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Abstract: In this paper, we introduce and investigate new subclasses (Yamakawa-type bi-starlike
functions and another class of Lashin, both mentioned in the reference list) of bi-univalent functions
defined in the open unit disk, which are associated with the Gegenbauer polynomials and satisfy
subordination conditions. Furthermore, we find estimates for the Taylor—-Maclaurin coefficients |a;]|
and |a3] for functions in these new subclasses. Several known or new consequences of the results are
also pointed out.
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1. Introduction and Preliminaries

In geometric function theory, there have been numerous interesting and fruitful us-
ages of a wide variety of special functions, g-calculus and special polynomials; for ex-
ample, the Fibonacci polynomials, the Faber polynomials, the Lucas polynomials, the
Pell polynomials, the Pell-Lucas polynomials, and the Chebyshev polynomials of the
second kind. The Horadam polynomials are potentially important in a variety of disci-
plines in the mathematical, physical, statistical, and engineering sciences. Gegenbauer
polynomials or ultra spherical polynomials & can be obtained using the Gram-Schmidt

orthogonalization process for polynomials in the domain (—1,1) with the weight factor
_1 A

(1- KZ)A 2,A > —%. Also, &) (/) is defined as )lkirr}) 6")56), and for A # 0 the resulting

—

polynomial R, (¢) is multiplied by a number which makes the value at £ = 1 equal to
(2A)n/n! = 22022 +1)(2A +2)...(2A+n—1)/n!. For A = 0 and n # 0, the value at
2
(= 1is —, while ®Y(0) =1.
The Gegenbauer polynomials (for details, see Kim et al. [1] and references cited

1 1
therein) are given in terms of the Jacobi polynomials P,SV’U) ,withv=v=2A— > (/\ > -,

2
A # 0) , defined by

6(0) = F(A + %)r(n 1 2A)
rEAT(n+2A+1)
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where (a), :=a(a+1)(a+2)...(a+n—1),and (a)y := 1.
From (1), it follows that &7 (£) is a polynomial of degree n with real coefficients, and

20 -1 A—=1
B (1) = (n + | >, while the leading coefficient of &7 (/) is 2" <n + " ) By the

theory of Jacobi polynomials, for y = v = A — %, with A > — %, and A # 0, we get

& (—0) = (=1)"&,(0).
It is easy to show that &7 (/) is a solution of the Gegenbauer differential equation
(1—2)y" — My +n(n+21)y =0,
with £ = 0 an ordinary point; this means that we can express the solution in the form of a
power series y = ). a,{", and the Rodrigues formula for the Gegenbauer polynomials is
n=
(see [2,3]) as follows:

(1 _fz))&*%(’ﬁﬁ(ﬁ) _ m<;)n(l _Zz)nﬂi%,

and the above relation can be easily derived from the properties of Jacobi polynomials.
The generating function of Gegenbauer polynomials is given by (see [1,4])

1
24 (A =3 g
1 AL (2M) i (OF,
(1—2€t+t2)7(1—€t+\/1—2€t+t2) ? "

@

and this equality can be derived from the generating function of Jacobi polynomials.
From the above relation (2), we note that

1 = (1)
Y SN, teC, <1, fe[-1,1], A€ [—2,+oo |\ {0}, (3)
TR AT H -1,1] 5+0) \ {0}

and the proof is given in [4] and Kim et al. [1] (also, see [5]) where the authors extensively
studied many results from different perspectives. For A = 1, the relation (3) gives the

ordinary generating function for the Chebyshev polynomials, and for A = 1, we obtain the

ordinary generating function for the Legendre polynomials (see also [6]).
In 1935, Robertson [7] proved an integral representation for the typically real-valued
function class Tr having the form

f)=z+ ) 2", zeA:={z€C:|z| <1}, @)
n=2
which is holomorphic in the open unit disc A, real for z € (—1,1), and satisfies the condition

Im f(z)Imz > 0, z € A\(—1,1).

Namely, f € Ty if and only if it has the representation

1 z
f(z):[11—2£z+zzdy' ZEB

where 1 is a probability measure on [—1, 1]. The class T has been extended in [8] to the
class Tr(A), A > 0, which was defined by
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f(z) = /11 @} (2)du(l), zeA, —1<0<1, ()

where
z

D) (z)i=—=
¢(@) (1 -2z +22)*

,ZGA,—1§£§1, (6)

and y is a probability measure on [—1,1]. The function ®;}(z) has the following Taylor—
Maclaurin series expansion:

D} (2) =z + (N2 + B3 ()2 + &)+ -+ &) (02" +..., ?)

where & () denotes the Gegenbauer (or ultra spherical) polynomials of order A and degree
n in £, which are generated by

@)z = Y o0 =z(1-20z 4 22) .
n=0

In particular,
G0 =1, &1(0) =2A, S5(0) =2A(A+1)2 — A =2(A)f% — A. 8)

Of course, we have Tr(1) = Tg, and if f given by (5) is written in the power expansion
series (4), then we have

1
m= [l ().

One can easily see that the class Tg(A), A > 0, is a compact and convex set in the linear
space of holomorphic functions f(z) = z+ Y. a, z" which are holomorphic in A, endowed
n=2
with the topology of local uniform convergence on compact subsets of A. The importance

of the class Tr(A), A > 0, follows as well from the paper of Hallenbeck [9], who studied the
extreme points of some families of univalent functions and proved that

z
co0SH(1—=A)=Tr(A), and extcoSi(l—-A)={ ——F— 0 c[-1;1] 5},
K10 = Te(d) Y {(1_2&+ZZ)A | 1}

where “co A” denotes the closed convex hull of A, “ext A” represents the set of the extremal
points of A, while S () denotes the class of holomorphic functions given by (5), which
are univalent and starlike of order ¢, ¢ € [0,1), in A, and have real coefficients.

Let A represents the class of functions whose members are of the form

flz)=z+ i a,z", z € A, 9)
n=2

which are analytic in A, and let S be the subclass of .A whose members are univalent in
A. The Koebe one quarter theorem [10] ensures that the image of A under every univalent

function f € A contains a disk of radius T Thus every univalent function f has an inverse

f~! satisfying
. . 1
) =z e d) and £ @) =w (Tl <ol () = 1):

A function f € A is said to be bi-univalent in A if both f and f~! are univalent in A,
and let ¥ denote the class of bi-univalent functions defined in the unit disk A. Since f € X
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has the Maclaurin series given by (9), a computation shows that its inverse g = f~! has
the expansion

g(w) = fH(w) =w—aw® + (211% — a3> w ... (10)
We notice that the class X is not empty. For instance, the functions

fie) =22, )= glog s, fi(z) = ~log(1-2)

z

with their corresponding inverses

e2w -1 . e —1

w
T w1 fy (w) = ew

fl_l(w) = 1rw fz_l(w)

are elements of . However, the Koebe function is not a member of X. Lately,
Srivastava et al. [11] have essentially revived the study of analytic and bi-univalent
functions; this was followed by such works as those of [12-17]. Several authors have
introduced and examined subclasses of bi-univalent functions and obtained bounds for the
initial coefficients (see [11-13,15]), bi-close-to-convex functions [18,19], and bi-prestarlike
functions by Jahangiri and Hamidi [20].

Orthogonal polynomials have been broadly considered in recent years from vari-
ous perceptions due to their importance in mathematical physics, mathematical statistics,
engineering, and probability theory. Orthogonal polynomials that appear most often in
applications are the classical orthogonal polynomials (Hermite polynomials, Laguerre poly-
nomials, and Jacobi polynomials). The previously mentioned Fibonacci polynomials, Faber
polynomials, the Lucas polynomials, the Pell polynomials, the Pell-Lucas polynomials, the
Chebyshev polynomials of the second kind, and Horadam polynomials have been studied
in several papers from a theoretical point of view and recently in the case of bi-univalent
functions (see [21-28] also the references cited therein).

Here, in this article, we associate certain bi-univalent functions with Gegenbauer
polynomials and then explore some properties of the class of bi-starlike functions based on
earlier work of Srivastava et al. (also, see [11]). In addition, motivated by recent works by
Murugusundaramoorthy et al. [29], Wannas [30] and Amourah et al. [31], we introduce
a new subclass of the Yamakawa-type bi-starlike function class (see [32]) associated with
Gegenbauer polynomials, obtain upper bounds of the initial Taylor coefficients |a;| and
|as| for the functions f € G5 (P}) defined by subordination, and consider the remarkable
Fekete-Szeg® problem. We also provide relevant connections of our results with those of
some earlier investigations.

First, we define a new subclass Yamakawa-type bi-starlike in the open unit disk,
associated with Gegenbauer polynomials as below.

1 1
Unless otherwise stated, welet0 < ¢ <1, A > 5 and / € (2, 1} .

Definition 1. For0 < ¢ <1land{ € (;, 1} , a function f € L of the form (9) is said to be in the
class GV (8, P} if the following subordinations hold:

- ﬁ)JzC(j—)z?z 7@ <@ 1)

and

i ﬁ)zgu(j—ugwg’(w) = (w) (12)

where z,w € A, QJ? is given by (6), and g = f~1 is given by (10).
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By specializing the parameter &, we state a new subclass of Yamakawa-type bi-starlike
in the open unit disk, associated with Gegenbauer polynomials as below:

Remark 1. For ¢ = 1, we get VS5 (CDQ) =GYxs(1, @?), thus f € YSx (@2) if f € Zand the
following subordinations hold:

ZJ}EZ) < @?(z) and wé;,(/z(vzl) =< @?(w)

where z,w € A, and g = f~is given by (10).

Remark 2. For ¢ = 0, we get Ny, (d:';\) = GYx (0, CIDQ), thus f € Ny (@?) if f € T and the
following subordinations hold:

J%Z) =< @é‘(z) and g’i}w) =< @?(w)

where z,w € Aand g = f~1 is given by (10).

1
Note that if in the above Remarks 1 and 2, we choose A = 1 or A = 5 then we can

state the new subclasses of Y Sy, (®}) and N5 (®}) related with Chebyshev polynomials
and Legendre polynomials, respectively.

2. Initial Taylor Coefficients Estimates for the Functions of GY'5 (19, (IDQ)

To obtain our first results, we need the following lemma:

Lemma 1 ([33], p. 172). Assume that w(z) = Y, wnz", z € U, is an analytic function in U such
n=1
that |w(z)| < 1 forall z € U. Then,

il 1, Jwn| <1~ Jwi?, n=2,3,....

In the next result, we obtain the upper bounds for the modules of the first two
coefficients for the functions that belong to the class GV (8, CD?)

Theorem 1. Let f given by (9) be in the class GV (8, ®}). Then,

2MN2ME

laz| < , (13)
\/|(1 — 68+ 682)4A2(2 — 2(2(A)2f2 — A) (1 — 26)2|
and ( )2( 2)
2(A02(1— 20 — 20 270

< 14

9] < S 3gya —207] T -39’ (14)
1
where & # 3

Proof. Let f € G5 (8, ®}) and g = f~!. From the definition in Formulas (11) and (12),
we have

(1— ﬂ)j;(—iz—)ﬂzf’(z) = CI)?(L[(Z)) (15)

and

= ﬁ)j(j_uzgwg/(w> = @} (v(w)), (16)
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where the functions 1 and v are of the form
u(z) = ciz+cz? +..., (17)
and
o(w) = dyw + dow® + ..., (18)

are analytic in A with #(0) = 0 = v(0), and |u(z)| < 1, |[v(w)| < 1, for all z,w € A. From
Lemma 1 it follows that

lcjl <1 and [d;| <1, forallj€N. (19)

Replacing (17) and (18) in (15) and (16), respectively, we have

f(z) _
A—®z+0f) -+ 61 (Ou(z) + &5 (O)u?(z) + ..., (20)

and

(1- ﬁ)zi(fgwg’(w) =1+ 67 (O)v(w) + &5 () (w) + ... (21)

In view of (9) and (10), from (20) and (21), we obtain

L4 (1 28)5z + [(1 - 30)as — 20(1 — 28)a3] 2 + ...
=1+ &}z + [esf(z)cz + @g(z)cﬂ 24,
and
1= (1-20)(@)ayw+ { (1-40+26%)a} - (1-3A)as fu? + ..
=1+ 6} (Odiw+ [6}(Od + 63 (OB |w? + ...,

which yields the following relations:

(1—28)ay = &1 ()cy, (22)
(1—30)a3 — 28(1 — 20)a3 = &} (£)cy + &5 (£)c3, (23)

and
—(1—-20)ay = &} (£)dy, (24)
—(1-30)a3 + (1 49+ 2192) a3 = &} (0)dy + &) (0)d3. (25)

From (22) and (24), it follows that

c1 = —dy, (26)

and

2(1 - 28)%a3 = [61(O)]*(c] +d7),
&L
B= st ) @)
Adding (23) and (25), using (27), we obtain

2= [67(0)]3(c + da)
2 (1—619+6192)[65)‘(€)] 2(1—28)284(¢)°

(28)
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Applying (19) for the coefficients c; and d; and using (8), we obtain the
Inequality (13).
By subtracting (25) from (23), using (26) and (27), we get

_ 80 -d)  (1-20-28)[&}(O 5

= o0 38) 2(1—39) 2 @9
~ (1-28-20%)[81 (O))*(cF +4d7) | &1(0)(ca—dy)
- 2(1-308)(1 —_20)2 AT T

Using (8) and once again applying (19) for the coefficients ¢y, c2, d1, and dp, we deduce
the required Inequality (14). O

By taking ® = 0 or ¢ = 1 and ¢ € (0,1), one can easily state the upper bounds for
|az| and |as] for the function classes GY5 (0, @) =: Ny (®}) and GV5 (1, ®) =: YSi (P}),
respectively, as follows:

Remark 3. Let f given by (9) be in the class Ny, (@2) Then,

"y 200\/201
2] = ’
V14222 = 2(2(2)22 - 1)

and
las| < 2(A0)2 +2AL.

Remark 4. Let f given by (9) be in the class Y Sy (®}). Then,

2M0\2A0

aa| < ,
V14222 —2(2(1),2 - 1)

and
lag| < 3(AL)% 4 AL

Remark 5. Let f given by (9) be in the class GYx, (8, ®}). Then,

20320
V(1= 60+ 682)a2 —2(402 ~1)(1 - 20)2|

laz| <

and
202(1 - 29 — 29?) 20

(1-30)(1-20)7 " 138

las| < ‘
1
where & # 3

Remark 6. Let f given by (9) be in the class G)x. (19, CIJ;/Z). Then, for £ # \}5,
e
V(=68 +662)22 — (32— 1)(1 - 202

las| <

and
2(1—20 —26%) 4

2/ —38)(1—20)7] T 130’

laz| <
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1
where & # —.
3
In the above Remarks 3 and 4, by fixing A = land A = %, we obtain the new estimates

of |a5| and |a3| for the function classes VS5 (®}) and N5 (P}) related with Chebyshev
polynomials and Legendre polynomials, respectively.

3. Fekete-Szegt Inequality for the Function Class GYx (19, <I>2‘>
Due to the result of Zaprawa [34], in this section, we obtain the Fekete-Szeg® inequality

for the function classes G5 (8, @é‘)

Theorem 2. Let f given by (9) be in the class GY5 (8, ®}), and y € R. Then, we have

200 ) 1

T W] < s
1-—-348 2|1 — 3¢
‘513_,””%‘ < | | | 1 |

M), if |h(p)] = 21— 39]"
h
wiere T 2AL2[2A20%(1 — 20 — 28°) — (1 —39)]
(1) = (1—38){2A02(1 — 68 + 682) — (1 —208)2[2(A +1)¢2 - 1]}’
and 8 # %

Proof. If f € GV (8, ®}) is given by (9), from (28) and (29), we have

a3 — pa3 = 2(2 ng_ %2) +< (1-20 12_192319[55A(€)] —y>a3
CAGIG —d (1—20—20%)[&](0))?
- 12(1 ) +< 1—319) ”)
(61 (O (c2 + da)
X
(1 —619—1—6192)[(’5 (0)]2 —2(1—20)285(¢)
—ot0)| (10 + 5y e+ (W00~ 3ra7 )]
where 1—20 —20%)[&)(0)]> —2u(1 — 38))[&7(0)]
W) = ((1—20—28%) (&7 (0)]* —2u(1 — 38))[87 ()]

2(1-38){(1 — 68+ 682)[®}(£)]2 —2(1 — 28)285 (0)}
Now, by using (8)

o = i3 =212 (0 + 5 Jea t (W0 = 525 ) e

where
2020220202 (1 — 28 — 20%) — (1 — 38)]
(1—308){2A202(1 — 20 + 202) — A(1 — 28)2[2(A + 1)¢2 — 1]}
A2 [2A20%(1 — 20 — 20%) — (1 — 30)]
T (1-38){2A2(1 — 60 + 667) — (1 — 28)2[2(A + 1)2 — 1]}

h(u) =

Therefore, in view of (8) and (19), we conclude that the required inequality holds. [
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4. The Subclass My, (T, <I>§) of Bi-Univalent Functions

In [35] Obradovi¢ et al. gave some criteria for univalence expressed by Re f'(z) > 0
for the linear combination

zf"(z) 1
T(l—l— f’(z)>+(1 T)f/(z),TZLZEA.

Based on the above definitions, recently, Lashin [36] introduced and studied new
subclasses of the bi-univalent function. In our further discussions, unless otherwise stated,

1 1
welett>1,A > i,andﬂe (2,1].

Definition 2. A function f € X given by (9) is said to be in the class My (T, CDQ) if it satisfies
the conditions

M0 R
and
()l o

where T > 1,z,w € A, d>? is given by (6), and the function g = f~1 is given by (10).

Remark 7. For the particular case T = 1, a function f € X given by (9) is said to be in the class
My (D)) =: Kz (P}) if it satisfies the subordination relations

14 Z}C,;S) < ®)(z) and 1+ wg%/(/if;) < @) (w),

zZ,w € A, @2 is given by (6), and g = f~1 is given by (10).

Theorem 3. Let f be given by (9) and f € My (7, CD?), with T > 1. Then,

. Al ANV20E
|az| < min ; ’ (32)
220172 |1+ 1)A22 — 427 — 1222(A); — A|
and
o 200 A2
lag| < m1n{3(3T_ 0 + it -1
AU 2236
3Bt —1)  |(1+71)A%0)3 — (2T — 1)2[202(A), — A]|

Proof. f € My (1, <1>2\), from (30) and (31) it follows that

T(1 + J{(<)>) (1-1) f,}z) = @} (u(2)), (33)
and ” 1
T<1 + 2 fj)”) (1= 7)o = 9L o)), (34)

where the functions u and v are analytic in A with 1#(0) = 0 = v(0), such that |u(z)| < 1,
|v(w)] < 1, forall z,w € A, and are of the form (17) and (18), respectively.
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From (33) and (34), we have
14+2(27 = 1)arz + [3(37 — 1)as +4(1 - 27)203| 2+ ..
=14+ 6101z + [(’5{‘(6)@ + Qﬁ%(f)cﬂ Z+...,
and

1-2(27 — Vaw + [2(577 —1)a - 3(31 — 1)113} w?— ...
=1+ & (0)dyw + [05?(6)@ + ®§(€)dﬂ w ...,

and equating the coefficients of the above two relations, we get

2021 — 1)ay = &) (£)cy, (35)
331 — 1)az +4(1 — 27)a3 = &7 (0)ca + & (£)3, (36)
and
—2(21 — 1)ap = &7 (£)dy, (37)
2(57 — 1)a3 — 3(31 — 1)az = &7 (£)dy + &} (£)d3. (38)
From (35) and (37), we get
pP1=-—0 (39)
From (35), by using the Inequality (19) for the coefficients ¢; and dj, from (8), we have
ag] < &) M
2I=50r—1) " @r-1)
Furthermore,
2
sr—1)%3 = (&1(0) (3 +42),
that is, )
A 2 2
2 _ (81(0) (e +47)
27 T80T - 1) (40)
Thus, from the Inequality (19) and using (8), we obtain
&1 (0) A
921 < 357 =1y T 3= 1) 41
Now, from (36), (38) and using (40), we get
2 3
201+7)(81(0)" - 821~ 1283 (0)]a3 = (61(0)) (2 + da). (42)
Thus, according to (42), we obtain
3
2= (@i‘(ﬂ ) Ccy + d;)_
2 21+ 1) (&1(0))? =82t —1)26)(¢)
hence,
MA2ML
|az| < / (43)

2,/|(1+7)222 — 427 - 1222(1), - /]|

and the Inequality (32) is proved.
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From (36), (38) and using (39), we get

&2 (0)(c, — d
a3 = 16((;(;2—1)2)—“1%’ (44)

which implies

2/\€ 2
i 45
From this inequality, using (41), we obtain
204 A2

93] < 33—y T a1

Combining (45) and (43), it follows that

200 22343
33t —1) + |(1+71)A20)2 — (2T — 1)2[202(A), — A]|

las| <

O

Motivated by the result of Zaprawa [34], we discuss the Fekete-Szeg6 inequality [37]
for the functions f € My (7, P}).

Theorem 4. Forv € R, let f € My (7, D)) be given by (9). Then,

200 ) 1

’ =63t —1)’
where )
hv) = {1+ r2— gr_vi?f[zﬁ(/w -1} (16)
Proof. If f € My (T, P}') be given by (9), from (44) we have
az —vaj = HOIC R + (1 —v)as. (47)

631 —1)
By substituting (42) in (47), we obtain
2 _ 81(0)(c2 —da) (1-v)(83(0) (2 + d2)

BTRT 6Bt T 214 1)(e) () 8@t 126} (0)

=61 (0) [(h(v) + 6(31’1—1)>C2 + (h(v) — 6(31’1—1))d2}'

(1-v)(8}(0)*
2(1+ 1) (&) (0))* —8(2T — 1)263(¢)

where

h(v) =
From (8), it follows

25 — val = ZAEKh(v) + 6(3:_1))CZ + (h(v) - 6(3;_1))@], (48)

where the function & is given by (46). Hence, by using the triangle inequality for the
modulus of (48) together with (19), we get our result. [
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For v = 1 the above theorem reduces to the following special case:

Remark 8. If f € My (T, D}) is given by (9), then

204
2 <«
’“3 ”2‘ =3Br-1)
5. Conclusions
Yamakawa-type bi-starlike functions related with the Gegenbauer polynomials are
defined for the first time, and initial Taylor coefficients and Fekete-Szegd inequality are
obtained. Further, by fixing A = lor A = %, the Gegenbauer polynomials lead to the

Chebyshev polynomials and the Legendre polynomials, respectively. Hence, our results
represent a new study of the Yamakawa family of bi-starlike functions associated with
Chebyshev and Legendre polynomials, which are also not considered in the literature. We
have left this as an exercise to interested readers.
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