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Abstract: In this paper, we investigate some nonoscillatory and oscillatory solutions for a class of
second-order nonlinear neutral delay differential equations with positive and negative coefficients.
By means of the method of contraction mapping principle and some integral inequality techniques,
we extend the recent results provided in the literature.
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1. Introduction

Only recently, some scholars ([1,2]) studied the oscillation of the following mixed-type
second-order equation:

(r(x) (' (x)") = p(x)y"(r(x)),

where p,r € C([xp,0),(0,00)), a is the ratio of two positive odd integers, 1311 T(x) = o0,
X— 00

7(x) € CY([xg, ), R) and T/ (x) > 0.
The researchers ([3,4]) studied the oscillation of the following second-order half-linear
neutral delay differential equation:

(r(x) (y(x) + p(2)y(t(x))")") + q(x)y" (o (x)) =0,

where a is the ratio of two positive odd integers, r, p € C!([x0, %), (0,0)), g € C([x0,0), R),
7,0 € C([xg,0),N), T(x) < x, 0(x) < xand xh_{%o T(x) = JCh_r)r;o o(x) = oo.

x>0,

x>x9>0,

Baculikova et al. [5] considered the oscillation of the following second-order delay
differential equation:

(a(x)(y(x) = p(x)y* (t(x)))") +q(x)yP (e (x)) =0,

where 0 < & <1, v and B are the ratio of two positive odd integers, a € c! ([x0,00), (0, 00)),
p.q € C([x0,0),(0,00)),0 < p(x) < p <1, 7,0 € C([xg, ), (0,00)), T(x) < x,0(x) < x,
'(x) > 0,0’ (x) > 0and lim T(x) = lim o(x) = oo.

X [e9) X oo

x>xp>0,

Oscillation phenomena take part in delay differential equations from real world
applications. We refer the reader to [6-23] (where oscillation and/or delay situations take
part in models from mathematical biology and physics when their formulation includes
cross-diffusion terms) and the references cited therein.

Thus, many scholars were concerned about the second-order equation with positive
and negative coefficients. In [24], Lin et al. studied the following equation:
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[a(x)(y(x) + p(x)y(x = 1))'] 4+ q(x)G(y(x — 8)) — r(x) H(y(x — 7)) =0, 1)

where x > xp, T € (0,00), 5,0 € [0,00), p,gq,v € C([xp,00),R) and G,H € C(R,R), and
a(x),p(x),q(x),r(x),G(x) and H(x) satisfy some of the following assumptions.

Assumption 1 (c1). G and H satisfy local Lipschitz condition, and uG(u) > 0, uH(u) > 0 for
u # 0.

Assumption 2 (c2). a(x) >0, q(x),7(x) >0, [~ A(x)g(x)dx < oo, [T A(x)r(x)dx < oo,
where A(x) = [ -L.ds.

xg a(s)
Assumption 3 (c3). mq(x) — r(x) is eventually non-negative for every m > 0.

Assumption 4 (c4). |p(x)| < po < % eventually.

Assumption 5 (c5). p(x) > 0 eventually, and 0 < p; < 1; p(x) < 0 eventually, and —1 <
p2 < 0, where p; = limsup p(x), p» = lin;infp(x).
x—00 X—oo

Assumption 6 (c6). p(x) > 1 eventually, and 1 < py < p; < p3 < +oo; p(x) < —1
eventually, and —oco < pp < p1 < —1, where py and p, are the same as that in (c5).

By using the contraction mapping principle, they obtained the existence of nonoscilla-
tory solutions of (1) when (c1)—(c3), (c4) (or (c1)—(c3), (c5) or (c1)—(c3) and (c6)) hold.

In [25], Zhang et al. extended the results of [24] to the case p(x) = 1 and indicated
that the condition (c3) is redundant.

When a(x) = 1, we extend the number of neutral terms and positive and negative
coefficient terms from single to multiple, and then we obtain the following equation:

n

1 " m
y(x) +1 Zi pi(x)y(x—7)| + Z;qj(X)G(y(x —6))— Y n(Hy(x—r)) =0, (2
i= j=

where x > xg, 7 = +1, Lmn € N, pi(x) (i = 1,---,1) € C*([xg,0), R), qi(x) (j =
1,---,m)and re(x) (k =1,---,n) € C([xg,0),R), G,H € C([xg,0),R) and G(v) =
H(v) =0forv =0.

When we consider (2), some of the following five assumptions are satisfied.

Assumption 7 (H1). 0 < h; < q]-(x) <hy j=1,2,---,m
Assumption 8 (H2). Set the following values:
A={ye X : My <y(x) <My, x>xp},

where X denotes the set which includes all continuous and bounded functions on [xg, 00) with the
sup norm, My > land My > 0. Let G and H satisfy Lipschitz conditions in A; that is, for any
Y1, Y2 € A, there exist L1, Ly > 0 such that the following is the case.

|G(y1) — G(y2)| < Lily1 — 2!,

|H(y1) — H(y2)| < Lalyr — yal;

G(u)

<myand 0 < Ny < H(u) < N, foru # 0.

u

Assumption 9 (H3). 0 < m; <
Assumption 10 (H4). Y}, f;(;oo xri(x)dx < 0.

Assumption 11 (H5). Y7, fxtm xqi(x)dx < oo.
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Let  := maX{Tl, T, ", T 51/ 52/ Tty 5m/ 01, 02, =+, ‘Tn}~

Definition 1. A function y is called a solution of (2) on the interval I = [xg, 00), if y is continuous,
y(x) + 1 X, pi(x)y(x — 7;) is continuously differentiable and y satisfies (2) on x € 1.

We only consider the nontrivial solution of (2), which satisfies sup{|y(x)| : x > X} > 0
for all X > x.

Definition 2. A nontrivial solution of (2) is nonoscillatory if it is eventually positive or eventually
negative. Otherwise, it is oscillatory.

Motivated by the useful work of Lin et al. and Zhang et al., in this paper, we obtain
some new conditions of the existence of nonoscillatory solutions of the Equation (2).

Recently, the scholars ([26-33]) investigated the oscillatory properties of Equations (1)
and (2). When a(x) = 1, in [31], Thandapani et al. obtained that every solution of (1) is
oscillatory if the following assumptions are satisfied.

Assumption 12 (B0). 7,0 and o are nonnegative constants with 6 > o > 1;

Assumption 13 (B1). There exist « > 1 and a positive constant My such that Glo) < M; for

le
v # 0.

Assumption 14 (B2). There exist My, M > 0 such that 0 < %U) < Mpand 0 < EEZ) < M for
v # 0.

Assumption 15 (B3). p(x) is bounded.

|

u

Assumption 16 (B4). f;; .

(v)dvdu < co.
Assumption 17 (B5). There exists a constant k such that q(x) — Mr(x —é +¢) > k > 0 for all
X > Xp.

In [28,29,33], the authors established some criteria that ensured that every solution
of (1) with G = H is oscillatory. In particular, some authors ([26,27,32]) considered the
oscillatory and asymptotic behavior of Equation (2) with G(v) = H(v) = v.

The above research has greatly stimulated our interest. Thus, in this article, we
investigate the oscillatory behavior of the Equation (2) under some assumptions that are
different from the previous ones.

Under some new assumptions (i.e., (c3) is not needed and we replace assumption
(c2) with (H4) and (H5); (B0), (B1) and (B5) are not required and we provide assumption
(H4) instead of (B4)), we study the second-order nonlinear delay differential equation with
multiple neutral terms and positive and negative coefficients terms. Motivated by the
above research, we obtain some new conditions of the existence of nonoscillatory solution
of (2) by using the contraction mapping principle, and we obtain some criteria that ensure
the oscillation of bounded solutions of Equation (2) by utilizing the integral inequality
technique. Our results extend the research work in this field.

2. Nonoscillatory Solution
When 77 = 1, (2) becomes the following.

] " m
y(x) +2Pi(x)y(x*7i) + Z%Qj(x)G(y(x*@')) = L n(@)Hy(x —o)) =0, x> x. €)
i= j=

When 7 = —1, (2) becomes the following.
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"
1 n

y(x) = Y pi(x)y(x — ) +Zq/ 5;))szrk(X)H(y(fok))=0, x > xp. 4
i=1 =1

In this section, we investigate the existence of the nonoscillatory solution of Equa-
tions (3) and (4).
Lemma 1. Suppose (H2), (H4) and (H5) hold. If p;(x) satisfies the following:
l
0< Y pilx) <p<l, ®)
i=1

then (3) has a nonoscillatory solution.

Proof. It is easy to verify that if (H2) holds, then (H3) holds. Let L = max{Ly,L;},
a1 = max{G(y) : y € A} and ap = max{H(y) : y € A}. According to (H5) and (H4),
we have the following:

m oo
0<Z/ (s — x0)q;(s ds<2/ sqj(s)ds < oo (6)
j=1 X0

and the following is obtained.
n 1o
0<Z/ (s — x0)r(s ds<2/ sri(s)ds < oo. ?)
k=1+“%0
By (6) and (7), we obtain the following.
m  pdco
lim Z/ (s —x0)g;(s)ds = 0

XQ—)oo] 1

n 400
lim )~ / (s — x0)ri(s)ds = 0.
k=110

Xg—>00 =

Thus, we can choose a sufficiently large x such that the following is the case.

z/*‘”s_xq] o ®
L [l -0 (0ds <1 pay — b ©)
kfl/:w wa(s — x)r(s)ds < My — 1. (10)
Set the following, _
2(x) = y(x) + ipi(X)y(x — ), (11)

m +o0
wix) ==Y [ (s~ x)g(5)Gly(s - 5)ds

=

n too
u(x) =Y / (s — x)ri(s)H(y(s — o3 )ds. (12)
k=1"%

Define a mapping T : A — X with the following.
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1

m 400
(1)) =1 = Epylx =) = 12 [ (6 = x)ai(5)G((s = 6))ds
=

i=1 x

n

+ 2/ (s —x)re(s)H(y(s — o) )ds.

Clearly, Ty is continuous. For every ¥y € A and x > xp, from (10), we obtain the

following.
(@) <1+ [ s = 0o Hlyls — o)
k=1"%
<14 2/+w(s—x)rk( Yds < My
k=1"%

From (9), we have the following.
m  ptoo
e M B
>1—pM1—¢x12/ (s — x)q;(s)ds > My.

Thus, TA C A. We claim that T is a contraction mapping on A. Indeed, for any
Y1, Y2 € Aand x > x1, by (8), we have the following.

(Ty2) (9~ (T2) (3)] < [ (x = ) = oo = )
FLY [T s =09 s - 5) — vals — 5))lds
=7

+12 Y [ (5= 0] — o) — yas — o)) s
k=17%

< I —yzl{pH(i [ gty [ (S—X)rk(S)dS)}
j=1"% k=17%

+1
< B =l -yl

By taking the sup norm of the above inequality, we have the following.
+1
1Ty = Tyall < Fo=llys = vl

Because of (5), we obtain £5= ! < 1. Refer to a similar proof of ([24], Theorem 2), and
we know that T has a fixed pomt y*. O

Lemma 2. If the assumptions of Lemma 1 are satisfied, then Equation (4) has a nonoscillatory
solution.

Proof. Similarly to the proof of Lemma 1, according to (H4) and (H5), we have (6), and (7)
holds. Thus, we choose a sufficiently large x such that (8) the following is the case:

+o0
2/ a1 (s — x)qj(s)ds < 1— My, (13)
j=1"%
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and

n +oo
) / ay(s — x)re(s)ds < (1 —p)M; — 1, (14)
k=17%

hold. Similarly, we define the mapping T : A — X as follows.
m “+o0
(Tuy) () =1+ 2 P =) =Y [ (6= 00()G (s —8))ds
j=1

+ 2/ (s = x)r(s)H(y(s — o) )ds.

Obviously, Tyy is continuous. For any y € A and x > xp, by (14), we have the
following.

!
(Ty)(x) <1+ Y pilx)y(x =) + z/ (s = x)rels) H(y(s — 1) )ds
i=1
<1+ pM;+ap Z/ (s — x)r(s)ds < My.
k=1"%
By (13), we have the following.

M) 21 3 [ (s~ 006 ((s — )
L

m +oo
>1—m 2/ (s —x)q;(s)ds > Ma.
j=1"%

Thus, 1A C A. Next, we prove that T; is a contraction mapping on A. For any
Y1,¥2 € Aand x > xp, by (8), we have the following.

[(Tiy) (0= (Tiy2) ()] < [p(ya(x = ) — yalx = )]
FL Y [ (5= 1)l (s — &) — yals — 67)ds
j=17x

+L Y [ 6= 0Ol - a) -l - a))lds
k=1"%

< —yzn{pHCzl [ty [ <s—x>rk<s>ds>}

+1
< Bl =yl

Refer to a similar proof of ([24], Theorem 2), we obtain that T; has a fixed point y*. O

Theorem 1. Suppose (H2), (H4) and (H5) hold. If p;(x) satisfies (5), then (2) has a nonoscilla-
tory solution.

Proof. According to Lemmas 1 and 2, we obtain (2), which has a nonoscillatory solution. [J



Axioms 2022, 11, 281 7 of 11
Example 1. Consider the following equation.
1 s 1 \y@EGE) +2]
WHSWU} e 2<1e"+2> (3) +1 (15)
1 ( 2 )y(T)M(’?l) +3 _,
8 e 3] () +1 '
Here, we have the following.
I=1,p(x)= <,
q(x) =0,

Nl

n=2r(x) =e

1 1 x—1 2
1-— — e (1o — 2 ).
( eX+2)’r2(x) 8¢ < et +3>

It is easy to verify that p1(x) and q(x) satisfy (5) and (H5), respectively, and rq (x) and rp(x)
satisfy (H4). Therefore, by Theorem 1, y(x) = e~ * is a nonoscillatory solution of (15).

Example 2. Consider the following equation:

3 "3 2 (32)[2(552) + 3
y(X)—4y(x—2)] s 2( e—X+2+3)y ZyZ([Zz_Z)erl ]
(16)
-% 1 \y(3)*(3)+2|
—e (1_6X+2> Zyz(%)z—'—l —0,

3 _x2 2
m=1, ‘71(3‘):13 z (1_6”2—%3)'

x 1
:1 —=e¢ 2 1—7 .
n ,ri(x)=e ( e—x+2>

It is easily verified that p1(x), g1(x) and r1(x) satisfy (5), (H5) and (H4), respectively.
By Theorem 1, (16) has a nonoscillatory y(x) = e™*.

3. Oscillatory Criteria

In this section, the oscillation criteria of (2) will be given, and some examples will be
illustrated to demonstrate the results.

Lemma 3. Suppose that (H1), (H3) and (H4) hold and p;(x) € C([xp, 00), R") is bounded. If the
bounded solution y(x) of (3) satisfies li_r>n y(x) # 0, then y(x) is oscillatory.
X—00

Proof. Suppose toward a contradiction, there is no loss of generality in assuming that y is
an eventually a positive-bounded solution of (3). Thus, there exists x; > xg + x such that
y(x —x) > 0 for x > x;. Furthermore, there exists K > 0 such that y(x) < K for x > x.
From (7), we may choose a sufficiently large x > x2 > x1 + «, such that the following is the
case.

n +oo
kzi/x (s — x)ri(s)ds < ﬁ (17)

Let the following be the case:

w(x) = z(x) — u(x), (18)
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where z(x) and u(x) are defined in (11) and (12), respectively. Then, we have the following.
1 .

w"(x) = =) q;(x)G(y(x — &) (19)
j=1

From (H1) and (H3), we obtain w”(x) < 0. Hence, w'(x) > 0 or w'(x) < 0 for all
x > x3 > x3 + k, and x3 is sufficiently large.
If w'(x) < 0 forall x > x3, then the following is the case.

lim w(x) = —o0. (20)

X—00

According to (3), (17), (18) and (H3), we obtain the following;:
n “+o00 K
w(x) > _NZKkZi/x (s — x)ri(s)ds > 5 > %

which contradicts (20). Thus, w(x) is increasing for all x > x3. From (H1), q;(x) > hy,
j=1,---,mforall x > x3. Integrating (19) from x3 to +oo, we obtain the following.

m » 400 m 400
oo > w'(x3) > Z/ qi(x)G(y(x — 6j))dx > hymy Z/ y(x — §j)dx.
j=1 X3 j=1 X3

Therefore, y € L'([x3, %)), which contradicts xlgr(}o y(x) # 0. The proof is complete. []

Lemma 4. If the assumptions of Lemma 3 are satisfied and if the bounded solution y(x) of Equa-
tion (4) satisfies lim y(x) # 0, then y(x) is oscillatory.

Proof. Just as in the proof of Lemma 3, assume that y is an eventually positive-bounded
solution of (4). Since xlgn y(x) #0,0 <y(x —x) < K for x > x1 > x¢ + x, where K > 0.

Define the following.

wy(x) = Y(x) —u(x). (21)
Then, the following is the case.
wy (x) = Y (x) —u"(x)
y (22)
= -1 4()GH(x =) <0, x>x>x+xK
j=1

Hence, w} (x) > 0 or w/ (x) < 0 for all x > x3, where x3 > x5 + « is sufficiently large.
If w) (x) < 0 for all x > x3, we have the following.

lim wq(x) = —oo. (23)

X—r00

Because p;(x) is bounded, then we have the following;:

1
pi(x) <pyi=1,---,1, Y pi<P (24)
i=1
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where p; and P are non-negative constants. By means of (17), (21), (24) and (H3), we have
the following:

wy(x) > —

l n “+o0
YN Y [ (s xnds)ds
i=1 k=17%2

K2—<P+;)K>—oo,

which contradicts (23). Hence, w1 (x) is increasing for all x > x3. Following the same
method as in Lemma 3, from (H1) and inequality (22), we obtain y € L!([x3,0)), which
contradicts lim y(x) # 0. The proof is complete. [

X— 00

Theorem 2. Suppose that (H1), (H3) and (H4) hold and p;(x) € C([xp, 00), R") is bounded. If
the bounded solution y(x) of (2) satisfies li_r}n y(x) # 0, then y(x) is oscillatory.
X—00

Proof. According to Lemmas 3 and 4, we obtain that if the bounded solution y(x) of (2)
satisfies xh_r)r.}o y(x) # 0, then y(x) is oscillatory. [J

Example 3. Consider the following equation.

" B 2
[y(X)er(x—?’;)] +(e_x+1)(1— sin2i+2>y(x ;22[59;) j?lf)+2]

1 \yx =) = %) +2]
* ( a c052x+2> yzz(x_ 377r) +21 (25)
¥ (1_ 2 )y(x—Zn)[y4(x—27r)+3] 0

sinx +3 yi(x—2m) +1 '

Here, we have the following.
I=1, p1(x) =1,

m=2, q1(x) = (e_x+1)(1 - 1), ga(x) = (1 1),

sin® x 4 2 " cos?x 42

n=1,r(x)= e"‘(l 2).

sin* x + 3
It is easy to verify that + < q1(x) < %, 3 < ga(x) < % and f;gw (s —x)r1(s)ds < oo.
Therefore, according to Theorem 2, we know that every bounded solution of (2) that does not tend to
zero is oscillatory. Indeed, y(x) = sin x is a bounded oscillatory solution of (25).

Example 4. Consider the following equation.

[9(3) = gyt =) = g = 2)

_ 1 y(x —27) [y?(x — 27) + 2]
T+1)(1- 26
T )< sin2x+2> y2(x —2m) +1 26)
T 2 y(x —2m)[y*(x —27m) +3] 0
sinx +3 yrH(x—2m)+1 -
We have the following.

1
1=2,pi(x) = pa(x) = 53,

m=1, 00 =+ (1- ),

sin?x +2

n=1,r(x)= e_"(l— 2).

sinfx +3
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It is clear that Y7 1 pi(x) <1, 1 < gqi(x) < 5 and fxtoo (s — x)r1(s)ds < oo. Therefore,
according to Theorem 2, we know that every bounded solution of (2) that does not tend to zero is
oscillatory. Indeed, y(x) = sin x is a bounded oscillatory solution of (26).

4. Remark

Comparing with the results of [24-29,31-33], we increased the number of the positive
and negative coefficient terms and the neutral terms of the second-order delay differential
equation with positive and negative coefficients from single to multiple and generalized
the equation from a linear case to a nonlinear case.

Motivated by the useful work of Lin et al. and Zhang et al. ([24,25]), we provide some
new conditions under which Equation (2) has a nonoscillatory solution. More precisely,
(c3) is not needed and we replace assumption (c2) with (H4) and (H5).

For the oscillation of Equation (2), we present some assumptions that are different
from those in [31], i.e., (BO), (B1) and (B5) are not necessary and we provide assumption
(H4) instead of (B4). Compared with the studies of Malojlovi¢ et al. ([27,32]), we generalize
their work to the nonlinear situation and provide different assumptions. Firstly, we provide
condition (H4) instead of the following condition:

Y e <1

in [27] or
1—21/0 /H,- i(@)deds < p, ()

in [32]. Secondly, assumptions (H1) and (H2) in [27] (or (H2) and (H3) in [32]) are not needed,
which means that there is no relationship between the positive and negative coefficients.

We obtain not only the oscillation criteria but also the existence of the nonoscillation
solution of (2); thus, our results are an extension of theirs.
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