Fe)a¥CFaY, ie, ¥ e pint(F) =35

Now, given any & € § @ ¥, there exists a ¢ € ¥ satisfying ¥ € § ® . Therefore, we obtain
% € § by using the above result, which shows the equality § & ¥ C §.

To prove case (c) of part (ii), from case (b) of part (ii), we have the following relation-
ship:

TopefopCFOYCS,
which shows % € § by using case (a) of part (ii).

To prove case (d) of part (ii), since 1 0y € Yisazero element, we have ¥ = ¥ @ 1 (0}-
This shows § C § @ Y. Therefore, we can obtain the desired equality by using case (b) of
part (ii).

To prove part (iii), part (ii) of Proposition 6 shows the following inclusion:

O°(X® ¢;e) C O°(%;€).

Therefore, we can obtain the desired result by using a similar argument to the proof of part
(i). This completes the proof. [

Proposition 12. Let (Fe(R), || - ||) be a pseudo-seminormed space of fuzzy intervals.
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(i)  Suppose that the norm || - || satisfies the null condition. Then, we have the following properties:

(@)  We have the following inclusion:

int®(3) @ ¥ C 3.

When § is a-open, we also have § @Y C §.
(b)  We have the following inclusion:

int?)(F) CF @Y.

When § is B-open, we also have § C § & Y.

(ii) Suppose that the norm || - || satisfies the null sub-inequality. Then, we have the following
inclusion:
(pint® (3))° & ¥ < (pintP (5))".

When § is B-pseudo-open, we also have §° ® ¥ C F°.

Proof. To prove case (a) of part (i), given any ¥ € int(®) (), there exists an open ball,
O(%;€), satisfying O(%;¢) @Y C §. The first observation of Remark 1 says ¥ € O(%;¢).
Therefore, we have

TEYCOFe)dYCF,
which shows the inclusion int(®) (F) oY C3.

To prove case (b) of part (i), given any % € int() (§), there exists an open ball, O(; ),
satisfying O(%;e) C §@ Y. Since ¥ € O(%;¢), we have ¥ € §® ¥, which shows the
inclusion int(#) (F)CTY.

To prove part (ii), given any

7 e (pint)(F)) @Y,

there exist an #* € (pint)(§))¢ and an ¢* € ¥ satisfying ¥ = &* ® ¢*. This means
O(x*;€) € §@ 'Y for every € > 0. Using part (ii) of Proposition 6, we have

O(#;€) C O(F* @ p'se) = O(Tre).

Therefore, we obtain O(%;¢) € §® ¥ for every € > 0, which means ¥ ¢ pint(ﬁ) (¥). This
completes the proof. [

Proposition 13. Let (Fc:(R), || - ||) be a pseudo-seminormed space of fuzzy intervals.

(i)  The open ball O°(%;€) is simultaneously o-open, oB-open and oy-open. Moreover, we also
have the following inclusions:

O°(%;€) C pint(D°(F;€)), O°(%€) C pint*P) (0°(%;€)) and O°(%;¢€) C pint*7) (D°(%;¢)).

(i) The open ball O(X;e€) is simultaneously open, B-open and y-open. Moreover, we also have the
following inclusions:

O(%;€) C pint(O(F¢)), O(F¢€) C pint?) (D(%;€)) and O(%;€) C pint?) (D (%; ¢€)).

(iii) Suppose that the norm || - || satisfies the null sub-inequality. Then, the open ball O°(%;¢€) is
simultaneously ow-open and a-open. Moreover, we also have the following inclusions:

0°(%;€) C pint®) (0°(%;€)) and O(%;¢) C pint® (O(%;€)).



Axioms 2023, 12, 996

25 of 33

Proof. To prove part (i), given any ¥ € O°(%°;¢€), wehave ¥ = ¥° @Zand | Z ||< e. Let
€ =€— || Z||> 0. Given any ¥* € O°(%;€), we also have ¥* = ¥®dand || 7 ||< €
Therefore, we obtain

F=0ze0

i

and
[zed|<[z]+[d]=e—€+|d]<e—€+tE=E.

This shows ¥* € O°(x°; €). Therefore, we obtain the following inclusions:
O°(%;€) C O°(x%€), (7)

which also shows the following inclusion:

O°(%%€) Cint(O°(%°;€)).
Therefore, we obtain the following equality:

O°(x°%;€) = int(OD°(%€)).
Similarly, we can obtain the following inclusion:

O°(%°%€) C pint(O°(x°;€)).
Since pint(O°(%°;€)) is not necessarily contained in O°(%°; €), we may not have the follow-
ing equality:

O°(%°%€) = pint(D°(x°;€)).

Now, using (7), we have the following inclusion:
O°%(x;€) DY C O°(x%e) DY,

which shows that O°(%°; €) is oy-open. Using (7) and part (ii) of Proposition 8, we obtain
the following inclusions:

O°(%;€) C O°(%e) CO°(x%e) DY,
which shows that O°(x°; €) is o-open.
To prove part (ii), given any & € O(%°¢€), wehave || F© %° ||<e. Leté =|| x©x° |.
Given any ¥* € O(%;e — €), we have || ¥* © & ||< € — €. Using Proposition 4, we obtain
|*o ||<|¥of|+]xox|=ct+| Fox|<é+te—E=c¢c
This means * € O(x°;€). Therefore, we obtain the following inclusion
O(Xe —€) C O(x%€), (8)
which also shows the following inclusion:
O(x°%€e) Cint(O(x°€)).
Therefore, we obtain the following equality:
O(x°%€e) = int(O(%°%€)).
Similarly, we can obtain the following inclusion:

O(%°%€) C pint(O(X°€)).
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Now, using (8), we have the following incusion
O(He—€)dY COH%e)DY,

which shows that O(%°; €) is y-open. Using (8) and part (ii) of Proposition 8, we obtain the
following inclusion:
O(%e—€) CO(X%e) CO(X%e)DY,
which also shows that O(%°; €) is f-open.
To prove part (iii), using (7), (8) and part (ii) of Proposition 8, we have the following

relationships:

O°(F;€) Y C O°(x%e) Y = O%%%¢€)
and

O(Xe—€) DY COF%e)PY =9O(x%€).

This shows that the open ball O°(%°;¢) is simultaneously ¢a-open and a-open. This
completes the proof. [

Proposition 14. Let (F(R),|| - ||) be a pseudo-seminormed space of fuzzy intervals. Then, we

have the following properties:

(i)  Suppose that ¥ € O(X;€). Then, O(%;e€) is pseudo-open. We further assume that the
norm || - || satisfies the null sub-inequality. Then, O(%;€) is simultaneously a-pseudo-open,
B-pseudo-open and y-pseudo-open.

(i) Suppose that ¥ € O°(%;€). Then, O(X;e€) is o-pseudo-open. We further assume that the
norm || - || satisfies the null sub-inequality. Then, O(X; €) is simultaneously oa-pseudo-open,
oB-pseudo-open and oy-pseudo-open.

Proof. The results follow immediately from Proposition 13, Remarks 7-10 and part (ii) of
Proposition 8. [J

6. Topological Spaces

Using the different types of open sets presented above, we can study the topological
structure generated by the pseudo-seminormed space (Fe:(R), || - ||) of fuzzy intervals.
e The collection of all open sets in F,.(R) is dented by 7.

¢ The collection of all o-open sets in F.(R) is denoted by (°).

e The collection of all pseudo-open sets in F..(R) is denote by pt.

¢ The collection of all ¢-pseudo-open sets in F¢(R) is denoted by pt(®).
e The collection of all a-open sets in F¢(R) is denote by T(®.

e The collection of all oa-open sets in Fc(R) is denoted by ()

e The collection of all a-pseudo-open sets in F(R) is denoted by pt(¥.

o)

e The collection of all oa-pseudo-open sets in F.(R) is denoted by pt!

The families T(#), T(7), 7(°B), (o), pr(B), pr(1), pr(°F) and p7(*?) can be similarly realized.

Theorem 1. Let (Fec(R), || - ||) be a pseudo-seminormed space of fuzzy intervals. Then, we have
the following properties:

() (Fee(R), 7)) and (Fee(R), 700 are topological spaces.
(ii) Suppose that ¥ € O(%;€) for any ¥ € Fe(R) and € > 0. Then,

(.FCC(R),pT("‘)) = (FCC(R)rT(lX))

is a topological space.
(ili) Suppose that X € O°(X;€) forany & € Fe.(R) and € > 0. Then,

(fCC(R)rPT(W)) = (-FCC(R)/T(M))
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is a topological space.

Proof. To prove part (i), the second observation of Remark 11 says @ € 7(®) and X € T,
Let § = N, §;, where §; are a-open sets fori = 1,--- ,n. Given any £ € §, we have ¥ € §;
fori =1,---,n. Therefore, there exist open balls, O(%;¢;), satisfying O(%;¢;) & ¥ C §; for
i=1,---,n. Lete = min{ey,- - -, €, }. Then, we have the following inclusions:

O(%e) DY CO(%¢) DY CF;

fori =1, ---,n. This shows

)=

O(%e)d¥YC (5 =3

1

Therefore, we obtain § C int®)(§). Using Remark 4, we must have the equality

§ = int(3).
LetF = Uvel" Sy Given any X € §, we have ¥ € §, for some 7 € I'. Therefore, there
exists an open ball O(X; €) satisfying

D(f}e) oY C S’y C 3.

This shows § C int®) (). Using Remark 4, we must have the equality § = int(®) (%).
Therefore, we conclude that (F..(R), 7)) is a topological space. We can similarly show
that (Fe.(R), 7(°V) is a topological space.

Finally, using Remark 8, parts (ii) and (iii) can be obtained immediately from part (i).
This completes the proof. [

By looking at parts (ii) and (iii) of Proposition 1, we need the assumption ¥ € O(X;¢).
We note that Remark 1 has shown sufficient evidence to guarantee ¥ € O(X;¢).

Example 7. Continuing from Example 3, let us define a nonnegative real-valued function, || - ||,
in Fee(R) by
1
X ||l=
EIEA

Then, (Fec(R), || - ||) is a normed space of fuzzy intervals such that the null condition and null
equality are satisfied. The open ball is given by

7k 2\ da.

o(me) = il gorl<er = {r: [[|(#h+at) - (d+a)la<el O
which can define the a-open set and on-open set §, satisfying
3 = int® (§)and § = int(©0) (3),
respectively. Theorem 1 shows that the collection of all such kind of a-open sets and cw-open sets

form the topological spaces (Fec(R), (%)) and (Fee(R), T(°V).
From (9), it is clear to see ¥ € O(X;€) for any € > 0, since

1
EEE: ||=/0 ‘(fﬁﬂ?k’) - (az,{;wkf)‘d«x —0<e
Therefore, part (ii) of Theorem 1 says that

(]:CC(R),pT("‘)) = (JTCC(R)fT(“))

is a topological space.
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On the other hand, regarding the open ball:

gL 45U

O°%Ke)={xdz:||z|<e}= {5&@2:/01

dﬂ(<€}.

We take z = 1;qy. Then, we have
b =34 = 0foralla € [0,1]
and
foi=x0lg =4%,
which shows X € O°(%;€) for any € > 0. Therefore, part (iii) of Theorem 1 says that
(-FCC(R)rPT(W)) = (-FCC(R>IT(M))

is a topological space.

Theorem 2. Let (Fe(R), || - ||) be a pseudo-seminormed space of fuzzy intervals. Then, we have
the following properties:

() (Fee(R), ) and (Fue(R), T(®)) are topological spaces.
(i) Suppose that X € O(%;¢€) for any ¥ € Feo(R) and € > 0. Then,

(Fee(R), T) = (Fec(R), p7)

is a topological space.
(ili) Suppose that X € O°(X;€) for any & € F(R) and € > 0. Then, we have that

(-FCC(R)/T(O)) = (J:CC(R):PT(O))
is a topological space.

Proof. The first observation of Remark 11 says that @ and F..(R) are open sets. Therefore,
we can use the similar argument of Proposition 1 without considering the null set, ¥. [

Let (Fec(R),|| - ||) be a pseudo-seminormed space of fuzzy intervals. We consider
four new families as follows:

0 = gedP go¥cy)

201) = {ge URE L) Sw %}

P = {ge P 5o ¥ CF)

2(o7) — {g et . Fp¥ C S}
Then, we have the following inclusions:

zB) c B, 20 c (1, 20B) C 7(F) and 71 C (1),
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We also consider the following new families:
pA( {S ept? :Fav¥C S}
}5%( {SEpT s@‘lfcg}
prP = {geprP Fo¥Cg)
pe) = {gepr o ¥ C 5}
Then, we have the following inclusions:
}3}(/5) c pt#, Ig}(v) c pt, Iﬁ(oﬁ) C pt(°P) and 5}(0’7) C ptl©),

Theorem 3. Let (Fe(R), | - ||) be a pseudo-seminormed space of fuzzy intervals. Suppose that
the norm || - || satisfies the null sub-inequality. Then, we have the following identical families

5e® — prl) — prM) = 55 gnd 2B) — (B) — 1) — 2(1),

Proof. Using Remark 5 and case (d) of part (ii) of Proposition 11, we can obtain the desired
results. This completes the proof. [

Theorem 4. Let (Fec(R), || - ||) be a pseudo-seminormed space of fuzzy intervals. Then, we have
the following properties:

() (Fee(R),2P)) and (Fee(R), T(°P)) are topological spaces.
(i) Suppose that X € O(%;€) for any ¥ € Feo(R) and € > 0. Then,

(Fee(R), 7)) = (Fue(R), 7))

is a topological space.
(ili) Suppose that X € O°(X;€) for any & € Fe.(R) and € > 0. Then,

(Fee(R), TP = (Fee(R), 2P
is a topological space.

Proof. To prove part (i), given any §1,52 € ?(/5), let § = §1 NJ2. Given any ¥ € 3,
we also have ¥ € §; for i = 1,2. Therefore, there exist open balls, O(%;¢;), satisfying
O(%;€) CFi®dYfori =1,2. Let e = min{ey, €2 }. Then, we have the following inclusions:

O(%;€) CO(F6) CFdY
for i = 1,2. Using Proposition 3, we can obtain
OFe)C(HeY)NnFERmeY))=FEN&Hh)eo¥=5FaVY.

This shows that the intersection § is f-open. Now, given any £ € § @ ¥, there exist ¥* € §
and ¢ € ¥ satisfying ¥ = £* @ ¢. Since ¥* € §1 N §, it follows that

feFoYCHandrcFHdY C 3.

Therefore, we obtain
TesiNg: =3 ie,§OY C3.

This shows that the intersection § is indeed in 7(B).
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Given a family, {F, }cr, in 7B) let § = Uyer 8- Given any ¥ € §, we have ¥ € §,
for some 1y € I'. Therefore, there exists an open ball, O(%;€), satisfying

OFe)CFe¥YCFaY.

This shows that the union § is f-open. Now, given any ¥ € § @ ¥, there exist ¥* € § and
Y € ¥ satisfying ¥ = £* @ ¢, which also means £* € §, for some v € I'. Therefore, we
obtain the following inclusions:

J?ES,YEB‘YQSWQS, ie,§OY C3F.

This shows that the union § is indeed in T(#).
The third observation of Remark 11 says that @ and F,.(R) are p-open sets. It is clear
to see that
QeY =Qand F.(R) @Y C Fee(R).

Therefore, we have @, X € 7(F). This shows that the family (F. (R),?(/g)) is indeed a
topological space. The above arguments are also valid to show that (Fe(R),7(°P)) is a
topological space.

Finally, using Remark 9, parts (ii) and (iii) can be obtained immediately from part (i).
This completes the proof. [J

Theorem 5. Let (Feo(R), || - ||) be a pseudo-seminormed space of fuzzy intervals. Then, we have
the following properties:

() (Fee(R), 7)) and (Fee(R), T(°7)) are topological spaces.
(i) Suppose that X € O(%;€) for any ¥ € Fee(R) and € > 0. Then,

(FeeR), 7T7) = (Fuc(R), 77)

is a topological space.
(iii) Suppose that ¥ € O°(X;¢€) for any ¥ € Fec(R) and € > 0. Then,

(Fee (), p7'7) = (Fee(R), 77)
is a topological space.

Proof. To prove part (i), the fourth observation of Remark 11 says @, F(R) € ). Ttis
clear to see that
QY =0and F (R) Y C Fee(R).

Therefore, we obtain @, F..(R) € 7(7),
Given any 31,82 € (1) let § = §1 N §2. Given any & € §, there exist open balls,
O(%; €;), satisfying
O(Fe)dYCF Y

fori =1,2. Lete = min{ey, € }. Then, we have the following inclusions:
O(Fe)pYCOFe)dYCFoaY
for i = 1,2. Using Proposition 3, we obtain
OFe)a¥C (oY) NE@mey)=ENHh)e¥=3a¥.

This shows that the intersection § is y-open. From the proof of Proposition 4, we can
similarly obtain § & ¥ C §. This shows that the intersection § is indeed in 2(7),
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Given a family, {F, }er, in 7 let§ = Uyer 8- Given any ¥ € §, we have ¥ € §,
for some <. Therefore, there exists an open ball, O(%;€), satisfying

O(Fe)dp¥YCF Y CFaY.

This shows that the union § is y-open. From the proof of Proposition 4, we can simi-
larly obtain § ® ¥ C §. This shows § € 7(7). Therefore, we conclude that the family
(Fee(R), (1) is indeed a topological space. We can similarly show that (F.c(R), T(°?)) is a
topological space.

Finally, using Remark 10, parts (ii) and (iii) can be obtained immediately from part (i).
This completes the proof. [

Theorem 6. Let (Fe.(R), | - ||) be a pseudo-seminormed space of fuzzy intervals. Suppose that
the norm || - || satisfies the null sub-inequality and that & € O(%;€) for any & € Fe.(R) and
€ > 0. Then,

(]:CC(R)rPT(ﬁ)) = (‘FCC(R)fPT(Y))

is a topological space.

Proof. The third observation of Remark 11 says @, F..(R) € pT(ﬁ). Given any §1, 82 €
pTUg), let § = §1 N §2. Given any ¥ € §, we have ¥ € §; for i = 1,2. Therefore, there exist
open balls, O(%; ¢;), satisfying
D(f,‘é’i) Q Si @T

fori =1,2. Lete = min{ey, €2 }. Then, we have the following inclusions:

O(X%e) COFe) CFDY
fori = 1,2. Using case (d) of part (ii) of Proposition 11, we obtain

OFe)C(HhreY)NEmeY))=3NHE=EFN&Hh)d2Y=FdY,

which shows # € int(F) (§). Using Remark 4, we also obtain the following inclusions:

5 C int®)(§) C pint®)(F).
Given any ¥ € pint(ﬁ) (%), part (ii) of Proposition 11 says

TeOFe)CFeY=FNH)e¥YCHEY =51

We can similarly show & € >, which implies £ € §1 N §2 = §. Therefore, we obtain the
inclusion pint'?)(§) C §. This shows the equality pint’) (§) = 3.

Given a family, {§, },er, in pT(ﬁ), let§ = U,cr §y- Givenany ¥ € §, we have ¥ € §,
for some v € T. Therefore, there exists an open ball O(%;€) satisfying

O(%e) CF, 0¥ CFaY.
This shows the following inclusions:

3 C int#) () C pintP) ().
Given any ¥ € pint?)(F), part (ii) of Proposition 11 says

TeO(Fe) CFRY=73
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which shows the inclusion pint'f)(F) C . Therefore, we obtain the equality § = pint#) ().
This shows that the union F is a member of pt#). Finally, using Remark 5, we conclude that

(]:CC(R)IPT(ﬁ)) = (FCC(R)fPT(Y))
is a topological space. This completes the proof. [J

7. Conclusions

As we mentioned above, the space, Fc(R), of all fuzzy intervals in R cannot be a
(conventional) vector space. The main reason is that each fuzzy interval cannot have an
additive inverse element. It also means that each fuzzy interval that is subtracted from itself
cannot be a zero element in F..(R). Although F..(R) is not a vector space, it maintains a
vector structure by treating the addition of fuzzy intervals as a vector addition and treating
the scalar multiplication of fuzzy intervals as a scalar multiplication of vectors.

In this case, we still can endow a norm on the space F.(R). For example, given any
% € F(R), we can define three norms as follows:

1
%= || - ¥|da
0
1
||9Z||:/ 7L 4 7Uda
0
| % ||= sup JZ,JLL—I—JZDL(I
ael01]

Two different types of open balls with a radius of € are defined by
0°(%;e) = {x@2: 2] < €}
and
O(Fe) ={7:lyox(<el,

Using these two different types of open balls, many types of open sets and pseudo-open
sets are defined. Theorems 1 and 2 show the topological structure regarding the open sets,
and Theorems 4 and 5 show the topological structure regarding the pseudo-open sets.
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