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Abstract: The terminal value problem of differential equations has an important application back-
ground. In this paper, we are concerned with the terminal value problem of a first-order differential
equation. Some sufficient conditions are given to obtain the existence and uniqueness results of
solutions to the problem. Firstly, some comparison lemmas are established; secondly, an iterative
technique and fixed point method are used to set up the main results; Finally, an example is provided
to illustrate the application of the main results.
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1. Introduction

The terminal value problem (also called the final value problem, initial inverse problem,
backward in time problem, abbrev. TVP) is an exciting topic within differential equations.
It has important applications in many fields, such as aerospace science, mathematical
economics, optimal control, and differential games, etc. For example, in aerospace science,
the question of how to design the flight path of a spacecraft given its landing site on a
planet can be reduced to the terminal value problem of a differential equation.

With the development of nonlinear functional analysis, scholars have made significant
progress with the use of the fixed point theory method in the study of the terminal value
problem of differential equations. For example, Wang [1] transformed the terminal value
problem of fractional differential equations into initial value problems based on the shooting
method, and then used the theoretical results of the initial value problem of fractional
differential equations in solving the terminal value problem. Finally, the effectiveness
of this method to solve the final value problem of fractional differential equations was
verified by numerical simulation. Zhang [2] used Monch’s fixed point theorem to study
the terminal value problem of first-order differential equations in Banach space, obtained
a new existence theorem under looser conditions, and improved and generalized some
known results. Wang [3] studied the existence and uniqueness of the solution to the
terminal value problem of first-order differential equations with discontinuous terms in
Banach space by using semi-order theory and the mixed monotone iteration technique,
without involving compact conditions, and presented an error estimate of the iterative
sequence of approximations to the solution. Zhou [4] used the new comparison results
and semi-order theory to study the existence of the minimum and maximum solutions of
the terminal value problem of first-order nonlinear differential equations in Banach space,
and improved and generalized some known results. In [5], combining the generalized
quasi-linearization technique with the upper and lower solutions method, Yakar and Arslan
obtained a unique solution to the fractional causal terminal value problem. In [6], Shah and
Rehman established a sufficient condition for the existence and uniqueness of the solution
of a class of fractional differential equations over infinite intervals. In [7], the authors
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discussed the terminal value differential inequality, the existence of extreme value solutions
of differential equations, and the corresponding comparison principle. In [8], Benchohra
et al. presented the existence results and uniqueness of solutions for a class of boundary
value problems of the terminal type for fractional differential equations with the Hilfer—
Katugampola fractional derivative. The reasoning was mainly based upon different types of
classical fixed point theorems, such as the Banach contraction principle and Krasnoselskii’s
fixed point theorem. In [9], Li et al. were concerned with the well-posedness and efficient
numerical algorithm for a terminal value problem with a generalized Caputo fractional
derivative. They investigated the existence and uniqueness of the solution of the terminal
value problem and considered the continuous dependence of the solutions on the given
data. In [10], Babak and Wu tempered fractional differential equations with terminal value
problems. Discretized collocation methods on piecewise polynomial spaces were proposed
for solving these equations. Regularity results were constructed on weighted spaces, and
convergence order was studied.

The above results are mainly based on the properties of compact operators or increas-
ing operators.

In this paper, we are concerned with the following TVP,

w'(t) = f(tu(t)) telo,T], u(T)=ur

where T > 0, ur € R are two constants and f : [0, T] x R — R is continuous.

By the properties of decreasing operators, we obtain the existence and uniqueness of
the solution to this problem. Our contributions are the following:

(1) we present some comparison lemmas for (TVP);

(2) we establish the existence and uniqueness results of solutions for (TVP);

(3) we set up an iterative scheme of approximation solutions for (TVP).

The paper is organized as follows. In Section 2, some comparison lemmas are estab-
lished; the existence and uniqueness results of (TVP) are presented in Section 3 via the
iterative technique and fixed point method; an example shown in Section 4 illustrates the
application of the results obtained.

2. Comparison Lemmas

The following comparison lemmas are of importance throughout this paper.
Lemma 1. Ifv € C![0, T satisfies
o (t)+Av(t) >0 o(T)<0 tel0,T]
where A € R is a constant, then v(t) < 0 for t € [0, T.
Proof. Since v/(t) + Av(t) > 0, we have
MW (1) + Ao(t)) =0

thatis,
(v(t)e’\t)l >0

which implies that v(t)e’ is increasing on [0, T]. Hence, for Vt € [0, T},
o(t)eM < o(T)er <0

ie,ov(t)<0,t€[0,T]. O

Lemma 2. Let v,w € C'[0, T], and A € R be a constant. If

w'(t) + Aw(t) <J'(t) +Av(t) o(T) <ur <w(T) tel0,T],
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then v(t) < w(t) fort € [0, T).
Proof. Let h(t) = v(t) — w(t), then we have
W(t)+Ah(t) >0 h(T)<0 tel0,T).
By Lemma 1, we know h(t) <0,t € [0,T],i.e., v(t) < w(t) fort € [0,T]. O
Lemma 3. Let w € C'[0,T],h € C[0,1], and A € R be a constant. If
w'(t) + Aw(t) <h(t) w(T)>ur te€l0,T),

then .
w(t) > upeMT=H —/ =D n(s) ds
t

fort €10, T.
Proof. If v € C1[0, 1] is a solution to the following terminal value problem
o' (t) +Aov(t) = h(t) o(T)=ur te€l0,T],

then we have

1.
T
o(t) = upeMT—Y —/ MT=Dp(s) ds
t
2.
w'(t) + Aw(t) < o' (t) + Av(t), o(T)=ur <w(T) tel0,T].
By Lemma 2, we obtain
T
w(t) > o(t) = upeMT1 —/ M= (s) ds.
t
O

3. Main Results

In this section, we give some sufficient conditions to ensure the existence and unique-
ness of the (TVP).

Firstly, we transform the (TVP) to a fixed point problem; secondly, we construct an
iterative sequence by the integral operator; finally, by using comparison lemmas, we verify
that the sequence is uniformly convergent to the unique solution of the (TVP).

Letu,v € C[0,T]; if u(t) < v(t) for Vt € [0, T], we denote u < v. The order interval
[u,v] = {x € C[0, T]|u(t) < x(t) <ov(t),Vte [0,T]}.

The main result of this paper is the following.

Theorem 1. Let us say that there exist v, w € c! [0, T], v < wand a constant A such that
1. forVte[0,T],x,y € v,w], x <y,

flty(t) — f(t x(t) = —Ay(t) — x(t))
2. forvte[0,T],0<{<landx,y € [v,w],

[t 1x(t) + (1= Dy () = If (£ x(8) + (1= Df (£ y(t))
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3. forVtelo,T],
(v—w)(t) = 2f(t, w(t))

(v+w)(t) +
) > /() + Aw — o) () M

fto(t)

A

=

4. o(T) =ur =w(T).

Then, (TVP) has a unique solution X satisfying v(t) < x(t) < w(t),t € [0, T] (abbr. X € [v, w]).

Proof. Let x € C[0,1]. If h € C'[0, T] be a solution to the following terminal value problem:
W (t) + Ah(t) = f(t,x(t)) + Ax(t), h(t) = ur

Then,

h(t) = uper T — /tTeA(T*t) [f(s,x(s)) + Ax(s)] ds

Define a mapping T on C|0, T] as follows:
T
(Tx)(t) = upeMT—H) — / MO f(s,x(s)) + Ax(s)] ds, x € C[0,1].
t
It is easy to verify that T maps C[0, T] into C[0, T], and (TVP) has a solution if and only
if T has a fixed point in C[0, T].

By Assumptions (1) and (2), we know that T is decreasing and convex on [v, w].
By the first inequality in (1), we have

(425 s

(” J; w) (T) = ur.

Due to the second inequality in (1), we obtain

w'(t) +Aw(t) < f(t0(1) + Av(t),
W(T) = ur.

Let xo(t) be a solution to the following terminal value problem:

{ W (8) 4+ Au(t) = f(t,w(t)) + Aw(t),

Then, .
xo(t) = upeTH —/ M F(s,w(s)) + Aw(s)] ds.

t

Construct an iterative sequence {x,(t)} as follows:

n=20,12---

{xaﬂﬂ+A%Hﬁ)=ﬂhMUD+AMU)
Xn+1 (T) = ur

ie.,
T
Xy (£) = upeMT=H — / MO f(s, xn(s)) + Axu(s)] ds.
t

In what follows, we prove that {x, } is a Cauchy sequence in C[0, T], and converges to
the solution of the (TVP) in C[0, T].
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Step 1. We assert

In virtue of

and

and Lemma 2, we obtain

Moreover,

w' () + Aw(t) <f(t,0(t)) + Av(t)
<f(tw(t)) + Aw(t)
=x0(t) + Axo(t),

ZU(T) =Ur = XO(T).

Hence, by Lemma 2, we have x(t) < w(t), and

w—+v

w =Xy 2 >

>0

Step2. Forn =0,1,2, -,

(1) > xoni1 () > x20(t) > (“’*) (1) > o).

On the one hand, since

T
x1(t) =upeM T —/ M F (s, x0(s)) + Axo(s)] ds
t
=(Tx0)(t)
and T is decreasing, we obtain

w+tv
2

ngTxo—x1<T< ><TU

Noting that xg = Tw, we have
Xo < X1-

On the other hand, by the second inequality in (1), we have
w' (1) + Aw(t) < f(t,o(t) + Av(t) < x)(8) + Axgt = f(t, x0(t)) + Axo(t)

which means
xi (1) + Axq () = @' (t) + Aw'(¢)

By the comparison Lemma 2, there holds x1 () < w(t). Hence,

N
N

X0 X1 w.

Noting that xg > %32, we have w > x1 > x9 > %§° > v, which implies that the

assertion holds for n = 0.
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Suppose that when n =k,

wlt) > x> :(0) > (52 ) (0 2 000
then

> f(t, x2k+1(t)) + AXpk41 (t)
> £t x (1) 4 Ao (£)
> f(t-o(t)) + Ao(t).

Hence, we have

(Z5) 0+ 2(252) 0 i) + Mrecatt

> whpq (F) + Axggya (£)
> w'(t) + Aw(t).

By the comparison Lemma 2,

v+ w
—5 < Xppepa(t) < Xy () < w(t).

Repeating this process, we can verify

vt+w

2 < xpaalt) < (1) < wlt),

which means the assertion holds forn = k + 1.
Hence, for all n, there holds

wlt) > 52 (1) > x20(8) > (52 ) (1) 2 000

Step 3. {x2, ()} is increasing, while {xp,,11(t)} is decreasing.

Since
u) < (2520 <0 <o),
then
f(t,0(t) +Ao(t) < f(tx1(t)) + Axi (1)
< Flt, Aw(®)) + Aw(b))
and

w'(t) + Aw(t) < x5() + Axa(t) < x,

S~
—
~~
~—
>
=
o
—~
~
—

By the comparison Lemma 2,
xo(t) < x2(t) < w(t)
In a similar way to Step 2, we can prove
{x2,(t)} isincreasing, {xp,41(t)} is decreasing.

Step 4. {x,(t)} is uniformly convergent on [0, 1].
By Steps 1-3, we know that {x,(t)} satisfies

o(t) < (Hw)(t) <x(t) < x(f) < <) < -+ < X (B) < -+

2
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w—70
0< ( 5 )(t) < Zo(t) S Zpt <+ < Zoy(t) < Zong1(t) < -+ < Z4(t)
< (w—0)(t)
Define

rn =sup{r € R | Zoy(t) = rZoys1(t)}

Then, the sequence {r,} is well defined, % < rp < 1,and {r,} is increasing.
Since

1.

Zou(1) > 50— 0)() > 5 Za0a (1)

NI~

we have r, > %

ZZn (t) > Z2n+1 (t)

and we obtainr,, < 1.
3. If rsatisfies Zp, (t) > rZy,41(t), then the monotonicity of {Z,, } and {Zy,,1} implies
Zon+2(t) 2 Zon(t) = 1Zouy1(t) = rZon43(t)

ie., {1’ €ER | Zzn(t) = TZQH_H(t)} C {1’ €R | Zzn+2(t) = TZzn+3(t)}.
By (1-3), we know that {r,, } is convergent. Denote ry = lim 7.
n—oo

By the comparison Lemma 3,
Zont3(t) < Zonga(t) = x2n41(8) —0(t)

= ure!T) - / "D [f(5, 120 (s) + Ava ()] ds — (1)

t

= upe T — [ M f(s, 200(5) +0(5))) + A (Zan +0(5)) ds — o(1)

t

<upeh™0 — [ "M F(s, (raZam 1+ 0)(5)) + Al Zanss +2)(5)] ds — (1)

— M=) _ A(s—t) f(s, (rnxoni1 + (1 —ra)o(s)))+ s
eI [ [wnxznﬂ B B I R
Lre (T—t) Te (s—t) Vn(f(sl x2n+1(5)) +)\x2n+1(5))+ s _ o
<ur 70— [Tet [(1 ) (Fs0(s) o)) | PO

= [T — [ XI5 301 (6)) 4 Atz (6 o(0)])
t

+(1—r) {uTe/\(T_t) - / ! MO f(s,0(s)) + Av(s)] ds — v(t)]

< rulxani2(t) — o(D)] + (1= ra) [w(t) — 0 (1)]
= raZauiz +2(1 = ra) () (1)

<1ilopga +2(1 - fn)Z2n+2
= (2 - rn)ZZn+2,

then

Tn1 = sup{r € R | Zonia(t) 2 rZons2(t)} 2 5—
n
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Taking the limit on both sides, we obtain

1
2—1’0.

ro =

Noting that % <rp <1, weknow rg = 1.
Then, for an even number p,

0< Z2n+p — Zon < Zoyy1 — Zog < (1 - Vn)ZZnJrl < (1 - rn)(v - u)-

Since r, — 1, {Zp,} is convergent. In a similar way, we obtain that {Zy,;1} is
convergent, and

lim ZZn = lim Z2n+1.
n—o0 n—oo

Hence, {Z, } is convergent.
LetZ = 1i_r>n Z, and ¥ = Z + v, and then
n—oo

= lim x;,11(t)

= lim {uTeA(T_t) - /tT[f(s, xn(s)) + Axu(s)] ds

n—oo

T
e /t [£(s,%(s)) + AZ(s)] ds
=(Tx)(1),
which means that x(t) is a fixed point of T.
Step 5. ¥ is the unique fixed point of T in [v, w].

In fact, if ¥ is a fixed point of T in [v, w], then

1< I¥I<w=To>2Tx > Tw
=sw>=To > X > xg.

Continuing this process, we have
Xon(t) < X(t) < x2n41(£)-

Taking the limit on both sides, we obtain

(1) = %(t).

Hence, ¥ is the unique fixed point of T in [v, ], i.e., ¥ is the unique solution of (TVP)
inv,w]. O

Remark 1. Let

T
yo(t) = upe T —/ M1F(s,0(s)) + Av(s)] ds

t

Define

T
Vi1 () = upeM T — / D5, yn(s)) + Ayn(s)]ds,n = 0,1,2, - --
Jr

In the same way as in Theorem 1, we can prove that {y, } is uniformly convergent to % on [0, 1].



Axioms 2022, 11, 435

9o0f 11

Corollary 1. Assume that there exist two constants ¢ > 0 and A € R satisfying the following:
1. f(£,0) = Ac(T—t) = —c = 2f(t,c(T—t)) + Ac(T — t);

2. forVt e [0,T], f(t,-) is concave;

3. forvte[0,T],x,y€0,c(T—1t)], x<y,

flby) = f(tx) = =Aly —x),

and then (TVP)

has a unique solution %(t) satisfying
0< x(t)<c(T—1t), te[0,T].

Proof. Choose v(t) = 0, w(t) = ¢(T — t), and we can verify that all conditions of Theorem 1
are fulfilled. O

Consider the following terminal value problem.

x'(f) =t+g(x(t)) t €[0,1]
x(1)=0

Corollary 2. Let g € C2[0,1]. If the following conditions are satisfied
1. g(0) > -2

2 forvxe 01 g(x) < Jx—

3. forvxe[0,1], g'(x) 2 1;

4.  forVx €10,1], " (x) <O.

Then the above (TVP) has a unique solution %(t) satisfying
0<x(t)<1—-tte]0,1].

Proof. Let
F(tx) = t+ g ().

and c =T = 1,A = —1; we can verify that

f(£,0) —Ac(T—t) >t+(=2)+1—t

=—1=—c
2f(t,c(T—1t)) +Ac(T—t) =2[t+g(1—t)] — (1 —1)
S+ 200 -3~ (1-H<-1=

which implies that assumption (1) of Corollary 1 is satisfied.
Moreover,
wx(tx) = ¢"(x) <0

means that f(t,.) is concave, i.e., Assumption (2) of Corollary 1 is fulfilled. Noting that
filtbx)=g(x) 21, x€[01],

hence, f meets condition (3) of Corollary 1.
By Corollary 1, we know that this terminal problem has a unique solution X(t) satisfying
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O

4. Application

Example 1. Let g(x) = x + sinx — 2. We can verify that all assumptions of Corollary 2 hold.
Hence, the terminal value problem

x'(t) =t + x(t) + sinx(t) — 2
x(1)=0

has a unique solution X(t) satisfying
0<x(t)<1—t
Let T =1,A = —1,99(t) = 0. Define
T
O (£) = upeT—1) —/ M=) [f(s,vn(s)) + Avy(s)]ds,n =0,1,2,--- .
t
Then, the approximate solutions of the above TVP are
or(t) = (t—2) [e@*l) - 1}
0 (t) = {t + sin{(t —2) [e(t_l) - 1} } . 2} : [e(t_l) - 1}

The image of the approximate solutions of vy, v; is the Figure 1.

1.4 T T T T

Vi(t)

1.2 LU

0.6

0.4

O | | | |
0 0.2 0.4 0.6 0.8 1

Figure 1. Image of the approximate solutions of v, v.
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5. Discussion

In this paper, we have constructed an iterative monotone sequence and verified that
this sequence is convergent to a solution of problem (TVP). Other assumptions ensure the
uniqueness of this solution. Our uniqueness result is a local result, which means that the
problem may have multiple solutions in the space C[0, T].

6. Conclusions

In this paper, we have used comparison lemmas, an iterative technique and a fixed
point method to obtain the existence and uniqueness results of solutions for a terminal
value problem of the first-order differential equation. Our discussion lies in a bounded
interval. It is an interesting problem to extend the study to an unbounded interval, i.e.,

X(t) = f(tx(1)
x(00) = 1limye0 x(t) = Ueo
We will try to find appropriate conditions to ensure the existence and uniqueness of

the solution to the above problem.
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