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Abstract: We introduce in this paper a new family of uniformly convex functions related to the
Deniz-Ozkan differential operator. By using this family of functions with a negative coefficient, we
obtain coefficient estimates, the radius of starlikeness, convexity, and close-to-convexity, and we find
their extreme points. Moreover, the neighborhood, partial sums, and integral means of functions for
this new family are studied.
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1. Introduction

Let A be the class of analytic functions in the open unit disc ¢/ = {t : |t| < 1} given by

) =t+ ) ast. 1)

s>2

Let S be the subclass of A consisting of functions that are univalent in ¢/ and 7 be the
subclass of functions A given by

h(t) =t—Y ast’, as > 0. )

5>2

The function & € A is said to be in  — SP(7), the class of f—parabolic starlike functions
of the order 7, 0 < 57 < 1,if h is satisfies the condition

{5} o0 20

By substituting th’ for I in (3), we are able to derive the condition

ety >

required for the function / to be in the subclass § — UCV(7) of the f—uniformly convex
functions of order 7.
These classes were defined by Bharati et al. [1] and generalized by other classes. For
example, the class § —UCV(0) = B —UCV is known as a f—uniformly convex function [2].
Indeed, it follows from (3) and (4) that

th"

n, p=0 4)

heB—-UCV(n) < th'(t) € B—SP (7).

Axioms 2022, 11, 731. https://doi.org/10.3390/axioms11120731

https:/ /www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms11120731
https://doi.org/10.3390/axioms11120731
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0002-0269-0688
https://doi.org/10.3390/axioms11120731
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms11120731?type=check_update&version=3

Axioms 2022, 11, 731

20f15

Specifically, the classes 1 —UCV(0) = UCV and 1 — SP(0) = SP were defined by
Goodman and Renning [3,4], respectively.

For a function /# in A, Deniz and Ozkan [5] (see also [6]) introduced the following
differential operator DY as follows:

Definition 1. Ifh € A, for the parameters A > 0 and m € No = NU {0} the differential operator
DY on Ais defined by

DYn(t) = h(t)
Din(t) = APH"(t) + A+ )R (t) + th'(t)
DIh(t) D(DY'h(t))

fortel.
For the function & in A, by the definition of the operator D} , we see that

DIh(t) =t + 2252m(/\(s —1) +1)"agt". (5)
5=

Moreover, D'h(t) € A.
For h € Agivenby (1) and g(t) € A of the form g(t) =t + Y oo, bst*, the Hadamard
product (or the convolution) of /1 and g is defined by

(hxg)(t) =t+ Y ashst® = (gxh)(t), t€U.

§>2
Saldgean derivative operator S™ [7] is one of the special cases of the operator D' as follows:

Dith(t) = S™h(t) * S"h(t) = S*h(t)

and
DI'h(t) = S"h(t) * S"h(t) * S"h(t) = S3mh(t).

Let Q) be the class of functions w(t) analytic in ¢/ such that w(0) = 0, |w(t)| < 1.If
there is an analytical function w(t) € Q such that h(t) = g(w(t)), then h(t) is said to be
subordinate to g(t) in \A. The sign for this subordination is h(t) < g(#).

Lemma 1 ([8]). Let ¢ € C. Then,
Reg > p, ifand only if |§ — (1 + )| < [¢+ (1 —p)|.
Lemma 2 ([8]). Let & € C, and p, vy are real numbers. Then,
Re¢ > p|¢ — 1| + v ifand only ifRe{C(l + pe'?) —peie} > .
Definition 2. For 0 <y <1,0< 6 <1,8>0,m € Ny = NU{0}, and A > 0, we let

B —UCVY (y,0) be the subclass of A consisting of functions of the form (1) and satisfying the
analytic criterion

Re { t(DTh(t))'+5t2(DTh(t))"l} > 5
(1—0)Dh(t) + 6t(Dh(t))

tH(DIh(t)' + 82 (Dyh(t))”
(1—8)Dh(t) + ot (DIh(t))’

-1 +7.

We observe that the subclass p — UCVY (1,6) reduces to a number of well-known
analytic function subclasses by specializing the parameters 7, 8, A, 4, and m. These sub-
classes include:
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1-uUcC
1-UC
B—UCY

S*— The class of starlike functions (see [9], pp. 40-43);

C — The class of convex functions (see [9], pp. 40-43);

C(n) — The class of convex functions of the order # ([10]);
S*(17) — The class of starlike functions of the order # ([10]);
SP — The class of parabolic starlike functions ([11]);

UCY — The class of uniformly convex functions ([3,12]);

B — 8P — The class of B — parabolic starlike functions ([13]);
B —UCY — The class of f — uniformly convex functions ([14]);

1
PS*(p) (5 < p < 1) — The class of parabolic starlike functions of the order p ([15]);

UCV(p) (% < p < 1) — The class of parabolic convex functions of the order p ([15]);

SP(n) — The class of parabolic starlike functions of the order 7 ([11]);

UCV (1) — The class of uniformly convex functions of the order # ([11]);

B — SP(17) — The class of f — uniformly starlike functions of the order # ([1]);
B —UCV () — The class of p — uniformly convex functions of the order # ([1]);
ST™ () = (see[7]);

B—SP" — (see[2,16]);

TS(m,B,n) — (see[17,18]).

We note that certain subclasses for specialization of the parameters § = 0 and 6 = 1 in the
class B —UCV' (1, 6) were studied by Deniz and Ozkan [6] and Seker et al. [19].
We also let p — TUCV (17,6) = Bp—UCVY (7,6)NT.

2. Main Results
2.1. Coefficients” Bounds and Extreme Points

We give here the coefficient estimates and extreme points for the functions h(t) in the

class B — TUCVY (17,0).
Theorem 1. The class p — TUCV (11, 8) contains the functions h(t) defined by (2) if and only if

Y (65— +1)[s(B+1)— (1 +B)s™ (1 +A(s —1))"as < 1—1. (6)

s>2

Proof. By Lemma 2 and Definition 2 we have

Re{ HDYR(D)' + 2 (DYH(E)"
(1—8)DIh(t) + 6t (DIh(t))’

<1+ﬁei9)ﬁei9}2n, —n<<m

or equivalently

@)

. (2(Dyn()) + 02 (Dyh(1)") (1 + pei)
‘ (1—8)DIh(t) + ot (DIh(t))’

_&WQ1—@DTMQ+ﬂ4DTMQy) N
(1—8)Dh(t) + 6t (DIh(t))’ =
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Let
F(t) = (1+ Be) [(DYR(1) + 02 (DFh(1)"| — e [ DYh(1) (1 = 8) + 5L (DYA(1))' ],

and
E(t) = (1 —0)DIh(t) + ot(DYh(t))'.

The inequality 7, by Lemma 1, is equivalent for 0 <7 < 1, to
[E(8) + (L =mE(t)] = [E(t) — (L +m)E(t)].
For the left side of last inequality, we obtain
[(1=m)E(t) + F(#)]

= |2-mt—Y A +s—n)(1+6(s—1))s*(A(s — 1) + 1)"at®
s>2

—Be® Y (s —1)(1+6(s — 1))s*™ (A(s — 1) + 1)"ast*

s>2
> 2-n)t| - ;2(1 +5—n)(14+6(s —1))s*(A(s — 1) +1)"as|t|®
-B ;(s —1)(146(s —1))s*™(A(s — 1) +1)"ag|t|".

Additionally, the right side can be written as
[E(t) = (1 +m)E(?)]

= gt T 1)1+ 6(s — 1) (As — 1) +1)"ask

s>2

—Be® Y (s —1)(1+ (s — 1))s*™ (A(s — 1) +1)"ast*

s>2
> |t + g(s —1—1)(1+8(s—1))s*(A(s — 1) + 1)"as|t|°
+B ;(s —1)(146(s —1))s*™(A(s — 1) +1)"as|t|®

and so

[F(t) + (1 =mE®)] = [F(t) = (1 +7)E(t)]
> 2(1=m)l =2 (1 +06(s = 1))(s(1+ ) = p—1)s™(A(s = 1) +1)"as|t[* > 0.

s>2

The last expression above is equivalent to

Y (1+ (s = 1)8)[s(1+ ) — (1 + B (Als —1) +1)"as <1— 1.

s>2

Conversely, suppose that (6) holds. Then, we must show that by Lemma 2

o J L) e o2 Dpn) ) (14 pe?) —pe [ -yt + et (Rr0) ]|
e (1 - 6)DI'h(t) + 6t (Dh(t))’ =/
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Upon choosing the values of t on the positive real axis where 0 < t = r < 1, the above
inequality becomes

> 0.

Re{ (1—7) — Es>2 [(1 +6(s—1)) (s(l + /Sei") - (11 + ﬁeig))]sz’”(/\(s —1) +1)"agr" ! }
1—Yoop(148(s—1))s2m(A(s — 1) +1)"asrs~1

Since Re(—e'?) > —|e!| = —1, the above inequality reduces to

o] A1) = Tl 466 = 1) (s(1+ B) = (n + B (A(s = 1) + )"asr" |
1— Looa(1+6(s = 1))s2 (M(s — 1) +1)"agrs—1 > 0.

We reach the desired conclusion by letting » — 1. O
Corollary 1. Ifh(t) € p—TUCVY (1,0), then

(1-1n)

75 S m -
(1+0(s =1))(s(1+p) = (1 +p))s*"(Ms —1) +1)

Next, we obtain the extreme points for § — TUCVY (1, 5).

Theorem 2. Let hy(t) =t and

L (1-7) s
hs(t) =t A+06-1)GA+P) — (PP (A -1+ 1)

Then h(t) is in the class p — TUCVY (11,0) if and only if it can be expressed in the form

h(t) =Y oshs(t)

s>2

where (05 > 0and Y >1 05 = 1or 1 = 01 + Y557 0s).
Proof. Let h(t) = Y i1 0shs(t) where Y.~ 05 = 1 and 05 > 0. Then,

h(t) =t—) oA,

s>2

where
1+ (=18 ((1+B)s— (B+n))s>((s —1)A+1)"

and we get

1
Z 0sAs— = Z os=1—-0y <1, (byTheorem1).
5>2 s s>2

Thus h(t) € p— TUCVY (17,6) from the Theorem 1.
Conversely, we suppose that h(t) of type (2) belongs to p — TUCVY (17,6). Then,

(1—7)
as < (1+(s—1o)(s(B+1)— (B+17))s>"(1+ (s —1)A)™ s> 2.
Setting
0 = (1+6(s—1))(s(14+B) — (1 +B))s*"(A(s —1) + 1)ma
| (1—-1n) s
and
op =1~ 2(75/

s>2
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we obtain
h(t) =Y oshs(t) = vy (t) + ) oshs(t).
s>1 522
This completes the proof. [
2.2. Distortion and Growth Theorems
We obtain the covering property, distortion, and growth theorems for functions from
the new family.

Theorem 3. Let h(t) € p— TUCVY (n,0). Then,

Lk 2 < () <+ L 2 (] =r).

G+ D(E+2-nER+ 1)) @+ (B+2—m) (A +1)"

The result is sharp with the extremal function h given by

oy 1—7 2
S (RS T F T Wy

Proof. From Theorem 1, since h € p — TUCV’ (17, 5) we obtain

A"1+8)A+D)"(B—n+2) Y as
§>2
< LA+ -1)[(B+1Ds—(p+p)I(s—1A+1)"as <1~y

5>2

or

a 1__U
LS GG an ®)

Thus, by Equation (8), we obtain

h(t)] = [t= Y ast| <[t + ) adtf
5>2 5>2
1—7 2
< r+72 as <r—+ r
SZX:Z ’ (1+8)(B—n+2)(4(A+1)"
and similarly,
h(t)] = [t— Y ast®| > [t = ) adtf
s>2 5>2
1—7 2
> r—r2 ag > r — r
; ’ (1+8)(B—n+2)(4(A +1)"
O
Corollary 2. Ifh(t) € p—TUCVY (n,1), then
<) <+ e 2 (It =r).

r— m
22—+ p)4(1+A)) 2(2=n+p)(4(A+1))
For the extremal function h given by

_ 1—7
"=t T paa s

the result is sharp.
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Theorem 4. The disk |t| < 1 is mapped onto a domain that contains the disk
-7
<1-
TG e
byany h € p— TUCVY (1,6) and onto a domain that contains the disk
L—7
<1l-
S paa )
byanyh € p—TUCVY (1,1).
Proof. The results follow upon letting r — 1 in Theorem 3 and its corollary. [
Theorem 5. Let h € p— TUCVY (1,0). Then
2(1—1) / 2(1 —n)
. < || <147 (t] = 7).
(B+2—m)(4(1+A)" el (B+2—m)(4(1+A)"
Proof. We have
|H' (1) §1+2ass|t|5_1 §1—|—1’25a5. 9)
5>2 5>2
Since h € p — TUCV’ (1,6), according to Theorem 1
(1+8)22" Y B—n+2)(A+1)" ) saq
5>2
< Y (AH (=1 (s(B+1) — (B+n))(Als—1) +1)"as
s>2
< 1—-9
or 201 )
-1
sas < . (10)
LS AroB2—n@a )"
In view of inequalities (9) and (10), we obtain
)| < 1+ Y sadt)
s>2
< 1+4r Z S
s>2
2(1— 1)
< 1+
BRI CIEE
Similarly
2(1 — 1)
W) >1-
MO S paa s o
and thus, the proof is completed. O
Corollary 3. Ifh € B — TUCVY (1,1), then
(1=m) r<|H(t)] <1+ (=) (|t| = 7).

B+ +1)"

2.3. Neighborhoods and Partial Sums

We now extend the familiar concept of neighborhoods to the analytic functions of
the family g — TUCV’(17,6). The concept of neighborhoods of analytic functions was first

(B—n+2)(4(A+1)"
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introduced by Goodman [3]. Later, Ruscheweyh [20] investigated this concept for the
elements of several notable subclasses of analytic functions, and Altintas and Owa [21]
considered a certain family of analytic functions with negative coefficients. Moreover,
Aouf [17,22] and Deniz and co-authors [23-25] studied this concept in certain families of
analytic functions.

Definition 3. Let $ > 0,0 <7 <1,A>0,0<06<1,0>0,andm € Ny = NU{0}. We
define the o— neighborhood of a function h € A and denote it by N, (h) consisting of all functions

glty=t=) bt e A

s>2

which satisifies

y (8= D)6 +H) = (L A =D +)"
= (1—mn)

Theorem 6. Let h € B — TUCVY (y,6), and, for all real 6, we have 1(e"® — 1) — 2¢ # 0. For
any complex number p with |u| < o (0 < o), if h satisfies the following condition:

h(t) 4 ut

_ m
T+n € Bp—TUCVY(n,9),

then Ny (h) C p— TUCVY (1,9).
Proof. It is obvious thath € B — TUCVY (1,6) if and only if

HDEA(E))' + 882 (DY(E))" (1 + pe®) — (1+ Bet® + 1) (1= 6)DYh(E) + 6t (DYh(H)))

<1
(H(Dh(e)" + 622 (DYh(1)" ) (1+ Be®) + (1 — pei® ) (1= )DYh(t) + 6t (DYh(1)')
for any complex number a with |¢| =1, and —7r < 6 < 7, we have
(H(DEn(6)" + 82 (DYn(1)" ) (1+ pe) — (1+ Be® + ) (1= O)DYh(t) + ot (DYA(t))) B
a.

(H(DyR() + 62 (DFR()") (1+ Bei®) + (1= e — ) (1 = O)DYh(t) + 3H(DFh(H)))
In other words, we must have
(1= ) (D R()) + 52D r(1))") (14 Be?))
- [ﬁeie F1l47y— oc(l - ﬁeie)} ((1 — 5)Dh(t) + (St(DTh(t))’) £0

which is equivalent to

-y B0 _ﬂaf%:"gs —) 8L am s — 1) + 1) (14 8(5 — 1)ast® £0.
s=2

However, h € B — TUCVY (1,6) if and only if
w £0, teU— {0}
where

Pp(t) =t—) et

s>2
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and

Be'(1—a)(s—1)+(s—a)(1—a) —a— 152m(1+/\(s_ )" (14+6(s—1)).

= n(e—1) -2«

We note that

les| < S(Hﬁ)__ﬂ(’”ﬁ) (0(s —1) +1)s*™(A(s — 1) +1)™.

Since
h(t) + ut
1+pu

which is equivalent to

h(t) + ut

€ B—TUCVY(y,5), therefore t ! ( T+

“9(0) £0,

(hxp)(t)
(T4 u)t 1+y#0 (1

Now suppose that

Then, by (11), we must have

(hx)(t) H )> |1l ’
“ [t |1+m

(e 9)0) =t 5

t14+u)  14u T+p =
which is a contradiction to || < . However, we have
(AT

; >

If
g(t) =t—Y bst’ € Ny(h),

s>2

then
*P)(t h—g)=*
o ‘(g (tp)()‘ < ’(( g) (P ‘ Z|as bs||€s||ts
§>2
< Y s(1 +(‘Bl) _11(;7 +5) las — bs|(1+56 —8)s*(A(s —1) +1)" <
s>2 -

We now conclude that
00 4
which implies that g € B — TUCVY (y,5). O

Theorem 7. Let h € A be given by (2). Define hy(t) = t, h(t) =t — ZS>2 ast®, (k=2,3,...)
and also suppose that } -, ascs < 1, where

(I+6E=1D&((B+1)s—(B+n)s*"(As =1)+1)"
(1-1n) ’

Cs =

Then
(i)
hep—TUCVY(4,9),
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(i1)
1 () } 1 {hka)} it
1—— < Re <1+ , Re > ,teld,k=23,....
Ck+1 {hk(t) Ck+1 h(t) 1+ cxqq
Proof. (i) Since
F+ut B -
714_# =teB-TUCVY(y,0),|u <1,

by Theorem 6 we have Ny (t) C B — TUCVY (y1,5) (N1(t) denoting the one-neighborhood).
Now, since } ¢~y csas < 1,h € Ni(t) and h € B —TUCVY (1,0),
(ii) we have

(S_;)_(lﬂ—i_‘B) + 1 (1 —|—(S(s _ 1))52”1(/\(5 . 1) I 1)m,

s =

and {c;} is an increasing sequence. So, we obtain

k
2 s + Ck41 Z as < 1. (12)
s=2 s>k+1

Now, by introducing G () given by

Gi(t) = crp [;I:,fgt)) - (1 - cklﬂ)]

and making use of (12), we obtain

’ Gi(t) -1 ’ _ ‘ —Ck1 Ls>k41 st ‘ Ckt1 Ls>k+1 s 1
= — 5 T < L.
Gi() +1 2 = C1 Lszkr1 Ast 2 = Chp1 s>k+1 85 — Lis>1 s
Therefore, ReG1(t) > 0, and we obtain
Re{ ) } oL
B (t) Ck+1
Now, let
Galt) = ¢ [ ) <1+1>}
2t) =Chy1 |77y — — 1,
- (t) Ck+1
then, we have
‘Gz(f) + 1‘ _ ‘ —Chk+1 Lokt dst’ Ch1 Ls>k+1 s <1

Ga(t) -1 —Ckp1 Lszk41 dst® — 2 ’ 2 — i1 Loskr1s — Z’;Zl as

Therefore, ReG,(t) < 0, and we obtain

h(t) 1
Re{hk(t)} <1+ E

For the second inequality, we define

F(t) = (1+ ) [’”‘(” Cit1
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n(n,B,6,em) = 325{ (1—&)(1+5(s = 1))(s(1+B) = (+B))s*(A(s = 1) + 1)" }51

then by using (12), we obtain

‘F(t)—l’

(1+ ) (e (£) — R(t)) ‘
F()+1

‘ (14 ek 1)he(t) — (k1 — DA(2)
(1+ cr1) T g g ast !
24 (k1 — 1) T2 ppy ast 1 =2 Y8 past!
(14 crp1) Xotpy19s
22y + (1= 1) Tomgan s

<1

This shows that ReF(t) > 0, and, finally,

re(0) e

h(t) T+cpsr

O

Theorem 8. Let the conditions be as in Theorem 7. Then, for k = 2,3,. .., we have

k+1 W (t) } {h,@(t) } Chi1
1-— <R , R > , teld,k=23,....
G e{hw) W@ [ k1o

Proof. The proof of Theorem 8 is similar to that of Theorem 7. [

2.4. Radius of Close-to-Convexity, Starlikeness, and Convexity
We focus on obtaining the radii of convexity, starlikeness, and close-to-convexity.

Theorem 9. Let the function h(t), defined by (2), be in the class p — TUCV (17,6). Then, h(t)
is close-to-convex of the order ¢ (0 < e < 1)in |z| < ri(y,B,9,¢,m), where

s(1—7) 12)

Proof. We must prove that
|h’(t) — 1‘ <1—ewhere |t| <r(7y,B,0,¢em).

We have

W' (t) —1] < Zsas|t|5 1

s>2

Thus, |1/ (t) —1] <1—¢if

Z<1i£>asltl“ <1 (14)

From Theorem 1, we obtain

g (8= DIE+ s (4B A-D+1)",
= )

(15)

Hence, (14) is true if

[t o 14+ =1)[sA+p) — (B+m]s*"(As=1) +1)"
1—¢e — (1—-7n)
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Equivalently,

_ _ _ 2m _ m ﬁ
Mg{a &)(1+(s 1))(5(1+S(/i>_17()17+ﬁ))s (A(s 1>+1>} es2 (e

The theorem follows from (16). [

Theorem 10. If h(t) is of the form (2) and is in the class B — TUCV" (1, 5), then h(t) is starlike
of theordere (0 <e <1)in|t| <ry(n,B,J,¢m) where

_ _ _ 2m _ m ﬁ
01,65 = g QL NE =W DB 1) (B p)Sn (o D)) W)
Proof. It suffices to show that
’t:’(i;) - 1‘ <1-—c¢forl|t| <ry(n,pB,obem).
We have
‘th%t) B 1’ < Tesals = Dasle
h(t) Tl Yegasltft
Thus, :
th'(t) . Yeso(s —e)as|t]™
‘h(ﬂ —1‘<1—81f = <1 (18)

by using (15), (18) is true if

(1+6(s—1))(sA+B) = (n+B)s*"(A(s =1)+1)"
(1-1n)

5—& 15-1
— |t <
1—e|| -

or, equivalently,

(1= (1Lt 8(s = 1)1+ ) — (14 B AG —1) +1)"
= - -1) J e

The theorem follows easily from the last expression. [

Theorem 11. If his of the form (2) and is in B — TUCVY (11, 0), then h(t) is convex of the order
efor 0 <e<1lin|t| <rs3(n,p,o,¢em),where

(1= 6)(8(s = 1) + 1)(s(1+ ) — (1 + B (Als = 1) +1)" }

r3(11, B, 0,8, m) = ?sﬁ{ ss—e)(1—1)

Proof. We show that

<1—efor |t| <r3(n,p,do¢m). (19)

Substituting the series expansions /" (t) and 1’ (t) into the left side of (19), we obtain

-1
_ Eeas(s = Dasftf

—Ys>2 s(s — 1)115155’1
T 1 Yegsalt!

1— Y sspsasts—!
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The last expression above is bounded by (1 — ¢) if
y 628 1t <1 (20)
= 1-¢

In view of (19), it follows that (20) is true if

S5 =€) e _ (L4 8(s— 1)(s(1+ ) — (7 + B (A(s — 1) + 1)"
e 1§( - )

or
1

(1 )1+ 8(s— D)(s(1 4 B) — (5 + B))s (A(s — 1) + )™ | 77
< { G- o)1 —7) }

and this complete the proof. [

2.5. Integral Means
We will need Littlewood’s [26] subordination result for the investigation that follows.

Lemma 3. Ifh(t) and g(t) are analytic in U with h(t) < g(t), then

27 . 27 ,
/ ‘h(rele)‘ydé < / ‘g(rele)‘de,
0 0
where y > 0, t = re!? and 0 < r < 1.

Applying Lemma 3 to functions /(t) in the classes § — TUCVY (1, ) gives the follow-
ing result when utilizing established methods.

Theorem 12. Let u > 0. Ifh(t) € p— TUCVY (1,9) is of the form (2), and hy(t) is defined by

hz(t)—t (§+1)(‘B+2_77>(4()\+1))mt2/

then we obtain

27 27
/0 ()| d6 < /O Iha(£)[d6, 1)
fort =re?,0 <r<1.

Proof. For h(t) =t — Y%, ast®, (21) is equivalent to proving that

/2n1—2u5t31 d9</2n Lo o[ ae.
o = (1+0)(B—n7+2)(4(A+1))"
By Lemma 3, it suffices to show that
1- Y at <1 L k.
=2 (1+0)(B—1n+2)(4(A +1))
By definition of the subordination, we can write
1— Yol =1 1= _w(t) (22)

5>2 (1+8)(B=n+2)((1+A)4)



Axioms 2022, 11,731 14 0of 15

and, thus, from (22) and (6),

o] = |5 LB rEEaE )",

s>2 I—7n
<y L),
s>2 Ui
s—1))(s — B —1)s¥" s—1)"
SR ECER B SLETEE )

and the proof is completed. O

Similarly, we can prove the following result.

Corollary 4. Let u > 0.Ifh(t) € p—TUCVY (n,1) is given by (2), and hy(t) is defined by

1—17 2
hy(t) =t — e,
2(t) 22m+H1(B— 4+ 2)(A+1)"

then for t = rei? 0 < r < 1, we have

27T 27T
| oo < [ o) de.

Remark 1. By putting 6 = A = 0 into all of the above results, we obtain the related results
obtained by Rosy and Murugusundaramoorthy [18] and Aouf [17]. Moreover, if we use § = m =0
and 6 —1 = m = 0 in all the above results, we obtain the related results obtained by Bharati [1].

3. Conclusions

This paper makes a modest effort to introduce the class  — TUCV"' (1, 6). This offers
an intriguing changeover from uniformly convex functions, combining the concept of the
differential operator D'. We derived a coefficient formula, neighborhoods, partial sums,
radii of close-to-convexity, starlikeness and convexity, covering, distortion theorems, and
the integral mean inequalities for functions in our class. In special cases, our findings
contain the results obtained by some of the authors cited in the references. These results
will open up many new opportunities for research in this field and related fields. Using
the operator D', someone can define different general subclasses of analytic functions.
For these subclasses, some problems, such as subordination, inclusion, coefficients, and
covering theorems of the Geometric Function Theory, can be solved.
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