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Abstract: The objective of this paper is to study the issue of the projection uniformity of asymmetric
fractional factorials. On the basis of level permutation and mixture discrepancy, the average projection
mixture discrepancy to measure the uniformity for low-dimensional projection designs is defined,
the uniformity pattern and minimum projection uniformity criterion are presented for evaluating
and comparing any asymmetric factorials. Moreover, lower bounds to uniformity pattern have been
obtained, and some illustrative examples are also provided.
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1. Introduction

Many criteria were proposed for comparing U-type designs, but none of these criteria
can directly distinguish non-isomorphic saturated designs. A special criterion can measure
all these subdesigns, and the related values are called its projection pattern. We can use the

lclr;’%la(tz)sr distribution or the vector of these projection values as a tool to distinguish the underlying
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Asymmetric Fractional Factorials. aberration criterion (GMA [2]). Ref. [3] studied the projection discrepancies of two-level
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and MPU criterion to assess and compare two-level factorials. The relations between MPU
and minimum aberration, and GMA and orthogonality are clarified; this close relationship
raises the hope of improving the connection between uniform design theory and factorial
design theory.
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While the work of [13-15] discussed the projection uniformity for two-level, three-level,
g-level, and mixed two- and three-level designs under MD, respectively, the present paper
aims at obtaining further results. We extend the findings in [13-15] to general asymmetrical
factorials. First, the uniformity pattern and MPU criterion are proposed for selecting
asymmetrical designs. Second, we build some analytic linkages between uniformity pattern,
orthogonality, and generalized word-length pattern. Third, we integrate two lower bound
methods in [23], which can be served as a benchmark for searching MPU designs. Finally,
the results of [13-15] can be used as our special cases, and some numerical examples are
provided to illustrate our theoretical results.

This paper is organized as follows: Section 2 describes some notations and basic con-
cepts such as distance distribution and generalized word-length pattern, which are useful
throughout in this paper. Section 3 defines the average projection mixture discrepancy
and related uniformity pattern, presents a statistical justification of MPU criterion, and
establishes a connection between MPU and GMA. Section 4 provides a lower bound of
the uniformity pattern. Some illustrative examples to verify our theoretical results are
presented in Section 5.

2. Notations and Preliminaries

Consider a class of U-type designs, denoted by U (1;¢1°! x 42°2), of mixed q;- and
ga-level factorials in n runs and s(= s; + sp) factors, where each factor of the first s;
factors takes values from a set of {0,1,...,q; — 1} equally often and each factor of the
last s, factors takes values from a set of {0,1,...,42 — 1} equally often. For any design
d € U(n;q1°! X q2°2), a typical treatment combination (or run) of design d is defined by

w = (wb,w?), where, fori = 1,2, wl) = (wgi),. .. wg)), w](l) € {0,1,...,41 — 1} and
2 ¢ {0,1,...,q2 — 1}. Denote d = (d(l),d(z)), where w() € d(), i = 1,2. If all the

possible qil X qéz level combinations corresponding to any ¢(= t; + t3) columns of design d
appear equally often, 0 < t; <51,0 <t <5, design d is called to be an orthogonal array
of strength t and denoted by OA(n; 11 x 427, 1).

For any design d € U(n;q1° x q»°2), its distance distribution is defined by

o

1 . : ;
Ejlfz(d) - {Gk) - Hz'(1lk)1 - ]1’Hi(22k)2 =2}/

where |u] is the cardinality of the set |u|, H}, is the Hamming distance between two runs i
and k of design d*), t =1,2,0 < j; <s51,0 < jp <sp.

The MacWilliams transforms of the {E; j,(d) } of any design d € U(n; 41" x q22) are
defined as

/ 13 & . . ) .
E;;,(d) = - Y Y. P(jus )Py (j2is2,92)Ejyjy (d), i1 =0,...,51,i2 =0,...,52,
1=02=0
where P;(jis,q) = Yi_o(-1)"(q — 1)i_’(£)(?:1) is the Krawtchouk polynomial,

(F)=m(m—1)---(m—k+1)/k!and (}) = 0 for m < k.
Ref. [2] showed that the generalized word-length pattern is the MacWilliams trans-
form of the distance distribution, that is,

Aid) =Y Ej,(d), (1)

i1 +ip=i

where the vector (A1(d),..., As(d)) is called the generalized word-length pattern. For
any two designs d; and dp in U (1;q1°! x q°2), d; is said to have less aberration than d if
there exists a positive integer t < s, such that A;(dy) < A¢(dy) and A;(d1) = A;(dy) for
i=1,...,t — 1. The design d; has generalized minimum aberration if there is no other
design with less aberration than d;.
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For any positive integer ¢ < s, defined C; = {(g1,82) : & = 0,...,51,
2 =0,...,5,8 + & = g}, and for any (g1, 82) € Cg, let S, ¢, be the set of all nonempty
subsets of {1,...,s} with the first g1 elements from {1,2,...,5s1 } and the next g, elements
from {s; +1,...,51 +s2}. Forany g, 1 < ¢ < s, let S¢ be the set of all nonempty subsets of
{1,2,...,s} with cardinality g, it is to be noted that S, = U Sg,¢,-

(81.82)€Cq

For any design d € U(n;g1°! X q,72), define the nonempty set u = uy Uup =
{u1r, .. urg U {un, ... uog, } € Sgiq, and g = g1 + 2, let d,, be the corresponding projec-
tion design of d onto factors with indexes from u. A typical treatment combination of d,,
is represented as w, = (w&l),wl(f)), where wE,l) = (wg]a,. . wl(f%_), wifll €{0,1,...,9; — 1},
i = 1,2. Let Hj; be the Hamming distance between two runs i and k" of the projection
design d,,, denote &} = ¢ — Hj; as the coincide number between two runs i* and k*, where

i = (i%,i%) and k* = (k¥ k).

3. Projection Uniformity of U (n; q1° X ¢2%2)
For any designd € U(n; 41" x 42°2), (= g1 +&2) < sand u € Sg, let MD, (d) be the
mixture discrepancy value of the corresponding projection design d,; following [9], we can
derive the below formula for MD,,(d),
7\¢ 2 ¢ 1
MD@)F = () = 2V TTAG) +

i=1jcu

i i | 1/ (xij, x), 2)

where fi(x;;) = %—ﬂxl‘j—% —%|xij— %|2, fxij, x) = %_ }ﬂxij—%| — glx — %| -

%‘xi]' — xk]-| + %|xi]‘ — xkj|2, Lk=1,...,n

When considering all q1! x g2! possible level permutations for every factor of
d € U(n;q1™ x g272), there are (g1!)°! X (g2!)2 combinatorially isomorphic designs of
d that can be obtained, and denote the set of these designs as P(d). Similarly, for any
positive integer ¢(= g1 + g2) < sand u € S, we can obtain (g;!)$1 x (g2!)$2 combinatori-
ally isomorphic designs of d,,; the corresponding set of these combinatorially isomorphic
designs dj, is denoted by P(d, ). The mean of projection mixture discrepancies of all the
designs in P(d,) is denoted by AMD,,(d), that is,

L Y (MDu()P. 3)

AMD,(d) = ———F—
u(d) (s (g%, S

The following lemma, which can be proved similarly as [14,15], gives the expression
for AMD,(d).

Lemma 1. For any designd € U(n;q1°! x q2°2), u € Sgand 1 < g <,
(i) when both g1 and q; are even,

7\¢ 28012 + 1\ % /2842 + 1)\ %
AMP(d) (12) _2< 487, ) ( 487, )
1 (3)3’1(3)5’2 81 &2 <7q1 _2>i1<7q2_2)iz
+—| = - E; i (dy);
1\ 1 4 1'1;01'2;0 9q1 9q2 ipip \¥u
(ii) when both qq and q; are odd,
AMD (d): 1 8_2 7q12+1 81 7q22+1 g2+1 6q12+1 81 6q22+1 82
u 12 1242 12,2 n\ 8g2 8427

3 gzz 14q:% — 491 +3\" (14952 — 42 + 3\ " i (dy);
18412 +3 1845% +3 A

i1=0i,=0
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(iii) when qy is even and g, is odd,

7\¢ 28012 + 1\ (722 + 1\ 173\ (6022 +1)\*
AMDu(d)_<12> _2< 481712 > <12q22 > +n<4> ( 8‘722 >

18 /75 9 iy 1402 — 4 3 i
q1 ) < 92 g + )
X E E Ei i (dy). @

i1_0i2_0< B 18922+ 3 ivin (du

We can obtain the following lemma when the design d is an orthogonal array
OA(n; 11 X g2%2,t).

Lemma 2. Suppose design d is an orthogonal array OA(n; q1%1 x q2%2,t), then
AMD, (d) = ®,,

where |u| = g1+ 82,1 < g1+ g < t, &, is a constant only depending on q1,q», 1 and .
In particular,
(i) when both g1 and q; are even,

o — (2N (2807 +1\* (280> +1 g2+ 7012 + 2\ (792 + 2\ ¥
12 484,2 48452 12442 12¢,2 ’

(ii) when both qq and q; are odd,

&, — Z 8_2 7q12+1 81 7q22+1 82+ 14q12+7 81 14q22+7 gZ.
T \12 12442 12g,2 24g,2 24452 ’

(iii) when qy is even and g, is odd,

o — 1 8 5 28q12 41 81 71]22 41 82 N 71112 42 81 14422 47 82
12 484,2 12¢,2 1242 24452 '

It is well known that strength is an important measure of orthogonality. For comparing

the difference between design d € U(n;q1" x 42°2) and orthogonal array

OA(n; 11 X g2%2,t) of strength ¢, the definition of uniformity pattern of design d is given as
follows, which provides a measure of the projection uniformity of d onto different dimensions.

Definition 1. For any design d € U (n; g1 X 42°2), any positive integer g(= g1 + §2) < s and
u €S, define

Mlg(d) = Y [AMDy(d) — @],
|ul=¢

where ®,, is shown in Lemma 2. The vector (MIy(d), ..., MIs(d)) is called the uniformity pattern
of design d.

We now state the above discussion as the following theorem, which gives a relationship
between the uniformity pattern (MI;(d),..., MIL(d)) of design d and the strength ¢ of
orthogonal array OA(n;q1°1 x 4272, 1).

Theorem 1. For any design d € U(n;q1" X q22), design d is an orthogonal array
OA(n; 11 x q2%2,t) if and only if MIx(d) =0 fork =1,...,t and MI;1(d) # 0.

Theorem 1 indicates that there is a close relationship between MI;(d) and strength
t for a design d € U(n; 1" x q5°2), that is, the smaller the value of MI;(d), the design d
will be closer to an orthogonal array of strength ¢. Based on Theorem 1, { MIy(d) } may be
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used as a measure for evaluating designs; it suggests to define some similar criteria, such
as MPU.

Definition 2. For two designs di,dy € U(n;q1°! x q252), there is an integer t such that
MI(dy) # MI(dy) and MIx(dy) = MI(dp) for k = 1,...,t —1; then, dy is said to have
less MPU than d. If there is no other design in U (n; q1°1 x q2°2) that has less MPU than dy, then
dy is said to have MPU, or dy is an MPU design.

Here, we mainly establish the connections between projection uniformity and orthog-
onality, and some relationships between criteria of MPU and GMA will also be included.

Theorem 2. For any design d € U(n; 1%t X 42°2), any positive integer (= g1 + g2) < s and
ue Sg, we have

MIg(d) = ) agg Zenﬁwz (Sl B rl) (Sz B 72>Ar1+r2 (@),

S1 — Sy —
lul=g (r172) 1=81/\%2~&

where R = {(r1,72) :711=0,...,81,12=0,...,8,(r1,72) # (0,0)}, and
(i) when both qq and q; are even,

o (T 2\ (700 12 gzﬁ {22\ 22\
§182 7\ 12442 12952 ) T \7g2+2) \7g22+2)

(ii) when both qq and q; are odd,

o 1412 + 7\ %! [ 14g,2 + 7\ % L Aqi 4\ A4\
8182 7\ 24g,2 24g2 Prira = 1442 +7 1422 47) '

(iii) when qq is even and g, is odd,

o (737 2\ (147 47 gzﬁ (242 \" [ 4ga+4\"
182 7\ 12¢42 24452 ATz +2) \14922+7)

4. A Lower Bound of Uniformity Pattern

This section provides a lower bound of uniformity pattern defined in Definition 1. It is
very important that the lower bounds of uniformity pattern can be served as a benchmark
not only in searching for uniform designs with minimum projection uniformity but also in
helping to validate that some good designs are in fact uniform.

Define A, = g1e”1 + p1e” + g2 (e¥2 — e%) when p; > qp, and A, = pre”t + gpe¥ +
p1(e”2 —e%) when p; < g.

Theorem 3. For any design d € U(n;q1°! X q2°2) and positive integer (= g1+ §2) < s,
we have

MIg(d) > LMI,(d),
(i) when both qq and q; are even,

/ 1 (7q1 — 2\ (7q, —2)\ %
LMI(d) = ) ‘Pglgz+nz< 20, > 120, Y. A

|ul=g UESy

741242 792242
where g5, = H(3)91(1)% - I tm ()
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(ii) when both qy and qy are odd,

: 1 [ 14q1% — 4q; +3\*' (14922 — 4g, +3)\*
LMI,(d) = 2 Yoo + nZ< P 27,2 Y Ay
|u|=¢g UESy

1 ,6q12+1 6422 +1 14,2 +7 149,% 47\ o, .
where g, ¢, = 5 ( ’g‘hz )&(@T)gz —( ;41%2 )81 ( 212%2 )82;
(iii) when qq is even and g, is odd,

: 1 (71 —2\3' [ 14g2% — 4g2 + 3\ *?
¢ [ul=g o\ 12 24q7° ueS,

692%+1 791242 14,2 +7
where ¥ g, ¢, = %(%)&(’Z}T)gz —( 3%2 )81 ( zilfqzz )82,

Theorem 4. For any design d € U (n; g1°' X q2°2) and positive integer g(= g1 + g2) < s,
MIg(d) > LMI, (d),
(i) when both g1 and q; are even,

" _ i 7q1—2 81 7@2—2 82 g1 by
LMIg(d) = ). [”2( 12q, ) ( 124, ) 1) \i2

|ul=g
(202N (2 12\ (7q 2\ (T 28]
7(]1 -2 76]2 -2 i 12(]1 12(]2 !
(ii) when both qq and qy are odd,

oo 1 (14g% —4q1 +3\* (1462 — 49, + 3\ ¥ (1) (22
o) = T [ (M ) (5)(5)

|ul=g
2 i 2 iy > 81 5 %
" 4q7 + 491 4q5 + 49 0. _ 1447 +7 14q5 +7 } )
1442 —4q; +3 143 — 49, +3) 1" 2443 2443 ’

(iii) when qy is even and g, is odd,

&2
v 1 (7 —2\% 1443 — 495 + 3 g1\ (g2
LMIg (d> o 2 [1’12 ( 12111 ) ( 24{]2 il i2

|ul=g
y (2171 +2>il i tan \°, <7q1 +2>8l 143 +7 gz}
701 —2 143 —4q,+3) "7 12g; 2443 ’

where 0;,;, = nAji, + iyi, (14 Aiyiy ), pigi, = 1 — q? q?)\iliz, Aiyi, be the largest integer contained
inn/(q1q3).

Note that Theorem 3 is based on Hamming distances between any two runs of 4,
but Theorem 4 comes from the quadratic form y} Dy, in Appendix A Equation (A1).
Some numerical examples show that these two lower bounds are not tight simultaneously.
Therefore, we give another lower bound of uniformity pattern as the following theorem:

Theorem 5. For any design d € U(n;q1°! x q272) and positive integer g(= g1+ g2) < s,
we have

MI(d) > LMI(d),
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where LMI} (d) = max {LMI,(d), LMIy(d)}.

5. Illustrative Examples

In this section, some numerical examples are provided to illustrate our theoretical results.

Example 1. Consider a design di € U(4;23 x 43), which are given below:

dy =

_ o = O
—__ 0 o
O =) =) O
W~k NO
_= N O W
W o= DN

The number of columns in design d; is greater than the number of rows, its uniformity
pattern in Definition 1, and its lower bound values in Theorems 3-5 are listed in Table 1.

Table 1. Numerical results of designs d;.

g 1 2 3 4 5 6
MI,(dy) 0 0.0830 0.2193 0.2170 0.0954 0.0157
LMI%(dl) 0 0.0830 0.2193 0.2170 0.0954 0.0157
LMIy (dy) 0 0.0146 0.0397 0.0429 0.0318 0.0157
LMI (dy) 0 0.0830 0.2193 0.2170 0.0954 0.0157

It is clear that d; is an orthogonal array of strength 1 and attains the lower bounds in

Theorem 3.

Example 2. Consider design dy € U(20;23 x 5) and d3 € U (48;2° x 3), which are given below,

dy =

o O O o

1
0
1

—__ o
O =

1
1
1

O O =
_ O = O

00011

1111111100000000
1111000011110000
1100110011001100
1010101010101010
1001011001101001
0000000000000000

1
1
0

N N )
o O O
== O
=
[ -

2 22 23

0000000011111111
0000111100001111
0011001100110011
0101010101010101
0110100110010110
1111111111111111

O O =
_ o O
S O O
_ = O

0
1
0

N

33 3 4 4

1111111100000000
1111000011110000
1100110011001100
1010101010101010
1001011001101001
2222222222222222

T

_N O ==

The number of rows in designs d, and d3 are greater than the number of columns, and
the numerical results of both are shown in Table 2.
As can be seen from Table 2, designs d and d3 are an orthogonal array with strengths
of 2 and 4, respectively, and both reach the lower bound in Theorem 4.



Axioms 2022,11,716 8 of 12

Table 2. Numerical results of designs d, and ds.

g 1 2 3 4 5 6
MI,(dy) 0 0 78125 x 1075 12148 x 10~*

LMI%(dZ) 0 —0.0450 —0.0282 —0.0040

LMI, (d) 0 0 78125 x 1075 12148 x 10*

LMI; (dy) 0 0 7.8125 x 107 1.2148 x 1074

MIg(ds) 0 0 0 0 3.3908 x 10~° 4.0973 x 107°
LMI,(d3) 0 —0.1837 ~0.1742 —0.1300 —0.0365 —0.0044
LMI, (d3) 0 0 0 0 3.3908 x 107¢  4.0973 x 10°
LMTI} (d3) 0 0 0 0 3.3908 x 107®  4.0973 x 107°

It can be seen from Tables 1 and 2 that the lower bounds of uniformity pattern of
designs dy, dy, and d3 are achieved, so dq, dp, and d3 are all MPU designs. We can also
see that LMI(;,, (d) is better than LMI(;,(d ) for large n and smaller s. Similar to the findings
of Fang et al. (2018) [24], none of the lower bounds in Theorems 3 and 4 are absolutely
dominant for all combinations of the number of runs n and of factors s. Therefore, we
choose the maximum value of Theorems 3-5.

6. Conclusions

In this paper, the projection uniformity and related properties under mixture dis-
crepancy of asymmetric factorials are explored. The relationship between uniformity
pattern and generalized minimum aberration is established. A lower bound of uniformity
pattern is also obtained, which can be served as a benchmark for searching minimum
projection uniformity designs. These results provide a theoretical basis for searching
optimal asymmetric designs with minimum projection uniformity measured by average
projection mixture discrepancy. Overall, this paper extends the results of [13-15] to the
asymmetric case, which makes the corresponding theory more flexible.

The results in this paper can be extended to any asymmetric designs d € U(N;
1" % -+ x q;"). Taking the first t factors as even and the last n — ¢ factors as odd, and using
some simple calculation of tired multiplication, similar definition and results of uniformity
pattern and lower bounds can be obtained.
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Appendix A

Proof of Lemma 2. If a design d € U(n;q1" X g2%2) is an orthogonal array OA(n;
q1°1 X q2°2,t) of strength t; then, for any nonnegative integer ¢(= ¢1 + ¢2) < s and
u = uyUup € Sgq,, all possible g181 X 4282 level combinations among any ¢ columns
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of projection design d, appear equally often. Given row i) = (igl, Mz) € d,, it is easy to

obtain that [{(i, k) : Higy = j1, Hi = jo,ku € d}| = (8 )(5;)%.
Therefore, the third term in the right side of Formula (4) can be expressed as

173\ /60,2 +1\%2 8L & /7a, — 2\ /14,2 — 4gy + 3 2
(5 EEC5) (ot e
n\4 8q2 12010 9N 18g2= +3

(732 2\ (1492 + 7\ ¥
1292 24,2 )

which completes the proof. [

Proof of Theorem 2. From Formulas (1), (3), (4) and Definition 1, we have

Mg (d)
- [1 (3>g1<6ﬂl22+1>g2 gzl gzz <7q1 —2>i1<14q22—4qz+3>i2E, ()
=g L7\ 8q2” ii—0h—0\ oM 1842% +3 i
B <7q12+2>g1<14q22+7>g2}
12442 244,52
1 6q22+1 8 81 & &1 7171 i 141122—4112-1-3 in
@) () L) (nT)

7012+ 2\ % (1492 + 7\ ¥
szl(rlzglzlh) 12(72/‘32/‘72) r]rz(d ) ( ?llquz ) (jiw) :|

_y K7q12+2)gl(14q22+7)g2 gzl % <2q1+2>71( 4y +4 )’ZE/ ()
=g 12g42 244,52 0o 712 + 2 14,2 +7 ryrp \u
B <7q12+2>81<14q22+7>82}
12442 2442
DR () p () () e
=g 12442 244, Ser 7012 +2 14g,2 47 112

() () T () ()
g\ 12017 2407 ) S \T2+2) \1497+7

% (Sl —71) <52—72>Ar(d)’
51 — &1 52 — &2

which completes the proof. [

In order to prove Theorem 3, we need to know Lemmas A1-A3, where Lemma A1 can
be obtained from Lemma 1 and Definition 1.

Lemma A1l. For any design d € U(n; 1"t x q2°2), positive integer g(= g1+ g2) < s and
u=1uy Uuy € Sg,
(i) when both qq and q; are even,

B 1 7q1 =2\ (70 —2\$* & &
MIg(d) _|uEgng1g2+ 7’12 uz ( 12(]1 > < 12q2 Z Z e k

lul=g

where ¥, ¢, is shown in Theorem 3, 0} = In( ;‘71 )6 + In(5 9‘72 5) 0%



Axioms 2022,11,716 10 of 12

(ii) when both qy and qy are odd,

149:2 — 491 +3\*' (142 — 4o +3\¥ & ¢
Mlg Z ‘Fglgz Z ( 24042 24,2 Z Z
jul=g ? g n 12 i=1 k(#0)=1

. . . 1871243\ sy 189,43\ sip,
where ¥ g, ¢, is shown in Theorem 3, 0} = ln(714q12_4q1+3) oy + ln(714q22_4q2+3) 543

(iii) when qy is even and q, is odd,

1 7q —2\*' (140 — 4 + 3\ & & g
MIg(d): Z \Pglgz_‘_i Z ( 1241 ) ( 249]22 Z Z eelk

|u=g |ul=g i=1k(#i)=1

u __ 9q1 . Uq 18qz2+3 L AU2
where Y, ¢, is shown in Theorem 3, 0} = ln( 15) -0y + IH(W) 5.7

The proof of Lemma A1 is similar to [14], so it is omitted.

Lemma A2 ([25]). For any design d € U(n;q°) and positive integer t, we have

n

f Y (6x)" = Pw' + Q(w+1)".
i=1 #):1

=n(n—1), and | A| means the
largest integer contained in A.

Lemma A3 ([26]). For any design d € U(n; g1t x q2°2) and positive integer t, we have

=y _an(n—q)g1 | wn(n—qz)g
Y, )Y bi= +
=1 k(£)=1 n 12

{lei + Qo205 + (Py — Q)v5, when Py > Q;

Pyvh + Proh + (Qy — P1)ol, when Py < Q,.

, and

1=
.M:

=

=

v

where a1 > 0 and ap > 0 are weights, Py and Q- are integers such that Py + Q1 = n(n — 1) and
Pywy 4+ Q1 (w1 +1) = n(n—qq)s1/q1, Po and Qy are integers such that P, + Qp = n(n —1) and
Pywy + Qa(wp +1) = n(n—q2)s2/ga. Let v1 = aq (w1 + 1) 4+ agwo, v3 = aqwy + ag(wy + 1),

v3 = mwy + Wz, vy = m (w1 +1) +ap(wy +1), 1wy = [ Sl |y = | Szl |,

Proof of Theorem 4. According to [23,24], let I; and 1, respectively be the g x g identity
matrix and the g x 1 vector with all elements unity, define

L(0) =17, L(1) = I, J, = 1,1;.

Let Dé(,}) and Dg) be the g;-fold and g»>-fold Kronecker products of Dél) and D[()z),
respectively. Let Q) be the set of all binary (g1 + q2) tuples, Q);,;, be the set of () consisting

Zliz
of those binary (g1 + g2)-tuples with exactly i; elements of x; unity and i, elements of
X unity, respectively, where Q = {x = (x(1),x®) : x(1) = (xgl),. . xg)) e W, x(2) =

2., x2) e @)

D= Dgl ®D8§)'D ®DO 4 gz ®D

111 121
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For any design d € U(n; 41" x 4,°2), Lemma Al gives an expression between the
uniformity pattern and the number of coincide. Based on this, we can obtain
(i) when both g1 and g, are even,

(1) _ g+l 70 — @ _ 21 T —2
DO - 6@1 I‘h 12q I@l’ 6@2 IQZ + 12q2 qu’
(ii) when both g7 and ¢, are odd,
1 _qt1 14q7 —4q1 +3 2  q2+1 1443 — 495 + 3
Dy’ = I Dy’ = I ;
0 6q1 q1 24q% Iﬂh’ 6q2 q2 24q% If/]z’
(iii) when ¢ is even and ¢ is odd,
1 _qu+1 7q1 2 _p+1 1493 —4q2 +3
Dy’ = I I — ],
0 641 nt Iqlf 642 92 24(1% I’iz
Considering the case (iii) where gq; is even and ¢, is odd, we have
1 7 7g1+2\% (142 +7\ %
uio) = T aion- () () ) (a1

where

20 +2\Z% [ 4g,2 14 L+
q1 ! q2 q2 ' /
b= ’yglgz Z Z <7‘11 > (14‘122 —4q + 3) H(x) H(x),

81 & 2 il 2 i
q1 + 2) ( 4(]2 -+ 4(]2 ) / /
Y4Dya = ( ysH(x) H(x)ya,
8182 1120 ZEO 701 —2 14452 — 4q2 + 3 xe%ﬂ_z

+1 +1
and g4, = (qéql )gl(qéqz )82

Let y;4(x) be the number of times the treatment combination x occurs in d and y,; be
the n x 1 vector with elements y;(x) arranged in the lexicographic order. For any ).

1 ’2
the elements of the qll qlzz x 1 vector H(x)y, are nonnegative integers with sum #; then,

by [24], we have

yH) H()ya < A2 (0195 — pigiy) + iy + 1) iiy = 1Ay + piviy iy +1),

which completes the proof of Case (iii).
The proof of Case (i) and Case (ii) are similar to Case (iii). [
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