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Abstract: Two important basic inference models of fuzzy reasoning are Fuzzy Modus Ponens (FMP)
and Fuzzy Modus Tollens (FMT). In order to solve FMP and FMT problems, the full implication triple
I algorithm, the reverse triple I algorithm and the Subsethood Inference Subsethood (SIS for short)
algorithm are proposed, respectively. Furthermore, the existing reasoning algorithms are extended to
intuitionistic fuzzy sets and interval-valued fuzzy sets according to different needs. The purpose of
this paper is to study the relationship between intuitionistic fuzzy reasoning algorithms and interval-
valued fuzzy reasoning algorithms. It is proven that there is a bijection between the solutions of
intuitionistic fuzzy triple I algorithm and the interval-valued fuzzy triple I algorithm. Then, there is a
bijection between the solutions of intuitionistic fuzzy reverse triple I algorithm and the interval-valued
fuzzy reverse triple I algorithm. At the same time, it is shown that there is also a bijection between the
solutions of intuitionistic fuzzy SIS algorithm and interval-valued fuzzy SIS algorithm.

Keywords: Fuzzy Modus Ponens; Fuzzy Modus Tollens; reasoning algorithm; intuitionistic fuzzy
sets; interval-valued fuzzy sets

MSC: 110.84

1. Introduction

In recent years, fuzzy control achieved great success in many aspects. Fuzzy reasoning
is the core content of fuzzy control. As an important branch of approximate reasoning,
fuzzy reasoning is close to human thinking mode. It has become the theoretical basis for
fuzzy expert systems, fuzzy control systems and fuzzy intelligent decision systems, etc.
In fuzzy reasoning, the most basic forms of fuzzy reasoning are Fuzzy Modus Ponens
(FMP) and Fuzzy Modus Tollens (FMT) [1] as follows:

FMP: Given the input “x is A∗”, and fuzzy rule “if x is A then y is B”, try to infer a
reasonable output “y is B∗”;

FMT: Given the input “y is B∗”, and fuzzy rule “if x is A then y is B”, try to infer a
reasonable output “x is A∗”.

Zadeh [2] proposed the compositional rules of inference (CRI method for short) to deal
with the above problem. Nevertheless, Wang [3] pointed out that the CRI method lacks
strict logical basis and has no reducibility. Moreover, Wang [3] proposed full implication
triple I method (triple I method for short), which improves the traditional CRI algorithm
and brings fuzzy reasoning within the framework of logical semantic implication. Many
researchers have done a lot of research on the triple I method and achieved a series of
results. Wang and Fu [4] provided the unified forms of triple I method for FMP and FMT.
Pei [5] comprehensively discussed the method based on residual fuzzy implication induced
by left-continuous t-norms. Song and Wu [6] proposed a reverse triple I algorithm from the
perspective of how to design a fuzzy system to minimize the number of elements in the
fuzzy rule base under a given precision. Liu and Wang [7] proposed triple I method based
on pointwise sustaining degrees. Luo and Yao [8] studied triple I algorithms based on
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Schweizer–Sklar operators in fuzzy reasoning. In addition, the reducibility of the algorithm
is one of the important criteria to evaluate the quality of fuzzy reasoning. Although the
triple I algorithm and the reverse triple I algorithm have better properties in reducibility
than CRI algorithm, their reducibility is not unconditional. Therefore, Zou and Pei [9] gave
an SIS algorithm with the advantage of unconditional reducibility.

Although fuzzy sets have been successfully used in many fields, there are still some
defects in describing the fuzziness and uncertainty of information. An interval-valued fuzzy
set was introduced by Zadeh [10]. Many researchers extended approximate inference to the
interval-valued fuzzy sets. An approximate reasoning method based on the interval-valued
fuzzy sets was proposed [11]. Li et al. [12] discussed the robustness of interval-valued CRI
method. Liu and Li [13] studied the interval-valued fuzzy reasoning with multi-antecedent
rules. Luo and Zhang [14] extended the fuzzy inference triple I principle on interval-valued
fuzzy sets, and gave the interval-valued fuzzy inference full-implication method based on
the associated t-norms. Luo and Wang [15] further studied interval-valued fuzzy reasoning
full implication algorithms based on the t-representable t-norm. Li and Xie [16] investigated
universal interval-valued fuzzy inference systems based on interval-valued implications.
Luo et al. [17] discussed the robustness of reverse triple I algorithms based on interval-valued
fuzzy sets. Wang et al. [18] combined the SIS algorithm with interval-valued fuzzy sets to
give a generalized SIS algorithm based on interval fuzzy reasoning and study its robustness.

Another extension of fuzzy sets, intuitionistic fuzzy sets, were proposed by Atanassov [19].
Many research results based on intuitionistic fuzzy sets have been obtained. Deschri-
jver et al. [20] proposed the intuitionistic fuzzy t-norm and t-conorm. Cornelis et al. [21]
studied the intuitionistic fuzzy reasoning CRI method. Zheng et al. [22] studied the in-
tuitionistic fuzzy reasoning triple I method and α-triple I method. Liu and Zheng [23]
proposed the dual triple I method and the decomposition method for intuitionistic Fuzzy
Modus Tollens, which improved the reductivity of triple I method for intuitionistic Fuzzy
Modus Tollens. Peng [24] discussed the intuitionistic fuzzy reasoning reverse triple I algo-
rithm and the reverse α-triple I algorithm. The literature [25] extended the SIS algorithm
to intuitionistic fuzzy sets and then gave an SIS algorithm based on intuitionistic fuzzy
reasoning and discussed its continuity.

Although scholars have made some research results based on intuitionistic fuzzy sets
and interval-valued fuzzy sets, the relationship between the results has not been studied. This
is the research goal of this paper. The structure of this paper is as follows: some concepts for
intuitionistic fuzzy sets and interval-valued fuzzy sets are reviewed in Section 2. In Section 3,
we study the relationship between the intuitionistic fuzzy reasoning triple I algorithm and
interval-valued fuzzy reasoning triple I algorithm, the relationship between the intuitionistic
fuzzy reasoning reverse triple I algorithm and interval-valued fuzzy reasoning reverse triple
I algorithm, the relationship between the intuitionistic fuzzy reasoning SIS algorithm and
interval-valued fuzzy reasoning SIS algorithm. The conclusions are given in Section 4.

2. Preliminary

In this section, we review some concepts for intuitionistic fuzzy sets and interval-
valued fuzzy sets, which will be used in the paper.

Definition 1 ([26]). An increasing, commutative, associative mapping T : [0, 1]× [0, 1]→ [0, 1]
is called a triangular norm (t-norm for short) if it satisfies T(x, 1) = x for any x ∈ [0, 1]. An
increasing, commutative, associative mapping S : [0, 1] × [0, 1] → [0, 1] is called a triangular
conorm (t-conorm for short) if it satisfies S(0, x) = x for any x ∈ [0, 1].

Definition 2 ([27]). The residuated implication R induced by left-continuous t-norm T is defined
by R(a, b) = sup {x ∈ [0, 1] | T(a, x) ≤ b}, ∀a, b ∈ [0, 1].

Example 1 ([28]). (1) The Godel implication (RG for short) and the corresponding t-norm (TG for
short) have the following expression
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RG(a, b) =
{

1, if a ≤ b,
b, if a > b.

TG(a, b) = a ∧ b.

(2) The Lukasiewicz implication (RLu for short) and the corresponding t-norm (TLu for short)
have the following expression

RLu(a, b) = (1− a + b) ∧ 1.

TLu(a, b) = (a + b− 1) ∨ 0.

(3) The Gougen implication (RGo for short) and the corresponding Product t-norm (TGo for
short) have the following expression

RGo(a, b) =
{

1, if a ≤ b,
b
a , if a > b.

TGo(a, b) = ab.

Definition 3 ([19]). An intuitionistic fuzzy set (IFS for Short) on nonempty universe X is given by

A = {(x, µA(x), ϑA(x)) | x ∈ X}

where µA(x) ∈ [0, 1] and ϑA(x) ∈ [0, 1] with the condition 0 ≤ µA(x) + ϑA(x) ≤ 1(∀x ∈ X).
µA(x) and ϑA(x) are called a membership function and a non-membership function, respectively.

The class of all intuitionistic fuzzy sets on nonempty universe X is denoted IFS(X).
For every A, B ∈ IFS(X), some operations are defined as follows [29]:

(1) A ⊆L∗ B iff µA(x) ≤ µB(x) and ϑA(x) ≥ ϑB(x),∀x ∈ X;
(2) A ∪L∗ B = {(x, sup(µA(x), µB(x)), inf(ϑA(x), ϑB(x)) | x ∈ X};
(3) A ∩L∗ B = {(x, inf(µA(x), µB(x)), sup(ϑA(x), ϑB(x)) | x ∈ X}.

Let L∗ = {(x1, y1) | (x1, y1) ⊆ [0, 1]2, x1 + y1 ≤ 1}. The order defined on L∗

as (x1, y1) ≤L∗ (x2, y2) if x1 ≤ x2 and y1 ≥ y2. (x1, y1) ∧L∗ (x2, y2) = (x1 ∧ x2, y1 ∨
y2), (x1, y1) ∨L∗ (x2, y2) = (x1 ∨ x2, y1 ∧ y2). sup(xi, yi) = (sup xi, inf yi), inf(xi, yi) =
(inf xi, sup yi) for all (xi, yi)∈L∗. 0∗ = (0, 1) and 1∗ = (1, 0) are the smallest element
and the greatest element in L∗, respectively. It is easy to verify that (L∗,∧,∨, 0∗, 1∗) is a
complete lattice [30].

Definition 4 ([20]). An increasing, commutative, associative mapping TL∗ : L∗ × L∗ → L∗ is
called an intuitionistic fuzzy t-norm if it satisfies TL∗(x, 1∗) = x for any x ∈ L∗.

Example 2 ([20]). A binary mapping TL∗ : L∗ × L∗ → L∗ is defined by TL∗(α, β) = (T(a1, b1),
S(a2, b2)), where α = (a1, a2), β = (b1, b2), S is the dual t-conorm of the t-norm T. Then, TL∗ is
an intuitionistic t-norm, which is called the associated intuitionistic t-norm on L∗.

The associated intuitionistic t-norm TL∗ is called left-continuous if T is a left-continuous
t-norm and S is a right-continuous t-conorm.

Definition 5 ([20]). The intuitionistic residuated implication RL∗ induced by left-continuous
intuitionistic t-norm TL∗ is defined byRL∗(α, β) = sup{η | TL∗(η, α) ≤ β}, where α, β, η ∈ L∗,
and TL∗ is a t-norm on L∗.

Lemma 1 ([22]). The intuitionistic residuated implication induced by left-continuous associated
intuitionistic t-norm TL∗ isRL∗(α, β) = (R(a1, b1) ∧ R(1− a2, 1− b2), 1− R(1− a2, 1− b2)),
where α = (a1, a2), β = (b1, b2) ∈ L∗, and R is the residuated implication induced by the t-norm T.

Definition 6 ([10]). An interval-valued fuzzy set (IVFS for short) on nonempty universe X is given by

B = {(x, [Bl(x), Br(x)]) | [Bl(x), Br(x)] ⊆ [0, 1], x ∈ X}
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The class of all interval-valued fuzzy sets on the nonempty universe X is denoted
IVFS(X).

For every A, B ∈ IVFS(X), some operations are defined as follows [10]:

(1) A ⊆LI B iff Al(x) ≤ Bl(x) and Ar(x) ≤ Br(x),∀x ∈ X;
(2) A ∪LI B = {(x, [sup(Al(x), Bl(x)), sup(Ar(x), Br(x))]) | x ∈ X};
(3) A ∩LI B = {(x, [inf(Al(x), Bl(x)), inf(Ar(x), Br(x))]) | x ∈ X}.

Let LI = {[x1, y1] | [x1, y1] ⊆ [0, 1], x1 ≤ y1}. The order defined on LI as [x1, y1] ≤LI

[x2, y2] if x1 ≤ x2 and y1 ≤ y2 is called component-wise order or Kulisch–Miranker
order [31]. [x1, y1] ∧LI [x2, y2] = [x1 ∧ x2, y1 ∧ y2], [x1, y1] ∨LI [x2, y2] = [x1 ∨ x2, y1 ∨ y2].
sup[xi, yi] = [sup xi, sup yi], inf[xi, yi] = [inf xi, inf yi] for all [xi, yi]∈LI . 0I = [0, 0] and
1I = [1, 1] are the smallest element and the greatest element in LI , respectively. It is easy to
verify that (LI ,∧,∨, 0I , 1I) is a complete lattice [31].

Definition 7 ([32]). An increasing, commutative, associative mapping TLI : LI × LI → LI is
called an interval-valued t-norm if it satisfies TLI (1I , x) = x for any x ∈ LI .

Example 3 ([33]). A mapping TLI : LI× LI → LI is defined by TLI (α, β) = [T(a1, b1), T(a2, b2)],
where α = [a1, a2], β = [b1, b2] ∈ LI , and T is a t-norm. Then, TLI is an interval-valued t-norm,
which is called the associated interval-valued t-norm on LI .

The associated t-norm TLI is called left-continuous if T is a left-continuous t-norm on the
interval [0, 1] [14].

Definition 8 ([20]). The interval-valued residuated implicationRLI induced by left-continuous
interval-valued t-norm TLI is defined byRLI (α, β) = sup

{
fl ∈ LI | TLI(ff, fl) ≤ fi

}
.

Lemma 2 ([34]). The interval-valued residuated implication induced by left-continuous associated t-
norm TLI isRLI (α, β) = [R(a1, b1)∧ R(a2, b2), R(a2, b2)], where α = [a1, a2], β = [b1, b2] ∈ LI ,
and R is the residuated implication induced by the t-norm T.

Lemma 3 ([35]). Mapping ϕ : IFS(X) → IVFS(X), A 7→ B is an isomorphism between the
lattices (IFS(X),∪L∗ ,∩L∗) and (IVFS(X),∪LI ,∩LI ), where

A = {(x, µA(x), ϑA(x)) | x ∈ X},

B = {(x, [µA(x), 1− ϑA(x)]) | x ∈ X}.

3. The Relationship Based on Intuitionistic Fuzzy Sets and Interval-Valued Fuzzy Sets
3.1. The Relationship between the Triple I Methods Based on Intuitionistic Fuzzy Sets and
Interval-Valued Fuzzy Sets

In this section, the relationship between the solutions of the triple I method based on
the IFS and the IVFS will be studied.

Definition 9 ([22]). The intuitionistic fuzzy reasoning triple I model is denoted as

RL∗(RL∗(AL∗(x), BL∗(y)),RL∗(A∗L∗(x), B∗L∗(y))) (1)

where AL∗ , A∗L∗ ∈ IFS(X), BL∗ , B∗L∗ ∈ IFS(Y), andRL∗ is the intuitionistic residuated implica-
tion on L∗. The smallest (greatest) intuitionistic fuzzy set B∗L∗ (A∗L∗) of the universe Y(X) such that
Formula (1) attains the greatest value is called the intuitionistic fuzzy reasoning triple I solution for
FMP(FMT) problem.

Theorem 1 ([22]). Suppose thatRL∗ is the intuitionistic residuated implication induced by left-
continuous associated intuitionistic t-norm TL∗ , then
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(1) The intuitionistic fuzzy reasoning triple I solution for FMP (IFMP algorithm solution B∗L∗ for
short) is given by the following formula

B∗L∗(y) = sup
x∈X
TL∗(A∗L∗(x),RL∗(AL∗(x), BL∗(y))) (∀y ∈ Y). (2)

(2) The intuitionistic fuzzy reasoning triple I solution for FMT (IFMT algorithm solution A∗L∗
for short) is given by the following formula

A∗L∗(x) = inf
y∈Y
RL∗(RL∗(AL∗(x), BL∗(y)), B∗L∗(y)) (∀x ∈ X). (3)

Definition 10 ([14]). The interval-valued fuzzy reasoning triple I model is denoted as

RLI (RLI (ALI (x), BLI (y)),RLI (A∗LI (x), B∗LI (y))) (4)

where ALI , A∗LI ∈ IVFS(X), BLI , B∗LI ∈ IVFS(Y), and RLI is the interval-valued residuated
implication on LI . The smallest (greatest) interval-valued fuzzy set B∗LI (A∗LI ) of the universe Y(X)
such that the Formula (4) attains the greatest value is called the interval-valued fuzzy reasoning
triple I solution for FMP (FMT) problem.

Theorem 2 ([14]). Suppose that RLI is the interval-valued residuated implication induced by
left-continuous associated interval-valued t-norm TLI , then

(1) The interval-valued fuzzy reasoning triple I solution for FMP (IVFMP algorithm solution
B∗LI for short) is given by the following formula

B∗LI (y) = sup
x∈X
TLI (RLI (ALI (x), BLI (y)), A∗LI (x)) (∀y ∈ Y). (5)

(2) The interval-valued fuzzy reasoning triple I solution for FMT (IVFMT algorithm solution
A∗LI for short) is given by the following formula

A∗LI (x) = inf
y∈Y
RLI (RLI (ALI (x), BLI (y)), B∗LI (y)) (∀x ∈ X). (6)

Theorem 3. The residuated lattice (IFS(X),∪L∗ ,∩L∗ , 0∗, 1∗, TL∗ ,RL∗) and (IVFS(X),
∪LI ,∩LI , 0I , 1I , TLI ,RLI ) is isomorphic, where RL∗ is intuitionistic residuated implication in-
duced by the left-continuous associated intuitionistic t-norm TL∗ ,RLI is interval-valued residuated
implication induced by the left-continuous associated interval-valued t-norm TLI .

Proof. Let mapping ϕ : IFS(X) → IVFS(X), (x1, x2) 7→ [x1, 1− x2], we prove that ϕ
is an isomorphism between the residuated lattice (IFS(X),∪L∗ ,∩L∗ , 0∗, 1∗, TL∗ ,RL∗) and
(IVFS(X),∪LI ,∩LI , 0I , 1I , TLI ,RLI ). According to Lemma 3, we have (IFS(X),∪L∗ ,∩L∗ , 0∗,
1∗) ∼= (IVFS(X),∪LI ,∩LI , 0I , 1I).

Let α = (x1, x2), β = (y1, y2)∈L∗, then

ϕ(TL∗ (α, β))

= ϕ(TL∗ ((x1, x2), (y1, y2)))

= ϕ(T((x1, y1), S(x2, y2))) (By Example 2)

= [T(x1, y1), 1− S(x2, y2)]

= [T(x1, y1), T(1− x2, 1− y2)]

= TLI ([x1, 1− x2], [y1, 1− y2]) (By Example 3)

= TLI (ϕ(x1, x2), ϕ(y1, y2))

= TLI (ϕ(α), ϕ(β))
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ϕ(RL∗(α, β))

= ϕ(RL∗((x1, x2), (y1, y2)))

= ϕ(R(x1, y1) ∧ R(1− x2, 1− y2), 1− R(1− x2, 1− y2)) (By Lemma 1)

= [R(x1, y1) ∧ R(1− x2, 1− y2), R(1− x2, 1− y2)]

= RLI ([x1, 1− x2], [y1, 1− y2]) (By Lemma 2)

= RLI (ϕ(x1, x2), ϕ(y1, y2))

= RLI (ϕ(α), ϕ(β))

Theorem 4. There is a bijection between the IFMP algorithm solution B∗L∗ (by Formula (2)) and
the IVFMP algorithm solution B∗LI (by Formula (5)).

Proof. Let mapping ϕ : IFS(Y)→ IVFS(Y), (y1, y2) 7→ [y1, 1− y2].

ϕ(B∗L∗(y))

= ϕ sup
x∈X
TL∗(A∗L∗(x),RL∗(AL∗(x), BL∗(y)))

= sup
x∈X

ϕ(TL∗(A∗L∗(x),RL∗(AL∗(x), BL∗(y)))

= sup
x∈X
TLI (ϕ(A∗L∗(x)), ϕ(RL∗(AL∗(x), BL∗(y)))) (By Theorem 3)

= sup
x∈X
TLI (ϕ(A∗L∗(x)),RLI (ϕ(AL∗(x)), ϕ(BL∗(y)))) (By Theorem 3)

= sup
x∈X
TLI (A∗LI (x),RLI (ALI (x), BLI (y)))

= B∗LI (y)

It is shown that there is a bijection between the IFMP algorithm solution B∗L∗ and the
IVFMP algorithm solution B∗LI .

Theorem 5. There is a bijection between the IFMT algorithm solution A∗L∗ (by Formula (3)) and
the IVFMT algorithm solution A∗LI (by Formula (6)).

Proof. Let mapping ϕ : IFS(X)→ IVFS(X), (x1, x2) 7→ [x1, 1− x2].

ϕ(A∗L∗(x))

= ϕ inf
y∈Y
RL∗(RL∗(AL∗(x), BL∗(y)), B∗L∗(y))

= inf
y∈Y

ϕ(RL∗(RL∗(AL∗(x), BL∗(y)), B∗L∗(y)))

= inf
y∈Y
RLI (ϕ(RL∗(AL∗(x), BL∗(y))), ϕ(B∗L∗(y))) (By Theorem 3)

= inf
y∈Y
RLI (ϕ(RL∗(AL∗(x), BL∗(y))), B∗LI (y)) (By Theorem 3)

= inf
y∈Y
RLI (RLI (ALI (x), BLI (y)), B∗LI (y))

= A∗LI (x)

It is shown that there is a bijection between the IFMT algorithm solution A∗L∗ and the
IVFMT algorithm solution A∗LI .

Example 4. The intuitionistic fuzzy numbers AL∗ , A∗L∗ ,BL∗ are shown in Table 1, and the intu-
itionistic fuzzy numbers A, A∗,B is transformed into interval-valued fuzzy numbers ALI , A∗LI ,BLI

by mapping ϕ, as can be seen in Table 2. Take the triangular norm T = TG, the intuitionistic fuzzy
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reasoning triple I solutions B∗L∗ and the interval-valued fuzzy reasoning triple I solutions B∗LI are
shown in Table 3.

Table 1. Data of AL∗ , A∗L∗ and BL∗ .

x1 x2 x3

AL∗ (0.60, 0.30) (0.90, 0.10) (0.40, 0.50)
A∗L∗ (0.20, 0.50) (0.30, 0.60) (0.10, 0.40)

y1 y2 y3

BL∗ (0.50, 0.30) (0.30, 0.60) (0.10, 0.70)

Table 2. Data of ALI , A∗LI and BLI .

x1 x2 x3

ALI [0.60, 0.70] [0.90, 0.90] [0.40, 0.50]
A∗LI [0.20, 0.50] [0.30, 0.40] [0.10, 0.60]

y1 y2 y3

BLI [0.50, 0.70] [0.30, 0.40] [0.10, 0.30]

Table 3. IFMP algorithm solutions B∗L∗ and IVFMP algorithm solutions B∗LI .

y1 y2 y3

B∗L∗ (0.30, 0.40) (0.30, 0.60) (0.10, 0.70)
B∗LI [0.30, 0.60] [0.30, 0.40] [0.10, 0.30]

Use the mapping ϕ(B∗L∗) = D, the calculation results are shown in Table 4. By com-
paring the data in Tables 3 and 4, the value of D is equal to the solution B∗LI for solving the
IVFMP problem. The results show that the solutions based on the two fuzzy sets are in
one-to-one correspondence.

Table 4. The values of corresponding to under the mapping ϕ.

B∗L∗ (0.30, 0.40) (0.30, 0.60) (0.10, 0.70)
D [0.30, 0.60] [0.30, 0.40] [0.10, 0.30]

3.2. The Relationship between the Reverse Triple I Methods Based on Intuitionistic Fuzzy Sets and
Interval-Valued Fuzzy Sets

In this section, the solutions of the reverse triple I method based on the IFS and the
IVFS have been given, and the relationship between the two solutions will be studied.

Definition 11 ([24]). The intuitionistic fuzzy reasoning reverse triple I model is denoted as

RL∗(RL∗(A∗L∗(x), B∗L∗(y)),RL∗(AL∗(x), BL∗(y))) (7)

where AL∗ , A∗L∗ ∈ IFS(X), BL∗ , B∗L∗ ∈ IFS(Y), andRL∗ is the intuitionistic residuated implica-
tion on L∗. The greatest (smallest) intuitionistic fuzzy set B∗L∗ (A∗L∗ ) of the universe Y(X) such that
the Formula (7) attains the greatest value is called the intuitionistic fuzzy reasoning reverse triple I
solution for FMP (FMT) problem, denoted by B∗RL∗ (A∗RL∗ ).

Theorem 6 ([24]). LetRL∗ be the intuitionistic residuated implication induced by left-continuous
associated intuitionistic t-norm TL∗ . Then
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(1) The intuitionistic fuzzy reasoning reverse triple I solution for FMP is given by the follow-
ing formula

B∗RL∗(y) = inf
x∈X
TL∗(A∗L∗(x),RL∗(AL∗(x), BL∗(y))) (∀y ∈ Y). (8)

(2) The intuitionistic fuzzy reasoning reverse triple I solution for FMT is given by the follow-
ing formula

A∗RL∗(x) = sup
y∈Y
RL∗(RL∗(AL∗(x), BL∗(y)), B∗L∗(y)) (∀x ∈ X). (9)

Definition 12 ([17]). The interval-valued fuzzy reasoning reverse triple I model is denoted as

RLI (RLI (A∗LI (x), B∗LI (y)),RLI (ALI (x), BLI (y))) (10)

where ALI (x), A∗LI (x) ∈ IVFS(X), BLI (y), B∗LI (y) ∈ IVFS(Y), and RLI is the interval-valued
residuated implication on LI . The greatest (smallest) interval-valued fuzzy set B∗LI (A∗LI ) of the
universe Y(X) such that the Formula (10) attains the greatest value is called the interval-valued
fuzzy reasoning reverse triple I solution for the FMP (FMT) problem, denoted by B∗RLI (A∗RLI ).

Theorem 7 ([17]). LetRLI be the interval-valued residuated implication induced by left-continuous
associated interval-valued t-norm TLI . Then

(1) The interval-valued fuzzy reasoning reverse triple I solution for FMP is given by the follow-
ing formula

B∗RLI (y) = inf
x∈X
TLI (RLI (ALI (x), BLI (y)), A∗LI (x)) (∀y ∈ Y). (11)

(2) The interval-valued fuzzy reasoning reverse triple I solution for FMT is given by the follow-
ing formula

A∗RLI (x) = sup
y∈Y
RLI (RLI (ALI (x), BLI (y)), B∗LI (y)) (∀x ∈ X). (12)

Theorem 8. There is a bijection between the intuitionistic fuzzy reasoning reverse triple I solution
B∗RL∗ for FMP (by Formula (8)) and the interval-valued fuzzy reasoning reverse triple I solution
B∗RLI for FMP (by Formula (11)).

Proof. Let mapping ϕ : IFS(Y)→ IVFS(Y), (y1, y2) 7→ [y1, 1− y2].

ϕ(B∗RL∗(y))

= ϕ inf
x∈X
TL∗(A∗L∗(x),RL∗(AL∗(x), BL∗(y)))

= inf
x∈X

ϕ(TL∗(A∗L∗(x),RL∗(AL∗(x), BL∗(y))))

= inf
x∈X
TLI (ϕ(A∗L∗(x)), ϕ(RL∗(AL∗(x), BL∗(y)))) (By Theorem 3)

= inf
x∈X
TLI (ϕ(A∗L∗(x)),RLI (ϕ(AL∗(x)), ϕ(BL∗(y)))) (By Theorem 3)

= inf
x∈X
TLI (A∗LI (x),RLI (ALI (x), BLI (y)))

= B∗RLI (y)

It is shown that there is a bijection between the intuitionistic fuzzy reasoning reverse
triple I solution B∗RL∗ and the interval-valued fuzzy reasoning reverse triple I solution
B∗RLI .
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Theorem 9. There is a bijection between the intuitionistic fuzzy reasoning reverse triple I solution
A∗RL∗ for FMT (by Formula (9)) and the interval-valued fuzzy reasoning reverse triple I solution
A∗RLI for FMT (by Formula (12)).

Proof. Let mapping ϕ : IFS(X)→ IVFS(X), (x1, x2) 7→ [x1, 1− x2].

ϕ(A∗RL∗(x))

= ϕ inf
y∈Y

(RL∗(RL∗(AL∗(x), BL∗(y)), B∗L∗(y)))

= inf
y∈Y

ϕ(RL∗(RL∗(AL∗(x), BL∗(y)), B∗L∗(y))) (By Lemma 3)

= inf
y∈Y
RLI (ϕ(RL∗(AL∗(x), BL∗(y))), ϕ(B∗L∗(y))) (By Theorem 3)

= inf
y∈Y
RLI (ϕ(RL∗(AL∗(x), BL∗(y))), B∗LI (y)) (By Theorem 3)

= inf
y∈Y
RLI (RLI (ALI (x), BLI (y)), B∗LI (y))

= A∗RLI (x)

It is shown that there is a bijection between the intuitionistic fuzzy reasoning reverse
triple I solution A∗RL∗ and the interval-valued fuzzy reasoning reverse triple I solution
A∗RLI .

3.3. The Relationship between the SIS Methods Based on Intuitionistic Fuzzy Sets and
Interval-Valued Fuzzy Sets

In this section, the solutions of the SIS method based on the IFS and the IVFS have
been given, and the relationship between the two solutions will be studied.

Definition 13 ([25]). Let A, B ∈ IFS(X), and RL∗ be the intuitionistic residuated implication
induced by left-continuous associated intuitionistic t-norm TL∗ . Then, the intuitionistic fuzzy
reasoning subsethood degree SL∗ is denoted as

SL∗(A, B) = inf
x∈X

(A(x), B(x))

Definition 14 ([25]). The intuitionistic fuzzy reasoning SIS model is denoted as

RL∗(SL∗(A∗L∗ , AL∗), SL∗(B∗L∗ , BL∗)) (13)

where AL∗ , A∗L∗ ∈ IFS(X), BL∗ , B∗L∗ ∈ IFS(Y), and RL∗ is the intuitionistic residuated impli-
cation on L∗. The greatest intuitionistic fuzzy set B∗L∗ (A∗L∗ ) of the universe Y(X) such that the
Formula (13) attains the greatest value is called the intuitionistic fuzzy reasoning SIS algorithm
solution for FMP(FMT) problem, denoted by B∗SL∗ (A∗SL∗ ).

Theorem 10 ([25]). LetRL∗ be the intuitionistic residuated implication induced by left-continuous
associated intuitionistic t-norm TL∗ . Then:

(1) The intuitionistic fuzzy reasoning SIS reasoning algorithm solution for FMP is given by the
following formula

B∗SL∗(y) = inf
x∈X
RL∗(SL∗(A∗L∗ , AL∗), BL∗(y)) (∀y ∈ Y). (14)

(2) The intuitionistic fuzzy reasoning SIS reasoning algorithm solution for FMT is given by the
following formula

A∗SL∗(x) = inf
y∈Y
RL∗(SL∗(B∗L∗ , BL∗), AL∗(x)) (∀x ∈ X). (15)
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Definition 15 ([18]). Let A, B ∈ IVFS(X), andRLI be the interval-valued residuated implication
induced by left-continuous associated interval-valued t-norm TLI . Then, the interval-valued fuzzy
reasoning subsethood degree SLI is denoted as

SLI (A, B) = inf
x∈X

(A(x), B(x))

Definition 16 ([18]). The interval-valued fuzzy reasoning SIS algorithm model is denoted as

RLI (SLI (B∗LI , BLI ), SLI (A∗LI , ALI )) (16)

where ALI (x), A∗LI (x) ∈ IVFS(X), BLI (y), B∗LI (y) ∈ IVFS(Y), and RLI is the interval-valued
residuated implication on LI . The greatest interval-valued fuzzy set B∗LI (A∗LI ) of the universe Y(X)
such that the Formula (16) attains the greatest value is called the interval-valued fuzzy reasoning
SIS algorithm solution for the FMP(FMT) problem, denoted by B∗SLI (A∗SLI ).

Theorem 11 ([18]). LetRLI be the interval-valued residuated implication induced by left-continuous
associated interval-valued t-norm TLI . Then:

(1) The interval-valued fuzzy reasoning SIS algorithm solution for FMP is given by the follow-
ing formula

B∗SLI (y) = inf
x∈X
RLI (SLI (A∗LI , ALI ), BLI (y)) (∀y ∈ Y). (17)

(2) The interval-valued fuzzy reasoning SIS algorithm solution for FMT is given by the follow-
ing formula

A∗SLI (x) = inf
y∈Y
RLI (SLI (B∗LI , BLI ), ALI (x)) (∀x ∈ X). (18)

Theorem 12. There is a bijection between the intuitionistic fuzzy reasoning SIS algorithm solution
B∗SL∗ for FMP (by Formula (14)) and the interval-valued fuzzy reasoning SIS algorithm solution
B∗SLI for FMP (by Formula (17)).

Proof. Let mapping ϕ : IFS(Y)→ IVFS(Y), (y1, y2) 7→ [y1, 1− y2].

ϕ(B∗SL∗(y))

= ϕ inf
x∈X

(RL∗(SL∗(A∗L∗ , AL∗), BL∗(y)))

= inf
x∈X

ϕ(RL∗(SL∗(A∗L∗ , AL∗), BL∗(y)))

= inf
x∈X
RLI (ϕ(SL∗(A∗L∗ , AL∗), BL∗(y)))

= inf
x∈X
RLI (SLI (ϕ((A∗L∗ , AL∗), ϕ(BL∗(y))))

= inf
x∈X

(RLI (SLI (A∗LI , ALI ), BLI (y)))

= B∗SLI (y)

It is shown that there is a bijection between the intuitionistic fuzzy reasoning SIS
algorithm solution B∗SL∗ and the interval-valued fuzzy reasoning SIS algorithm solution
B∗SLI .

Theorem 13. There is a bijection between the intuitionistic fuzzy reasoning SIS algorithm solution
A∗SL∗ for FMT (by Formula (15)) and the interval-valued fuzzy reasoning SIS algorithm solution
A∗SLI for FMT (by Formula (18)).
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Proof. Let mapping ϕ : IFS(X)→ IVFS(X), (x1, x2) 7→ [x1, 1− x2].

ϕ(A∗SL∗(x))

= ϕ inf
y∈Y

(RL∗(SL∗(B∗L∗ , BL∗)AL∗(x))

= inf
y∈Y

ϕ(RL∗(SL∗(B∗L∗ , BL∗), AL∗(x)))

= inf
y∈Y
RLI (ϕ(SL∗(B∗L∗ , BL∗), AL∗(x)))

= inf
y∈Y
RLI (SLI (ϕ((B∗L∗ , BL∗), ϕ(AL∗(x))))

= inf
y∈Y

(RLI (SLI (B∗LI , BLI ), ALI (x)))

= A∗SLI (x)

It is shown that there is a bijection between the intuitionistic fuzzy reasoning SIS
algorithm solution A∗SL∗ and the interval-valued fuzzy reasoning SIS algorithm solution
A∗SLI .

The flow diagram of results is shown in Figure 1.

Figure 1. The flow diagram of results.

4. Conclusions

In this paper, we studied the relationship between intuitionistic fuzzy reasoning algo-
rithm and interval-valued fuzzy reasoning algorithm. It is proved that there is a bijection
between the intuitionistic fuzzy reasoning triple I solution and the interval-valued fuzzy
reasoning triple I solution, and there is a bijection between the intuitionistic fuzzy reasoning
reverse triple I solution and the interval-valued fuzzy reasoning reverse triple I solution.
Moreover, it is proved that there is a bijection between the intuitionistic fuzzy reasoning
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SIS solution and the interval-valued fuzzy reasoning SIS solution. Finally, a numerical
example is given to show that there is a bijection between the intuitionistic fuzzy reasoning
triple I method and the interval-valued fuzzy reasoning triple I method. We prove that
the intuitionistic fuzzy reasoning method and interval-valued fuzzy reasoning method
are equivalent in essence. In practical application, interval-valued fuzzy sets can effec-
tively reduce the loss of fuzzy information, and intuitionistic fuzzy sets can characterize
information from two aspects, intuitionistic fuzzy reasoning method and interval-valued
fuzzy reasoning method can be used for one calculation and one test. Intuitionistic fuzzy
reasoning method and interval-valued fuzzy reasoning method will be applied in many
fields such as pattern recognition and medical diagnosis. In the future, how to apply
the algorithm to practical applications is the next research direction. we will study how
to apply intuitionistic fuzzy reasoning method and an interval-valued fuzzy reasoning
method to practical problems such as pattern recognition and medical diagnosis.
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