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Abstract: The article deals with nearly Sasakian manifolds of a constant type. It is proved that the
almost Hermitian structure induced on the integral manifolds of the maximum dimension of the
first fundamental distribution of the nearly Sasakian manifold is a nearly Kähler manifold. It is
proved that the class of nearly Sasakian manifolds of the zero constant type coincides with the class
of Sasakian manifolds. The concept of constancy of the type of an almost contact metric manifold
is introduced through its Nijenhuis tensor, and the criterion of constancy of the type of an almost
contact metric manifold is proved. The coincidence of both concepts of type constancy for the nearly
Sasakian manifold is proved. It is proved that the almost Hermitian structure induced on the integral
manifolds of the maximum dimension of the first fundamental distribution of the almost contact
metric manifold of the zero constant type is the Hermitian structure.
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1. Introduction

The concept of constancy of the type of nearly Kähler manifolds was introduced by
A. Gray [1] and proved to be very useful in the study of the geometry of nearly Kähler
manifolds. An exhaustive description of nearly Kähler manifolds of a constant type was
obtained by V.F. Kirichenko [2].

The contact analogue of the concept of type constancy was introduced in the papers [3,4]
for generalized Kenmotsu manifolds and nearly cosymplectic manifolds. In the article [2]
it was proved that the class of generalized Kenmotsu manifolds of the zero constant type
coincides with the class of Kenmotsu manifolds, and the class of generalized manifolds of
the non-zero constant type are transformed by the concircular transformation into almost
contact metric manifolds locally equivalent to the product of the six-dimensional Kähler
manifold by the real line. This gives us a complete characterization of the generalized
Kenmotsu manifolds of the constant type.

For nearly cosymplectic manifolds of a constant type [4], it was proved that the point
constancy of the type of a connected nearly cosymplectic manifold of dimension greater
than 3 is equivalent to the global constancy of its type. The class of nearly cosymplectic
manifolds of the zero constant type coincides with the class of eigen with nearly cosymplec-
tic manifolds or with the class of cosimplectic manifolds. The class of nearly cosymplectic
manifolds of a non-zero constant type coincides with the class of seven-dimensional eigens
of nearly cosymplectic manifolds.

Naturally, there comes the question of studying nearly Sasakian manifolds of a con-
stant type.

In this article, we examine the nearly Sasakian manifolds of a constant type, so the
study is organized as follows. In Section 2, we provide the necessary information for further
investigation. In particular, we give a complete group of structural equations on the space
of the attached G-structure, some identities that structural tensors satisfy. It is proved
that the almost-Hermitian structure induced on the integral manifolds of the maximum
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dimension of the first fundamental distribution of the nearly Sasakian manifold is the
nearly Kähler structure. In Section 3, we consider the attached Q-algebra of the nearly
Sasakian structure and prove that it is anticommutative. In Section 4, we prove that the
point constancy of a type of nearly Sasakian manifolds is equivalent to the global constancy
of its type. We also prove that the class of nearly Sasakian manifolds of the zero-constant
type coincides with the class of Sasakian manifolds. Section 5 introduces the concept of
type permanence on the basis of the Nijenhuis tensor. The criterion of constancy of the
type of almost contact metric manifold is obtained. It is shown that for nearly Sasakian
manifolds, the introduced concept of type constancy coincides with the concept of type
introduced in Section 4. It is proved that the almost-Hermitian structure induced on the
integral manifolds of the maximum dimension of the first fundamental distribution of the
almost contact metric manifold of the zero constant type is the Hermitian structure.

This article is a continuation of the study [4].

2. Preliminary Information

Definition 1 ([5]). The near-contact metric structure is called nearly Sasakian (NS) structure
if its structural endomorphism Φ satisfies the identity

∇X(Φ)X = 〈X, X〉ξ − η(X)X; X ∈ X (M). (1)

These structures were introduced by K. Yano, D. E. Blair and D. K. Showers in [6] and
relate to Sasakian structures to the same extent as the nearly Kähler structures are related to
the Kähler structures. An example of such a structure is an almost contact metric structure
induced on a five-dimensional sphere S5, embedded in a six-dimensional sphere S6 ⊂ O as
a completely ombilic hypersurface [6]. This structure is not a Sasakian structure.

Z. Olszak in [7,8] investigated some properties of nearly Sasakian non-Sasakian mani-
folds. It was proved that locally symmetric, constant holomorphic sectional curvature and
conformally flat nearly Sasakian non-Sasakian manifolds are constants of curvature and
have five dimensions. The author also gave some equivalent conditions for nearly Sasakian
manifolds that are not Sasakian manifolds to show that such manifolds are Einsteinian.

The result, which gives an exhaustive description of the structure of nearly Sasakian man-
ifolds, was published in the paper of V. F. Kirichenko [9]. It was proven that any of the nearly
Sasakian manifolds is either a Sasakian manifold or is locally equivalent to a five-dimensional
sphere equipped with a canonical nearly Sasakian structure. This study also presented a
complete classification of nearly Sasakian manifolds of the constant Φ-holomorphic curvature
of the section, significantly generalizing and refining the Tanno classification [10] of complete
single-connected Sasaki manifolds of the constant Φ-holomorphic curvature of the section.

The study in paper [11] continued the systematic study of nearly Sasakian manifolds.
It was proved that any nearly Sasakian manifold allows for two types of integrable dis-
tributions with quite geodesic layers, which are respectively Sasakian and 5-dimensional
nearly Sasakian manifolds. As a consequence, any nearly Sasakian manifold is a contact
manifold. It was also proved that there is a one-to-one correspondence between the five-
dimensional nearly Sasakian structures and a special class of nearly hypo-SU(2)-structures.
By deforming such a SU(2)-structure, the Sasaki–Einstein structure was obtained.

The study [12] proved that any nearly Sasakian manifold of dimension greater than
five is Sasakian. This gives a new criterion for the Sasakianity of an almost-contact-metric
manifold. Thus, the study [13] provided a new, autonomous and more conceptual proof of
the result that an almost-contact-metric manifold of dimension greater than five is Sasakian
if and only if it is nearly Sasakian.

This review motivates the study of nearly Sasakian manifolds of a constant type.
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The complete group of structural equations of nearly Sasakian structure has the
following form [5]:

(1) dω = Fabωa ∧ωb + Fabωa ∧ωb − 2
√
−1δb

a ωa ∧ωb;
(2) dωa = −θa

b ∧ωb + Cabcωb ∧ωc +
3
2 Fabωb ∧ω +

√
−1δa

bωb ∧ω;
(3) dωa = θb

a ∧ωb + Cabcωb ∧ωc + 3
2 Fabωb ∧ω +

√
−1δb

a ωb ∧ω,
(4) dθa

b = −θa
c ∧ θc

b + (Aad
bc − 2CadhChbc − 3

2 FadFbc − δad
bc )ω

c ∧ωd

−
√
−1Fa[cδb

d]ω
c ∧ωd −

√
−1Fa[cδ

d]
b ωc ∧ωd;

(5) dCabc + Cdbcθa
d + Cadcθb

d + Cabdθc
d = Cabcdωd + 3

√
−1F[abδ

c]
d ωd;

(6) dCabc − Cdbcθd
a − Cadcθd

b − Cabdθd
c = Cabcdωd − 3

√
−1F[abδd

c]ωd;
(7) dFab + Fcbθa

c + Facθb
c = 2

√
−1Cabcωc +

√
−1Fabω;

(8) dFab − Fcbθc
a − Facθc

b = −2
√
−1Cabcωc −

√
−1Fabω.

(2)

At the same time, there are the following equalities:

(1)CabdFdc = 0; 2)CabchFhd = 0; 3)CabhChcd = Fh[aFh[cδ
b]
d] −

1
2

FabFcd. (3)

Theorem 1. The almost Hermitian structure induced on the integral manifolds of the maximum
dimension of the first fundamental distribution of the NS-manifold is the nearly Kähler structure.

Proof. Assume that M is a nearly Sasakian manifold with a fully integrable first funda-
mental distribution L. The first group of structural equations of such a manifold has the
following form:

dω = Fabωa ∧ωb + Fabωa ∧ωb − 2
√
−1δb

a ωa ∧ωb;

dωa = −θa
b ∧ωb + Cabcωb ∧ωc +

3
2 Fabωb ∧ω +

√
−1δa

bωb ∧ω;

dωa = θb
a ∧ωb + Cabcωb ∧ωc + 3

2 Fabωb ∧ω−
√
−1δb

a ωb ∧ω.

Let N ∈ M be the integral manifold of the maximum dimension of the first funda-
mental distribution of the manifold M. Then, it canonically induces the almost-Hermitian
structure 〈J, g̃〉, where J = Φ|L, g̃ = g|L. Since the form ω is the Pfaff form of the first
fundamental distribution, the first group of structural equations of an almost-Hermitian
structure on N has the following form:

dωa = −θa
b ∧ωb + Babcωb ∧ωc;

dωa = θb
a ∧ωb + Babcωb ∧ωc;

dω = 0.
(4)

Bearing in mind the Gray–Hervella classification of the almost-Hermitian structures,
written in the form of a table ([5], p. 450), we obtain that the almost-Hermitian struc-
ture induced on the integral submanifolds of the manifolds of the manifold M is almost-
Kähler.

3. Q-Algebras of Nearly Sasakian Manifolds

The concepts of a generalized almost Hermitian manifold and the Q-algebra attached
to it were formed in the 1980s and were studied in a number of articles by V. F. Kirichenko
(see, for example [14–18] ).

Definition 2 ([15]). Q-algebra is the triple {V, 〈〈·, ·〉〉, ∗}, where V is the modulus over the
commutative associative ring K with (nontrivial) involution; 〈〈·, ·〉〉—non-degenerate Hermitian
form on V; ∗—a binary operation ∗ : V × V → V, antilinear for each argument, for which the
axiom Q-algebra 〈〈X ∗Y, Z〉〉+ 〈〈Y, X ∗ Z〉〉 = 0, X, Y, Z ∈ V is executed.

If K = C, then V is complex Q-algebra.
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Definition 3 ([18]). Q-algebra V is called the following:

- Abelian, or commutative Q-algebra, if X ∗Y = 0, (X, Y ∈ V);
- K-algebra, or anti-commutative Q-algebra, if X ∗Y = −Y ∗ X, (X, Y ∈ V);
- A-algebra, or pseudocommutative Q-algebra, if 〈X ∗Y, Z〉+ 〈Y ∗ Z, X〉+ 〈Z ∗ X, Y〉= 0,

(X, Y, Z ∈ V).

Recall [16] that in module X (M), an almost-contact-metric manifold is naturally
introduced by the structure of Q-algebra < over a ring of complex-valued smooth functions
with the operation

X ∗Y = T(X, Y) =
1
4
{Φ∇ΦX(Φ)ΦY−Φ∇Φ2X(Φ)Φ2Y}; X, Y ∈ X (M) (5)

and metrics
〈〈X, Y〉〉 = 〈X, Y〉+

√
−1〈X, ΦY〉; X, Y ∈ X (M). (6)

This is attached Q-algebra.
Let M be a NS-manifold. In C∞(M)-module X (M) of smooth vector fields of the M

manifold, we introduce the binary operation “∗” using the formula X ∗ Y = T(X, Y) =
1
4{Φ∇ΦX(Φ)ΦY−Φ∇Φ2X(Φ)Φ2Y}; X, Y ∈ X (M).

Theorem 2 ([18]). NS-structure has anti-commutative attached Q-algebra.

Proof. From Definition 1, it easily follows that

Φ∇ΦX(Φ)ΦY + Φ∇ΦY(Φ)ΦX = 0; X, Y ∈ X (M),

that is
Φ∇ΦX(Φ)ΦY = −Φ∇ΦY(Φ)ΦX; X, Y ∈ X (M).

It means that

Φ∇Φ2X(Φ)Φ2Y = −Φ∇Φ2Y(Φ)Φ2X; X, Y ∈ X (M).

Then,

T(X, Y) = 1
4{Φ∇ΦX(Φ)ΦY−Φ∇Φ2X(Φ)Φ2Y} =

− 1
4{Φ∇ΦY(Φ)ΦX−Φ∇Φ2Y(Φ)Φ2X} = −T(Y, X); X, Y ∈ X (M).

That is, the attached Q-algebra with NS-structure is anti-commutative Q-algebra.

4. Nearly Sasakian Manifolds of Constant Type

In this Section, we consider nearly Sasakian manifolds of a constant type. It is necessary
to recall some definitions.

Definition 4. Complex Q-algebra < is named as Q-algebra of a constant type, if ∃c ∈ C
∀X, Y ∈ L : 〈〈X, Y〉〉 = 0 ⇒ ‖X ∗Y‖2 = c‖X‖2‖Y‖2, where L – is the hyperplane in the
reification of the c-module <.

Definition 5. The almost-contact-metric manifold M is called a manifold of a point constant
type if its attached Q-algebra has a constant type at each point of M. The function c, if it exists, is
called a constant type of the almost-contact-metric manifold. If also c = const, then M is called an
almost-contact-metric manifold of a globally constant type.

This definition is a contact analogue of the concept of constancy of the type of almost-
Hermitian manifolds, introduced by V. F. Kirichenko [14].
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Theorem 3. An almost-contact-metric manifold M is a point-constant-type manifold if and only if

∀X, Y ∈ X (M) 〈〈X, Y〉〉 = 0⇒ ‖C(X, Y)‖2 = c‖X‖2‖Y‖2. (7)

The proof is conducted similarly to the proof of theorem 4 of [4].
Assume that M—NS-manifold—is of a point-constant type.
Let us introduce 4-form C(X, Y, Z, W) = 〈〈X ∗Y, Z ∗W〉〉 = 〈〈C(X, Y), C(Z, W)〉〉.

The following theorems are proved in the same way as theorems 4 and 5 of [4].

Theorem 4. NS-manifold is a manifold of a point-constant type if and only if

C(X, Y, Z, W) = 〈〈C(X, Y), C(Z, W)〉〉 = c{〈〈W, Y〉〉〈〈Z, X〉〉 − 〈〈W, X〉〉〈〈Z, Y〉〉}.

Theorem 5. Let M be a NS-manifold. Then the following statements are equivalent:

(1) M—NS-manifold of point constant of c-type;
(2) The first structural tensor of NS-manifold satisfies identity

〈〈C(X, Y), C(Z, W)〉〉 = c{〈〈W, Y〉〉〈〈Z, X〉〉 − 〈〈W, X〉〉〈〈Z, Y〉〉}.

(3) In the space of the attached G-structure, the following ratio is true:

CabhChcd =
c
2

δab
cd , (8)

where δab
cd = δa

c δb
d − δb

c δa
d—second-order Kronecker delta.

Let us externally differentiate the identity (8) dCabhChcd + CabhdChcd = 1
2 dcδab

cd . Taking
into account the structural equations of NS-manifolds, we have

(−Cgbhθa
g − Caghθb

g − Cabgθh
g + Cabhgωg + 3

√
−1F[abδ

h]
g ωg)Chcd +

Cabh(Cgcdθ
g
h + Chgdθ

g
c + Chcgθ

g
d + Chcdgωg − 3

√
−1F[cdδ

g
h]ωg) =

1
2 δab

cd dc.

By opening the parentheses and giving similar terms, we obtain

(CabhChcdg +
√
−1FabCgcd)ω

g + (CabhgChcd −
√
−1CabgFcd)ωg =

1
2 δab

cd(cgωg + cgωg + c0ω).

Hence, we have (in case dimM > 3)

(1) δab
cd cg = CabhChcdg +

√
−1FabCgcd;

(2) δab
cd cg = CabhgChcd −

√
−1CabgFcd; 3) c0 = 0.

(9)

Folding the equality 9:(1) and 8:(2) with the object Fd f , because of (3), we obtain

(δa
c Fb f − δb

c Fa f )cg = 0. (10)

Folding the obtained equality on the indices a and c, we obtain (n− 1)Fb f cg = 0, i.e.,
since dimM > 3, then either Fab = 0, or cg = 0.

Similarly, from 9:(2), we obtain either Fab = 0, or cg = 0.
Suppose that Fab = Fab = 0. Then according to 3:(3) we have CabhChcd = 0, i.e., taking

into account (8), we have that c = 0. Folding this identity over the pairs of indices a and c,
b and d, taking into account the oblique symmetry of the objects Cabh and Chcd, we obtain
that Σa,b,c|Cabc|2 = CabhChcd = 0. Thus, the manifold is a Sasakian manifold of the zero
constant type.

It follows from the condition dc = 0, that if M is coherent, then c = const. Thus, the
following theorem is proved.
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Theorem 6. The point constancy of the type of a connected NS-manifold of dimension greater
than 3 is equivalent to the global constancy of its type.

Let us make a complete convolution of identity (8): Σa,b,c|Cabc|2 = CabhChcd = c
2 n(n−

1), where n is the complex dimension of the contact distribution L. It follows that c ∈ R,
c ≥ 0, and c = 0 if and only if Chcd = Cabh = 0, Fab = Fab = 0, i.e., M is a Sasakian manifold.
The opposite is obvious. Thus, it is proved.

Theorem 7. The class ofNS-manifolds of the zero constant type coincides with the class of Sasakian
manifolds.

5. Nijenhuis Tensor of NS-Manifolds

The Nijenhuis tensor (or the operator) of the structural endomorphism Φ of an almost-
contact-metric structure is called the NΦ tensor of the type (2,1) defined by the formula

NΦ(X, Y) =
1
4
{Φ2[X, Y] + [ΦX, ΦY]−Φ[ΦX, Y]−Φ[X, ΦY]}; X, Y ∈ X (M).

It is easy to see that this tensor has the following properties:

NΦ(X, Y) =
1
4
{Φ2[X, Y] + [ΦX, ΦY]−Φ[ΦX, Y]−Φ[X, ΦY]}; X, Y ∈ X (M).

By directly counting, taking into account the identity of [X, Y] = ∇XY −∇YX, ex-
pressing the absence of torsion of Riemannian connection, we write the last identity as

NΦ(X, Y) =
1
4
{∇ΦX(Φ)Y−∇ΦY(Φ)X + Φ∇Y(Φ)X−Φ∇X(Φ)Y}; X, Y ∈ X (M). (11)

In the space of the attached G-structure, the components of the Nijenhuis tensor NΦ
are defined by equality:

(1) NΦ
0
ab = −

√
−1
2 Φ0

[a,b], (2) NΦ
0
âb = −NΦ

0
bâ = −

√
−1
2 Φ0

(â,b), (3) NΦ
0
âb̂

= −
√
−1
2 Φ0

[â,b̂]
,

(4) NΦ
a
b̂0

= −NΦ
a
0b̂

=
√
−1
4 Φa

b̂,0
−
√
−1
2 Φa

0,b̂
, (5) NΦ

a
b̂ĉ
=
√
−1Φa

[b̂,ĉ]
= 2Babc, (12)

(6) NΦ
â
bc = −

√
−1Φâ

[b,c] = 2Babc, (7) NΦ
â
b0 = −NΦ

â
0b =

√
−1
2 Φâ

0,b −
√
−1
4 Φâ

b,0.

The remaining components of this tensor are identically zero.

Definition 6. We name the almost-contact-metric manifold M a constant type c manifold if

∀X, Y ∈ L : 〈〈X, Y〉〉 = 0 ⇒ ‖NΦ(X, Y)‖2 = c‖X‖2‖Y‖2, (13)

where 〈〈X, Y〉〉 = 〈X, Y〉+
√
−1〈X, ΦY〉; X, Y ∈ L, L – is a contact distribution.

Theorem 8. An almost-contact-metric manifold M is a constant type c manifold only if

BabhBhcd =
c
2

δab
cd , (14)

where δab
cd = δa

c δb
d − δb

c δa
d is the second-order Kronecker delta.

Proof. For X, Y ∈ L we have

〈X, Y〉 = gijXiY j = g00X0Y0 + gab̂XaYb̂ + gâbX âYb = XaYa + XaYa
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and

〈X, ΦY〉 = gijXiΦj
kYk = gab̂XaΦb̂

ĉYĉ + gâbX âΦb
cYc = −

√
−1XaYa +

√
−1XaYa.

Thus, 〈〈X, Y〉〉 = 〈X, Y〉+
√
−1〈X, ΦY〉 = 0 is equivalent to the execution of relations

on the space of the attached G-structure: XaYa + XaYa = 0, XaYa − XaYa = 0, which are
performed if and only if XaYa = 0. Consider equality ‖NΦ(X, Y)‖2 = c‖X‖2‖Y‖2 in the
space of the attached G-structure. On the one hand,

‖NΦ(X, Y)‖2 = 〈NΦ(X, Y), NΦ(X, Y)〉 =
= NΦ

a(X, Y)NΦa(X, Y) + NΦa(X, Y)NΦ
a(X, Y) = 2NΦ

a(X, Y)NΦ
â(X, Y),

and taking into account (12), we obtain ‖NΦ(X, Y)‖2 = 2 · 2BabcXbYc · 2BabcXbYc

= 8BabcBabcXbYcXbYc.
On the other hand, c‖X‖2‖Y‖2 = c · 2XaXa · 2YbYb = 4c(XaXa)(YbYb), thus,

BabcBadhXbYcXdYh = c
2 (XaXa)(YbYb).

We introduce the object into consideration δab
cd = δa

c δb
d − δb

c δa
d, then

δab
cd XcYdXaYb = (δa

c δb
d − δb

c δa
d)XcYdXaYb =

= XaYbXaYb − XbYaXaYb = (XaXa)(YbYb)− (XbYb)(YaXa).
(15)

Therefore, the condition (13) on the space of the attached G-structure can be rewritten
as follows:

∀X, Y ∈ L : XaYa = 0 ⇒ BadhBhbcXaYdXbYc =
c
2

δad
bc XaYdXbYc.

Indicate
Bad

bc = BadhBhbc −
c
2

δad
bc ,

We reduce the definition of type constancy to the following:

∀X, Y ∈ L : XaYa = 0 ⇒ Bad
bc XaYdXbYc = 0.

Then the complex tensor B(X, Y, Z, W) = Bad
bc XbYcZaWd, X, Y, Z, W ∈ X (M) has the

following properties:

(1) B(ΦX, Y, Z, W) = B(X, ΦY, Z, W) =
√
−1B(X, Y, Z, W);

(2) B(X, Y, ΦZ, W) = B(X, Y, Z, ΦW) = −
√
−1B(X, Y, Z, W);

(3) B(X, Y, Z, W) = B(Z, W, X, Y);

(4) B(X, Y, Z, W) = −B(Y, X, Z, W);

(5) B(X, Y, Z, W) = −B(X, Y, W, Z);

(6) B(X, Y, X, Y) = 0, i f XaYa = 0.

Involutional polarization of the property (6) gives B(X, Y, Z, W) = 0, ∀X, Y, Z, W ∈
X (M). It follows that the tensor B = 0, i.e., BadhBhbc − c

2 δad
bc = 0.

Theorem 9. The almost-Hermitian structure induced on the contact distribution of the almost-
contact-metric manifold of the zero constant type is the Hermitian structure.

Proof. Assume that M is an almost-contact-metric manifold of a zero constant type. Then,
BadhBhbc = 0. A complete convolution of this equality gives Badh = Bhbc = 0. Therefore,
the first group of structural equations of the manifold M takes the following form:
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dω = Cabωa ∧ωb + Cabωa ∧ωb + Cb
a ωa ∧ωb + Cbω ∧ωb + Cbω ∧ωb;

dωa = −θa
b ∧ωb + Bab

cωc ∧ωb + Babω ∧ωb + Ba
bω ∧ωb;

dωa = θb
a ∧ωb + Bab

cωc ∧ωb + Babω ∧ωb + Ba
bω ∧ωb.

Then the first group of structural equations of an almost-Hermitian structure induced
on contact distribution of an almost-contact-metric manifold of a zero constant type will
take the form

dω = 0;

dωa = −θa
b ∧ωb + Bab

cωc ∧ωb;

dωa = θb
a ∧ωb + Bab

cωc ∧ωb.

According to the Gray–Hervella classification of almost-Hermitian structures, written
in the form of a table ([5], p. 450), we obtain that the almost-Hermitian structure induced
on the integral submanifolds of the manifold M is Hermitian.

Assume that M now is a nearly Sasakian manifold. Then Equation (12) will take the
following form:

(1) NΦ
0
âb = −NΦ

0
bâ = −

√
−1
2 δa

b ; (2) NΦ
a
b̂ĉ
=
√
−1Φa

[b̂,ĉ]
= 2Cabc;

(3) NΦ
â
bc = −

√
−1Φâ

[b,c] = 2Cabc.
(16)

Identity (14) will take the following form: CabhChcd = c
2 δab

cd . Thus, the concepts of type
constancy defined by Definitions 5 and 6 for NS-manifolds coincide.

6. Conclusions

The article presents some interesting identities (3), which are satisfied by the structural
tensors of theNS-structure. The concept of type constancy forNS-manifold is introduced,
and criteria for pointwise type constancy for NS-manifold are proved. It is also proved
that the pointwise constancy of the type of a connected NS-manifold of dimension greater
than three is equivalent to the global constancy of its type. The class of NS-manifolds of
zero constant type coincides with the class of Sasakian manifolds. It is proved that the
almost-Hermitian structure induced on the integral manifolds of the maximum dimension
of the first fundamental distribution of the NS-manifold is the nearly Kähler structure. A
new concept of constancy of the type of an almost-contact-metric structure is introduced
on the basis of its Nijenhuis tensor. The presented method allows us to study the con-
stancy of the type of a wide class of these varieties. In particular, nearly cosymplectic,
nearly trans-Sasakian, generalized Kenmotsu manifolds, and others. It is proved that the
almost-Hermitian structure induced on the contact distribution of the almost-contact-metric
manifold of the zero constant type is a Hermitian structure.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The statistical data presented in the article do not require copyright.
They are freely available and are listed at the reference address in the bibliography.

Acknowledgments: The author expresses his gratitude to the reviewers for valuable comments, who
allowed me improve the content of the article.

Conflicts of Interest: The authors declare no conflict of interest.



Axioms 2022, 11, 673 9 of 9

References
1. Gray, A. Nearly Kähler manifolds. J. Diff. Geom. 1970, 4, 283–309. [CrossRef]
2. Kirichenko, V.F. K-spaces of constant type. Siberian Math. J. 1976, 17, 220–225. [CrossRef]
3. Abu-Saleem, A.; Rustanov, A.R.; Melekhina, T.L. Generalized Kenmotsu manifolds of constant type. Chebyshev Collect. 2019, 20,

7–21. [CrossRef]
4. Rustanov, A.R. Nearly Cosymplectic Manifolds of Constant Type. Axioms 2022, 11, 152. [CrossRef]
5. Kirichenko, V.F. Differential-Geometric Structures on Manifolds, 2nd ed.; Printing House: Odessa, Ukraine, 2013; pp. 1–458.
6. Blair, D.E.; Showers, D.K.; Yano, K. Nearly Sasakian structures. Kodai Math. Semin. Repts 1976, 27, 175–180. [CrossRef]
7. Olszak, Z. Nearly Sasakian manifolds. Tensor 1979, 33, 277–286.
8. Olszak, Z. Five-dimensional nearly Sasakian manifolds. Tensor 1980, 34, 273–276.
9. Kirichenko, V.F. Geometry of nearly Sasakian manifolds. Rep. Acad. Sci. USSR 1986, 18, 25–71.
10. Tanno, S. Sasakian manifolds with constant Φ-holomorphic sectional curvature. Tohoku Math. J. 1969, 21, 501–507. [CrossRef]

[CrossRef]
11. Cappelletti-Montano, B.; Dileo, G. Nearly Sasakian geometry and SU(2)-structures. Ann. Mat. 2016, 195, 897–922. [CrossRef]

[CrossRef]
12. De Nicola, A.; Dileo, G.; Yudin, I. On nearly Sasakian and nearly cosymplectic manifolds. Ann. Mat. 2018, 197, 127–138. [CrossRef]
13. Cappelletti-Montano, B.; De Nicola, A.; Dileo, G.; Yudin, I. Nearly Sasakian manifolds revisited. Complex Manifolds 2019, 6, 320–334.

[CrossRef]
14. Kirichenko, V.F. Nearly Hermitian manifolds of constant type. Rep. Acad. Sci. USSR 1981, 256, 1293–1297.
15. Kirichenko, V.F. Generalized quasi-Kaehlerian manifolds and axioms of CR-submanifolds in generalized Hermitian geometry. I.

Geom. Dedicata 1994, 51, 75–104. [CrossRef]
16. Kirichenko, V.F. Axiom of holomorphic planes in generalized Hermitian geometry. Rep. Acad. Sci. USSR 1981, 260, 795–799.
17. Kirichenko, V.F. K-algebras and K-spaces of constant type with indefinite metric. Math. Notes 1981, 29, 265–278. [CrossRef]

[CrossRef]
18. Arsenyeva, O.E.; Kirichenko, V.F. Q-algebras of basic types of almost Hermitian and almost contact metric manifolds. Proc. Intern.

Geom. Center 2013, 6, 34–43.

http://doi.org/10.4310/jdg/1214429504
http://dx.doi.org/10.1007/BF00967568
http://dx.doi.org/10.22405/2226-8383-2019-20-2
http://dx.doi.org/10.3390/axioms11040152
http://dx.doi.org/10.2996/kmj/1138847173
.
http://dx.doi.org/10.2748/tmj/1178242960
.
http://dx.doi.org/10.1007/s10231-015-0496-9
http://dx.doi.org/10.1007/s10231-017-0671-2
http://dx.doi.org/10.1515/coma-2019-0017
http://dx.doi.org/10.1007/BF01264102
.
http://dx.doi.org/10.1007/BF01140927

	Introduction
	Preliminary Information
	Q-Algebras of Nearly Sasakian Manifolds
	Nearly Sasakian Manifolds of Constant Type
	Nijenhuis Tensor of NS-Manifolds
	Conclusions
	References

