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Abstract: In the predator—prey system, predators can affect the prey population by direct killing
and predation fear. In the present study, we consider a delayed predator-prey model with fear and
Beddington-DeAngelis functional response. The model incorporates not only the fear of predator on
prey with an intraspecific competition relationship, but also fear delay and pregnancy delay. Apart
from the local stability analysis of the equilibrium points of the model, we find that time delay can
change the stability of the system and cause Hopf bifurcation. Taking time delay as the bifurcation
parameter, the critical values of delays in several cases are derived. In addition, we extend it to the
random environment and study the stochastic ultimate boundedness of the stochastic process. Finally,
our theoretical results are validated by numerical simulation.
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1. Introduction

Predator—prey interaction is an important relationship in population dynamics, which
is a hot research topic in ecology and biomathematics. The study of predator-prey models
can help us prevent and control large-scale species changes, protect species diversity, and
optimize ecosystems.

An important component of the predator—prey relationship is the functional response
of the predator. The functional response refers to the effect of the amount of preda-
tion by a predator in a certain period of time on the change of prey density. Numer-
ous experiments [1,2] have shown that the functional response depends not only on the
density of prey but also on the density of predators. Pal et al. [3] studied the predator—
prey model using the Beddington-DeAngelis functional response, and they proved the
asymptotic dynamic properties and explored the influence of fear on the stability of the
system. Huang et al. [4] considered a delayed virus dynamics model with the Beddington—
DeAngelis functional response and studied its stability analysis.

For a long time, predator—prey systems were studied only in terms of the effect of direct
killing by predators [5,6]. However, experiments with song sparrows [7] and elk popula-
tions [8-11] have shown that fear of predators also affects prey populations, and sometimes
the influence was even more serious than direct predation [12,13]. In addition, most stud-
ies have considered that fear reduces the reproductive rate of prey, whereas intraspecies
competition is not affected [14-16]. In real life, fear may also have an effect on intraspe-
cific competition for prey. Therefore, it is natural to include the fear of predator in our
research model.

In fact, there exists time delay [17] in all kinds of biological processes, such as digestion
of food, conversion of energy, gestation, maturation, inducible defense of prey groups,
and so on. When prey senses a chemical signal or a sound signal, they need a certain
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amount of time to react, known as the fear delay. There is also a time lag between eating
the prey and producing offspring, known as delayed gestation. However, few studies
have investigated both fear delay and pregnancy delay [15,18-20]. Moreover, time delay
has an important effect on the stability of the system [21-23]. Panday et al. [24] mainly
studied the local stability of the system and the direction and stability of Hopf bifurcation.
Furthermore, they found that when the time delay exceeded the critical value, the system
developed Hopf bifurcation and became unstable. Kumar and Dubey [25] investigated a
prey—predator system with prey refuge and gestation delay, and they proved the global
asymptotic stability of the model and investigated the Hopf bifurcation behavior induced
by the fear effect of prey.

Based on the above analysis, we propose a predator-prey model with double delays
with fear and Beddington—-DeAngelis functional response:

dr  _ ky a2 Py
{ gt 1+fy((t;1'1)) () ax+by—+c’ (1)
X(I—T —T7
c% = axp(‘f—l'z)-i-%:yy(t—l'gz)-&-c B dy o hyz’
with the initial conditions
x(68) = ¢1(6),y(6) = 92(6), 9(6) = (¢1(6), 92(6)) € C([—7,0],RZ), )

where 17 is the fear delay and 7 is the gestation delay, T = max{t, »}, RZ = {(x,y) :
x>0,y > 0}, k denotes the intrinsic growth rate of prey species, f is the level of fear caused
by predators, we denotes p by the per capita predator consumption rate, « is the decay rate
of prey due to intraspecies competition, a is the time of the predator for each prey that is
consumed, b measures the mutual interference between predators, c is the half-saturation
constant of the predator population, y is the conversion rate of prey biomass to predator,
d is the natural mortality rate of predators, and h represented the death rate of predators
from intraspecific competition. We define that ||¢|| = max{|¢(0)|: 6 € [—7,0]}.

Because the parameters of model (1) are fixed and the influence of environmental noise
is not considered, we incorporated random perturbation in the model (1) to investigate
the impact of white noise on population dynamics. We establish the stochastic differential
equation by perturbing the birth rate of prey population and natural death rate of predator
population [26]. Then, we acquire the following stochastic model:

_ k
{ dx = §1+fy(§_Tl) —ax® — axfzz+c)dt + 1+f;%f—rl)dB1(t)’

) y(t—1»)
dy axP(’ffgz)IZb)yy(57TZZ)+c —dy — hy2>dt + UzydBZ(t)r

®)

where B (t) and B, (t) are standard and mutually independent Brownian motions defined
on a complete probability space (2, F, P) with a filtration {F}}>¢ satisfying the usual
conditions and ¢?(i = 1,2) represents the intensity of the white noise.

The rest of this paper is organized as follows. In Section 2, we establish the positivity
and boundedness of the solution of the delay model (1). In Section 3, we discuss the
existence of equilibrium points, study the local stability of each equilibrium point and the
Hopf bifurcation with different time delays. We consider the stochastic delay model (3)
and prove the globally unique existence and stochastic ultimate boundedness of positive
solutions in Section 4. We will perform some numerical simulations in Section 5 to verify
our theoretical results. Finally, we draw conclusions based on our research findings and
put forward some suggestions for future work in Section 6.

2. Positivity and Boundedness

To ensure that the model has a biological background, we study the positivity and
boundedness of the delay Equation (1), that is, the solution is positive and invariant in the
first quadrant and does not go beyond the given interval.
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2.1. Positivity

Theorem 1. Let (x(t),y(t)) be the solution of system (1) with the initial conditions (2). Then,
(x(t),y(t)) remains positive for any time t > 0.

Proof. System (1) is rewritten as a matrix

H = G(H), 4)
kx 2 pxy
G (H) THfylt—t) axs — ax+by—+c g ..
where H = {x],G(H) = { ! ] = l I with initial condition
v N ok = R AL
H(6) = (¢1(0), 92(6)) € C([-7,0], k%), ¢;(0) > 0,i = 1,2. ®)

We can easily check the system (4) whenever taking H(6) € R% such that x =y = 0.
Then, we obtain

Gi(H) \h,-:o,HeR2+ 20

with Iy (t) = x(t), ha(t) = y(t). According to Lemma 4 in [27], we derive that every solution
of (4) with the initial condition (5) is positive, that is to say, any solution of the system (1)
belongs to the region R% and remains positive for any t > 0. [

2.2. Boundedness
Theorem 2. All solutions of system (1) that start in R3_ are bounded.

Proof. Let W(t) = x(t) + y(jim The time derivative of W(t) along the solution of (1) is

dW(t) _ dx(t) L1 dy(t + 1)

dt it u dt

kx B 2_@ _E )
R - ax yy(H‘Tz) y(y(H‘Tz))

< kx —ax? — Zy(t + ).

Choose a constant ¢ such that ¢ < d. Then,

dl/zl/t(t) +oW(t) < x(k+o0—ax)— d;ay(t + 1)
2
< (k+0o) — M.
= 4

Applying differential inequality theory results, we obtain
M
0<W(t) < ?(1 —exp(—ot)) + W(x(0),y(0)) exp(—ot).

Ast — oo, we have 0 < W(t) < % Therefore, all the solutions of system (1) are
confined in the region
M
Z={(x,y) eRL:0 < W(t) < ?}.
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3. Stability Analysis

In this section, we mainly study the stability of equilibrium points and Hopf bifurcation
around E*(x*,y*) of (1).

3.1. Equilibrium Points and Existence Criterion
The model (1) has three positive equilibrium points:
(1) the trivial equilibrium point Ey(0,0);
(2) the free equilibrium point E; ( %, 0);
(3) the coexistence equilibrium point E*(x*, y*) satisfying the following equation:

(6)
ang;zrc —d— hy =0,

k —_
{ Ty — %%~ aigre = 0,
(by*+c)(d-+hy”)
pp—a(d-+hy*)
exists only if up — a(d + hy*) > 0 and y* is the equation Ay* + By + Cy?> + Dy +E = 0,
where

By solving the above equation, we obtain x* = . The interior equilibrium point

A = a®I*fp+ b*afhup,

B = upba(2cfh + bdf + bh) + a*h*p + 2ahfp(ad — up),

C = upba(bd + 2cdf + 2ch) + hup(abk + af) + fp(ad — up)* + 2ahp(ad — up),

D = cup(2bda + ahk + cah + cdaf) + pupbk(ad — up) + p(ad — up)?,

E = upc®da + ppck(ad — up).

By the Descartes rule of sign and A > 0, we find that the existence of at least one

positive root when E < 0 is guaranteed, that is, k(ad — up) 4+ cda < 0. For more details, we
refer the reader to [26].

3.2. Local Stability Analysis and Hopf Bifurcation of Equilibria

In this section, we perform the local stability on the dynamics of the model system (1)
around the prescribed equilibrium points.
Using the transformations X = x — x*,Y = y — y*, the linearized form of system (1) is

d};iit) = JoX(t) + 1 X(t — 1) + LX(t — ©2), )

where X(t) = [x(t),y(1)]T,
py*(by*+c)  —px*(ax*+c) 0 0 0
(@ +by"+c)?  (ax' by'+o? || ], = /)|, 2 =
(

ppy*(by*+c)  ppx*(ax*+c)
—(d + 2hy*) 0 0 ax*+by*+c)2  (ax*+by +c)?

1) At Ep:

kK 0
Je, = [0 —d}'

The Jacobian matrix has the eigenvalues k and —d, which shows that Ey is always unstable.
Therefore, we draw the following conclusion:

Theorem 3. The trivial equilibrium point Eg is always unstable.

) AtE;:

T akfca

Jg, =
' 0 —d+ uliﬁilza e

Kk pk fffe—/\n}
7
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and the characteristic equation is
(—k—A)(—d + Mk —A)=0
ak + ca '
Hence, we can derive Ay = —k, Ap = —d + alﬁf’;a A1,
Case: 7p=0, Ay = —d + a,ﬁf —, Eq is locally asymptotically stable if d > -F f]z -
Casell: » > 0,
O LS U ®)
ak + ca )
Assume that A = i§(¢ > 0) is a root of (8). Then, we have
—d(ak + ca) + ppk(cos¢t, — isindty) — i¢(ak + ca) = 0.
Then, we separate the real and imaginary parts as follows:
—d(ak + ca) + ppkcos¢t, =0, )
upksinét + ¢(ak + ca) = 0. (10)

By squaring and adding (9) and (10), we have
(ak + ca)?(d* + &%) = (upk)*.

Therefore, we obtain

&2 = ( ppk )2 — 2.

ak + ca
If £ _‘:]za —d > 0, the above Equation (8) has a positive root, which implies that E;
is unstable,
If -F f - — 4 <0, Equation (8) contains one negative real root and imaginary roots with

negative real parts, so E; is locally asymptotically stable for any 7, > 0.
Therefore, we have the following conclusion:

Theorem 4. The free equilibrium point Eq of the system (1) is locally asymptotically stable for any
> 0if 2 —d<o.

Remark 1. E; is locally asymptotically stable if ad + cd — pup > 0, which contradicts the existence
of E*. In other words, the instability of Eq guarantees the existence of E*.

(3) AtE*™
Jp = an bipe 0 +app
162 Ay + cppe 2|’
k x« _ o _pyr(byte) ok apx*y”* _ _—fkx*
Where all ]+fy* lex (HX*+17]/*+C)2 - ax + (ax*+by +C)2’ 12 - (1+fy*)2/
_ _ _px‘(ax*+c) _ ppy(by*+o) _ _ppx(ax*4c)
M2 = (ax*+by*+c)2’ €2  (ax*+by* +c)2’ ay = —(d + 2hy* ) e = (ax*+by*+c)2”
Characteristic equation at E* is given by

A2+ AJA + Aphe M2 4 Aze M2 4 Ay + Ase MTtR) =, (11)

where A| = —(ay1 +axn), Ay = —c2, Az = ay11c2 — a12021, Ay = a11a20, As = —biac1.

Casel: gy =0,1» =0.
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The characteristic Equation (11) becomes
A2 4 (A1 + A)A 4+ Az + Ay + As = 0.

According to the Routh-Hurwitz criteria, we can infer the Jr+ has a negative real part

if Ay + Ay > 0,A3 + As+ As > 0, which implies W < 1. Hence, E* is locally

asymptotically stable if W <1

Thus, we have the following theorem:

Theorem 5. In the absence of both T and Ty, the coexistence equilibrium point E* of the system (1)

is locally asymptotically stable if m#by;*w <L

CaseII: 7y > 0, 7o = 0. The characteristic Equation (11) becomes
A2+ (A1 4 ADA+ Az + Ay + Ase ™ =0, (12)
Taking A = i¢*. Then, we obtain the real and imaginary parts, respectively, as follows:

— (&) 4+ Az + Ay + Ascos¢*y =0, (13)

(A1 + Ap)E&* — Assiné*ty = 0. (14)
Squaring (13) and (14) and adding, we obtain
(&) + Ri(§)* + Ry =0, (15)
where Ry = (A1 + A3)* —2(As + Ag), Ry = (A3 + Ag)? — AZ. By calculating, we have

—Ry++/R>—4R
@p=——¥1 " (16)

- 2

Let Z(¢*) = (&*)* 4+ R1(&*)% + Ry, then Z(0) = R, < 0, that is, (A3 + Ag)? < AZ.
Equation (16) has at least positive root (&3)2. So, Equation (12) has a pair of imaginary roots
+i¢;. Substituting (&7)? in (13) and (14), we obtain

1
T, = *arctan{ _(
0

(A1 + Az)%‘ } 2kt
55)2 + Az + Ay &5’

According to Butler’s lemma [28], E* remains locally asymptotically stable for
0<m <1(= rl{1>161 71, ) and unstable if T, > 77".

k=012, (17)

Now, we take the derivative of Equation (12) with respect to 7 as

dA\ TN 2A 4+ Ap+ Ay — i Ase M
(dT1> - AAse—u

. 2A + Al + Ay T

T AMsge M AT

Furthermore, because e " = — A2+(A1+AI§5) At4st4s e can derive
(d/\)l__ 20 + Ay + Ay T
dn N )\()\z-i- (A1 + A))A+ Az + Ay) A
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At =1,8" =g,

(dkMﬁo*: (A1 + A2)* — 2(As + Ag))Z5 +2(85)*
T (A1 + A2)2(E5)* + ((E5)2 = (As + Ax))*(5)?
A2 — (As+ Ag)® + (&)
(A1 + A2)2(55)* + ((85)* — (As + A4))2(85)?
> 0.

Hence, the system (1) has Hopf bifurcation at 7; = 77"
Based on the above analysis, we have the following conclusion:

Theorem 6. In the absence of Ty and (Az + Ay)? < A2, the coexistence equilibrium point E* is
locally asymptotically stable for 0 < 7y < 11" and unstable for Ty > 7. In addition, the system (1)
will undergo a Hopf bifurcation at 7y = 7.

CaseIIl: 71 = 0, p > 0. The characteristic Equation (11) becomes
A2+ AjA + (AsA + Az + As)e M2 + Ay = 0. (18)
Taking A = i¢*. Then, we obtain the real and imaginary parts, respectively, as follows:

— (&) + (A3 + As)cos* T + Al sinl 1, + Ay = 0, (19)

A8+ AxlFeos¢  — (As + As)sing* 1, = 0. (20)
Squaring (19) and (20) and adding, we obtain
(8" +Ra(€")* + Ry = 0. (21)
Define R3 = —2A4 + A% - A%, Ry = — (A3 + As)> + Aﬁ. By calculating, we have

“Rs+,/R2 —4R
(&)? : i (22)

- 2

Furthermore, because

(upx*)? (2(ax* + c)by* + (by*)?)
(ax* 4+ by* +¢)*

* % 2
Rz = (—vcx* + (apxy) + (hy*)? 4 2(d + hy* ) hy* + > 0.

ax* + by* +c)?
When Ry > 0, Equation (21) has no positive roots and no real &* exists. So, E* is locally
asymptotically stable for any 7> > 0;
When R4 < 0, Equation (22) has unique positive root (&)2. So, Equation (18) exists a
pair of imaginary roots +i¢}. Putting ()% in (19) and (20), we obtain

k=012 (23)

e L { (B A A0}
So A (85)? + (As + As)? :
According to Butler’s lemma, E* is locally asymptotically stable for 0 < & < 7
(=rl§1>151 T, ) and unstable if 7, > 7.

~ Now, take the derivative of Equation (18) with respect to 7

A\t 20+ Ay A, 7
=%

at Ao + Az + As)e—n + AMAA+ Az +As) A
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Furthermore, because ¢ % = —%, we can derive
AT A+ A As T
dn - AAZ+AIA+ Ay A(AA+A3+A5) AT

At =15,¢" =,

d - AT +2((85)* — A4) A3
(deRM(TZ)> T (AG2 (&2 - A (Ad)? + (A3 + 4s)?
AT — A3 —2A4+2(8)?
(Azéo)2 + (As + As)?
_ R3 +2(E5)?
A3(G5)* + (As + As)?
> 0.

Hence, the system (1) undergoes Hopf bifurcation at 7, = ;.
According to the above analysis, we have the following theorem:

Theorem 7. In the absence of Ty, for system (1),

(1) If Ry > 0, the coexistence equilibrium point E* is locally asymptotically stable for any
T > 0;

(2) If R4 < O, the coexistence equilibrium point E* is locally asymptotically stable for
0 < T < 75 and unstable if T, > 7,. In addition, the system (1) will undergo a Hopf bifurcation
at = T5.

Case IV: 7y is fixed in (0, Tl*), T, > 0. Assume A = i(f, which is putin (11) and separate
the real and imaginary parts as follows:

—& + Ay&sinfty + AszcosEy + Ay + As(coséticoséty — sinéysiné) =0,

A&+ ArEcoséty — Assinéty — As(sinéticosét 4 sinétycoséty) = 0.
The above formulas can be arranged as:

(Ay& — Assinét)sinéty + (Az + Ascoséty)coséty = 2 — Ay, (24)

— (A3 + Ascos¢ty )sinét, + (Axf — Assinéti)coséty = —A &, (25)
Squaring (24) and (25) and adding to eliminate 1,, we have
&+ R+ RsE+Rs = 0, (26)

where Rs5 = 2A,Assinéty, Rg = —A% — A% + Aﬁ —2A3As5c05¢T = 0.

Define Z(§) = &* + R3¢% + Rs¢ + Rg = 0. Then, Z(0) = —AZ2 — A3 + A3 — 24345 =
—(As + As)? + A%, and Z(o0) = 0. Suppose Z(0) < 0, that is to say, A] < (Az + As)>.
Then, Equation (26) has only one positive root. Hence, there exist the roots +i¢* in the
characteristic Equation (11). From (24) and (25), we obtain
. F1F3 + F2F4 2kt

N 1
T, = z-arcsin

CET TRy o A )

where F; = Azg — ASSZ'anTl, F, = A3+ A5COS§’L'1,F3 = 62 — Ay, By = _Alg-
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dm = (1 + fer(t-) T T em +be" +c 2(1 4+ fer(t-m))2

According to Butler’s lemma, E* is locally asymptotically stable for 0 < 7, < %)

= min 7, ) and unstable if 7.
( k>0 %) 2

I_\Iow, take the derivative of Equation (11) with respect to 7

AANTY 20+ Ay Age MR — AgmeMTtR) g
an N AMAA+ Az + A5€_)‘Tl)€_/\T2 A

AN+ AIA A

Furthermore, because e A2 = —

AT 20+ A Ap—Asme ™
dn) — AMAZH AN+ Ay) | A(AA+ A3+ AserT) AT

Atp fo,gzg*,

d 1 A242F;  —FF+ KB
(dRM(TZ>> == e TR R
T B+ &F+F

where Fs = Ay — Asticosé* 1y, Fy = AsTysiné*Ty.
-1
So, (%Re/\(rz)) > 0 leads to FyF, — Fi F5 > 0. Hence, there exists Hopf bifurcation at
T = 1, in the system (1).
Based on the above analysis, we have the following theorem:

Theorem 8. Assume that 7 is fixed in (0,7) and A3 < (A3 + As)?. Then, the coexistence
equilibrium point E* is locally asymptotically stable for 0 < T, < T3 and unstable for 7, > T} .
In addition, the system (1) will undergo a Hopf bifurcation at T = T, provided F¢F, — FiF5 > 0,
where F; are all defined in the proof.

4. Stochastic Delay Model Analysis
4.1. Existence and Uniqueness of Positive Solution

In this subsection, we prove the unique existence of a global positive solution by
means of a random comparison theorem.

Theorem 9. For any given initial value (x(0),y(0)) € R2, there is a unique solution (x(t),y(t))
to system (3) on t > 0. Furthermore, the solution will remain in R?. with probability 1, that is to

say, (x(t),y(t)) € R% almost surely.

Proof. Taking m = Inx,n = Iny, applying Itd’s formula we have

k - pe" o? ) o
(

dt + mdBl (t),

Vpem(tfl’z)en(tfl’z) 2

dn = (e”(

ae(t—12) +ben(t—rz) +C)

—d — he" — ‘722> + 02dBo (),

where m(0) = Inx(0) and 1n(0) = Iny(0). We notice that the coefficients of the above equa-
tion satisfy the local Lipschitz condition, so it possesses a unique local solution (m(t),n(t))
ont € [0,7), where 7, is the explosion time. Hence, x = ¢"(t),y = ¢"(t) is the unique
positive local solution to (3) with initial value xy > 0,19 > 0. To show that the solution is
global, we only need to prove 7, = co.

According to the first equation of (3), we have

dx < x(t)(k — ax(t))dt + oy x(t)dB (t).
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Let Y(t) be the unique solution of the equation

AY() = Y(£)(k—aY(8))dt + oY (£)dBy (1),
{ Y(0) x(0),

then,

2
[eg
e(k=F)t+01By (1)

Y(t) = = .
ﬁ Y f(;‘ plk=3)s+01B1(s) 4

Hence, by the comparison theorem [29] for stochastic equations, we obtain
x(t) < Y(t). (28)
According to the second equation of (3), we have
dy(t) > y(t) (—d — hy(D))dt + o2y (1)dBs ().
Let ¥ (t) is the unique solution of the equation

{d‘Y(t) = Y(t)(—d—h¥(t))dt + 0¥ (t)dBy(t),

Y(0) = y(0),
then,
¥(1) = e(—d—‘;%)H—Zsz(t) .
S S el-d=F)s+oBa(o) g
Therefore,
y(t) =Y (). (29)
On the other hand,

dy(t) < (’”’Y(’;_TZ) - dy(t))dt + oay(1)dBa ().

Let @(t) be the unique solution of the equation

{d@(t) = (MR —dy(r) )dt + ooy(H)dBs (1),
®(0) = y0).

Let N(t) = =t~ with N(0) = @%0)' by Itd’s formula

(—WY(Z_TZ)Nz(t) TAN(t) + a%N(t)) dt — o> N(t)dBy(t)
- (d +o?— MN(t)) N(#)dt — o»N(H)dBy (1),

then,
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172 (72
Hence, &(t) = ﬁ = @(0)e [@+F)HH0BD) 4 y—,fe_(dJ“Tz)“r‘Tsz(t) fot Y(s — )

o2
e(d+72)5_0'2B2(s)dS.
Similarly, we can derive
y(t) < @(t). (30)

Again, from the first equation of (3), we have

k p o1x(t)
> S S—— - _axt) .
dx(t)_x(t)<1+f®(t—‘r1) ax b)dt+1+f®(t—rl)dBl(t)
We can safely infer
o2 o
e_%tJrfOt(lH@I({Hl) _2(1+f¢(ls—r]))2>ds+f0t md[ﬁ(s)
x(t) = = 0O(t),

of

_P N k _ N 71
bS+JO <1+fd>(p—‘r1) 2(1+fq><p,-[1))2 )dp+j[) 1+f<b(p71—1)dBl (p)ds

t
ﬁ—kafoe

then, we have
x(t) > O(t). (31)

Therefore, we have
Ot) < x(t) <Y(t), ¥(t) <y(t) < D(1).

Hence, 7, = oo, that is to say, the solution of (3) is global. This completes the proof. [1

4.2. Stochastic Ultimate Boundedness

Definition 1. Consider a stochastic differential equation dX (t) = F(X(t))dt + S(X(t))dB(t).
Its solution is said to be stochastic ultimate bounded if for any € € (0,1), there exists a positive
Q = Q(e) such that for any initial value (x(0),y(0)) € R2, the solution satisfies

limsup P{|(x(£), y(1))| > Q} < e.

t—00

Theorem 10. For any r € (0,1) there exists a positive Q = Q(r) such that the solution
(x(),y(t)) of the model (3) satisfies

limsup E|(x(t),y(1))|" < Q,

t—o0

then we can derive the solution of the model (3) is stochastic and ultimately bounded.

Proof. Let Vi(x,y) = x" + ¥, from Itd’s formula we have

01

dVi(x,y) = LVy(x,y)dt +rx' —————
1( y) 1( 3/) 1+f]/(t—’f1)

dBq (i’) + TU’zyrde(t),

where
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LVi(x,y) = rxr<k —ax — S ) + 1r(r —1)x" 012
nyr= 1+ fy(t—mn) ax +by+c 2 (1+ fy(t—m))?

r—1 ppx(t—nlyt—w») o\, 1 o
1y <ax(tT2)+by(tT2)+c ay —hy +2r(r Dezy

krx” 1 o2
<o —arxX™ = (1) 1 +x
S T5fyli— ) A ()2

rupx(t — o)y(t — 1)
ax(t— ) +by(t — ) +c
S Hl - Vl (X, y)/

Yyl —hry T —dry” — %r(l —na3y +y = Vi(xy)

where H; is a positive constant. Hence, we can obtain

0

dVi(x,y) < (Hi — Vi(x,y))dt ‘erm

dBq (t) + T(szrde(t).
Define V5 (x,y) = ' V4 (x,y), using Itd’s formula, we obtain

dVs(x,y) < etH dt—i—rx'LdB t) 4+ rooy"dBy(t).
2(x,y) < e'Hy o — 1(t) + ooy’ dBy(t)

Integrating both sides of the above inequality and taking the expectation, then
¢EVi(x,y) < (¢ = 1) H1 + Vi(x(0), y(0)).
So,
EVi(x,y) < (1—e ")Hy + e 'V1(x(0),(0)).
Hence, we can obtain

limsup EV;(x,y) < Hj.

t—o0

Because
[(x(8), ()] = (¥(£) + ¥2(£)) 2 < 22 max{x",y"} < 22Vi(x,y),
we can derive

limsup E|(x(t),y(t))|" < 2% limsup EV;(x,y) < 22 H; = Q.

t—o0 t—o0

For any € > 0, let H; = () :. According to the Markov inequality, we have
El(x(t),y(t))]
P{|(x(t),y(t))| > Hi} < w e
1

The proof is complete. [

5. Numerical Simulations

In this section, as a general method in stochastic differential equations, we validate our
mathematical findings by performing numerical simulations using Milstein’s high-order
method [30] and MATLAB 2019a, that is, as proven in the previous sections. We select the
following parameters:

f=15p=4a=48b=>5,c=21,u=12,d=01h=00Lk=09,a =06 (32)
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and take the initial data x(0) = 0.5,(0) = 0.5. For the parameters (32), the system (1) has
three equilibrium points, which are the trivial equilibrium point Eg (0,0), the free equilib-
rium point E;(1.5,0), and the coexistence equilibrium point E*(x*,y*) = (0.1219,0.5702).
By Theorem (3), Ey is always unstable. Furthermore, the existence of E* confirms that E; is
unstable for any 74 > 0 and ©» > 0.

Case I: Assume 19 = 0 and 7, = 0 and keep other parameters the same as (32). By

simple calculation, W —1 = —0.4047 < 0. Then, the condition of Theorem 5 is
satisfied, which implies that E* is locally asymptotically stable, as shown in Figure 1.
1 T T T T 1
x(t)
0.9 U
091
0.8
0.7
0.8
0.6
(;)E 05 So7
0.4
0.6
0.3
0.2
0.5
0.1
0 ‘ : : : 0.4 : : : : : : : :
0 200 400 600 800 1000 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
t x(t)
(@) (b)
Figure 1. (a) Time series and (b) phase portrait of E* for system (1) when 7y = 0 and 1, = 0. Other
parameters are the same as in (32).
Case II: Assume 7p = 0 and slowly increase the value of 77. Leave the other param-
eters remain (32) unchanged. By virtue of Theorem 6, we can obtain the critical value of
T =1 = 4.5923. When 71 = 3.5 < 17, the system (1) is locally asymptotically stable (as
shown in Figure 2) and unstable for 7; = 5 > 7. Furthermore, the occurrence of oscillation
behavior and limit cycle is illustrated by Figure 3. Furthermore, the system (1) undergoes a
Hopf bifurcation at 7 = 77" as shown in Figure 4.
12 T T T T 11
X(t)
v L
1 ]
“ 091
0.8 [ (\ J o8l
o 9
go'er //UWWMW 1 B
[ 1V
\/ \ v 0.6F
04rF| " b
051
0.4
0 ‘ ‘ ‘ ‘ 03 : : : :
0 200 400 600 800 1000 0 0.1 0.2 0.3 0.4 0.5
t x(t)
(@) (b)

Figure 2. (a) Time series and (b) phase portrait of E* for system (1) when 73 = 3.5 and 7, = 0. Other
parameters are the same as in (32).
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1.2 1.1
X
y( 1k
1 1 N
y <\
0.8 ) \
08 . .
o N \ ‘
gose Sor
0.6
0.4t
05
0.2
04
0 : . . 03 — . . .
0 200 400 600 800 1000 0 0.1 0.2 0.3 0.4 0.5
t x(t)
(a) (b)

Figure 3. (a) Time series and (b) phase portrait of E* for system (1) when 7y = 5 and 1, = 0. Other
parameters are same as in (32).

‘r2=0
15 T T T

Hils
1|;||

Figure 4. The Hopf bifurcation diagram of (1) for 7y and 7o = 0.

Case III: Assume 77 = 0 and gradually increase the value of 1, keeping other pa-
rameters remaining in (32) unchanged. After numerical calculation R4 = —0.0015 < 0,
according to Theorem 7, we can obtain the critical value of » = 77 = 2.3941. When
7 = 1.5 < 13, the system (1) is locally asymptotically stable as shown in Figure 5 and
unstable for 7, = 2.5 > 75, which is illustrated by Figure 6. Furthermore, the system (1)
experiences a Hopf bifurcation at » = 7, (as shown in Figure 7).

Case IV: We take a fixed 1 = 3.5 € (0,7]) = (0,4.5923) and vary the parameter 1,
while keeping other parameters the same as in (32). From Theorem 8, we can see that
the critical value of 7, = 77 = 0.4830. When 7, = 0.2 < 17, the system (1) is locally
asymptotically stable as shown in Figure 8 and unstable for 7, = 0.5 > 7}, which is
illustrated by Figure 9. Figure 10 reveals that a Hopf bifurcation occurs at 7, = ;.



Axioms 2023,12,73 15 of 19
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Figure 5. (a) Time series and (b) phase portrait of E* for system (1) when 1, = 1.5 and 7; = 0. Other
parameters are the same as in (32).
12 ; 11
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1 i
09+
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05+
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04t
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0 200 400 600 800 1000 0

(@)

Figure 6. (a) Time series and (b) phase portrait of E* for system (1) when 1, = 2.5 and 71 = 0. Other

parameters are the same as in (32).

Ty =0

08t
06t =]

04r

02r

Figure 7. The Hopf bifurcation diagram of (1) for 7, and 7y = 0.
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Figure 8. (a) Time series and (b) phase portrait of E* for system (1) when 7y = 3.5 and ) = 0.2. Other
parameters are the same as in (32).
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Figure 9. (a) Time series and (b) phase portrait of E* for system (1) when 74

™ =35

parameters are the same as in (32).
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Figure 10. The Hopf bifurcation diagram of (1) for 7p and 7y = 3.5.
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For stochastic delay systems (3), according to Theorem 10, it is random and ultimately
bounded. Figure 11 confirms our results.

0.9

()
y(®) |+

0.8

0.7 4

Population
o o o o
w > (53] (o2}
T T
. .

o
N}

o
[
T
.

0 500 1000 1500 2000
t

Figure 11. Dynamical behaviors of (3). The parameters are taken as (32) and o7 = 0.03,0, = 0.03.

6. Conclusions

In this paper, we mainly investigate a predator—prey model with Beddington-DeAngelis
functional response and fear by predator. At the same time, because predator—prey interac-
tions do not occur immediately, we introduced the fear delay and the pregnancy delay to
make the model more natural.

First, we prove the positivity and boundedness of system (1). Then, we discuss the
existence criterion and local stability of equilibrium point, and find that the existence of E*
ensures that E; is unstable. Finally, the existence of a Hopf bifurcation with the fear delay 7
and the pregnancy delay 1, as the bifurcation parameter is studied, and the critical values
of the bifurcation parameters are derived in several possible cases. We find the relationship
between local stability and critical bifurcation value of the system (1). When the delay is less
than the critical bifurcation value, both prey and predator oscillate periodically for a finite
time and then reach equilibrium. When the delay exceeds the critical bifurcation value,
Hopf bifurcation occurs in system (1), and periodic oscillation and limit cycle are generated.
At this point, the system (1) switches from a stable state to an unstable state. Numerical
simulations confirm our theoretical findings. Furthermore, for stochastic delay system (3),
we study the unique existence of the global positive solution and explore the stochastic
ultimate boundedness.

In future studies, we can generalize the model (1) to a multi-population model and
introduce prey refuge to investigate its impact on the stability and persistence of population
dynamics. In the meantime, it may be possible to study prey refuge as a Hopf bifurcation
parameter. We leave these interesting questions for further study.
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