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Abstract: In the present paper, we consider a nonlinear fractional snap model with respect to a
G-Caputo derivative and subject to non-periodic boundary conditions. Some qualitative analysis
of the solution, such as existence and uniqueness, are investigated in view of fixed-point theorems.
Moreover, the stabilities of Ulam-Hyers and Ulam-Hyers-Rassias criterions are considered and
investigated. Some numerical simulations were performed using MATLAB for understanding the
theoretical results. All results in this work play an important role in understanding ocean engineering
phenomena due to the huge applicability of jerk and snap in seakeeping, ride comfort, and shock
response spectrum.

Keywords: snap problem; G-Caputo fractional differential equation; boundary value problem; Ulam-—
Hyers—Rassias stability

MSC: 34A08; 34B18

1. Introduction

The second derivative of the accelaration (fourth derivative of position) is a physical
quantity called a snap or jounce, which can be modeled as:

dVl

a2
dv .
d\z =v3(1),
' ey
dV3 —v (i)
v~ H
dv
d\:l = T(v1,v2,V3,V4).
It is obvious that the model (1) can be reduced to the following equation:
d4V1 dvy d2V1 d3V1
o T T ) @

In fact, the terms jerk and snap are exceptionally rare for most individuals, counting
physicists and engineers. Scientists jerk and snap are the third and fourth derivatives of our
position with regard to time, respectively. Equation (1) contains a 4th-order derivative of
the variable vy, and it describes a 4th-order dynamical vibration model. The corresponding
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fractional model is achieved by using the fractional derivative (of order less than or equal 1)
instead of the standard derivative %. Many types of fractional derivatives can be used here,
such as the Riemann-Liouville, Caputo and Hadamard. We prefer to use the generalized
fractional derivative with respect to differentiable increasing function G. Gottlie in [1]
applied the method of harmonic balance to non-linear jerk equations, which involves the
third order time-derivative. In 2017, Elsonbaty et al., by applying the contraction principle,
investigated the following jerk system:

dV1 o R dV2 - .

a O g =)

dvs N N N 3 /s
N5~ i)~ Ba() —va() ~ (),

in which derivatives are with respect to time, and A and B denote positive parameters
with B € R [2]. In 2018, Rahman et al. [3] with the help of the modified harmonic balance
method, obtained a second approximate solution for a simple nonlinear 3rd-order jerk
initial problem formulated as

d3v; dvy; d?vq
_— = 0
as +T<V1’ dv a2 ) '
dV1 d2V1
v1(0) =0, - = A, - 0.
di | de |,

Additionally, Prakash et al. in [4], introduced an extension of the jerk system to the fractional
order jerk system without any equilibrium point, given as:

Dyvi(t) =val),  Dfva()) =va(),
DJiv3(l) = —va (1) +3v3(1) — vi(1) —vi(Yva(t) + B — T (vi(1))v2 (1),

where «, f and 7y € (0, 1] are orders of fractional type. Many researchers have investigated
the sufficient conditions for a wide domain of fractional nonlinear ordinary differential
equations by employing methods which include standard fixed-point theorems, iterative
approaches, etc. (see [5-13]). However, to the best of our knowledge, limited results can be
found on the existence/stability of solutions for a fractional jerk system via the generalized
G-Caputo derivative. In 2020, Liu et al., developed two iterative algorithms to determine
the periods and then the periodic solutions of nonlinear jerk equations for two possible
cases initial values unknown and initial values given [14]. The authors in the recent
article [15] considered the G—fractional snap model with a constant initial conditions

cD”T‘fv(‘L) =v1(1), v(11) = up,
ch}Gw(\L) =vy(1), vi(n) = uy, 3
C’DZE_GVZ(\L) =v3(1), V(1) = w, (3)
chZf’V ) = T, v,v1,va,v3), vs(T)=us,

where the G-Caputo derivatives are illustrated by symbol CDZ;E, andy € {zx, B,7v,6 } such

that 0 < 5 < 1; the increasing function G € C![ty, 1] is such that G'(1) # 0, V1 € [1, o]
and continuous function 7€ C([1;, 7] x R*) and ug, uy,up, uz € R, but we here in this
article shall use non-periodic boundary conditions that generalize many boundary and
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initial conditions. The authors in [16] studied the following coupled system of fractional
differential equations:

G N N
{1;1)"‘ vi(1) = T (L vi (1), v2(1), w
G s N N .
RDPE (1) = Ta(t,vi (1), v2 (1)),
fori € [1y, 1] equipped with the generalized fractional integral boundary conditions
\'Al (51) = 0, Vl(b) = T1_271;GV1(]/11), (5)
v2(8) =0, va(b) = , 27Cva(12),

where G € (0,1], %DMG and %Dﬂ € denote the generalized proportional fractional deriva-
tives of Riemann-Liouville type of order «, g € (1,2]; , 777 denote the generalized pro-
portional fractional integrals of order ; € (0,1), 6;, #; € (11, 2); and T; : [1, o] x R> = R
are continuous functions wherei = 1, 2.

We consider the following problem:

Cpil;j@v(t) =vi(t), 1 <i1<m, v(n)=Aw(n),

HESVN N
cpff vi(l) = va(b), vi(11) = Avi (1),

(6)

CDZ}GV2(\L) = Vg(\L), Vz(Tl) = )\2V2(T2),

CDiiiGVs(i) =T(L,v,vi,vo,v3),  vi(m) = Asvs(m2),

where the symbol CDZ;E, where 1 € {a,p,7,6} is the G—Caputo derivative such that
0 < 5 < 1, the function G € C![t}, 1] is increasing such that G'(1) # 0, V1 € [1, o),

Te C([1r, ] x R*) and Ag, A1, Ay, A3 € R\ {1}. Clearly, we can write the system as follows:

K ;G ;G 5 N
)

N N ECIN ;G ;G s G ;G Gy
= E(L,V(L),Cl?il+ V(L),CDf1+ (CDDT‘+ V(L)),CDZ1+ (CDﬁ+ (Cl?il+ V(L)))),

1 T
v(n) =Av(n),  DYEv(n) = A DYEv(n), @)
T T

G ; G ;
DI (D)) = DI (DEv(w),

1 1

G G ; G G ;
o (P (o)) swemrf (2 (7))

1

where G/(I) 75 0,Vie [Tl,Tz], T e C([Tl,Tz] X R4) and Ag, A, Ax, A3 € R \ {1}

This paper is organized as follows: In Section 2, we present some necessary definitions
of fractional calculus and useful lemmas and some theorems about the fixed—point that
are needed in the subsequent sections. In Section 3, with the help of Banach and Leary-
Schauder fixed-point theorem, we give the proof of the fundamental theorems to prove the
existence and uniqueness of solutions for problem (7). The stability results are extensively
discussed in Section 4 in the context of the Ulam—Hyers and its generalized version, along
with Ulam-Hyers—Rassias and its generalized version for solutions of the fractional G-
snap problem (7). Two significant examples, along with codes and numerical results, are
presented in Section 5 in which our all outcomes are guaranteed. Those numerical examples
were generated using MATLAB for understanding the theoretical results. Finally, we will
give some suggestions to the reader in the conclusion Section 6.



Axioms 2022, 11, 390

4 of 38

2. Preliminaries

Some primitive notions, definitions and notations, which will be utilized throughout
the manuscript, are recalled here. Let G : |17, T2] — R be increasing via G'(1) # 0, V1. We
start this part by defining G —fractional integrals and derivatives. In all notations of this

section, we set
1 d

RO
The gth G—integral for an integrable function v : [17, 2] — R with respect to G is illustrated
as follows ([17]):

G

G 1 t N —1 7
IV 7v(1) = ) /Tl(G(L) ~G(@)T G (@)v(¢) dg, ®)

T

where

+oo
I'(g) = / e 4y, g > 0.
0

By applying the Algorithm 1, we can obtain the qgth G—integral (8).

Algorithm 1: MATLAB lines for getting the gth G—integral of function v.

1 function [mathcalD]= LPhiRLfractionalderivative(a, alpha, uppsi, xfunc, t)
2 syms vs. e;

3 n=floor (alpha)+1l;

4 1f fix(alpha) == alpha

5 F = (eval (subs(diff (uppsi, v), {v}, {t})))"n ...
6 * eval (subs (diff (xfunc, v, n), {v}, {t}));

7 E=F;

s else

9 F = int ( subs(diff (uppsi, v), {v}, {e})...

10 * ( eval (subs (uppsi, {v}, {t}))

11 - subs (uppsi, {v}, {e}) )" (n-alpha-1)...

12 *x (eval (subs (diff (uppsi, v), {v}, {e})))"n ...

13 * eval (subs (diff (xfunc, v, n), {v}, {e})), a, t);
14 E = 1/gamma (n-alpha) * F;

15 end;

16 mathcalD = E;

17 end

Letn € Nand G,v € C"[1y, 1o] be such that G has the same properties mentioned
above. The gth-G-fractional derivative of v is defined by

G s -4,G_ /s
szr v(i) = ag)zjr 7=y (1)

-t [ f(G(t) ~GE) I @)z,

in which n = [g] + 1 [18]. The gth G-Caputo derivative of v is defined by

G s -4,G N
CDZIJr v(l) = ITl+ 7 okv(v),

in whichn = [g] +1forq ¢ N, n = q for g € N [19]. In other words,

cv(y), g=neN,

[Nl ) — a1
/n G(g)(G(r()n _i()g)) L av(@)dz g N

©)

TG sy
DTl+ v(i) =
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This derivative gives the Caputo-Hadamard derivative and the Caputo derivative when
G(1) = Intand G(1) = 1, respectively. The gth G-Caputo derivative of the function v is
specified as ([19], Theorem 3)

"ok v(m)

ijfv(z) = Djf (v(t) - Y S (E) - G(Tl))k> .

By using the MATLAB function in Algoritm 2, we can get the gth G-Caputo derivative (9).

Algorithm 2: MATLARB lines for getting gth G-Caputo derivative of function v .

1 function [mathcalD]= LPhiRLfractionalderivative(a, alpha, uppsi, xfunc, t)
2 syms vs. e;

3 n=floor (alpha)+1;

4 1if fix(alpha) == alpha

5 F = (eval(subs(diff (uppsi, v), {v}, {t})))"n ...
6 * eval (subs (diff (xfunc, v, n), (v}, {t}));

7 E=F;

8 else

9 F = int ( subs(diff (uppsi, v), {v}, {e})...

( eval (subs (uppsi, {v}, {t}))

1 - subs (uppsi, {v}, {e}) )" (n-alpha-1)...

(eval (subs (diff (uppsi, v), {v}, {e})))"n ...
eval (subs (diff (xfunc, v, n), {v}, {e})), a, t);
= 1/gamma (n—-alpha) = F;

._.
15
*

HAH
=W N
Mo+ *

15  end;
16 mathcalD = E;
17 end

The composition rules for the above G-operators are recalled in this lemma.
Lemma 1 ([17,20]). Letn —1 < g < nand v € C"[1y, Tp]. Then the following holds:

"ok v(m)

275 (0w ) =vi) - T i 60) - 6,

T

forallt € [1y, 7). Moreover, if m € Nand v € C""" |1y, 15|, then the following holds:

m—1 N k+n—qg—m
m [ cry?G N emygtmG_ s [G(L)_G(Tl)} 1 k+m
BG< DT1+ V)(L) =D v+ ;;:o Tktn—g—mi1) dg "v(Ty).

Observe that if aéV(Tl) =0,Vk=mnn+1,...,n+m—1, we can get the following
relation:

o (D)0 =), e )

Lemma 2 ([17]). Let q,4 > 0, and v € C[ty, ). Then, Y1 € [1y, 2] and by assuming
Gy (1) = G(1) — G(71), we have

G +4:G_ /s +4G_ /<
1. IZ+ IZ+ v(i) = Iif’ v(i);

1 G 1 G 1
2. DTITVv() = v(i);

!

3 T (Eq ) = D (6 )
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We recall the following two fixed-point theorems.

Theorem 1 (Banach fixed-point theorem). Let V. = (V,||:||y;) be a Banach space, and let
Y : V. — V be a contraction mapping on a closed ball

Ug={vev: v-villy <c};
that is, there exists a positive real number @ < 1, such that

[¥v — ¥

v < @flv=7ly,
forall v,¥ € Uc. Then, Y admits a unique fixed point v* provided
Fvo = volly < (1-@)e.

Theorem 2 (Leray-Schauder). Let V = (V, ||-||y) be a Banach space, let B be a closed convex
bounded subset of V and let O be an open set contained in B with0 € O. Let ¥ : O — Bbea
continuous and compact mapping. Then, either (i) ¥ admits a fixed point belonging to O, or (ii)
there exist v € 00 and @ € (0,1) such that v = @¥v.

3. Existence-Uniqueness Results

Here, we analyze the existence properties of solutions and their uniqueness for the
proposed fractional non-periodic snap problem. We require the following lemma, which
specifies the corresponding integral equation. Hereafter, we assume

(H1) v, CDﬁG’V, and
1

;G .G G G G G G ZCIIPN
ch1+ (cpil+ v), CDZ1+ (CD/j+ (CDi1+ v)), CDZ+ (cplj1+ (cpi1+ V(L))),

1 1

are continuously differentiable real-valued functions on (11, T2).

Lemma 3. Let y,B,a,6 € (0,1], A, u,v,& # 1, and (H1) be held. If g is a real-valued continuous
function on [11, To], then the solution of the linear fractional non-periodic snap problem

; G ;G ; N N N
(o (o1 (2800 <0, 1<
v(n) = AOV(TZ),CDifv(Tl) = Alcpgfv(n),
(10)
;G p ;G .
C'DI(})Jr (CD;’E;V(’L])> = /\ZCYDQJr (CDi%(rGV(Tz)>,

T

G ;G ; _ iG G ;
CD:1+ (CDE+ (CDif’v(Tl))> = /\3CDZ1+ (CDE+ (CDifV(T2)>>,

1 1

is given by
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v(l) = A3 [AO(G(Tz) — G(7y)) At
(1-A3) (1= Ao)

Ay
X(UAQGAﬁH7+Dﬂa+DHﬁ+D

}\1 /\2
I-ADT(a+1T(B+7v+1) + 1-=M)T(y+1)T(a+B+1)

+

n 1 > n M(GQ) = G(1))*(G(ra) — G(m))F*7
F'(a+p+v+1) (1 -2 (a+1)

A + 1
X(U—MWW+DH&H)IW+7+U

y < M (G() = G(n))” L (G() = G(m))” >
1-A)I(y+1)T(a+B+1) T(a+B+7+1)

)+@m—mnww

778(m)

n Ay [ M(G(1) — G(n))P
1A [T AT+ DL+ 1)

M (G(r2) — G(m))* N p
(RSO L 6 - 6m)))

1 Mo(G(m) — G(m))*HE ) ,.
ey (= (6 - 6m)y) |2 s

M (M@ - Cm) e ) g5
+ e (RS L @) - 6 )2 ()

G A
4 ARG (fg_(zzo) + g(t)) . (11)

T

Proof. Consider v(1) satisfying the snap problem (10). The continuity of ¢ and

cG [ ey VG [ enBG [ cynG
)

ensures that Iff’ gand
1

3G [ ¢y5;G [ cyYiG [ cnBG [ cya;G
(o (e (o)

exist and are continuous. Hence, by applying the J-th integral Iif} to both sides of
1

Equation (10), by Lemma 2, we obtain

DIE (DS (D)) ) = o+ Z500), )
1 1 1

T
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with ¢g € R. The differentiability of 1‘5 C¢and

cnyYG [ enBG [ cynG
o (ol (o))

on (T, Tp) implies (10) by operating ¢ Di’f’ to both sides of (12). Using the boundary condition,
1

prY ( D e ( D"‘Fv(q)» = A3°DYF <fo§’ (CDj‘_in(rz)> )
1 1 1

1 1

we deduce that

G G ; A
o = ha D1 (D (D)) ) = 22T (),

. . . 16
Similarly, applying the y-th integral operator 7 owe get

cBG (G iy | A (G = G(r))7 s 547G/
P <DT1§V(L)> St T ) T 8 s,

The boundary condition

‘DL (“Di;f’v( )) = AZCD”’< DY v(a))

gives the following:
Azfpﬁ & (CD”‘+ v(rz)>

_ MMa(G(n) ~G(m))" s
(1-23) 1= A)C(y +1)7 0

A 5+7,G

. B:G .
Next, we apply the B-th integral operator ITIJr to obtain

(G(1) —G(m))F
r(p+1)

(PSR - o)

A3(G(Y) = G(m)P s
(1-A3)T (/5+7+1)

) G
"e(n) + 1150, (13)
The boundary condition CDi’f’ v(T) = )Lchii(rG v(1,), gives
1 1

M(G(r) — G(n))P
(1-A)T(B+1)

M) ~ G(m))’ |
x((liig)u—m (11 e 8(m) 1_321;5}”%(72))

=MD Fv(n) =
1

+

_ B+ 5+t
(1)‘_1))‘?)?1(?))\3)@((%3)7:1) 5+Gg( 2) + 11\1)\11;1 )y
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Finally, we apply the integral operator I to obtain

M(GQ) — G())*(G(m) — G(m))P
(1—A)T(a+ DI(B+1)

( A3A2(G(r) — G(m))Y
(1=A3)(1=A)T(y+1) =

v(l) = c3+

AZ 5+7,G
Iéf}g( )+ mzﬁﬁ 8(72)>

MA3(G() — G(1))(G(1) — G(1))FT s )
A- M)A+ DB+ +1) o &2

M(GQ) — G(1))* o+p+vG (G(1) — G(my))*+P
(11—A1)T(zx+11) IT; () + F(zx+54:1)

A3 (G(r) — G(T))Y A s
X(ﬂiiwﬂiAﬁH;+D(wﬂ 2) + thﬁ?yﬂnﬁ

M(G() — G(m)) P

a+0+p+7; Gg(l).
1-M)T(a+B+y+1) 1

+g(7)+1

The last boundary condition v(71) = Agv(T2) can be applied to get

AoA1 (G(12) — G(my))* P
(1 — /\0)(1 — /\1)F(Dc + 1)1‘(/3 + 1)

C3 = AoV(Tz) =

Jara(@(m) - Gm)! s Ya sins
(o o e Tifsm) + T2 T () )

)\0)\1)\3((@(1'2) — (Gr(’l’l))ﬂhL/gjL7

T A=A (=) = AT (at+ DTG+ 7+1) + Fe(n)

MM (G(r) — G(1))* e
(1 - 21\0)(1 - )\1)1"(041—1- 1)1211”7 8(n)

+

Ao(G(r) — G(1y))* TP ( A3A(G(r) — G(T))” T o ()
- AT+ p+1) \ [ —A3)(1 - A (y +1) = S12

AoAs (G(1) — G(1y))* Y 5@( )
—A) (I A)T(a+pr 1) S

A2 549G
+ 1= _A2IT1+ g(Tz) + a

Ao a+0+B+7,G
+ 1= A()ITlJr g(TZ)'

Therefore, we now see that v(i) fulfills (11), and the proof is ended. [

In the next result, our goal is to verify the unique solution of the fractional non-periodic
snap problem (7) by using Banach fixed-point theorem.

Consider the space
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V= {V €Cln, o : CD“;PV,CDﬁf; (CD'%GV)
T T T

cnyYG [ enBG [ cHaG
DT1+ ( D’y ( DT1+ V)) € C[T1,T2]}.

1

Then, V is a Banach space via the norm

DIV ()

1

N ;G G (s
vl = sup |v(i)|+ sup CDE; (CD:I;GV(L)N

IG[Tl,Tz] \LG[Tl,TZ]

;G ;G G s
"D (CDf]+ (CD;+ V(L)))’.

The following notations are useful:

+ sup

e[, 1]

+ sup

telt, o]

A — Ao [ AAg
T [0 A) (A= AT (v + DI (a + 1)I(B+1)
M
T AT+ DT+ + 1)
Ay 1
+(1Az)F(7+1)F(w+ﬁ+1)+F(f%+ﬁ+v+1)]’
A, — M Ao " 1 }
P AN+ D) [T ATy + DT +1) T+ +1))
Ay = A2
T A=A+ DI (a+B+1)
Ay = M
T A=A+ D)I(B+1)
As = M

- Al(a+1)

(15)

In virtue of Lemma 3, we can use the integral solution of the fractional non-periodic snap

problem (7) to define a operator ¥ : V — V as the following.
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HEO) - 6 (AB(m) - 6 + (20 S |60 )

Fa+p+7v+1)

I faz [A4((G(T2) —G(n))P (A"(G(TZ) —S(=))f

* (1—Ao)

+(©0) - G(m)) )

1 (MlCm) -~ Gt s\
T rr o e+ (60— 6P ) | 2

4 As (AO(G(Tz) - G())" +(G@) — Ghﬂ)"‘)IﬁFﬁﬂ;GTv(Tz)

1—Ag
G [ ATy N
+Ijlj‘5+ﬁ+7'(c’<(1’ _(;02) +¢V(L)>, (16)
where

T (1) =% <1, v(b), Cpifv(t), Cpff <CD§1;PV(1)> ,DTE (Cpfl;f’ (CD‘;‘?V(I)) > >

1

fori € [1, 1.

The following hypothesis is strongly needed for the contraction principle of the
operator Y.

(H2) The function ¥ € C([t;, 7o) x R*), and 3¢ > 0 such that Vi € |1y, 1] and v,v € W*,
W =Clt, n], V= (vj)ieq1234) V= (V) jef1,234}

4
1T () =TVl < £ ;Hv(t) vl
=

where ||v|| = Z?:lHVJ'H'
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Theorem 3. Let (H1) and (H2) be held. Then, the fractional non-periodic snap problem (7) admits
a unique solution on 11, 7| if ¢A < 1, where
[As]

1
A=|—r 3B (1A + |Ao| + |As| +
I’(5+1)|1—A3|<| 1]+ [42] + 4] P(oc+/3+'7+l)>

| A2 1
A A AT 161 T) (’A4’ * r<a+/s+1>>

| As|
_l’_
1—A|T(6+p+7+1)

. (2120l +1)
1—AgT(a+6+B+7+1)

} (G(1) — Gy HF++

n |As] ( |Az] + 1 )
[(1=A3)1—=A)ITE+)\ 1 =AT(y+ 1T (B+1) T(B+v+1)

n ( A2
[(1=2A2)(1=A)T(B+ DI (y+6+1)

(2] +1)

+
1-MTE+Bp+7+1)

)(G(n) ()T

|A3] 2[A2 +1
* <|(1 —A)(1=A)[T(y+1T(0+1) - |1—/\2F(7+5+1)>

(2[A3] +1)

W(G(Tz) - G(m))’. (17)

x(G(m) = G(m)"™ +
Proof. Define the compact subset B. of the Banach space V as
Bo={vev:|v|<c},

for some constant ¢ > 0 satisfying ¢(1 — /A) > T*A, where

T = sup [%(1,0,0,0,0)|

e[t

To apply the Banach Theorem, we verify that YB. C B, i.e., ¥ maps B¢ into itself, where ¥
is defined by (16). For any v € B, we obtain
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: |—A3‘ ( : )
Yv < A A
(V)] < |1 — Az Al [Az] 4145 [a+B+7+1)

x (G(12) — G(zy))* TP+

IfiG‘IV ()
1

[Az] 1
T 20) (1~ Aa)] ('A4' * r<«+ﬁ+1>)

+

X (G(1) — G(1))* P |27 70T, (1)

1

.
P8, ()

1

+ sl (G — Gy

) ;G A N
H e () )

; 1— Ao

< { [As]
T T +1)[1— Az

(Garl+14al 4140 + 55177 )

A2 1
A=A A AT +0+1) ('A‘*” r(rx+ﬁ+1>>
N |As| (2[Ao] +1) }

12T +B+7+1)  [1—Ag|T(a+5+p+7+1)

x (G(1) — G(1)) PP sup (|T(1) — To()] +[To(V)])

i€[n,m)

< [As]
ST F DT Ay

<<|A1| T Ag] + | As] + Wﬂfﬂﬂ))

A2

1
A A A AT 761 T) ('A“ * F(w+ﬁ+1)>

| As| (2|Ag] +1)
+ +
1—=AT(0+B+v+1)  [1—-Agl(a++p+7+1)

x (G(12) — G(m)) Pt vl +T).

In addition, by (13) and (14), we have
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A3
(1—-23)

ey, G <\
DT1+ Yv(i) =

[Al(G(rz) G(n))f‘“< A N 1 )
(1—-2) (1-=A)T(y+1r(B+1) T(B+7+1)

] (e ELU AL TORL LIy

1-M)(y+1)T(B+1) r(B+o+1)

+

Ao (/\1 (G(1) — G(1))F
(1-A)T(B+1) (1-Ap)

5+B+7.G (M- Tv(2) .
—i—ITl+ (1_/\1 +3(1) ).

Then

< |A3] {
11— As|

M < A n 1 )‘
A=A \A=A)T(y+DI(B+1)  T(+7+1)

cmy,G N
DT1+ Yv(i)

I -

A— )T+ DT(+1)  T(B+7+1)

(G(n) — G(n))P T *°

r((5+1) sup (|Sv(t)_50(t)|+|50(t)|)

€[, ]

(G(r) — G(n))P*° A
T+ +DI(B+1) [(T—A2)(1— A1)

sup (|Tv(1) = To(V)| + [To(V)])

e [Tlrrz]

(G(n2) — G(m))P7° (2Jaq] +1)

o By T AT S () = To(V)] + %))

e[t o]

- |As] ( Az N 1 )
S A=A A= A)TE+ 1)\ 1= AT(y+DT(B+1)  T(B+7+1)

[A2]
(1=2A2)(1 =A@ +y+1T(B+1)

+

S A1 S

1-MT(6+p+7+1)

x (G(12) — G(n))P 7. (L |v]ly +T).

Additionally, we have
G ((cuG N A3 A2(G(1) — G(m))”
oL (2 )0 = i (G )

(@0 - 6(a)7 ) ZEm (0 + 27 ({2 m (@) + 5
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Then,

|A3]
= <|<1 “ )= AT + DTG +1)

;G ; N
DY (D2 (e ) )

1

2|Ag| +1
[1— AT (y+6+1)

) (E(@) ~ BT ey + 7).
The last equality

; ; ; 5, A
“DIF(DEE (DY) ) = TF (R (@) + 1)),
T T 1—Aj

T

implies that

G (e G s (2]A3] + 1)(G(2) — G(m)’(¢]|v]ly +T*)
Dl (Dﬁ (Dﬁ V”))‘ = TS WIr

From the above inequalities, we obtain
[Fvlly <A(L-¢+F7).
This implies that ||¥v|y < ¢, which means that ¥v € B. In particular, we notice that
[¥0[ly = T*A < (1 - £A)g.

In the next step, the contractive property of the operator Y is investigated. Let v,¥ € V;
then, we estimate

0A3](G(1) — G(m) PH7 v — vy

(#) () —(29) (1) < NIRRT

1
x [ |A A Azl +
( 1]+ |Az| + | A3 1"(01+,3+’Y+1)>

|A2] 1
= 0)d =) T(7 +3+1) (A4 * F(tx+ﬁ+1)>

+

|As| (2]A0| +1)
+ + .
|1—/\0‘r(5+‘3+7+1) |1—)L0|1—'(0é+5+‘3+’)/+1)

Additionally, we have

“DYE () () =D (Y (1)

<{ |As] ( |Az|
T LA =A3)A=A)TE@+1) \ 1= AT(y+1DI(B+1)

n 1 >+ |A2]

r(B+v+1) (1=2A2)(1=A)T(y+6+1T(B+1)
i (2[A] + 1) }

1—MTE+B+7+1)

x (G(12) — G(m)PTT v — ¢y,
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and
G ; N ;G ; P N
CDfr <CD2+G (%)) ) — CDfr (fpglf’ (%)) (1)
< < A3 N (242 +1) )
A =2A) A=) Ty + DT +1) (1= AT (y+6+1)
X [G(2) = G(m)["*elv = ]|y
Finally,

DIE (DI (D)) ) ) — DI (DI (D3Fv) ) )
1 1 1 1 1

(2A3] +1)
S M- AT0+1)

(G(12) — G(m))* LV — V.

From the above inequalities, we obtain
[¥v —¥¥[lv < LA[lv =Y |v.

Since /A < 1, ¥ is a contraction on V, and Banach fixed-point theorem guarantees the
existence of a unique fixed point for ¥, and accordingly, the existence of a unique solution
for the fractional non-periodic snap problem (7) and the proof are ended. O

The next existence property for possible solutions of the fractional non-periodic snap
problem (7) is checked based on hypotheses of Leary-Shauder fixed-point theorem. We
assume the following hypotheses:

(H3) The function ¥ € C([11, 2] x R*). Moreover, there exist a monotonic increasing finite
real-valued function he C[0, 00) and a finite real-valued function h € C[1y, 1|, such that

[T < @bV,

foranyl € (11, 1], and v = (Vl,vz,V3,V4),Vj €Cln,w],j=1234;
(H4) Letg >0,
h* = sup {ﬁ(t) tle [Tl,Tz]},

and @ € (0,1) such that
¢ < ARB(g) < g . (18)

Theorem 4. Let (H1), (H3) and (H4) be held. Then, there exists at least one solution for the
fractional non-periodic snap problem (7) on (11, o).

Proof. Let ¥ : V — V be defined as in (16) and B be any bounded convex closed subset in
V. We show that the hypotheses of Leary—Schauder fixed-point theorem can be applied on
the operator ¥. Hence, the proof consists of several steps.

Step 1: ] The continuity of the operator ¥ is obtained by applying the dominated conver-
gence theorem and noting that the function ¥ is jointly continuous.
Step 2: We show that ¥ : U, — B is uniformly bounded, where

U= {veB:Iv|<c},
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is an open ball with radius ¢ > 0. For i € [17, To], we easily deduce that

sup{|3v(t)| 1€, m, ve Ug}
< sup {AUB(IV]) : L€ [, ), v e T, }
< sup {A(1) : L€ [m,n] bsup {n(IIv]) : v € T}
< 1*h(g).
Then, forany v € U, and i € |11, 7], we can obtain

|A3]

. 1
)01 < | (411 142l + 1A+ )

|A2] 1
A2 A AT 61 D) ('A4'+ r<a+ﬁ+1>>

|As| (2|20 +1)
+<|1—)\0|1—'((5+‘B+7+1) + |1—/\0|F(0¢+5+ﬁ+7+1)>:|

X (G(1) = G(m))* P hp(),

and

cG N
DT;r Px(i)

|A3]
= {|<1—A3><1—A1>|r<5+1>

« A2 T——
1= 2lf( + DT(E+1) | T+ +1)

Az
(1=22)(1 =AML+ +1T(B+1)

i

(2] +1)

THoANTG g+ +D)

} (G(1) — G(m))F TR ().

Similarly, we have

;G ; N
CDfr (CD%G (‘YV)> (1)

|As]
= <(|1/\3)(1/\2)r(7+1)r(5+1)

(2]A2] +1)
(I—=2A)T(y+6+1)

>|G(Tz) — G (w) [T Hb(c),

and

cnYG [ enBG [ cyaG_ /s (2|A3|+1) _ O 2%
DI (DB (D) ) )| < st * I8 ()~ Gm)Ane).

From the above inequalities, we obtain

[¥vv < ARh(g),
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independently of the element v € U, which implies that ¥ (U,) C B is uniformly
bounded.
Step 3: Now, we show that ¥ is equicontinuous. Let i1, 1 € [17, 1], such that

1< <b<n,
and v € U, we deduce
[(¥v)(12) —(¥v) (1)

A3
S'Q—Agn5+n

HMﬂmanumﬂﬁv

(G(n) = G(n))°

x ((G) - 6@)* - (GM) - 6m)*) + T 25

 ((602) = B() 7 = (6(1) — B(m))* 7} | W0(c)

1 ' Ay
(5+’7+1) 1—Ap

T

Dmmmm—Gm»““5

G(n) - G(m)""

< (160 - G(w)* - (60n) - () + S-S0

 ((602) = G()**? = (© () ~ G(m)**) | ni)

|As|

F(IB+,Y+5+1) (G(T2) _G(Tl))éJrﬁJr’Y

< ((G) = G(m))* = (G(1) = G(m)* )b ()

1
WtBtr+to+1)

o (©() - G

= (G(u) = G(m) P 1+ 2(G (1) — G(h))‘s*ﬁ”] m*h(6),
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(G(n) — G(m))° [A3A2|(G(12) — G(m))"
[|(1 = A) (1 =)Ly +DT(B+1)

x |(G(2) - G(m)P = (Gu) - G(n))]

" A3
1=A3T(B+v+1)

< [(©0) - 8@ - (60) - 6(m)P] | wh(e

|A2|(G(2) — G(m))**7
1— TG +y+1)I(B+1)

+

% |(G(1) —G(m)P = (Gu) — G(n))] hb(e)

1
(6+B+7+1)

5 [2(6(2) = G(u))* P+

+(G2) = G(m) P = (G(u) - G(m) 7] Wb (c)

Similarly, we have

; ; R ;G ; N
DIE (D8 (1) ) o) —<D2° (D (1) ) 1)

1

A3](G(r2) — G(m))’

M= A3T(y+1DT(6+1) (G(2) = G(m))”

- (G) -G(n))”

n*h(c)

1

+ oty +1) [2((@7(12) - G(‘Ll))ﬁﬂ)

+(G2) = G(m) P — (G (1) - G(n))™ 7| b (o).

Additionally, we have

ep ("Dﬁf’ (DG (‘YV))(12)>> _epr© (CD’%G (DG <wv>><tl>)) ]
T T T T T T

< f [20602) - 60

+(62) = G(m)™ = (G(u) - G(w)"™].
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From the above inequalities, we obtain
(¥V)(12) = (¥v) ()| 0,

“DYE (V) () = DI (FV) ()| = 0,

CDfl';G (CD;;G (%)) (1) — CDf}G (fpjf(\lfv)) ()| =0,

G ;G ; N G G ; N
DY} <cpfl+ <cp§f(\yv))(L2)) ~ DY (cpf1+ (cpg f(%))(tl))’ -0,

aslp — 1y, independently of i, which implies that ¥ (U ) is equicontinuous. Using
the Arzela—Ascoli theorem, we deduce that ¥ is compact on U,. If there exist
v edUand @ € (0,1) such that v = @¥v, then

v=|lvlly = @|¥vly < @Ah™h() <,

which draws a contradiction.

Therefore, by Leray-Schauder fixed-point theorem, ¥ admits at least one fixed point
v € U, as a solution of the fractional non-periodic snap problem (7), and this finishes
the proof. O

4. Stability Criterion

We introduce in this section many stability criteria, namely, the Ulam-Hyers and Ulam-
Hyers—Rassias, with their generalizations for the solutions of the fractional non-periodic
snap problem (7) on [1, 2].

Definition 1 ([21]). The fractional non-periodic snap problem (7) is Ulam—Hyers stable if there
exists a positive real number Xz, such that for any ¢ > 0, and v* € V satisfying

;G G ;G ;G N
‘D (CDZr (CDfr (Cpir V*(L)))) ~ Tl

there exists v € V satisfying the fractional non-periodic snap problem (7) with

<, i€ (m,n), (19)

Ve =vlly < exz-

Definition 2. The fractional non-periodic snap problem (7) is generalized Ulam—Hyers stable if
there exists a function mx € C[0,00) with 7% (0) = 0 such that, for any e > 0and v* € V
satisfying the inequality (19), there exists v € V as a solution of the fractional non-periodic snap
problem (7) with

IV =vlly < 7z (e).

Definition 3. The fractional non-periodic snap problem (7) is Ulam—Hyers—Rassias stable with
respect to a function ¢ € C[1y, o] if there exists a positive real number x%, such that for any
e > 0,and v* €V satisfying

; ; ;G " * (s N
“DYP (CDZF <CD§1+ <6Di§v (L)) >) ~ T (1)

1 1

<ed(i), 1€(m,m) (20)

there exists v € V satisfying the fractional non-periodic snap problem (7) with

Iv* —vlly < ext sup 8.
ie[TllTZ]
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Definition 4. The fractional non-periodic snap problem (7) is generalized Ulam—Hyers—Rassias
stable with respect to a function 9€ C[1y, 1] if for any v* € V, satisfying

5G G ;G G % /s R
‘DY (CDZ1+ (CDf1+ (CD‘;1+ v (Q))) — T ()

there exists v € V satisfying the fractional non-periodic snap problem (7) with

< 19(1), 1e (Tl, Tz)

v —vlly < sup 8.
\LG[T]VTZ]

Remark 1. The relationships among these kinds of stability can be summarized by the following
implications:

(i) Definition 2 = Definition 1, if 1% () = ex%;

(i) Definition 3 = Definition 4, if x& =&\

(iii) Definition 3 = Definition 1, if (1) = 1.

Remark 2. Notice that v*€ V satisfies the inequality (19) iff there exists p € C[ty, To] such that

(@ lo(V)
.. .G ;G ;G Gk oy N N N

(i1) CD‘% (CDZ1+ (CDE1+ (W)? v (L)))) =Ty (1) +p(1), L€ (T, ).

1

<egle[n, n,

Remark 3. Notice that v* € V satisfies the inequality (20) iff there exists o € C|ty, To] such that
(@) o] <ed(v),

(i) D% (D (DF (D) ) ) = s o, 1 (mm),
1 1 1

1

The Ulam-Hyers stability of the fractional non-periodic snap problem (7) is investi-
gated by the next result.

Theorem 5. Let (H1) and (H2) be held; then, the fractional non-periodic snap problem (7) is
Ulam—Hyers stable, and accordingly is Ulam—Hyers—Rassias stable provided that (A < 1.

Proof. For every ¢ > 0 and v* € V satisfying (19), we can find a function p € C[1, 1]
satisfying

5G G ;G G % s N N N
‘D (CDZ1+ (Cpf1+ (CDL;1+ v @)))) — T (V) 4 p(), 1€ (T1,1),

with |o(1)

< e. It follows by Lemma 3 that
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L (G — G(m))* (As(G(Tz) —G(n))"

(GO — G(n))”*)
T(a+pB+7+1)

zjf(zv* (12) +p(m2))

A A0(G(12) — G(m))"
720 (B () — o) (RS

1 ()\O(G(TZ) —G(m))~tF

+(G() G(ﬁ))“)) TN ES) (1—-Ao)

+ (G - G(ﬁ))”’gﬂff“@(fx*(Tz) T o(m)

T

+

M ()\O(G(Tz) - G(m))"
e 1— Ao

+(B) - Bm)* )2 TS () + p(r)
TP (L (S () () + (5 () 4 0(0) )

Using Theorem 3, there exists a unique solution v € V satisfying the fractional non-periodic
snap problem (7). Then,

1
(a+B+v+1)

C o [As|
v =vOI < Fy

— | |A A A
S 141l el sl 4

|Az] 1
A A A AT T 61T ('A“ r<a+ﬁ+1>>

| As| 2[Ao] +1
+ +
[1—AT(6+B+7+1) [1—AT(a+d+B+v+1)

x (G(12) — G (1)) Pl v — vy +e).
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Additionally, we have

DYV () — DY)

<[ |As] ( Az
T A=A = A)TE+ 1) \ 1= Ag[T(y + DI(B+1)

n 1 )+ Az
r(B+v+1) [(1—=A2)(1 = AT (y+o+ 1T (B+1)

2| +1 ]
1—-MT@E+B+7+1)

x (G(1) — G(n))P T (L[v* — vy +e).

Similarly, we have

;G 5 * N ;G ; N
CDfr <CD;+GV )(L) —CD[; (C'DirGV>(L)
< { As

[(1=2A3) (1= A)|T(y+ 1T (6 +1)

21A2 1 +1
[1— AT (y+6+1)

] (G(12) - G(0) (v — vy +e).
Finally,

G ;G ;G x R ;G ;G G s
‘Dl (CDf1+ (CDj1+ x ))(L) ~D (CDf1+ "D V)(L)

< %(G(Tz) —G(n)) (Elv" =y +e).

From the above inequalities, we obtain

A
1—/¢A

V" =vlly <ALV =vily +¢) < 2

Since /A < 1, this shows the existence of a positive real

. A
AT = 1T°0A

>0,

and hence according to Definition 1, the solution of (7) is Ulam-Hyers stable. Similarly, it
shows the existence of a function 775 € C[0, c0) with 7% (0) = 0 such that

i A
7'[{3(6) :ms.

Hence, the solution of (7) is GUH stable. [

The UHR stability for the fractional non-periodic snap problem (7) is checked in
the following.
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Theorem 6. Let (H1) and (H2) be held. Then, the fractional non-periodic snap problem (7) is
Ulam—Hyers—Rassias stable, and accordingly, is generalized Ulam—Hyers—Rassias stable.

Proof. For every ¢ > 0 and v* € V satisfying (20), we can find a function ¢ € C[1, 1]

satisfying
5G G ;G G % /s N N
‘DY (CDZ1+ (CDf1+ (CD‘;1+ v (Q))) = vy (1) + (1),

such that |o(1)] < ed(i). Using Theorem 3, there exists a unique solution v € V satisfying
the fractional non-periodic snap problem (7). It follows by Lemma 3 that

Vi (1) = v ()]
A3 { 1
<L A+ A + A
S T On ) AT A A
[As| ( 1 )
A - -
=R+ er D\ g
N | As| 4 2[Ag| +1 }
|1—)L()|F(5+ﬁ+’y+1) |1—)\0|F(0€+5+,5+’)’+1)
x(G(Tz)—G(Tl))”ﬁﬂ”(aw*—v||V+s sup ﬁ(t)).
€[, 1)]
Additionally, we have

<

DY) =DV

<[ 5] ( A2
T A=A (1= AT +1) \ 1= AT (y + DT (B+1)

n 1 ) . A2
FB+r+1)/) [Q1-2)A-A)T(y+6+DT(B+1)

+

(M +1) ]
1-M[T@+B+7+1)

% (G(12) — G(m))F+T+ (env* ~vly+e sup ﬁ(t)),
IG[T],Tz]

and

;G ;G N G G R
CD? <CDj';l+ V*)(L) —”Dﬂ (C’Di1+ V)(L)

1 1

A3 2|A5]+1
= {(1A3)(1Az)lf(v+1ﬁ(5+1) * |1)\z|r(7+5+1)}

< (G(m) — G(m))"*? (fnv* vy +e sup ﬁ(t)).

e[, ]
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Finally
;G ;G G x R G ;G ; N
CDZT (fi)fl+ (CD:E}V ))(L) —CD21+ (CDf1+ CD;PV)(L)
2|As]+1
S =ATG+1)
< (6(m) ~ 6(n))! (elv" vl +e swp o))
Ie[TerZ]

From the above inequalities, we obtain

v vl < 8 —vly e sup o)

e[t o]

eA

<
—1-4A

sup 9(1).

e [TllTZ}
Since /A < 1, this shows the existence of a positive real number

. A
AT = 1A

Hence, according to Definition 3, the solution of (7) is Ulam-Hyers—Rassias stable. There-
fore, the solution of (7) is generalized Ulam—-Hyers—Rassias stable. [

5. Numerical Applications

We give here some examples of the fractional non-periodic snap problem (7) based on
numerical simulation to analyze their solutions. In these examples, we consider different
cases of the function G to cover the Caputo, Caputo-Hadamard and Katugampola versions
with different orders.

Example 1. We consider a nonlinear fractional non-periodic snap problem as

043G /v\ o /s
CDT1+ v(i) =vi(i),

DYsTOvi (1) = va(b),

“Dy7Tova(1) = va(),
B 3t L arctan?(v) (21)
100(y/3 +12)  60(1 + arctan?(v))
exp(|vi)) LW
+ - arcsin ———
75(\@+exp(|vl|)) 120 Vi+v,
U sin|vs]
100 15 + sin |vs|’

DY)

fori € [0.7,21] and v(0.7) = —12.5v(2.1),

v1(0.7) = 43v1(21), v5(0.7) =5.6v5(2.1), v3(0.7) = 13.82v3(2.1).
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Clearlyn = 0.7, p = 2.1, a = 043, = 0.66, v = 0.25, § = 0.79 and

T(1,v,v1,va, v3) = 3t n arctan?(v)
T T 100(v/3 +12)  60(1 + arctan?(v))
exp(|vil) LV
+ — arcsin ———
75(ﬁ+exp(\v1|)) 120 VI+va
i sin|vs]

100 15 + sin [v3|’

Thus, we can rewrite the above system as

0.79,G (¢ 15025G (¢ 150.66;G (¢ 15043,G 5
“Dy7+ (CD0.7+ (CD0.7+ (CD0.7+ V(‘))))

3i arctan?(v(1))
100(v/3 +12)  60(1 +arctan?(v(1)))

. exp( "Dg:‘ﬁc’v(t) )

75 (\/3 + exp( CDgﬁ;Gv(t) ))

.66;G A43;G_

+-—- arcsin CDS??’ (CDS;E V(L)>

120 0.66,G 0.43,G _ (s

i/l +Dyz+ (CD0.7+' V(L))
. .79,G 25,G .66,G 43,G_ /s (22)

o TS (e (o (D))

100 13-y s DR (DR (DR (Do) ) )|

v(0.7) = —125v(2.1), “ DY Cv(0.7) = 43D) v (2.1),

DY (‘DY (07)) = 5.6DYE° (DY v(2)),

DR (L (P4 v07))

= 1382°D)7 (“Dps (DY v (2)) ).

At present, we have
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[0, v1 (0, v2(0),¥3(1) = T, 90, 41 (0), ¥2(0), 95(0)

3t arctan?(v) n exp(|vi])

B ‘mom +8) " 601+ arar?(¥)]  75(y/3+ exp(lva)))

N

+ L arcsin — —2 + L _sinjvsl [vs|
120 JT+v, 10015 +sin|vs

B ( 3i n arctan? (V) n exp(|v1])
100(\/54‘12) 60(1+arctan2(\’/)) 75(\/§+6Xp(|\,/1|))

+ L arcsin 2 + B LE - AE] > '

120 \3/ 1 + \72 100 15 + Sin |V3|
< 1 arctan?(v) arctan?(v)
= 60|1 +arctan?(v) 1+ arctan?(v)
L1 eplvil)  explle) ’
75| Va+exp(vil) V3 +exp(lval)
L arcsin ———— — arcsin ———
120
n e sin|vg]  sin|vs]
100| |15+ sin |vz| 15+ sin |V3]

.—/

1 4
g0 4
Thus, £ = 61—0. Furthermore,

= sup |%(1,0,0,0,0)

1€[0.7,2.1]
- o, 1 '
1e)0.7,21) 1100 <\/§ + 12) 75 (\@ + 1)
= 0.01513.

By using equations in (15), we obtain
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Ay =

Ay =

Az =

Ay =

As =

Ao AMAs
T A R T T DTGFT
M
1-A)T(a+1DI(B+7+1)
Ao 1
- AT+ DT+ " Tatpryrl)
12.5 43 x 5.6
1-125 [(1 —43)(1—-56)T(0.25+ 1)I(0.43 + 1)T(0.66 + 1)
4.3
1—4.3)1(043 + 1)I(0.66 + 025 + 1)
5.6
(1—5.6)0(0.25+ 1)[(043 + 0.66 + 1)
1
T(0.43 + 0.66 + 0.25 + 1)

7

+

T

+

+ ] ~ —0.197948,

A [ Ao N 1
(1=A)T(a+1) [(1=A)T(y+ T(B+1)  T(B+7+1)
43 5.6
(1—43)T(043+1) {(1 —5.6)I(0.25+ 1)T(0.66+ 1)
1
1(0.66 4+ 025+ 1)

+

} ~ (0.667007,

Ay
1= )T(y+DI(a+B+1)
5.6
(1—5.6)T(0.25+ 1)I(0.43 + 0.66 + 1)

~ —1.289645,

A
(I=A)I(a+1I(B+1)
43
(1—43)T(0.43 + )I(0.66 + 1)

~ —1.631008,

A 43
- ~ —1.470628.
(I—A)T(a+1) (1—43)T(043+1)

Now, from (17), we consider four cases for G as G1(1) = 2L, Gy(1) =1 ( Caputo derivative),
Gs3(1) = Int (Caputo-Hadamard derivative), G4(1) = /1 (Katugampola derivative).
Hence, we have as Equation (17)
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13.82|
[(0.79+1)[1 — 13.82]

A=A = <|A1|+|A2+|A3|+F

1
(0.43+0.66 + 0.25 + 1) >

15.6]

1
A
AT 125)(1 - 5.6)|T(0.25 + 079 + 1) {' 4t Toas 1066+ 1)]

| As|
T 125)T(0.79 + 066 + 025 1 1)

+

(2|—12.5| + 1)
|1+125)T(0.43 + 0.66+0.25+0.79 + 1)

X (Gi(1) — Gy(y))43+066+025+079

113.82
[(1—13.82)(1 — 4.3)[T(0.79 + 1)
15.6| 1

% [ [T 5.6[T(025+ 1)I(0.66+ 1) | T(0.66+025+1)

+

15.6|
* [ (1 5.6)(1_ 43)|T(0.66 + 1)I(025 1 0.79 + 1)

. 243 +1
[1—43[T(0.79 +0.66 + 0.25 + 1)

:| (Gi(TZ) _ Gi(Tl))0.66+0.25+0.79

113.82]
+ [|(1 —13.82)(1—5.6)|T(0.25+ 1)I(0.79 + 1)

2/5.6| + 1 .
11— 5.6|F|(0.2|5 +0.79 + 1)} (Gi(1) — Gi(1y))H 07

(2]13.82| + 1)

11— 13.82|1"(0'79 +1) (Gi(r) — Gi('ﬁ))o'm,

fori=1,2,3,4.
In Tables 1 and 2, one can see the numerical results of

TEA
>
=T
which we consider the maximum level for U > 2.1. These values show that for i € [0.7,2.1], they are

not more than %. We define the Algorithm S1 for obtaining the values of A; which is shown the
MATLAB commands. Thus,

58.5500, G(i) = 2%,
20.6809, G(i) =1,
o 32,6116, G(i) =Ini,
14.6088, G(i) = V1.
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One can check numerical results of A;, (A; and ¢; in Tables 1 and 2 fori = 1,2,3,4and 1 € [11, 1),
as we can see in Figure 1. Thus,

09758, G

03769, G
1y

1

(1)
(1)
<1.
03447, G(i) =Ini,
(1)

0.2435, G

Accordingly, all requirements of Theorem 3 hold, and so the fractional non-periodic snap problem (21)
has one unique solution on the |11, T2].

70 T T T T T T T
6,2
60 Gp=t .
G3=In L
0.5
50 - G,=t .
40+ i
4
30 b
20 b
10 ; 1
o -—%I/I_’I/
0.6 0.8 1 1.2 14 1.6 1.8 2 2.2
L
1.2 T
G1=2L
ik G2=L
G3=In L
05
G4=L
08
Jdosf
041
02
. W
0.6 0.8 1 1.2 14 1.6 1.8 2 2.2

(b) (A,

Figure 1. Graphical representation of A; and ¢A; for t € [0.7,2.1] in Example 1.
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Table 1. Numerical values of A, £A in Example 1 Vi € [11, 7o) when G| = 2t and G, = 1.

Gi1(i) = 2! Ga(1) =1
i A oA ¢> A A 2N ¢> A
070  0.8883 0.0148 0.0092 0.8883 0.0148 0.0092
0.78 15676 0.0261 0.0165 1.4765 0.0246 0.0155
0.86 23236 0.0387 0.0248 2.0774 0.0346 0.0221
0.94  3.2366 0.0539 0.0351 2.7444 0.0457 0.0295
102 43417 0.0724 0.0480 3.4857 0.0581 0.0380
110 5.6729 0.0945 0.0643 4.3049 0.0717 0.0476
118 7.2671 0.1211 0.0848 5.2044 0.0867 0.0585
126 9.1651 0.1528 0.1110 6.1855 0.1031 0.0707
134 114127 0.1902 0.1446 7.2496 0.1208 0.0846
142 14.0615 0.2344 0.1884 8.3976 0.1400 0.1002
150  17.1699 0.2862 0.2467 9.6303 0.1605 0.1177
1.58  20.8036 0.3467 0.3266 10.9483 0.1825 0.1374
166 25.0369 0.4173 0.4407 12.3524 0.2059 0.1595
174 29.9538 0.4992 0.6135 13.8430 0.2307 0.1846
182 35.6494 0.5942 0.9010 15.4207 0.2570 0.2129
190  42.2306 0.7038 1.4626 17.0860 0.2848 0.2450
198  49.8186 0.8303 3.0113 18.8393 0.3140 0.2817
2.06 585500 0.9758 20.6809 0.3447 0.3237
214 685790 1.1430 —4.9195 22.6114 0.3769

Table 2. Numerical values of A, ¢A in Example 1 V1 € |11, T,] when G3(1) = Intand G4(1) = V1.

G3 =Ini G4 = \/{

i A 2N ¢ > A A A ¢> A
0.70  0.8883 0.0148 0.0092 0.8883 0.0148 0.0092
078  1.6818 0.0280 0.0177 1.2392 0.0207 0.0130
0.86  2.4509 0.0408 0.0262 1.5536 0.0259 0.0164
0.94  3.2439 0.0541 0.0352 1.8669 0.0311 0.0198
102 4.0558 0.0676 0.0446 2.1833 0.0364 0.0232
110 4.8802 0.0813 0.0545 2.5040 0.0417 0.0268
118 57115 0.0952 0.0647 2.8295 0.0472 0.0305
126 65457 0.1091 0.0754 3.1598 0.0527 0.0342
134 7.3794 0.1230 0.0863 3.4947 0.0582 0.0381
142 82102 0.1368 0.0976 3.8341 0.0639 0.0420
150 9.0363 0.1506 0.1091 41779 0.0696 0.0461
158 9.8564 0.1643 0.1210 45257 0.0754 0.0502
1.66  10.6693 0.1778 0.1331 4.8775 0.0813 0.0545
174 11.4745 0.1912 0.1455 5.2330 0.0872 0.0588
182 122713 0.2045 0.1582 5.5920 0.0932 0.0633
190  13.0594 02177 0.1712 5.9544 0.0992 0.0678
198  13.8386 0.2306 0.1845 6.3200 0.1053 0.0725
206  14.6088 0.2435 0.1981 6.6887 0.1115 0.0772
214 15.3697 0.2562 7.0603 0.1177

We check our results of Theorem 4 in the following example which in we consider

G(i) =24 1, In(1), V4,

and in particular, G(i) = 1 (Caputo type) for three different orders a1, ap and 3.
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Example 2. According to the system (6), we consider again a nonlinear fractional non-periodic
snap problem (21). From the following inequality

1T v(),vi (1), v2(1), va(1)|

_ 3t arctan®(v) exp(|vi])
100(v/3+12)  60(1+arctan?(v)) = 75 (\/5 + exp(|V1|))

+ = arcsin — —2 + L _sinjvsl [vs|
120 J1+v, 10015+ sin |vs3|
6. ;
< %L]; ViV,

and (H3) holds. In addition to,

h* = sup A1) =0.18. (23)
1€[0.7,2.1]

By assuming ¢ = 0.35 > 0, @ = 0.1 € (0,1) and (23), we obtain co ' =35and
3.138571, G

(
1302899, G(
AR H(g) ~
0.920351, G(i
(

0.4213861, G(i

fort € [0.7,1.98] whenever G(1) = 24,1 € [0.7,2.06] whenever G(1) = i,In1, /1. Therefore, (H4)
holds. Table 3 shows the results and one can see 2D plot of Ah*(¢) in Figure 2. In Table 3, one can
see the numerical results of suitable Ah*h(g), which we consider for i € [0.7,2.1].

Now, we consider three cases for x as « € {a1 = 0.18,ap = 049,03 = 0.92} in (21)
as follows:

cpiif’v(t) =vi (1),

“DISEv (1) = va (1),

0.7+
‘D7 va (1) = va(b),
ePOTICy, (1) = 3t n arctan?(v) (24)
077 ©100(v3+12)  60(1 + arctan?(v))
xp(Iv1l) + — arcsin ——2—
75(V3+exp(vil)) 120 V1+vz
i sin|vs]
_‘_7

100 15 + sin |v3|
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By using relations in Equation (15), applying Equation (17) in the sequel, for G(1) = 1, Caputo
case, we have

A; = —0.16214,
Ay = 0.63979,

a=0.18: Ay = —1.42487,
Ayg = —1.56445,
As = —1.41062,
Ap = —0.20406,
Ay = 0.66707,

a =049 As = —1.25172,
Ay = —1.63117,
As = —1.47077,
A = —0.22032,
Ay = 0.61004,

a=092: Az = —0.95360,
Ay = —1.49171,
As = —1.34502,

and

22.55698, a = 0.49, 0.37594, « =0.49,
14.21049, « = 0.92, 0.23684, « = 0.92.

We define the Algorithm S2 for obtaining the values of A; and A, which is shown the MATLAB
commands. Tables 4—6 show the results and one can see 2D plot of A, (A, h*h(¢) in Figure 3. In
Tables 46, one can see the numerical results of ¢ > %, which we consider maximum level for
U> 2.1. These values show that for 1 € [0.7,2.1], they are not more than 5.

Hence (H3) holds for

22.62667, « = 0.18, 037711, «=0.18,
A= A =

= {061 — 0.18,ay = 0.49, a3 = 0.92}.

One can see the 2D spectrum of A, (A and AW*Y(g) in Figure 3. In all three cases for the order w;,
we see that all requirements of Theorem 4 are fulfilled. Therefore, this quarantees that for all of three
different cases by terms of the order a, the fractional non-periodic snap problem (24) admits at least
a solution on the interval [0.7,2.1].

4.5 T T
35 4
3r G1=2‘ 1
— GZ:L
o~ L 1
= 25 Gy=Ine
s 0.5
= =1
g et 4 1
151 4
1r / 4
05 . 4
o %‘/“-——" | |
0.6 0.8 1 1.2 1.4 1.6 1.8 2 22 24 2.6

Figure 2. 2D graphs of Af*h(g) vs. i € [0.7,2.1] in Example 2.
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25 T T T : : : :
,=0.18
a,=049
20 b 04092 J
15 .
<
10 E
5F J
0.6 0.8 1 12 1.4 16 1.8 2 2.2
i
(@A
0.4 : - - : : : :
a1=0.18
0.35 ,=0.49 b
0,=092
03 E
0.25 i
d o2t .
045 E
041 E
0.05 - i
o | | | | | | |
0.6 0.8 1 1.2 14 16 1.8 2 2.2
i
(b) LA
35 : : : - - : : : :
3T a,-0.18]]
a,=0.49
25+ 0,092
z 2l 1
E
< 45¢ .
1k i
05F i

(c) A*H(g)

Figure 3. Graphical representation of A, /A and AR*h(g) for i € [0.7,2.1] in Example 2.
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Table 3. Numerical values of A, Ah*h(g) in Example 2 Vi € [0.7,2.1] when G (i) = 2L 1, Ini, VAL

G1:2‘ Gy =1 Gs =1 G4:\/{

i A Al*b(g) A A*b(s) A A*b(s) A An*b(s)
0.70  0.8883 0.0560 0.8883 0.0560 0.8883 0.0560 0.8883 0.0560
0.78 15676 0.0988 1.4765 0.0930 1.6818 0.1060 1.2392 0.0781
0.86  2.3236 0.1464 2.0774 0.1309 2.4509 0.1544 1.5536 0.0979
0.94  3.2366 0.2039 2.7444 0.1729 3.2439 0.2044 1.8669 0.1176
102 43417 0.2735 3.4857 0.2196 4.0558 0.2555 2.1833 0.1375
110 5.6729 0.3574 4.3049 0.2712 4.8802 0.3075 2.5040 0.1578
118 7.2671 0.4578 5.2044 0.3279 57115 0.3598 2.8295 0.1783
126 9.1651 0.5774 6.1855 0.3897 6.5457 0.4124 3.1598 0.1991
134 114127 0.7190 7.2496 0.4567 7.3794 0.4649 3.4947 0.2202
142 14.0615 0.8859 8.3976 0.5290 8.2102 0.5172 3.8341 0.2416
150  17.1699 1.0817 9.6303 0.6067 9.0363 0.5693 41779 0.2632
158  20.8036 1.3106 10.9483 0.6897 9.8564 0.6210 45257 0.2851
1.66  25.0369 1.5773 12.3524 0.7782 10.6693 0.6722 4.8775 0.3073
174 29.9538 1.8871 13.8430 0.8721 11.4745 0.7229 5.2330 0.3297
182 35.6494 2.2459 15.4207 0.9715 12.2713 0.7731 5.5920 0.3523
190 422306 2.6605 17.0860 1.0764 13.0594 0.8227 5.9544 0.3751
198  49.8186 18.8393 1.1869 13.8386 0.8718 6.3200 0.3982
206  58.5500 3.6887 20.6809 1.3029 14.6088 0.9204 6.6887 0.4214
214 685790 4.3205 22.6114 15.3697 7.0603

Table 4. Numerical values of A, A, AR*h(g) in Example 2 Vi € [0.7,2.1] when G = tand a = 0.18.

a = 0.18

1 A €A 6> ix AT*H(s) g0
0.70 0.8883 0.0148 0.0092 0.0560 3.5000
0.78 1.4991 0.0250 0.0158 0.0944 3.5000
0.86 2.1459 0.0358 0.0228 0.1352 3.5000
0.94 2.8699 0.0478 0.0309 0.1808 3.5000
1.02 3.6730 0.0612 0.0401 0.2314 3.5000
1.10 4.5542 0.0759 0.0505 0.2869 3.5000
1.18 5.5123 0.0919 0.0623 0.3473 3.5000
1.26 6.5462 0.1091 0.0754 0.4124 3.5000
1.34 7.6545 0.1276 0.0900 0.4822 3.5000
1.42 8.8362 0.1473 0.1063 0.5567 3.5000
1.50 10.0903 0.1682 0.1244 0.6357 3.5000
1.58 11.4157 0.1903 0.1446 0.7192 3.5000
1.66 12.8116 0.2135 0.1671 0.8071 3.5000
1.74 14.2773 0.2380 0.1922 0.8995 3.5000
1.82 15.8119 0.2635 0.2202 0.9961 3.5000
1.90 17.4147 0.2902 0.2517 1.0971 3.5000
1.98 19.0852 0.3181 0.2871 1.2024 3.5000
2.06 20.8227 0.3470 0.3271 1.3118 3.5000
2.14 22.6267 0.3771 0.3726 1.4255 3.5000
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Table 5. Numerical values of A, /A, Ah*h(g) in Example 2 Vi € [0.7,2.1] when G = tand a = 0.49.

a = 0.49
L A €A 6> ix AT*H(g) g0
0.70 0.8883 0.0148 0.0092 0.0560 3.5000
0.78 1.4730 0.0246 0.0155 0.0928 3.5000
0.86 2.0654 0.0344 0.0219 0.1301 3.5000
0.94 2.7208 0.0453 0.0292 0.1714 3.5000
1.02 3.4485 0.0575 0.0375 0.2173 3.5000
1.10 4.2531 0.0709 0.0470 0.2679 3.5000
1.18 5.1377 0.0856 0.0576 0.3237 3.5000
1.26 6.1046 0.1017 0.0697 0.3846 3.5000
1.34 7.1555 0.1193 0.0833 0.4508 3.5000
1.42 8.2921 0.1382 0.0987 0.5224 3.5000
1.50 9.5156 0.1586 0.1160 0.5995 3.5000
1.58 10.8273 0.1805 0.1355 0.6821 3.5000
1.66 12.2281 0.2038 0.1575 0.7704 3.5000
1.74 13.7191 0.2287 0.1824 0.8643 3.5000
1.82 15.3013 0.2550 0.2107 0.9640 3.5000
1.90 16.9753 0.2829 0.2428 1.0694 3.5000
1.98 18.7421 0.3124 0.2796 1.1808 3.5000
2.06 20.6024 0.3434 0.3218 1.2980 3.5000
2.14 22.5570 0.3760 0.3708 1.4211 3.5000
Table 6. Numerical values of A, A, AR*h(g) in Example 2 Vi € [0.7,2.1] when G = tand a = 0.92.
a = 0.92

i A 2 6> T A*b(g) g
0.70 0.8883 0.0148 0.0092 0.0560 3.5000
0.78 1.6516 0.0275 0.0174 0.1041 3.5000
0.86 2.3473 0.0391 0.0251 0.1479 3.5000
0.94 3.0442 0.0507 0.0329 0.1918 3.5000
1.02 3.7503 0.0625 0.0410 0.2363 3.5000
1.10 4.4668 0.0744 0.0495 0.2814 3.5000
1.18 5.1931 0.0866 0.0583 0.3272 3.5000
1.26 5.9277 0.0988 0.0675 0.3734 3.5000
1.34 6.6694 0.1112 0.0770 0.4202 3.5000
1.42 7.4165 0.1236 0.0868 0.4672 3.5000
1.50 8.1678 0.1361 0.0970 0.5146 3.5000
1.58 8.9220 0.1487 0.1075 0.5621 3.5000
1.66 9.6780 0.1613 0.1184 0.6097 3.5000
1.74 10.4351 0.1739 0.1296 0.6574 3.5000
1.82 11.1923 0.1865 0.1411 0.7051 3.5000
1.90 11.9490 0.1992 0.1530 0.7528 3.5000
1.98 12.7046 0.2117 0.1653 0.8004 3.5000
2.06 13.4586 0.2243 0.1780 0.8479 3.5000
2.14 14.2105 0.2368 0.1910 0.8953 3.5000

6. Conclusions

In this paper, we defined a new fractional mathematical model consisting of a frac-
tional snap equation with non-periodic boundary conditions in the framework of the
generalized G-operators. Thus, some investigations on the qualitative behaviors of its solu-
tions, including existence, uniqueness and stability, were performed separately. To obtain
the uniqueness of the solution, we used Banach contraction theorem, and for the general
existence of at least one solution, we used the Shauder fixed-point theorem. Ulam-Hyers
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and Ulam-Hyers—Rassias with their generalizations were discussed and investigated. In
the final step, we designed examples with different cases of the function G, such as Caputo,
Caputo-Hadamard and Katugampola; and with different orders of g, we obtained some
numerical results concerning the fractional non-periodic snap problem.

Supplementary Materials: The following supporting information can be downloaded at: https:
/ /www.mdpi.com/article/10.3390/axioms11080390/s1, Algorithm S1: MATLAB lines for Example
1. Algorithm S2: MATLAB lines for Example 2.
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