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This Special Issue of the journal Axioms collates submissions in which the authors
report their perceptions and results in the field of mathematical physics and/or physical
mathematics without any preconditions of the specific research topic. The papers are
intended to provide the reader with a broad window into the status of the research field
showing our understanding of how a known concept changes our thinking in that area
of science.

The history of interactions between physics and mathematics is old and complex.
Physics cannot flourish without mathematics and mathematics frequently takes its inspi-
ration from physics. The inward-bound trajectory of 20th century physics towards the
discovery of the most fundamental laws of physics resulted in the creation of quantum field
theory (QFT) and string theory (ST). QFT /ST was a revelation of 20th century scientists well
into the 21st century and is widely recognized as being far from fully understood. Research
into QFT /ST has made use of ever more sophisticated mathematics, including cutting
edge mathematics at the focus of present-day research. Conversely, many developments in
QFT/ST have also led to profound new insights, constructions, and even entire subfields
of mathematics (examples include vertex operator algebra theory and homological mirror
symmetry). A community of scientists, involving both mathematicians and physicists,
are vigorously engaged in the pursuit of investigating QFT /ST and its relationship with
mathematics. There is dual and equal emphasis on both the discovery of the fundamental
laws of nature as well as on mathematical discovery. This field of intellectual research has
been termed physical mathematics. Physical mathematics is a subfield of the much broader
field of mathematical physics [1].

1. Solvay 1911: Poincaré (Leibniz Newton Calculus) and Einstein (Boltzmann
Gibbs Entropy)

A similar situation occurred at the beginning of the 20th century in physics and
mathematics. The situation was reflected in the proceedings of the first Solvay Council
more than 100 years ago in 1911. The central topic at this time was not QFT but quantum
mechanics and the Solvay Council proceeded in elaborating on questions concerning
Planck’s quantum of action in terms of mathematics and physics [2].

For this Special Issue of Axioms, the question of what the eminent physicists and
mathematicians contributed to the deliberations of the first Solvay Council had in mind
for their research to develop “the theory of [photon] radiation and quanta” into quantum
physics on a similar standing as classical physics was considered. When planning this
Special Issue of Axioms the question was asked if we were in a similar situation today
asking for the discovery of “the theory of neutrino radiation and quanta” generalizing the
mathematics and physics of the standard model of elementary particle interactions.

The Solvay Councils have been devoted to understanding preeminent open problems
in physics by applying modern mathematics. Hendrik A. Lorentz was chairman of the first
Solvay Conference on Physics, held in Brussels from 30 October to 3 November 1911. The
subject was The Theory of Radiation and Quanta. This council looked at the problems of
having two approaches, namely, classical physics and quantum physics.
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On one side, at the first Solvay Council, a time between the discovery of Planck’s
quantum of action and the birth of Heisenberg’s and Schrodinger’s quantum mechanics,
Poincaré asked if it was still possible to represent basic physical laws (mechanics) in terms
of differential equations [3]?. Today a follow-up question to Poincare’s question could
be, in principle: What physics is behind the so-called fractional calculus and fractional
differential equations [4]?

On the other side, although the equation on Boltzmann'’s grave at the Vienna Central
Cemetery captures his insight into entropy, he never wrote it down himself. It was Planck
who, in 1900, first wrote into the form that became Boltzmann's epitaph and supported
the birth of quantum theory. In 1905, in one of his papers, Einstein termed it Boltzmann's
principle. This equation reflects the fundamental insight that the second law of thermody-
namics can only be understood in terms of a connection between entropy and probability
and thus the second law is statistical in nature. Einstein’s perspective on classical statistical
mechanics and particularly on Boltzmann’s principle is reflected by his written words:

“What I find strange about the way Mr. Planck applies Boltzmann's equation is
that he introduces a state probability W without giving this quantity a physical
definition. If one proceeds in such a way, then, to begin with, Boltzmann’s equa-
tion does not have a physical meaning. The circumstance that W is equated to the
number of complexions belonging to a state does not change anything here; for
there is no indication of what is supposed to be meant by the statement that two
complexions are equally probable. Even if it were possible to define the complex-
ions in such a manner that the S obtained from Boltzmann’s equation agrees with
experience, it seems to me that with this conception of Boltzmann’s principle
it is not possible to draw any conclusions about the admissibility of any funda-
mental theory whatsoever on the basis of the empirically known thermodynamic
properties of a system.” [5].

Even earlier, Einstein emphasized with respect to the equation S = (R/N) 1 gW + const.,
that:

“Neither Herr Boltzmann nor Herr Planck gave a definition of W. They put
formally W = number of complexions of the state under consideration”.

2. Mathematical Physics

What is the meaning and purpose of the field of mathematical physics or physical
mathematics? The common understanding is that mathematical physics applies rigorous
mathematical ideas to problems inspired by physics and to investigate the mathematical
structure of physical theories, and vice versa. As such, it is a remarkably broad subject.
Mathematics and physics are traditionally tightly linked subjects and many historical
figures, such as Isaac Newton and Carl Friedrich Gauss, were both physicists and mathe-
maticians. Traditionally mathematical physics has been closely associated with ideas in
calculus, particularly those of differential equations.

In recent years, in part due to the rise of QFT, quantum gravity, and cosmology,
many more branches of mathematics have become major contributors to physics. The
section Mathematical Physics of the Journal Axioms covers a wide field for research in
the mathematical and physical sciences and their applications, including applications in
chemistry, biology and the social sciences. Depending on the inclination of the authors of
research papers in Axioms, one may prefer mathematics from the point of view of physics
or vice versa.

3. From Solvay 1911 to Axioms 2022: Fractional Calculus and Non-Additive Entropy

Mathematical structures entered the development of physics, and problems emanating
from physics influenced developments in mathematics. Examples include the role of
Riemann’s differential geometry in Einstein’s general relativity, the dynamical theory of
space and time, and the influence of Heisenberg’s quantum mechanics in the development
of functional analysis built on the understanding of Hilbert spaces. A prospective similar
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development occurred a couple of decades ago when non-Abelian gauge theories emerged
as QFTs for describing fundamental particle interactions. Recently, attention has turned to
the application of Riemann-Liouville fractional calculus [6-8] to physics, including Tsallis
non-additive entropy [9,10]. Statistical mechanics concerns mechanics (classical, quantum,
special or general relativistic) and the theory of probabilities through the adoption of a
specific entropic functional [11]. Connection with thermodynamics and its macroscopic
laws is established through this function.
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