@ axioms m\py

Article
Certain New Class of Analytic Functions Defined by Using a
Fractional Derivative and Mittag-Leffler Functions

Mohammad Faisal Khan 179, Shahid Khan 2*{, Saqib Hussain 3, Maslina Darus * and Khaled Matarneh >

Department of Basic Science, College of Science and Theoretical Studies, Saudi Electronic University,
Riyadh 11673, Saudi Arabia

2 Department of Mathematics, Abbottabad University of Science and Technology, Abbottabad 22500, Pakistan
3 Department of Mathematics, COMSATS University, Abbottabad Campus, Abbottabad 22060, Pakistan
Department of Mathematical Science, Faculty of Science and Technology, Universiti Kebangsaan Malaysia,
Bangi 43600, Malaysia

Faculity of Computer Science, Arab Open University, Riyadh 11681, Saudi Arabia

*  Correspondence: shahidmath761@gmail.com

Abstract: Fractional calculus has a number of applications in the field of science, specially in mathe-
matics. In this paper, we discuss some applications of fractional differential operators in the field
of geometric function theory. Here, we combine the fractional differential operator and the Mittag-
Leffler functions to formulate and arrange a new operator of fractional calculus. We define a new
class of normalized analytic functions by means of a newly defined fractional operator and discuss
some of its interesting geometric properties in open unit disk.
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For two functions 7,y € A, we say that # subordinated to y, written as
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If y is univalent in U, then
1(2) < y(z) <= 1(0) = y(0) and 5 (U) < y(U).
The majorization of two analytic function (1 < y) if and only if
n(z) =k(z)y(z), ze U,
and also the coefficient inequality is satisfied
|@n| < [bn]-

There exists a wide formation between the subordination and majorization [2] in U for
established different classes including the the class of starlike functions (S*):

Re(i?éi?) >0, zel

and convex functions (C):

1'(z)

Related to classes S* and C, we define the class P of analytic functions m € P, which are
normalized by

1+Re<z’7 (Z)> >0, zel.

m(z) =1+ ) cuz",
n=1

such that
Rem(z) > 0in U and m(0) = 1.

The convolution () of 7 and y, defined by

(1) (z) = io anbaz",

where,
y(z) =) b2",  (zel).
n=0

Srivastava et al. [3] geometrically explored the class of complex fractional operators
(differential and integral) and Ibrahim [4] provided the generality for a class of analytic
functions into two-dimensional fractional parameters in U. Number of authors used these
operators to illustrate various subclasses of analytic functions, fractional analytic functions
and differential equations of complex variable [5-7].

Definition 1. Pochhammer symbol (), can be defined as:
(@)p =a(a+1)...(a+n—1) if n #0

and
() =1 if n=0.

Definition 2. The (), can be expressed in terms of the Gamma function as:

(@) = F(?(Z)n), (n € N).
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In [8], Mittag-Leffler introduced Mittag-Leffler functions H,(z) as:

Ho(z) = io F(Mlmzn, (€ €C, Re(a)) >0,

and its generalization H, g (z) introduced by Wiman [9] as:

Hap(z) = i)le”, (a, B € C, Re(w), Re(B)) > 0. (2)

Now we define the normalization of Mittag-Leffler function M, g(z) as follows:

sz,ﬁ(z) = Zr(:B)Ha,ﬁ()

Map(e) = 24 Y e Lt ®

S T(a(n—-1)+p) "

where, z € U, Rex >0, p € C\{0,—1,-2,...}).
A function f € A is called bounded turning if it satisfies the condition

Re (17/ (z)) > 0.

For 0 < v < 1, let B(v) denote the class of functions # of the form (1), so that Re (17/) >0

in U. The functions in B(v) are called functions of bounded turning (c.f. [1], Vol. II).
Nashiro-Warschowski Theorem (see, e.g., [1], Vol. I) stated that the functions in B(v) are
univalent and also close-to-convex in U. Now recall the definition of class R of bounded
turning functions and can be defined as:

R:{UEA:U’(Z)< 1+Z, zeu}.

In [3], Srivastava and Owa gave definitions for fractional derivative operator and fractional
integral operator in the complex z-plane C as follows:
The fractional integral of order J is defined for a function 7(z), by

4

Ey@) = L) = 5 [ (2= 00, 6> 0).
0

The fractional derivative operator D, of order ¢ is defined by

Dg’?(z) = Dz[zlié’?(z)

_ ! 0
B F(1_5)DZO (Z_t),sd(f), (0<5<1).

where, the function #(z) is analytic in the simply-connected region of the complex z-plane
C containing the origin, and the multiplicity of (z — t) % is removed by requiring log(z — t)
to be real when (z —t) > 0.

Let 6 > 0 and m be the smallest integer, and the extended fractional derivative of #(z)
of order J is defined as:

Dy(z) = D' 0n(z), 0 < 6, n > —1, (4)
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provided that it exists. We find from (4) that is

rn+1) ,_
dn _ n—>4 < _
D¢z F(n+1—5)z , (0<6<1, n>-1)
and I 3
n+ 5
I&n: n+o —1).
0z F(n+1—§)z , (0<9d, n>-1)

Owa and Srivastava [10], defined the differential integral operator QO : A — A in the term
of series:
r2-y)

Qn(z) = ) 2°Diy(z) ®)

2-0)T(n+1)

i
= z+), a,z",
L T )T (n+1-0)

where,
(6 <2,and z € U).

Here, D27 (z) represents the fractional integral of 77(z) of order § when —co < 6 < 0 and a
fractional derivative of #(z) of order § when 0 < § < 2.

Now, by using the definition of convolution on (3) and (5), we define fractional
differential integral operator ’Di’a'ﬁ : A — A, associated with normalized Mittag-Leffler
function M, g(z) as follows:

wp L R (TR=8T(n+1) I'(g) n
2Py (z) = Z+;;2<r(z)r(n 1 —(S)) <F(tx(n -1) +ﬁ)>anz '

where,
(6 <2, Rex >0, pe C\{0,-1,-2,...}), ze U.

It is noted that
2% (z) = (2).

Again, by using fractional differential integral operator ’Di’“’ﬂ , we also define a linear

multiplier fractional differential integral operator %Af\’m as follows:

5T () = A3 (33" (=) ®)
where,
585%(z) = n(2),
and 5
5a3Mn(z) = (1= 1D y(2) + 22D (D8P (2) ).
It is seen from 7(z) given by (1) and from (6), we have
%Ai’miy(z) =z+ leA()\, 5,a,B,m,n)ayz", 7)
n—=
where,

s () o o]

and
(6<2,meN, A>0,Rea >0, fc C\{0,-1,-2,...}), z€ U.



Axioms 2022, 11, 655

50f13

Remark 1. When, § = 0, « = 0, and B = 1, in (7) then it is reduced to the operator given by
Al-Oboudi [11].

Remark 2. For,0 =0,A =1,a = 0,and B = 1in (7) then it is reduced to the operator given by
Salagean [12].

Definition 3. A functionn € A, is in the class b S:™ (o) if and only if

z(587"n(2))

AAY"(2)

bsomgy={neA:

Definition 4. A function ny € A, is in the class ]i’m(L, M, b) if and only if

2(383"(2)) ) 1+Lz}
) .

50"(2) — A"y (—z) | 1+ Mz

I (L, M, b) = {;7 cA: 1+ 117(

The following lemmas will be use to prove our main results.

Lemma 1 ([13]). For ¢ € C and a positive integer n, the class of analytic functions is given by

Hipn) = {n:1() = o+ @uz" + Qa2+ ).

(i) Let | € R. Then )
Re(n(z) + lzn (z)) >0 — Re(y(z)) > 0.

Moreover, | > 0 and n € H(1,n), then there is constant 5 > 0 and k > 0, such that
=k(l,0,n)

and

1(z) +lz;7/(z) =< (E)k — 1(z) < (1j§)5
(ii) For y € H(1,n), and for fixed real number | > 0 and let ¢ € [0,1), so that
Re(n?(z) +21(2)(zD1(2)) ) > ¢ — Re(y(2)) > .
(iii) Let n € H(n,n), with Re(n) > 0, then
Re(n(z) +21 (2) + 2% (2)) >0,

or for N: U — R, such that

Then

2. Main Results

To make use of Lemma 1, first of all, we illustrate differential integral operator
%Ai’mﬁ (z) is also bounded turning function.
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Theorem 1. Let 5 € A, and

() gAf\'mn(z) is of bounded turning function.

(i) (gAjfmq(z))' < Gfi)k k>0, zeU.
, [ a AOm z
(iif) Re((gAf\’miy(z)) (M)) >

(i) Re (Z (%Ai'mv(Z))” - (gAi’mq(z))/ 42 (WZ”(Z)) ) > 0.

(v) Re<<z (gAi'mn(z))/ /gAif’”q(z)> +z(gA§'mn(z) /z)) > 1.

, c€[0,1).

N o

Then

zZ

& AOm
(ﬁAM(Z)) € P(A), for some A € [0,1).

Proof. Define a function m(z) as follows:

,;(Aé,m
m(z) = ﬁAZ"(Z) zell ®)

Then computation implies that
!

zm (z) +m(z) = (%Ai’miy(z)) .

From the first inequality (i), we have gAi’mn (z) is bounding turning function, and this give

® Re (zm/(z) + m(z)) > 0.

Thus, Lemma 1, part (i) implies that
Re(m(z)) > 0.

Hence (i) is proved. Accordingly, part (ii) is confirmed.
By the virtue of Lemma 1 and part (i), let > 0, such that k = k() and

“A%"(2) <1+z>l
< )

z 1—z

This indicates that
z

a N0y (o
Re (’”77()) > Ae(o1).

Suppose that

Re (mz (z) + 2m(z).zml (z))

)
S6Y"E) (s rAAY"(z)
= 2Re| A — (%A/\'mq(z)) ~E ] > cclo. )
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From the Lemma 1 and part (ii), there exists a fixed real number I > 0 and satisfying the
condition
Re(m(z)) >1

and s
EAy(z
m(z) = ﬁAZ”() e P(A).

It follows from (9) that ,
Re((gAf\’miy(z))) > 0.

Taking the derivative (8), we then obtain

Re (m(z) +zm (z) + 22m" (z))

- Re (Z(%Ai'mﬂ(z))”— (gAimq(z))/+z(M>> >0,

Hence, Lemma 1 (ii) implies that
503" (2)
ke (ﬂ ~o

The logarithmic differentiation of (8) yields

Re (m(z) + ZZ;S) +22m" (z))

Z(EA™My (2) & AOMy, (
Re (ﬁA )+2ﬁA77()—1 > 0.

HIE)

Hence, Lemma 1 (iii) implies, where N(z) =1,

&AMy (5
Re ('SAZ”()) > 0.

o

Now we find the upper bounds of the operator ﬁAi’mn(z) by using the exponential
integral in U, which provided 1 € (5 5;5’"1 (0’)) .

O

Theorem 2. Let 17 € (58;‘5'"1((7)), where 0(z) is convex in U. Then,

%Ai’mn(z) < zexp /OZ %dﬂ), (10)

where, ¢(z) is analytic in U having condition

¢(0) =0and |Pp(z)| < 1.
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Furthermore, for |z| = &, we have
é,m
Lo(p(-0) ~1 . [BA1E) Lo(p(@) 1
< < .
exp /0 - ac < . <exp A - dc
Proof. By the hypothesis we received the following conclusion:
2(587"n(2))
v o(z)
AV (2)
z(5A3"(2)
(55,,1) = 0(¢(2)), zel
/5A 1(2)
and /
(583 n(2))
“AYT(z) 2 z
Consequently, integrating (11), we obtain
sAY" 2 _
log(w) _ [y, .
z 0 w
By the definition of subordination we attain
o,m ) —1
gAY (2 )<zexp/ dw.

Hence (10) is proved.
Note that the function ¢(z) convex and symmetric with respect to real axis. That is

o(~LJz]) < Refo(¥(&2)} < o(@lz)) (0<&<1, zel),
then we have the inequalities

o(=¢) <o(=Clz]), o(@lz]) < a(d).

Consequently, we obtain

[ Sy g [ D) 1 P oHEED 21

In the sight of Equation (12), we obtain

(5
Lo(¥(=¢glz)) - AX '7<Z> (¥(&lz])
/O : Lie < log|® g/o : dé
which implies that
leé,m
exp / ¢|z “le|p AZW) <exp [ <T<¢|g|>> L.
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Hence, we have

A" : _
exp/ d(’,‘< Zﬂ() Sexp/o1 U(T(?)ldé‘.

O

Now we investigate the sufficient condition of # to be in the class %Sj{"s’m (0), where
is convex univalent satisfying o(0) = 1.

Theorem 3. If 7 € A, satisfies the inequality

! " !

(aA&m”(Z)) 2+ (WA(S RS )) Z(%Ai’mﬂ(z)) < 0(z)
X AD, 7 - X AO, ’
,BA mﬂ(z) (%Atjl,m’?(:z)) ﬁAAmW(Z)
then, i € S ().
Proof. Let ,
(55"n(=))
m(z) T @
por
and m(z) = 1 in the inequality
m(z) + m(z) (zm/(z)) < 0o(z),
then, we obtain
m(z) + m(z) (zml (z))
z(587"n(2)) (587" () (=2(583"n(2))
= —aAém @ X |2+ - — — AT 2) < 0(z).
1 (583" n(2)) B
This implies that
z(§A53"(2)
B
m(Z) = (57”) < (T(Z),
gAY 1(2)
that is
ne (357°"(0).
O
Corollary 1. Let the assumption of Theorem 3. Then,
2(585"(2)) 2(585"(2)) 2(585"(2)) /
WX 1+ 5 — | — £ AT (2) < 0 (2).
n(z (%Amﬂ()) FAY Gl
Proof. Let ,
(ﬁA(SA'mW(ZD
m(z) 7T 2)
pox
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In the view of Theorem 3, we have
5 I
z(587"n(2))

A" (2)

< 0(z),

where, o € C. Then, by [2] (Theorem 3), we obtain
m (z) < o (2)

for some z € U, where

!/ " !/

m’(z)—w L) (;;A(si;”nm)
1) (585"n(=) 503" (2)

O

It is well known that the function ¢(z) = e%?,1 < |8] < Z is not convex in U, where the
domain ¢ (U) is lima-bean (see [13], p. 123). Now, we can flnd the same result of Theorem 3
as follows:

Theorem 4. If 7 € A, it satisfies the inequality

"

R E)
(523n()

< .

Then,
i e (gs;z,é,rn(EGZ))'
Proof. Let ,
z(385"n(2))
m(z) = — 5
5A 1(z)

After some simple computation implies that

zm (z)
m(z) + m(z)
=(34"012)) (o) [ 2(ee)
a AOmM , W 1+ 5, T @ Ao (2)
L0 1 e O L
%Af\'mﬂ(z) z(“ﬂAﬁ’"’q(z))/
803" 1(2)
b "
AR IC)R
(55"n(2))
This implies that (see [13], p. 123)
z(5AY"n(2)
m(z) = —<ﬁ ;m ) < e%,
gAY (2)
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that is

O

ne (517 (e™).

Theorem 5. Ifyj € (g]f\’m(L, M,b)), then

satisfies

Proof. Lety € (% ]i’m (L, M, b)) , then there occurs a function J(z) such that

This confirm that

However, | satisfies

M(z) = S[n(z) = n(=2)]

I\)M—‘

1 Z(%Aﬁ’ml’j’@)/ 1+ Lz

B

! Y]
Re(ZB(Z)>>1 o |zl =9 < 1.

B(z) | — 14+ 0%

!

b (”‘Ai’mB(z)) = 1+ Mz’

“A%"0(2)
b(](z)fl) ’XA&mﬁE) “A(Sm?ﬂ
2 (XA (—2 /

- = )

which is univalent, then we get

(2(62796) )@+
"\ (4179) ’
14 Lz
/@) 1+ Mz’
1 [2(58370(2)) 1+ 1Lz
b ﬁAX G(z) + Mz

Additionally, G(z) is starlike in z, and which implies that

2G(z)’ . 1-22
Gl “T1xz

h(z) =

KAV (—2) =5 A (z)

Hence, their exist a Schwarz function w(z), such that |w(z)| < |z| < 1, k(0) = 0, we get

which leads to

w(g)? =

_ 2
hz) < %
1-h()
1+h(7)’

ez |C|=r<l
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A simple calculation yields

1-h
‘thg‘ = [w(Q)] < Jg*
Therefore, we get the following inequalities:
2
1+ ¢ 4l¢)*
h(8) - ——,
‘ -l (1-121)’
1+ g 2/¢?
h(g) — TN
‘ 1- gt (1-121)

Thus, we have

Gz) ) = 1102

This completes the proof of Theorem 5. [J

Re(zg (Z)> S 1= 7|=0<1

Example 1. Let

!/

@) (")
1(2) %Af\’mq(z) '
IAST(z) = —— e A
gAY 1(2) A"
Then the solution of ZZ (g) = 12 is formulated as follows:
SA(2) = — 5, nEA
(1-2)

Moreover, the solution of the equation

zn (z) 1+z
’7(2)4— 77(2) - 1—z
is approximated to
(&)= 1=
U 1—2z

3. Conclusions

Many researchers have discussed some applications of fractional differential operator
in different areas of mathematics. In this paper, we combined fractional differential operator
and the Mittag-Leffler functions and formulated a new operator of fractional calculus for
a class of normalized functions in the open unit disk. We considered this operator on the
two classes of analytic functions and investigated some of its applications in the field of
geometric function theory. The suggested operator can be utilized to define some more
classes of analytic functions or to generalize other types of differential operators.
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