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Abstract: This paper deals with the (w, c)-periodic solutions to impulsive fractional differential
equations with Caputo fractional derivative with a fixed lower limit. Firstly, a necessary and sufficient
condition of the existence of (w, c)-periodic solutions to linear problem is given. Secondly, the
existence and uniqueness of (w, ¢)-periodic solutions to semilinear problem are proven. Lastly, two
examples are given to demonstrate our results.
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1. Introduction

Alvarez et al. [1] introduced a new concept of (w, c¢)-periodic functions: a continuous
function f : R — X, where X is a complex Banach space, is (w, c)-periodic if f(t + w) =
cf(t) holds for all t € R, where w > 0,c € C\ {0}. Then, Alvarez et al. [2] proved the
existence and uniqueness of (N, A)-periodic solutions to a a class of Volterra difference
equations. For more research on (w, ¢)-period systems, we refer the readers to [3-6].

In recent years, impulsive fractional differential equations have attracted more and
more scholars” attentions. For the existence of solutions and control problems, we refer
to [7-11]. Recently, Fe¢kan et al. [12] proved the existence of the periodic solutions of
impulsive fractional differential equations. However, to our knowledge, the existence of
(w, c)-periodic solutions of impulsive fractional differential equations has not been studied.
Motivated by [1,7,12-14], we study the following impulsive fractional differential equations
with fixed lower limits

Dj u(t) = f(tu(t)), g € (0,1), t # ty, t € [t, 0),
u(t) =u(ty) + Ay keN,

where CD?Ou(t) is the Caputo fractional derivative with the lower time at t, and for any
keN, ty < trpq, limy oty = 0.

In this paper, we deal with the existence of (w, ¢)-periodic solutions impulsive frac-
tional differential equations with fixed lower limit. We first study the existence of (w, c)-
periodic solutions to the linear problem, i.e., f(t,u) = pu. Then, we prove the existence
of (w, c)-periodic solutions to the semilinear problem. Finally, we give two examples to
illustrate our results.

2. Preliminaries

We introduce a Banach space PC(R,R") = {x : R — R" : x € C((f, tx+1], R"), and
x(t, ) = x(t), x(t) exists Vk € N} endowed with the norm [|x[|ce = sup,cp [|x(£)]]-
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Definition 1. (see [15]) Let n € N* and u be a n time differentiable function. The Caputo
fractional derivative of order « > 0 with the lower limit zero for u is given by

t
‘Dyu(t) = L ] /0 (t—s)"* 1M (s)ds, n—1<a<n.

I'n—uw

Lemma 1. Assume that f : R x R" is continuous. A solution u € PC(R,R") of the following
impulsive fractional differential equations with fixed lower limit

CD?OM(t) = f(t,u(t)), g € (0,1), t #ty, t € [to, ),

u(ty ) =u(ty )+ Ay keN, 1
u(to) = Mto,
is given by
u(t) = u(ty) + ) /tot(t — )17 f(r,u(t))dT + t0§<tAi, t > to. 2)

Proof. From Lemma 3.2 in [7], a solution u of Equation (1) is given by

1 gt _ k
u(t) = u(to) + W/t (t—0) T f(ru(r))dr+ Y A, t € (t eyl 3)
0 i=1
Using
k
ZA,’ = Z A;, Yt e (tk, tk+1],
i=1 to<ti<t

we get that (3) is equivalent to

o [ fu(edr s T @

M(t) = u(tO) + I—-(q) to e

on (ty, tx11]. Using the arbitrariness of k, we obtain that (4) holds on ;> ; (f¢, tx11]. Since
(4) is independent of k, we obtain that (2) holds on [ty, ). O

Definition 2. (see [16], Theorem 2.4) A solution u € PC(R,R") of following linear impulsive
fractional differential equations with fixed lower limit

‘Dl u(t) = pu(t), peR, g€ (0,1), t # 1, t € [tg, ),
u(t’) = (1 +ap)u(ty), keN,
u(ty) = uy,,

is given by

u Eq(o(t —1t)), t € [to, 1]

u(t) = k
up [ ] (1 + a;Eq (p(ti — to)’f))Eq (o(t—to)"), te (ki tipal, keN,
i=1

1=

where Eq(-) is the Mittag-Leffler function.

Definition 3. (see [1]) Let ¢ € C\ {0}, w > 0, X denote a complex Banach space with norm || - ||.
A continuous function f : R — X is said to be (w, c)-periodic if f(t + w) = cf(t) forall t € R.
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Lemma 2. (see [3], Lemma 2.2) Set @y, := {u : u € PC(R,R")} and u(- + w) = cu(-)}.
Then, u € @, ¢ if, and only if, it holds

u(w) = cu(0). ®)

3. ((w, ¢))-Periodic Solutions to Linear Problem

Set tg = 0, we consider the following linear impulsive fractional differential equation
with fixed lower limit

‘Diu(t) = pu(t), peR, g€ (0,1), t#ty, t €[0,00),
u(t’) = (1 +ap)u(ty), keN, (6)
u(0) = up.

Theorem 1. Assume that there exists a constant N € N such that
w=1tN, tyn =t +w, VkeN, and a;y =«;, VieN.

Then, the linear impulsive fractional differential Equation (6) has a (w, c)-periodic solution u € ¢
if, and only if

ug (c — ﬁ (1 + a;Eq (pt?)) E, (pwq)> =0. (7)

i=1

Proof. “=" If (6) has a (w, c)-periodic solution u € P, i.e., u(- +w) = cu(-), then
u(w) = cu(0), i.e.,

N
uo [ (1+ iEq (pt]) ) Eg (pco) = cuo
i=1

which implies that (7) holds.
“<«<" It follows from Definition 2 that Equation (7) has a solution u given by
uoEq (ot7), te[0,1]
u(t) = k
uo [ (1 + a;Ey (pt?))Eq (ot), t € (tg, tysa], keN.
i=1

If (7) holds, we obtain u(ty) = u(w) = cuy. Now, we prove that the solution u € P, ..
Case 1: For t € (0,t], we have t + w € (ty, tN41), then

u(t+w) = uEq(p(t+w —tn)7)
= up Eq(pt1) = cupEq(pt?) = cu(t).

Case 2: For t € (ty, tgy1], k € N,wehave t + w € (tg N, trins1], then

k
u(t+w) = un [ (1 + i NEq (o(tisn — tN)q)) Eq(o(t+w —tn)T)
i1

k

= [T (1+ iEq (0t]) ) Eq ot7)

i=1

=~

= cug] (1—|—txiEq(pt?)>Eq(pt‘7)

1=

= cu(t

—

So, we obtain that (6) has a (w, ¢)-periodic solution u € @, . O
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4. (w, c)-Periodic Solutions to Semilinear Problem

Set tp = 0, we consider the (w, c)-periodic solutions of following impulsive fractional
differential equations with fixed lower limit

‘Diu(t) = f(t,u(t)), g € (0,1), t #t, t € [0,00),
u(t) =u(ty) + A keN, 8)
u(0) = uy.

We assume the following conditions:
(I) f : R x R" — R" is continuous and

ft+w,cu) =cf(t,u), VteR, YuecR"
(II) There exists a constant A > 0 such that
Lf(t,u) — f(t,0)]| < Allu—0|, VteR, Vu,oveR"
(IIT) There exist constant B > 0, P > 0 such that
| f(t,u)|| <Bl|u||+P, VteR,VuecR"

(IV) Ay € R" and there exists a constant M € N such that w = tpy, tpr = i + w and
Ax+m = Ay hold for any k € N.

Lemma 3. Suppose that conditions (I), (IV) hold and ¢ # 1. Then, the solution u € ¥ :=
PC([0, w], R™) of Equation (8) satisfying (5) is given by

ut) = (c 1)‘1F(1q)/Ow(w—r)’f‘lf(r,u('c))d’r—kr(lq)/Ot(t—'c)q_lf(r,u(r))dr
+(c—1)_1%Ak+ Y A te0w]
k=1 0<tp<t

Proof. It follows from (2) that the solution u € PC([0, w], R") is given by

w(t) = u(0) + r(lq) /Ot(t — 1)1 f(r, u(r))dT + t0<2t:k<tAk’ below. 9
So we get
() = 1(0) + r(lq) /Ow(w — 1)1 f(r, u() )T+ L me=a
which is equivalent to
iy = (c— 1)1 (r(lq) /Ow(w _ )1 f(r,u(t))dT 4+ tog@ A). (10)

By (9) and (10), we obtain

u(t) = (c 1)—1r(1q)/0w(wr)q—lf(r,u(r))dwr(lq)/ot(tr)q—lf(r,u(T))dr
+(c-1)7" %AIA— Yo A
k=1 0<tr<t

The proof is finished. [J
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(Fu)(t)

Theorem 2. Suppose that conditions (I), (II), (IV) hold and ¢ # 1. If0 < %ﬂ;“) <1,
then the impulsive fractional differential Equation (8) has a unique (w, c)-periodic solution u €

D, .. Furthermore, we have

]l < pof(le =1+ 1) +T(g+ D (e =171+ 1) T, [|Ax]
= T(g+1)— Awi(lc— 1|71 +1) ’

where u = supyc 0, | £(£,0)].
Proof. It follows from (I) that for any u € &, ., we have
f+wu(t+w)) = f(t+w,cu(t)) =cf(tu(t)), VteR

which implies that f(-, u(-)) € D e.
Define the operator F : ¥ — ¥ by

(c— 1)—1r(1q) /Ow(w — )1z u(r))dT + r(lq) /Ot(t — 1)1 f(x, u(7))dr
+(c—1)71! % Ac+ ) A (11)
k=1 O<tr<t

From Lemmas 2 and 3, we obtain that the fixed points of F determine the (w, c)-
periodic solutions of Equation (8). It is easy to see that F(¥) C ¥. For any u,v € ¥,
we have

[[(Fu)(t) = (Fo)(1)]]
1

L1 g ) f )
= - 1W/0 (w— 1)1 1f(T,u(T))dT+W/O (t— )11 F(t, u(t))dt
1 ot

_ w _ 1
—(c—1) 1@/0 (w— 1)1 1f(T,v(T))deW)/O

1

e — 1I*1W) /0 (t— )17 |f(t, u(t)) — f(T,0(7))]|dT
1

W/o (t— T)‘i—luf(r,u(”f)) — f(r,0(7))||dT
A

=17 g ) (w0 () — o() Jax

r(i) /Ot“ =) lu(r) —o(7) |47

ré)'” — 0lles <|c —1)! /Ow(w — 1)1 ldT 4 /Ot(t - T)qldT>

Aw(le — 171+ 1)
I'(g+1)

(t =) f(r,0(x))d|

IN

+

IN

+

IN

[ = v[leo

which implies that

Fu — Folle < Awfl(lc—1]71+1)

Awl(le=171+1)
T'(g+1)
there exists a unique fixed point u of (11) satisfying u(w) = cu(0). It follows from Lemma 2
that u € @ . Then, we obtain that Equation (8) has a unique (w, c¢)-periodic solution

u € Py

From the condition 0 < < 1, we obtain that F is a contraction mapping. So,
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Furthermore, we have

(O < le=1" g7 [ @ =0 u(E) ~ £, 0) o
He =117 s [ =, 0) o
i =) — f 0
g A I
M
He=17 Yl + F
-1 to<tp<t
< |C1|_1r?q)/0w(wT)q_1|u(T)||dT+|C1|_11{lw./(;w(wT)q_ldT
t t
+F(A;7)/O (t—T)q’l||u(T)||dT+%q)/o (t— 7)1 tdr
M
(e =171 +1) 3 NIl
k=1
A(lc =171+ 1) paw(le =171 +1) _ M
< Ay el EE T e 117 ) ) I

which implies that

peot(Jle =17 + 1) + T(g + 1) (le — 171 + 1) T2y A
T(g+1) — Awi(lc — 1|71 +1) '

[u]leo <

The proof is completed. [

Theorem 3. Suppose that conditions (I), (I11), (IV) hold and ¢ # 1. If Bwi(|c — 1|71 +1) <
I'(q+ 1), then the impulsive fractional differential Equation (8) has at least one (w, c)-periodic
solution u € g, ..

Proof. LetB, = {u € ¥ : ||ul|o < r}, where

L Pwt(e =171+ 1)+ T(g+ (e =171+ 1) 5 A

= T(g+1) — Bai(c— 1|1 +1)

We consider F defined in (11) on B,. For any ¢ € [0, w| and any u € B,

1 B @ -1 D -1
IF@OI < o115 [ @ =o u(@)ldr e =11 g5 [F(w )1 tdr
B t _ P t _
+W/o (t— 1)1 u(r)||dr +W/O (t—7)7 T
M
He=171 L Iad + ¥ sl (12)
k=1 0<tr<t
Bwi(|c—1|71 +1) Pwi(|c— 1|71 +1) _ M
< Sorgan et Ty (e 17 ) Y
<7

which implies || Fu||c < 7. So, F(B,) C B,.
We prove that F is continuous on B;.
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Let {u;};>1 € B, and u; — u on B, as i — oo. By the continuity of f, we get
f(t,ui(t)) = f(t,u(t)) as i — oo. Thus, we have

(-1 H(t,u(1)) — (w—1)7f(t,u(t)) asi— oo,
(t—1)T Hf(tu(t) — (-7 f(t,u(t)) asi— oo

Using condition (III), we obtain that forany 0 < 7 < t < w,

| @ =7 () = w0 = T (u(o) ax

w
< 2(Br+P) / (w—1)7dT < 2(Br + P)g 'w? < oo,
0

and

LI =07 () = (¢ = 07 (a0
<2(Br+P) /Ot(t — 1)1 dr < 2(Br + P)g tw? < co.

Then, by Lebesgue dominated convergence theorem, we get
w
/ [(w =) f(r,ui(1)) — (w — )" f(r,u(t))||dt -0 asi— oo,
0

and
/Ot (¢ = 1)1 f(,ui(7)) — (E— 1) L (T, u(r))|dT =0 as i — o
So, for any t € [0, w], it holds
|| (Fu )(t) ( u)(@®)|
< =) )l = () ~ (= 0 () e

+W ./0 H(t — )T f(u(7) — (t— )7 f(tu(t))|ldt =0 as i— oo

Then, F is continuous on B,.
We prove that F is pre-compact.
Forany t; <t <s <t;1,i € Ny, we have

|2 & E o=

0<tp<t 0<tr<s

AkH =0
=1

which implies that

H Z Ay — Z AkH —0, ast—s.
0<tp<t 0<ti<s
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So, for any 0 < s; < sp < w, and any u € B,, it holds

I(Fu)(s1) — (Fu)(s2) |
g5 [ w1 = o e - s [ e = o1 (|

IN
=
=

o E s B a
0<t<sy 0<tr<sy
< g b (= =Y () o
+L/52(527T)q—1HﬂT’u HdT+H A — AkH
r(q) 51 0<tr<sy 0<tr<sy
Br+P (51 -1 g1 Br+P/ _ -1
e A (R e L S AR
o E - B oo
0<tp<sq 0<tp<sp
Br+P
_ +2(sy — + Ay — Agll — 0 —> S2.
F(q+1)(( Sl) (2 Sl > H0<tk<s ‘ 0<§‘2sz kH " 2

So, F(B,) is equicontinuous. By (12), we obtain that F(B,) is uniformly bounded. Using
Arzela-Ascoli theorem, we obtain that F(B,) is pre-compact.

It follows from Schauder’s fixed point theorem that the impulsive fractional differential
Equation (8) has at least one (w, c) periodic solution u € ® . The proof is finished. [

Remark 1. If ¢ = 1, (w, ¢)-periodic solution is standard w-periodic solution. If c = —1, (w, c)-
periodic solution is w-antiperiodic solution. Moreover, all results obtained in this paper are based on
the fixed lower limit of Caputo fractional derivative.

5. Examples

Example 1. We consider the following impulsive fractional differential equation:

1 .
{CDgu(t) = Acos2ftsinu(t), t # ty, t € [0,00), (13)

u(tk+) =u(t, ) +coskm, k=1,2,3,---,

where A € R, t = %’T, Ay = coskr, f(t,u) = Acos2tsinu(t). Set w = 7, ¢ = —1. It is easy
to see that for any k € N, tj o = tp + 71, A1 = Ay. So, we obtain M = 2, and (1V') holds. For
any t € Rand any u € R, we have

ft+w,cu) = f(t+m,—u) = —Acos2tsinu(t) = —f(t,u) = cf (t,u)
which implies that (I) holds. For any t € R and any u,v € R, we have |f(t,u) — f(t,v)| <

|A||u — v| which implies that A = |A| and (1I) holds. Note that Awq(liqi‘l)lﬂ) 3';\(|}/)E- Letting
p

< 1. Then, all assumptions in Theorem 2 hold for

Aw(le—171+1)

0< A < ) e obtain 0 < N

3\F’
Equation (13).
1
Hence, if 0 < |A| < g(—\/f;), (13) has a unique (71, —1)-periodic solution u € ®, _1.

Furthermore, we have

pol(le =1+ D) AT+ (e =1+ )T Al 30(3)
T(g+1) — Awi(lc — 1|71 +1) I(})=3AlVmT

[u]leo <
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Example 2. We consider the following impulsive fractional differential equation:

{CDé u(t) = Au(t)sin (3-u(t)), t # ty, t € [0,00), w
u(th) =u(ty)+2, k=123,

where A € R, t;, = %, A = 2, f(t,u) = Ausin(37'u). Set w = 1, ¢ = 3. Obviously,
teio =tk + 1, Agyo = Ay hold for all k € N. So we obtain M = 2, and (IV') holds. Forany t € R
and any u € R, we have

f(t+w,cu) = f(t+1,3u) = 3Ausin(3 'u) = 3f(t,u) = cf(t,u)

which implies that (I) holds. For any t € R and any u € R, we have |f(t,u)| < |A||u| which
implies that B = |A|, P = 0 and (III) holds. Note that Bw(|c — 1|~' + 1) = 3|A|. Letting
A < ﬁ, we get Bw(|c — 1|71 +1) < T'(q + 1). Then, all assumptions in Theorem 3 hold for
2
Equation (13).
Therefore, if |A| < ﬁ, Equation (14) has at least one (1, 3)-periodic solution u € ®1 3.
2

6. Conclusions

In this paper, we mainly study the existence of (w, ¢)-periodic solutions for impulsive
fractional differential equations with fixed lower limits. In future work, we shall study the
(w, ¢)-periodic solutions for impulsive fractional differential equations with varying lower
limits.
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