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Abstract: This paper considers the steady-state heat transfer process in a fin with a Robin boundary
condition at the base (instead of the usual Dirichlet boundary condition at the base). Robin boundary
condition models the effect of the thermal resistance between the base of the fin and the surface
on which the fin is placed. This work presents an equivalent minimum principle, represented by
a convex and coercive functional, ensuring the solution’s existence and uniqueness. In order to
illustrate the use of the proposed functional for reaching approximations, the heat-transfer process in
a trapezoidal fin considering a piecewise linear approximation is simulated. The Appendix presents
a case in which the exact solution in a closed form has been achieved.
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1. Introduction

As more components are placed in a chip, the internal heat generation tends to increase.
Since the heat must be rejected to the environment, this increase gives rise to a temperature
increase on the surface (as well as a temperature increase in the whole chip). Nevertheless,
a maximum allowable temperature exists for each chip (approximately 80 °C on its surface).

Roughly, the heat dissipation is proportional to the difference between the surface
temperature and the temperature of the surroundings.

One of the most effective ways to optimize the heat transfer from a device is to increase
the effective area of heat transfer. This increase in area is obtained using fins (extended
surfaces) and may allow a dissipation increase without a temperature increase [1-4].

Fins are devices found in almost all situations where an improvement of the heat
exchange between a given surface and the environment is needed. They act as an artificial
enlargement of the original area of a surface, giving rise to a greater actual heat-exchange area.
These devices are often the principal tool for avoiding high temperatures that can damage
the functionality of a part of a system, such as in circuits involving semiconductors [1—4].

In general, the study of fins, solid or porous, is carried out under the assumption that
the temperature of its base is known and coincides with the temperature of the surface in
which we fix the fin, giving rise to a Dirichlet boundary condition.

Nevertheless, contact thermal resistance arises when a fin is placed on a given surface,
as illustrated in Figure 1. In order to take into account this contact resistance, a Robin
boundary condition must replace the previously mentioned Dirichlet boundary condition.
This boundary condition takes into account that the temperature of the surface (in which
the fin is inserted) is different from the temperature of the base of the fin, giving rise
to a relationship between the heat flux and a difference in temperatures caused by the
thermal resistance [1-5].
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Figure 1. Set of cylindrical fins placed on a chip with the aid of a thermal paste (which gives rise to a
thermal contact resistance).

Many studies account for these contact thermal resistances. For instance, Aziz and
Arlen [6] analyzed the performance and design of a rectangular fin with the convective
base condition and contact resistance, using the numerical package Maple to solve the
proposed problem and optimize the geometric parameters to achieve the optimum design.
Xie et al. [7] studied T-shaped fins, considering thermal resistance minimization and
minimizing geometric parameters according to heat transfer parameters. Their results
showed the change of values in the parameters according to the optimization and the
degrees of freedom available for change. Taler and Oclon [8] developed a methodology to
estimate the thermal resistance of plate-and-tube heat exchangers using experimental data
and CFD simulations with ANSYS software. Milman et al. [9] proposed an experimental
model to determine the thermal resistance between the tube and the finned wall, accounting
for possible errors in this computation, such as surface quality, the possibility of contact
corrosion, and welding imperfections.

Fins are designed with the intention of enhancing heat transfer. This heat transfer
is, in turn, considerably enlarged by employing porous fins introduced by Kiwan and
Al-Nimr [10]. Several authors analyzed significant aspects of porous fins subjected to
convection and radiation. For instance, Martins-Costa et al. [11] obtained the temperature
distribution in porous fins by minimizing a convex functional. Martins-Costa et al. [12]
constructed a solution for the nonlinear problem arising from natural convection and
thermal radiation in cylindrical porous fins from a sequence of linear problems, using the
parameters suggested by Gorla and Bakier [13].

This work aims to present a mathematical modeling of the heat-transfer process in a
fin, accounting for the contact thermal resistance between the base of the fin and the surface
in which the fin is placed.

Solid and porous fins are considered to involve convection and radiation heat transfer.
All of them possess the prescribed base temperature as a limiting case.

A general mathematical modeling and an equivalent variational principle are pre-
sented, enabling the authors to demonstrate the solution’s existence and uniqueness.

2. Mathematical Description

The following ordinary differential equation represents the energy balance in a fin:

d aTr B _ dAs
dx(kAdx)—pfO,pdx,xo<x<xL 1)

where x represents a spatial position (counted from fin base), A is the sectional area, Ag
is the lateral area between the points xg and x (for cylindrical fins, p is a constant that
represents the perimeter of the section), f represents a heat loss (per unit time and area),
and k is the thermal conductivity (assumed here a constant). The function f is a strictly
increasing function of the temperature (f = f(T)), while A and p may depend on the
position, but do not depend on the temperature.

The mathematical description represented by the ordinary differential Equation (1) is
valid when the temperature distribution can be regarded as a function of only one spatial
variable [1].
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For instance, for a solid cylindrical fin that exchanges energy with the environment
following Newton’s law of cooling, the following condition arrives [1-4]:

f=h(T —Tw), A= constant, p = constant, Tee = constant, h = constant (2)

withp >0, A>0and k > 0.
If it was a solid circular fin (as suggested in Figure 2), with thickness J, A, Ag, and p
would be given by [1-4]:

Figure 2. A radial fin with constant thickness J, installed in a tube with radius r = x.

A =2mx, Ag = 2(7Tx2 - ﬂx%) =>p= %As =4mx 3)

The mathematical structure remains the same as Equation (1) for a porous cylindrical
fin subjected to natural convection. However, the meaning of quantities such as A and p
changes, as it must be taken into account that the actual area and the actual perimeter are
affected by the porosity. In addition, f is not a linear function of T. For a cylindrical porous
fin, considering only natural convection, it becomes [12,13]:

f=B(T—Tw)|T — Teo|, B = constant >0 4)

When thermal radiation is taken into account, additional terms must be considered [11-13].
It is important to note that a differential equation such as Equation (1) describes any
one-dimensional heat transfer process in a fin.
In general, the authors consider Equation (1) subjected to the following boundary
conditions:
T=Tsatx=x

—k‘%:ﬁ(T—Tw)atx:xL, xp =x9+L

Q)

in which L is the fin length and, many times, the non-negative constant & is assumed to be
zero (insulated tip).

In the current literature, the first condition in Equation (5) (a Dirichlet boundary con-
dition) represents the temperature of the surface on which the fin is installed. Nevertheless,
the temperature Ts is not the fin temperature at position x = x, as there is a contact resis-
tance between the fin and the surface on which the fin is placed. The Dirichlet boundary
condition is a limiting case in which the contact resistance is zero (ideal case).

The adequate boundary condition at x = x( is a Robin boundary condition consid-
ering the thermal resistance between the fin and the surface. In other words, instead of
Equation (5), the following boundary conditions will be considered:

k%:'y(T—Ts)atx:xo
k9L = h(T — Tew) at x = xp, xp =x9+ L

(6)

The positive constant 7 is the inverse of the thermal resistance. When ¢ — co (zero
resistance), there is a Dirichlet boundary condition at x = xg.
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The resulting problem may be expressed as follows:

£ (kAS) —p f =0, forxo < x<xi, A=A(x), p=plx), f=f(T)
k‘% =5(T—Ts), at x = xp @)
—k% :E(T—Too), atx =xp, xp = x9+ L

where T represents the temperature of the surface (where the fin is placed).
The heat (per unit time) exchanged between the fin and the environment is given by:

Q= {‘k“‘g]x_xo — [YA(Ts = T)],_y, ®)

Furthermore, as shown later, this heat transfer is strongly affected by the contact
thermal resistance at the base. The actual temperature at the base of the fin, denoted by T,
is obtained from Equation (8) after calculating Q, as follows:

Tosz—% ©)

When I — 0, an insulated tip is characterized. The most common description for fins
considers i — 0 and y — oo. In other words, the most common description assumes a
Dirichlet boundary condition at x = xp and a Neumann boundary condition at x = xr.

It is essential to note that the insulated tip hypothesis (i = 0) is a conservative
approach, as it gives rise to a heat exchange that is smaller than the actual one.

The Appendix presents a linear case’s complete (exact) solution, representing a solid
cylindrical fin, including the mentioned limiting cases.

3. Variational Formulation

Equation (7) is equivalent to the minimization of the functional I[w], defined as:

Ifu] = /{"f (%) p/wﬂ@d@}dw A 17]
0

In other words, the function T solution of Equation (7) is such that I[w] > I[T] for any
admissible field w [14].

In order to demonstrate the equivalence between the solution of Equation (7) and the
minimization of I[w], the admissible functions w are defined as follows:

+3 [A(w - Too)z} (10)

X=Xq X=Xy,

w=T+en (11)

in which ¢ is a parameter and the function # is an admissible but arbitrary variation [14].
Hence, the functional I[w] can be rewritten as follows:

XL T+e .
o) = | {@(W)Zw bf”f(@)dé}dx

(12)
—i—%’y {A(T%— en — TS)z} x, + %E {A(T%— en — Tm)z]

X=X],
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In order to show that w = T corresponds to an extremum of I[w], let us calculate the
derivative with respect to ¢, for ¢ = 0, equaling the result to zero for any #. The derivative
of I[w] is given by:

d

Xy, T+en
ds{uw]}—ig{"?( ”dff”) te [ fE d@}dx
+%’Y{A%(T+SU—TS) ]

x=x¢ %E[ ds(T+£77_Tm)2:|
= f{kA( (Td-;s”)) Z+77PfA(T+S17)}dx

x=x, (13)
[Aﬂ(T+€177TS)]x:xo+h[A17(T+€77 Teo )}x XL
So, when & = 0, this yields:
d 7 d
[ditel] = [ {ea (5 )8 ) i+ atan(r =)l g+ HAR(T - Tl (19
e= %o
Because [15]:
dn d aT d dT
() 3 = (1) 1 (A%) )
It becomes:

UG J{dx(ﬂkAﬁ)—ﬂ%(kA%)ﬂPf( ) pax
AT = T)] gy + (T = Ty, = j{ (KAL) - pf(D) }par 9
+kat] | - [kadt],

—x + 'Y[AU(T - TS)]x:xO +E[A17(T - TOO)]x xr,

Therefore, to ensure that the derivative of I[w] is zero at ¢ = 0 (corresponding to the
first variation of I[w]), taking into account that the function 7 is arbitrary, Equation (17)
must take place [14]:

( AdT) —pf(T) =0 — Euler — Lagrange equation

- {kAZ—H +Y[A(T = Ts)],—y, = 0 — natural boundary condition at x = xg
ar n —
[kA dXLZXL FA[A(T - Ta)]

(17)

v=y, =0 — natural boundary condition at x = x

approximations

It is important to remark that Equation (17) corresponds exactly to Equation (7).
The existence of the functional defined in (10) is a powerful tool for reaching numerical

4. Existence and Uniqueness

Calculating the second derivative of I[w] with respect to ¢, the following equation is
obtained:

L {I[w] }=%fo{kA(d(”e’”) +pf(T +en) }x
" (18)
_ f{kA(ﬁ)zmzpjg;}dx

Because f is an increasing function of T, the second derivative of I[w] is positive-
valued for any 7 different from zero. Consequently, I[w] is a strictly convex functional, and
its extremum (if it exists) is a minimum and unique
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Now, to show the existence of the minimum, it is sufficient to demonstrate the coer-
civeness of I[w]. The coerciveness can be ensured provided that [16]:

I[Aw]

Z— oo, o] = 1 (19)

lim
A—r00

in which the norm ||w|| is defined as (Sobolev space H!(x1, x5) [17]):

1/2

X, 2
”w”:/{@ﬁ) +w2} dx (20)

X0

Evaluating the limit, the following equation is achieved:

A—o0

XL 2 Aw
lim 5% = lim | {A"é“(i‘,‘:) +inf f(é)dc}dx
~>oox0 0 (21)
+A1§20{237[A(Aw—m2} + el A(Aw — To)?]

X=X( X=X,

Because f(¢) is a strictly increasing function of ¢, there exist two constants a and b

such that: .
[ F(@)de > aT+b (22)
0
Therefore, it may be concluded that there exists a constant C such that:
1 Aw
lim +p [ f(@)de > C (23)
A—oo A
0
Hence,
x 2 Aw
lim [ 9 A (42) 4 dp [ F(&)de pdx
/\~>ooxO 0 (24)

+lim {zl/\'y[A(/\w ~T6)’| _ + kAW - T HL} = +oo

Therefore, the functional is coercive [16]. This coerciveness ensures the existence of
the minimum. Because the minimum for the solution to the original problem (Equation (7))
was obtained, the solution’s existence was ensured [16].

5. An Example: Longitudinal Trapezoidal Fin

In addition to the classical solid cylindrical fin (with the constant area and perimeter—
see Appendix A) that exchanges energy following Newton’s law of cooling (the case
in which f = h(T — Tw)), other interesting situations could be considered, such as, for
instance, the longitudinal trapezoidal fin with width W, illustrated in Figure 3.
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Figure 3. Lateral view of a longitudinal trapezoidal fin with width W.

In this case, p and A are defined as:

(25)
T"x) 25

and, therefore, the differential equation becomes:

d H—6 \dT H-6\? H-3§
M(kW(HL%)(ZW,/H(ZL) R ))f -

Clearly, when H = §, a cylindrical fin is characterized (in which p and A are constants).

Now, the fin will be considered black, with a constant thermal conductivity, sur-
rounded by an atmosphere-free space, and with an insulated tip. Following these hypothe-
ses, only thermal conduction and thermal radiation are present. Under these assumptions,

the process will be described as follows:

(- 25)2)
—<2w,/1+(HZL5)2+2(H—HLJx)>aT3T:0,o<x<L -

k‘% =9(T—-Ts)atx=0

dT

7x =0atx=1L

In which ¢ is the classical Stefan—Boltzmann constant [18-20].
In this case, the functional I[w] becomes:

(28)
) ot o 3wt 7],
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Equation (27) may be conveniently rewritten in a dimensionless form as:
d ( WH H-o de
e (1 - 1 x) &)

<2m+zH(1 HéX))WUT 0PO=0,0<X <1 o)

jg’(:%(e 1)atX:0

I (30)

) = {15 (1~ e x) ()" Jax

(31)
p —5\? - WoT HW 2
eF (2 (52) 20 0 ) ) 2o b g o2
0 =
At this point, the following approximation for the solution 8 is considered:
X —X;
9:(91'—&-1_91')7"_91/1*12 N, XiSXSXH-l (32)
Xz+l —Xi

in which the constants 6; are those obtained from the minimization of the functional defined
in Equation (31). In other words, the constants 6; are obtained from the following system:

st (2 R (- ) (925 ) o) + 228 (- 17)

+39 i 1fx’“{< 1+(I_12L5>2+1I/_I\/(1—I_IH(SX>>‘(91+1 0:) ¥k }dX:O (33)

j=1,2,3,...,N,N +1.

in which:
5kH S(W)(%) 50H 5(%)(?)(%) “
40L2T3 4((7T3W> 4LoT3 4 <aTgw) 34
k k

Figures 4 and 5 present some results obtained with N = 100, considering X; 1 — X; =
Ax = constant = 1/ N, illustrating the effect of the contact resistance and the effect of the
thermal conductivity.

In both figures, distinct values of the geometric parameters L/H, 6/H, and W/H
and of the parameter associated with radiation and conduction, 0'T53W/ k, are considered.
Figures 4 and 5 show the effect of varying the dimensionless thermal resistance inverse
yL/k from 0.1 to 1000.0, along with the distinct geometric parameters and the parameter
associated with radiation and conduction. Regardless of the chosen values for the geometric
parameters and the parameter associated with radiation and conduction, in both figures the
higher the thermal resistance, the smaller the fin’s base temperature and the temperature
along the fin.

The case of the red continuous line (corresponding to yL/k = 1000.0) denotes practi-
cally a Dirichlet boundary condition (0 = 1 at X = 0).
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The main factor leading to smaller temperatures as shown in Figure 5, compared with
those shown in Figure 4, is the parameter associated with radiation and conduction, given
by ¢TSW /k = 50.0 in the former and ¢ TSW /k = 1.0 in the latter.

1 1 T T ]
08 F T2 |
0.6 | S~ o T T
0.4 4
a
bh = =
0.2 F G ssess .
d -----
¢
O 1 1 1 1
0 0.2 0.4 0.6 0.8 1
X

Figure 4.  vs X with L/H =3.0,0/H =02, W/H = 1.0, U'TSW/k = 1.0 and five values of yL/k
(a—yL/k=0.1,b—yL/k=1.0, c = yL/k=10.0, d — yL/k = 100.0 and e — L/k = 1000.0).

0 1 1 1 1
0 0.2 0.4 0.6 0.8 1

X

Figure 5. 6 vs X with L/H = 200.0,6/H = 04, W/H = 1.0, UTS3W/k = 50.0 and five values of yL/k
(a—yL/k=0.1,b—yL/k=1.0, c = yL/k=10.0, d — yL/k = 100.0 and e — yL/k = 1000.0).
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When comparing this methodology to others, the main advantage of this method
is the equivalence between a minimum principle and the original problem. This equiv-
alence provides a convenient tool for carrying out numerical simulations by means of a
minimization process.

6. Conclusions

The thermal resistance present in real engineering problems involving fins accounts for
the different temperatures of the surface (in which the fin is installed) and the temperature
of the fin’s base. This work studied this problem—namely, a heat-transfer problem with
the Robin boundary condition at the fin’s base. This article presented a general mathe-
matical model that may involve convection and radiation and proposed an equivalent
minimum principle.

A convex and coercive functional represents this minimum principle, ensuring the
solution’s existence and uniqueness.

It is essential to notice that the formulation developed in this work allows a simplified
treatment of realistic heat-transfer problems, because real problems involve thermal resis-
tance between the surface and the fin’s base. In addition, this proposed minimum principle
involves solely natural boundary conditions. In a broad sense, the Dirichlet boundary
condition could be considered a limit of the Robin boundary condition when y — oo (zero
thermal resistance). When only natural boundary conditions are considered, the space of
functions needs no restriction on the boundaries.

As an example, the proposed functional was employed to study the heat transfer in
a longitudinal trapezoidal fin, accounting for thermal resistance at the fin’s base. This
problem accounted for thermal radiation (non-participant environment and black body
assumption). It was simulated using piecewise linear approximations.

The Appendix presents an exact closed solution for a solid cylindrical fin.
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Appendix A. An Exact Solution
When Equation (2) holds, the problem represented by Equation (7) becomes:
%(kA‘%) —ph(T—-Tw) =0, for xo < x < x[,
k9L = (T — Ts), at x = xg (A1)
—k‘% =h(T —Tw), at x =x1, xp =x9+ L

and admits the exact solution:

%tanh(mL)-&-m
m{ e tanh(mL) b+ (2% )+ tanh(mL)-+m

T = Too+(Ts—Too){ }Cosh(m(x—x0>)
i (A2)
+(Ts - Tw) e sinh(m(x — x9))
S © m{%tanh(mL)}'f‘%(%)"'%mnh(mm'ﬂn 0

in which m = /hp/(kA).
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The heat (per unit time) exchanged between the fin and the environment, in this case,
is given by:

Q= [—kA‘;H ) (A3)

The contact thermal resistance at the base strongly affects this heat exchange.
Taking into account (A2), Equation (A3) gives rise to:

m( b +m tanh(mL)
Q= {"‘Aﬂ = kA(Ts — Tuo) (’“a“h('"Ll ) _ (Ad)
b m{%ktanh(mm} + %(%k) + Btanh(mL) + m
The temperature at the base of the fin, denoted by T, is obtained from:
Q=|-kaT|  =yA(T-T) (A5
dx X=X(
and is given by:
h
k M tamnmy + M Jtanh(mL)
Ty = Ts — % =Ts — - (Ts — Too){ —— (s L mk) _ (A6)

In order to illustrate this influence, the case with the fin insulated at the tip is consid-
ered. In such case h — 0, and (A2) reduces to:

Y(Ts — Teo)

T =T
+ mktanh(mL) +

p {cosh(m(x — x¢)) — tanh(mL)sinh(m(x — x¢))} (A7)

In the classical literature, Equation (Al) is solved assuming vy — o (no thermal
resistance at the base). When ¢ — oo, the solution reduces to:

T = Too + (Ts — Teo) cosh(m(x — xp))

1 k
B (tanh(mL) + %)tanh(mL)

. (A8)
+(Ts — Teo) tanh(rL )+ 7 sinh(m(x — xp))

and, consequently, Tp = Ts. B
When, in addition to v — o0, it is supposed that i — 0 (insulated tip), the solution
reduces to one of the most known results in heat transfer, given by:

T = Teo + (Ts — Teo){cosh(m(x — x¢)) — tanh(mL)sinh(m(x — x¢))} (A9)

In this case, the heat flux is given by:

d h
Q= [—kAdﬂ T (Ts — Too)\/hpkAtanh<\/kZL> (A10)

When, in addition to 7 — oo, it is assumed that & — co (prescribed temperature at
x = x1),the following temperature is obtained:

1
T="Teo+ (Ts— Too){cosh(m(x —xp)) — Msinh(m(x - xo))} (A11)
and the heat flux is given by:

ar

-1
7
Q= {—kAdx} T (Ts — Too)/HIpkA (mh( I{ZL)) (A12)
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Equations (A9)-(A12) represent classical results (found in most heat-transfer books [1-4]).
For very long fins (i.e., tanh(mL) = 1), it becomes:

T = Teo+ (Ts —Too){mkr:_ry}exp(—m(x—xg)) (A13)
and:
Q= |-kadl = (Ts — Tw)d — 2\ /pkA (A14)
a dx X=X0 a ° - mk + Y P
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