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Abstract

:

In this paper, the authors propose the notions of   ( α , s )  -geometric-arithmetically convex functions and   ( α , s , m )  -geometric-arithmetically convex functions, while they establish some new integral inequalities of the Hermite–Hadamard type for   ( α , s )  -geometric-arithmetically convex functions and for   ( α , s , m )  -geometric-arithmetically convex functions.
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1. Introduction


In this paper, we denote a nonempty and open interval with   I ⊆ R  .



We first review some definitions of various convex functions and list some Hermite–Hadamard-type integral inequalities.



It is general knowledge that a function   f : I ⊆ R → R   is said to be convex if


  f ( t x + ( 1 − t ) y ) ≤ t f ( x ) + ( 1 − t ) f ( y )  








for all   x , y ∈ I   and   t ∈ [ 0 , 1 ]  . One can find a lot of classical conclusions for convex functions in monographs [1,2].



In [3], Xi and his co-authors defined   ( α , s )  -convex functions and   ( α , s , m )  -convex functions and established some Hermite–Hadamard-type integral inequalities.



Definition 1

([3]). For some   s ∈ [ − 1 , 1 ]   and   α ∈ ( 0 , 1 ]  , a function   f : I ⊆ R → R   is said to be   ( α , s )  -convex if


  f  ( t x +  ( 1 − t )  y )  ≤  t  α s   f  ( x )  +   ( 1 −  t α  )  s  f  ( y )   








holds for all   x , y ∈ I   and   t ∈ ( 0 , 1 )  .





Definition 2

([3]). For some   s ∈ [ − 1 , 1 ]   and   ( α , m ) ∈ ( 0 , 1 ] × ( 0 , 1 ]  , a function   f : [ 0 , b ] → R   is said to be   ( α , s , m )  -convex if


  f  ( t x + m  ( 1 − t )  y )  ≤  t  α s   f  ( x )  + m   ( 1 −  t α  )  s  f  ( y )   








holds for all   x , y ∈ [ 0 , b ]   and   t ∈ ( 0 , 1 )  .





Definition 3

([4,5]). The function   f : I ⊆  R +  =  ( 0 , ∞ )  → R   is said to be geometric-arithmetically convex, that is, GA-convex, on I if


  f   x t   y  1 − t    ≤ t f  ( x )  +  ( 1 − t )  f  ( y )   








holds for all   x , y ∈ I   and   t ∈ [ 0 , 1 ]  .





In [6], Shuang and her co-authors, including the second author of this paper, introduced the notion of the geometric-arithmetically s-convex function and established some inequalities of the Hermite–Hadamard type for geometric-arithmetically s-convex functions.



Definition 4

([6]). Let   f : I ⊆  R +  →  R 0  =  [ 0 , ∞ )    and   s ∈ ( 0 , 1 ]  . A function   f ( x )   is said to be geometric-arithmetically s-convex on I if


  f   x t   y  1 − t    ≤  t s  f  ( x )  +   ( 1 − t )  s  f  ( y )   








holds for all   x , y ∈ I   and   t ∈ ( 0 , 1 ]  .





Remark 1.

When   s = 1  , a geometric-arithmetically s-convex function becomes the GA-convex function defined in [4,5].





Remark 2.

The integral estimates and applications of geometric-arithmetically convex functions have received renewed attention in recent years. A remarkable variety of refinements and generalizations have been found in, for example, [3,4,5,6]. In this paper, we will generalize the results of the above-mentioned literature and study the application problems.





Let   f : I ⊆ R → R   be a convex function on I. Then, the Hermite–Hadamard integral inequality reads that


  f    x + y  2   ≤  1  y − x    ∫ x y  f  ( x )  d x ≤   f ( x ) + f ( y )  2  ,  x , y ∈ I .  











One can find a lot of classical conclusions for the Hermite–Hadamard integral inequality in the monograph [7].



Hermite–Hadamard-type integral inequalities are a very active research topic [8]. We now recall some known results below.



Theorem 1

([9], Theorem 2.2). Let   f :  I ∘  ⊆ R → R   be a differentiable mapping on   I ∘  , and let the points   a , b ∈  I ∘    with   a < b  . If    |   f ′   |    is convex on   [ a , b ]  , then


     f ( a ) + f ( b )  2  −  1  b − a    ∫ a b  f  ( x )  d x  ≤    ( b − a )  ( |  f ′   ( a )  | + |  f ′   ( b )  | )  8  .  













Theorem 2

([10], Theorems 1 and 2). Let   f : I ⊆ R → R   be differentiable on   I ∘  , and let   a , b ∈ I   with   a < b  . If    |   f ′    |  q    is convex on   [ a , b ]   for   q ≥ 1  , then


     f ( a ) + f ( b )  2  −  1  b − a    ∫ a b  f  ( x )  d x  ≤   b − a  4       |   f ′     ( a )  |  q  +   |  f ′   ( b )  |  q   2    1 / q    








and


   f    a + b  2   −  1  b − a    ∫ a b  f  ( x )  d x  ≤   b − a  4       |   f ′     ( a )  |  q  +   |  f ′   ( b )  |  q   2    1 / q   .  













Theorem 3

([11]). Let   f :  R 0  → R   be m-convex and   m ∈ ( 0 , 1 ]  . If   f ∈  L 1   (  [ a , b ]  )    for   0 ≤ a < b < ∞  , then


   1  b − a    ∫  a  b  f  ( x )  d x ≤ min    f ( a ) + m f ( b / m )  2  ,   m f ( a / m ) + f ( b )  2   .  













Theorem 4

([12]). Let   f : I ⊆  R 0  → R   be differentiable on   I ∘  , the numbers   a , b ∈ I   with   a < b  , and    f ′  ∈  L 1   (  [ a , b ]  )   . If    |   f ′    |  q    is s-convex on   [ a , b ]   for some fixed   s ∈ ( 0 , 1 ]   and   q ≥ 1  , then


       f ( a ) + f ( b )  2  −  1  b − a    ∫ a b  f  ( x )  d x                     ≤   b − a  2     1 2    1 − 1 / q       2 + 1 /  2 s    ( s + 1 ) ( s + 2 )     1 / q      |   f ′     ( a )  |  q  +   |  f ′   ( b )  |  q    1 / q   .     













Theorem 5

([13]). Let   f : I ⊆  R 0  → R   be differentiable on   I ∘  , let   a , b ∈ I   with   a < b  , and let    f ′  ∈  L 1   (  [ a , b ]  )   . If    |   f ′    |  q    is s-convex on   [ a , b ]   for some fixed   s ∈ ( 0 , 1 ]   and   q > 1  , then


      f    a + b  2   −  1  b − a    ∫ a b  f  ( x )  d x  ≤   b − a  4     1  ( s + 1 ) ( s + 2 )     1 / q      1 2    1 / p   { [   |  f ′   ( a )  |  q        +  ( s + 1 )     f ′     a + b  2    q   ]  1 / q   +    |   f ′     ( b )  |  q  +  ( s + 1 )     f ′     a + b  2    q    1 / q   } ,     








where    1 p  +  1 q  = 1  .





Theorem 6

([14]). Let   f : I ⊆  R 0  → R   be differentiable on   I ∘  , let   a , b ∈ I   with   a < b  , and let    f ′  ∈  L 1   (  [ a , b ]  )   . If    |   f ′   |    is s-convex on   [ a , b ]   for some   s ∈ ( 0 , 1 ]  , then


      1 6    f  ( a )  + 4 f    a + b  2   + f  ( b )    −  1  b − a    ∫ a b  f  ( x )  d x                       ≤    ( s − 4 )   6  s + 1   + 2 ×  5  s + 2   − 2 ×  3  s + 2   + 2    6  s + 2    ( s + 1 )   ( s + 2 )     ( b − a )    |   f ′    ( a )  | + |   f ′    ( b )  |   .     













Motivated by the studies above, we will introduce the notions of “  ( α , s )  -geometric-arithmetically convex functions” and “  ( α , s , m )  -geometric-arithmetically convex functions”, and we will establish some new inequalities of the Hermite–Hadamard type for   ( α , s )  -geometric-arithmetically convex functions and for   ( α , s , m )  -geometric-arithmetically convex functions.




2. Definitions


We now introduce the notions of “  ( α , s )  -geometric-arithmetically convex functions” and “  ( α , s , m )  -geometric-arithmetically convex functions”.



Definition 5.

For some   s ∈ [ − 1 , 1 ]   and   α ∈ ( 0 , 1 ]  , a function   f : I ⊆  R +  → R   is said to be   ( α , s )  -geometric-arithmetically convex, or simply speaking,   ( α , s )  -GA-convex if


   f   x t   y  1 − t    ≤  t  α s   f  ( x )  +   ( 1 −  t α  )  s  f  ( y )    








holds for all   x , y ∈ I   and   t ∈ ( 0 , 1 )  .





Remark 3.

By Definition 5, we can see that,




	1.

	
If   α = 1  , then   f ( x )   is an s-GA-convex function on I, see [6];




	2.

	
If   α = s = 1  , then   f ( x )   is a GA-convex function on I, see [4,5].











Definition 6.

For some   s ∈ [ − 1 , 1 ]   and   ( α , m ) ∈ ( 0 , 1 ] × ( 0 , 1 ]  , a function   f :  ( 0 , b ]  ⊆  R +  → R   is said to be   ( α , s , m )  -geometric-arithmetically convex, or simply speaking,   ( α , s , m )  -GA-convex if


   f   x t   y  m ( 1 − t )    ≤  t  α s   f  ( x )  + m   ( 1 −  t α  )  s  f  ( y )    








holds for all   x , y ∈ ( 0 , b ]   and   t ∈ ( 0 , 1 )  .





Remark 4.

By Definition 6, we can see that:




	1.

	
If   s = 1  , then   f ( x )   is an   ( α , m )  -GA-convex function on   ( 0 , b ]  ;




	2.

	
If   α = 1  , then   f ( x )   is an   ( s , m )  -GA-convex function on   ( 0 , b ]  ;




	3.

	
If   m = 1  , then   f ( x )   is an   ( α , s )  -GA-convex function on   ( 0 , b ]  .











It is obvious that:




	1.

	
When   r ∈ ( 0 , 1 )  , the function   f  ( x )  =  x r    is strictly concave with respect to   x ∈ ( 0 , 1 ]  ;




	2.

	
When   r ∈ ( − ∞ , 0 ] ∪ [ 1 , ∞ )  , the function   f  ( x )  =  x r    is convex with respect to   x ∈ ( 0 , 1 ]  .









Proposition 1.

Let   α ∈ ( 0 , 1 ]   and   s ∈ [ − 1 , 0 )  . Then, the function   f  ( x )  =  x r    for   r ∈ ( 0 , 1 )   is   ( α , s )  -geometric-arithmetically convex with respect to   x ∈  R +   .





Proof. 

We only need to verify the inequality


       (  x r  )  t    (  y r  )   1 − t   = f   x t   y  1 − t    ≤  t  α s   f  ( x )  +   ( 1 −  t α  )  s  f  ( y )  =  t  α s    x r  +   ( 1 −  t α  )  s   y r      








for all   x , y ∈ R   and   t ∈ ( 0 , 1 )  .



For all   x , y ∈ R   and   t ∈ ( 0 , 1 )  :




	1.

	
When    x r  ≤  y r   , let   u =   x r   y r    , then   0 ≤ u ≤ 1   and     ( 1 −  t α  )  s  > 1  ; thus,


   u t  ≤ 1 <   ( 1 −  t α  )  s  <  t  α s   u +   ( 1 −  t α  )  s  ,  








that is,


  f   x t   y  1 − t    ≤  t  α s   f  ( x )  +   ( 1 −  t α  )  s  f  ( y )  ;  












	2.

	
When    x r  ≥  y r   , we have


        f   x t   y  1 − t    =   (  x r  )  t    (  y r  )   1 − t   ≤  x r  <  t  α s   f  ( x )  <  t  α s   f  ( x )  +   ( 1 −  t α  )  s  f  ( y )  .     

















The proof of Proposition 1 is complete. □






3. Lemmas


The following lemmas are necessary for us.



Lemma 1

([15]). Let   f : I ⊆ R → R   be differentiable on   I ∘   and let   a , b ∈ I   with   a < b  . If    f ′  ∈  L 1   (  [ a , b ]  )   , then for   x ∈ [ a , b ]  , we have


       ( b − x ) f ( b ) + ( x − a ) f ( a )   b − a   −  1  b − a    ∫ a b  f  ( u )  d u         =    ( x − a )  2   b − a    ∫ 0 1   ( t − 1 )   f ′   ( t x +  ( 1 − t )  a )  d t +    ( b − x )  2   b − a    ∫ 0 1   ( 1 − t )   f ′   ( t x +  ( 1 − t )  b )  d t .     













Lemma 2.

Let   α ∈ ( 0 , 1 )  . Then,


    R  − 1    ( α )  ≜  ∫ 0 1    1 − t   t α   d t =  1  ( 1 − α ) ( 2 − α )     








and


    T  − 1    ( α )  ≜  ∫ 0 1    1 − t   1 −  t α    d t =  1 α   ψ   2 α   − ψ   1 α    ,   








where   ψ  ( z )  =   d ln Γ ( z )   d z    , and


   Γ  ( z )  =  ∫ 0 1   t  z − 1    e  − t   d t ,  ℜ  ( z )  > 0   








denotes the classical Euler gamma function.





Proof. 

By letting   u =  t α    for   t ∈ ( 0 , 1 )   and using the formulas


  ψ  ( z )  + γ =  ∫ 0 1    1 −  t  z − 1     1 − t   d t  








and


  γ =  ∫ 0 ∞    1  1 + t   −  e  − t      d t  t   








in [16] (p. 259, 6.3.22), it is easy to show that


   ∫ 0 1    1 − t   1 −  t α    d t =  1 α   ∫ 0 1     u  1 / α − 1   −  u  2 / α − 1     1 − u   d u =  1 α   ψ   2 α   − ψ   1 α    .  











The proof of Lemma 2 is complete. □






4. Hermite–Hadamard-Type Integral Inequalities


In this section, we turn our attention to the establishment of integral inequalities of the Hermite–Hadamard type for   ( α , s )  -GA-convex and   ( α , s , m )  -GA-convex functions.



Theorem 7.

For some   s ∈ [ − 1 , 1 ]   and   α ∈ ( 0 , 1 ]  , let   f : I ⊆  R +  → R   be a differentiable function on   I ∘  , let   a , b ∈  I ∘    with   a < b   and   x ∈ [ a , b ]  , and let    f ′  ∈  L 1   (  [ a , b ]  )    and    |   f ′   |    be decreasing on   [ a , b ]  . If    |   f ′    |  q    is   ( α , s )  -GA-convex on   [ a , b ]   for   q ≥ 1  , then the following conclusions are valid:




	1.

	
When   s ∈ ( − 1 , 1 ]   and   α ∈ ( 0 , 1 ]  , we have


       ( b − x ) f ( b ) + ( x − a ) f ( a )   b − a   −  1  b − a    ∫ a b  f  ( u )  d u               ≤    1 2    1 − 1 / q   {    ( x − a )  2   b − a      R  ( α , s )  |   f ′     ( x )  |  q  + T  ( α , s )    |  f ′   ( a )  |  q    1 / q                                   +    ( b − x )  2   b − a      R  ( α , s )  |   f ′     ( x )  |  q  + T  ( α , s )    |  f ′   ( b )  |  q    1 / q   } ,     



(1)




where   R ( α , s )   and   T ( α , s )   are defined by


  R  ( α , s )  ≜  1  ( α s + 1 ) ( α s + 2 )    








and


  T  ( α , s )  ≜  1 α   B  s + 1 ,  1 α   − B  s + 1 ,  2 α     








for   s ∈ ( − 1 , 1 ]  ;




	2.

	
When   s = − 1   and   α ∈ ( 0 , 1 )  , we have


       ( b − x ) f ( b ) + ( x − a ) f ( a )   b − a   −  1  b − a    ∫ a b  f  ( u )  d u           ≤    1 2    1 − 1 / q   {    ( x − a )  2   b − a      R  − 1     ( α )  |   f ′     ( x )  |  q  +  T  − 1    ( α )    |  f ′   ( a )  |  q    1 / q                                   +    ( b − x )  2   b − a      R  − 1     ( α )  |   f ′     ( x )  |  q  +  T  − 1    ( α )    |  f ′   ( b )  |  q    1 / q   } ,     

















where    R  − 1    ( α )   ,    T  − 1    ( α )    are defined in Lemma 2 and


  B  ( x , y )  =  ∫ 0 1   t  x − 1     ( 1 − t )   y − 1   d t ,  ℜ  ( x )  , ℜ  ( y )  > 0  



(2)




denotes the classical beta function.





Proof. 

For   s ∈ ( − 1 , 1 ]   and   α ∈ ( 0 , 1 ]  , since    |   f ′   |    is decreasing on   [ a , b ]  , by Lemma 1 and the Hölder integral inequality, we have


            ( b − x ) f ( b ) + ( x − a ) f ( a )   b − a   −  1  b − a    ∫ a b  f  ( u )  d u           ≤    ( x − a )  2   b − a    ∫ 0 1   ( 1 − t )   |  f ′   ( t x +  ( 1 − t )  a )  |  d t           +    ( b − x )  2   b − a    ∫ 0 1   ( 1 − t )   |  f ′   ( t x +  ( 1 − t )  b )  |  d t          ≤    ( x − a )  2   b − a    ∫ 0 1   ( 1 − t )    f ′    x t   a  1 − t     d t +    ( b − x )  2   b − a    ∫ 0 1   ( 1 − t )    f ′    x t   b  1 − t     d t          ≤    ( x − a )  2   b − a      ∫ 0 1   ( 1 − t )  d t   1 − 1 / q      ∫ 0 1   ( 1 − t )     f ′    x t   a  1 − t     q  d t   1 / q             +    ( b − x )  2   b − a      ∫ 0 1   ( 1 − t )  d t   1 − 1 / q      ∫ 0 1   ( 1 − t )     f ′    x t   b  1 − t     q  d t   1 / q   .     



(3)







Making use of the   ( α , s )  -GA-convexity of    |   f ′    |  q   , we have


      ∫ 0 1   ( 1 − t )     f ′    x t   a  1 − t     q  d t      ≤  ∫ 0 1   ( 1 − t )    t  α s    |   f ′     ( x )  |  q  +   ( 1 −  t α  )  s    |  f ′   ( a )  |  q   d t           = R  ( α , s )  |   f ′     ( x )  |  q  + T  ( α , s )    |  f ′   ( a )  |  q      








and


      ∫ 0 1   ( 1 − t )     f ′    x t   b  1 − t     q  d t      ≤  ∫ 0 1   ( 1 − t )    t  α s    |   f ′     ( x )  |  q  +   ( 1 −  t α  )  s    |  f ′   ( b )  |  q   d t           = R  ( α , s )  |   f ′     ( x )  |  q  + T  ( α , s )    |  f ′   ( b )  |  q  .     



(4)







By using the above inequalities between (3) and (4) and then simplifying them, we obtain the required inequality (1).



When   s = − 1   and   α ∈ ( 0 , 1 )  , by the inequalities between (3) and (4) and by Lemma 2, we have


            ( b − x ) f ( b ) + ( x − a ) f ( a )   b − a   −  1  b − a    ∫ a b  f  ( u )  d u           ≤    ( x − a )  2   b − a      1 2    1 − 1 / q      ∫ 0 1   ( 1 − t )     f ′    x t   a  1 − t     q  d t   1 / q             +    ( b − x )  2   b − a      1 2    1 − 1 / q      ∫ 0 1   ( 1 − t )     f ′    x t   b  1 − t     q  d t   1 / q            ≤    ( x − a )  2   b − a      1 2    1 − 1 / q      ∫ 0 1   ( 1 − t )    t  − α    |   f ′     ( x )  |  q  +   ( 1 −  t α  )   − 1     |  f ′   ( a )  |  q   d t   1 / q             +    ( b − x )  2   b − a      1 2    1 − 1 / q      ∫ 0 1   ( 1 − t )    t  − α    |   f ′     ( x )  |  q  +   ( 1 −  t α  )   − 1     |  f ′   ( b )  |  q   d t   1 / q            =    1 2    1 − 1 / q   {    ( x − a )  2   b − a      R  − 1     ( α )  |   f ′     ( x )  |  q  +  T  − 1    ( α )    |  f ′   ( a )  |  q    1 / q             +    ( b − x )  2   b − a      R  − 1     ( α )  |   f ′     ( x )  |  q  +  T  − 1    ( α )    |  f ′   ( b )  |  q    1 / q   } .     











The proof of Theorem 7 is complete. □





In Theorem 7, when taking   α = 1   and   s ∈ ( 0 , 1 ]  , we derive the same result as in [6].



Corollary 1.

Under the conditions of Theorem 7, with   α = 1   and   s ∈ ( − 1 , 1 ]  , we have


        ( b − x ) f ( b ) + ( x − a ) f ( a )   b − a   −  1  b − a    ∫ a b  f  ( u )  d u         ≤    ( x − a )  2   b − a      1 2    1 − 1 / q        |   f ′     ( x )  |  q  +  ( s + 1 )    |  f ′   ( a )  |  q    ( s + 1 ) ( s + 2 )     1 / q                                   +    ( b − x )  2   b − a      1 2    1 − 1 / q        |   f ′     ( x )  |  q  +  ( s + 1 )    |  f ′   ( b )  |  q    ( s + 1 ) ( s + 2 )     1 / q   .      













In Theorem 7, when setting   α = s = 1  , we deduce the following integral inequalities of the Hermite–Hadamard type for the GA-convex function.



Corollary 2.

Under the conditions of Theorem 7, with   α = s = 1  , we have


        ( b − x ) f ( b ) + ( x − a ) f ( a )   b − a   −  1  b − a    ∫ a b  f  ( u )  d u               ≤    1 2    1 − 1 / q   {    ( x − a )  2   b − a        |   f ′     ( x )  |  q  + 2   |  f ′   ( a )  |  q   6    1 / q                                                   +    ( b − x )  2   b − a        |   f ′     ( x )  |  q  + 2   |  f ′   ( b )  |  q   6    1 / q   } .      













Corollary 3.

Under the conditions of Theorem 7, with   q = 1   and   s ∈ ( − 1 , 1 ]  , we obtain


        ( b − x ) f ( b ) + ( x − a ) f ( a )   b − a   −  1  b − a    ∫ a b  f  ( u )  d u               ≤    ( x − a )  2   b − a     R  ( α , s )  |   f ′    ( x )  | + T  ( α , s )  |   f ′    ( a )  |                                                 +    ( b − x )  2   b − a     R  ( α , s )  |   f ′    ( x )  | + T  ( α , s )  |   f ′    ( b )  |   .      













By making use of the same method as that in the proof of Theorem 7, we obtain the following integral inequalities for   ( α , s , m )  -GA-convex functions.



Theorem 8.

For some fixed   ( α , m ) ∈ ( 0 , 1 ] × ( 0 , 1 ]   and   s ∈ ( − 1 , 1 ]  , let   a , b ∈  R +    with   b > a   and   x ∈ [ a , b ]  , let   f : ( 0 , max  { b ,  b  1 / m   }  ] → R   be a differentiable function, let    f ′  ∈  L 1   (  [ a , max  { b ,  b  1 / m   }  ]  )   , and let    |   f ′   |    be decreasing on   [ a , b ]  . If    |   f ′    |  q    is   ( α , s , m )  -GA-convex on   ( 0 , max  { b ,  b  1 / m   }  ]   for   q ≥ 1  , then:




	1.

	
When   s ∈ ( − 1 , 1 ]   and   α ∈ ( 0 , 1 ]  , we have


       ( b − x ) f ( b ) + ( x − a ) f ( a )   b − a   −  1  b − a    ∫ a b  f  ( u )  d u             ≤    1 2    1 − 1 / q   {    ( x − a )  2   b − a      R  ( α , s )  |   f ′     ( x )  |  q  + m T  ( α , s )     f ′    a  1 / m     q    1 / q                             +    ( b − x )  2   b − a      R  ( α , s )  |   f ′     ( x )  |  q  + m T  ( α , s )     f ′    b  1 / m     q    1 / q   } ;     



(5)








	2.

	
When   s = − 1   and   α ∈ ( 0 , 1 )  , we have


       ( b − x ) f ( b ) + ( x − a ) f ( a )   b − a   −  1  b − a    ∫ a b  f  ( u )  d u         ≤    1 2    1 − 1 / q   {    ( x − a )  2   b − a      R  − 1    ( α )    |  f ′   ( x )  |  q  + m  T  − 1    ( α )     f ′    a  1 / m     q    1 / q                           +    ( b − x )  2   b − a      R  − 1    ( α )    |  f ′   ( x )  |  q  + m  T  − 1    ( α )     f ′    b  1 / m     q    1 / q   } ,     



(6)













where   R ( α , s )  ,   T ( α , s )  ,    R  − 1    ( α )   , and    T  − 1    ( α )    are defined respectively in Theorem 7 and Lemma 2.





Proof. 

Using (3), we have


       ( b − x ) f ( b ) + ( x − a ) f ( a )   b − a   −  1  b − a    ∫ a b  f  ( u )  d u       ≤    ( x − a )  2   b − a      ∫ 0 1   ( 1 − t )  d t   1 − 1 / q      ∫ 0 1   ( 1 − t )    |  f ′    x t   a  1 − t    |  q  d t   1 / q                       +    ( b − x )  2   b − a      ∫ 0 1   ( 1 − t )  d t   1 − 1 / q      ∫ 0 1   ( 1 − t )     f ′    x t   b  1 − t     q  d t   1 / q   .     



(7)







Making use of the   ( α , s , m )  -GA-convexity of    |   f ′    |  q    on   ( 0 , max  { b ,  b  1 / m   }  ]   once again yields


      ∫ 0 1   ( 1 − t )     f ′    x t   a  1 − t     q  d t =  ∫ 0 1   ( 1 − t )  |  f ′    x t   a  m ( 1 − t ) / m     | q  d t                             ≤  ∫ 0 1    ( 1 − t )   t  α s     |  f ′   ( x )  |  q  + m  ( 1 − t )    ( 1 −  t α  )  s     f ′    a  1 / m     q   d t                              = R  ( α , s )  |   f ′     ( x )  |  q  + m T  ( α , s )     f ′    a  1 / m     q      








and


   ∫ 0 1   ( 1 − t )     f ′    x t   b  1 − t     q  d t ≤ R  ( α , s )    |  f ′   ( x )  |  q  + m T  ( α , s )     f ′    b  1 / m     q  .  











We then substitute the two inequalities above into (7) and simplify the result in the required inequality (5).



Similarly, we can prove inequality (6). The proof of Theorem 8 is complete. □





Corollary 4.

In Theorem 8, if   q = 1   and   s ∈ ( − 1 , 1 ]  , then


        ( b − x ) f ( b ) + ( x − a ) f ( a )   b − a   −  1  b − a    ∫ a b  f  ( u )  d u                     ≤    ( x − a )  2   b − a     R  ( α , s )  |   f ′    ( x )  | + m T  ( α , s )     f ′    a  1 / m                                                      +    ( b − x )  2   b − a     R  ( α , s )  |   f ′    ( x )  | + m T  ( α , s )     f ′    b  1 / m      .      













Theorem 9.

For some fixed   ( α , m ) ∈ ( 0 , 1 ] × ( 0 , 1 ]   and   s ∈ ( − 1 , 1 ]  , let   a , b ∈  R +    with   b > a   and   x ∈ [ a , b ]  , let   f : ( 0 , max  { b ,  b  1 / m   }  ] → R   be a differentiable function, and let    f ′  ∈  L 1   (  [ a , max  { b ,  b  1 / m   }  ]  )    and    |   f ′   |    be decreasing on   [ a , b ]  . If    |   f ′    |  q    is   ( α , s , m )  -GA-convex on   ( 0 , max  { b ,  b  1 / m   }  ]   for   q > 1  , then


       ( b − x ) f ( b ) + ( x − a ) f ( a )   b − a   −  1  b − a    ∫ a b  f  ( u )  d u         ≤     q − 1   2 q − 1     1 − 1 / q   {    ( x − a )  2   b − a        α |   f ′     ( x )  |  q  + m  ( α s + 1 )  B  (  1 α  , s + 1 )     f ′    a  1 / m     q    α ( α s + 1 )     1 / q                       +    ( b − x )  2   b − a        α |   f ′     ( x )  |  q  + m  ( α s + 1 )  B  (  1 α  , s + 1 )     f ′    b  1 / m     q    α ( α s + 1 )     1 / q   } ,     



(8)




where   B ( x , y )   is defined by (2) in Theorem 7.





Proof. 

Since    |   f ′   |    is decreasing on   [ a , b ]  , by Lemma 1 and the Hölder integral inequality, we obtain


       ( b − x ) f ( b ) + ( x − a ) f ( a )   b − a   −  1  b − a    ∫ a b  f  ( u )  d u           ≤    ( x − a )  2   b − a      ∫ 0 1    ( 1 − t )   q / ( q − 1 )   d t   1 − 1 / q      ∫ 0 1    |  f ′    x t   a  1 − t    |  q  d t   1 / q                       +    ( b − x )  2   b − a      ∫ 0 1    ( 1 − t )   q / ( q − 1 )   d t   1 − 1 / q      ∫ 0 1     f ′    x t   b  1 − t     q  d t   1 / q   ,     



(9)




where


      ∫ 0 1    ( 1 − t )   q / ( q − 1 )   d t =   q − 1   2 q − 1   ,        ∫ 0 1    |  f ′    x t   a  1 − t    |  q  d t ≤  ∫ 0 1    t  α s     |  f ′   ( x )  |  q  + m   ( 1 −  t α  )  s     f ′    a  1 / m     q   d t                       =    α |   f ′     ( x )  |  q  + m  ( α s + 1 )  B  (  1 α  , s + 1 )     f ′    a  1 / m     q    α ( α s + 1 )   ,     








and


   ∫ 0 1     f ′    x t   b  1 − t     q  d t ≤    α |   f ′     ( x )  |  q  + m  ( α s + 1 )  B  (  1 α  , s + 1 )     f ′    b  1 / m     q    α ( α s + 1 )   .  











Note that in the above arguments, we used the fact that the function    |   f ′    |  q    is   ( α , s , m )  -GA-convex on   ( 0 , max  { b ,  b  1 / m   }  ]  . Applying the above equality and inequalities into (9) and then simplifying them lead to the required inequality (8). The proof of Theorem 9 is complete. □





Using the same method as that in the proof of Theorem 9, we obtain the following inequalities of   ( α , s )  -GA-convex functions.



Theorem 10.

For some   s ∈ ( − 1 , 1 ]   and   α ∈ ( 0 , 1 ]  , let   f : I ⊆  R +  → R   be a differentiable function on   I ∘  , let   a , b ∈  I ∘    with   a < b   and   x ∈ [ a , b ]  , and let    f ′  ∈  L 1   (  [ a , b ]  )    and    |   f ′   |    be decreasing on   [ a , b ]  . If    |   f ′    |  q    is   ( α , s )  -GA-convex on   [ a , b ]   for   q > 1  , then


       ( b − x ) f ( b ) + ( x − a ) f ( a )   b − a   −  1  b − a    ∫ a b  f  ( u )  d u           ≤     q − 1   2 q − 1     1 − 1 / q   {    ( x − a )  2   b − a        α |   f ′     ( x )  |  q  +  ( α s + 1 )  B  (  1 α  , s + 1 )    |  f ′   ( a )  |  q    α ( α s + 1 )     1 / q                               +    ( b − x )  2   b − a        α |   f ′     ( x )  |  q  +  ( α s + 1 )  B  (  1 α  , s + 1 )    |  f ′   ( b )  |  q    α ( α s + 1 )     1 / q   } ,     








where   B ( x , y )   is defined by (2) in Theorem 7.





In Theorem 10, when   α = 1  , the Hermite–Hadamard-type integral inequality is the same as the result in [6].



Corollary 5

([6]). Under the conditions of Theorem 10, if we take   α = 1  , then


        ( b − x ) f ( b ) + ( x − a ) f ( a )   b − a   −  1  b − a    ∫ a b  f  ( u )  d u  ≤     q − 1   2 q − 1     1 − 1 / q                 ×     ( x − a )  2   b − a        |   f ′     ( x )  |  q  +   |  f ′   ( a )  |  q    s + 1     1 / q   +    ( b − x )  2   b − a        |   f ′     ( x )  |  q  +   |  f ′   ( b )  |  q    s + 1     1 / q    .     














5. Applications to Special Means


For two positive numbers   a , b ∈  R +    with   b > a  , define


     A  ( a , b )  =   a + b  2  ,  H  ( a , b )  =   2 a b   a + b   ,  L  ( a , b )  =   b − a   ln b − ln a       








and


   L r   ( a , b )  = {          b  r + 1   −  a  r + 1     ( r + 1 ) ( b − a )     1 / r   ,     r ≠ 0 , − 1 ;       L ( a , b ) ,     r = − 1 ;        1 e      b b   a a     1 / ( b − a )   ,     r = 0 .      








These means are respectively called the arithmetic, harmonic, logarithmic, and generalized logarithmic means of   a , b ∈  R +   .



Theorem 11.

Let   a , b ∈  R +    with   a < b  , let   0 ≠ r ≤ 1  , and let   q ≥ 1  .




	1.

	
If   r ≠ − 1  , we have


       | A   (  a r  ,  b r  )  −  L r r   ( a , b )   |                ≤   ( b − a ) | r |  2     1 2    2 ( 1 − 1 / q )   [     2  A  ( r − 1 ) q    ( a , b )  +  a  ( r − 1 ) q    3    1 / q                                                 +     2  A  ( r − 1 ) q    ( a , b )  +  b  ( r − 1 ) q    3    1 / q   ] .      












	2.

	
If   r = − 1  , we have


       1  H ( a , b )   −  1  L ( a , b )               ≤   b − a  2     1 2    − 2 / q   [     2  A  − 2 q    ( a , b )  +  a  − 2 q    3    1 / q                                           +     2  A  − 2 q    ( a , b )  +  b  − 2 q    3    1 / q   ] .      



















Proof. 

In Corollary 1, let   x =   a + b  2    and   s = −  1 2   . If   r ≤ 1   and   q ≥ 1  , the    |   f ′    ( x )  | = | r |   x  r − 1     is decreasing on   [ a , b ]  . By Proposition 1, we can derive the inequalities in Theorem 11. □





Corollary 6.

Under the conditions of Theorem 11, with   q = 1  :




	1.

	
If   r ≠ − 1  , we have


    | A   (  a r  ,  b r  )  −  L r r   ( a , b )   | ≤   ( b − a )   | r |      a  r − 1   + 4   [ A  ( a , b )  ]   r − 1   +  b  r − 1    6   ;   












	2.

	
If   r = − 1  , we have


     1  H ( a , b )   −  1  L ( a , b )    ≤  ( b − a )   | r |      a  − 2   + 4   [ A  ( a , b )  ]   − 2   +  b  − 2    6   .   




















6. Conclusions


Integral inequalities are important for the prediction of upper and lower bounds in various aspects of applied sciences such as in Probability Theory, Functional Inequalities, and Information Theory.



In this paper, after recalling some convexities and the Hermite–Hadamard-type integral inequalities, we introduced the notions of   ( α , s )  -geometric-arithmetically convex functions and   ( α , s , m )  -geometric-arithmetically convex functions, established several integral inequalities of the Hermite–Hadamard type for   ( α , s )  -GA-convex and   ( α , s , m )  -GA-convex functions, and applied several results in the construction of several inequalities of special means.







Author Contributions


Writing—original draft, J.-Y.W., H.-P.Y., W.-L.S. and B.-N.G. All authors contributed equally to the writing of the manuscript and read and approved the final version of the manuscript.




Funding


This work was partially supported by the Research Program of Science and Technology at Universities of Inner Mongolia Autonomous Region (Grant No. NJZY20119), China.




Data Availability Statement


The study did not report any data.




Acknowledgments


The authors thank the anonymous referees for their careful corrections and valuable comments on the original version of this paper.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Niculescu, C.P.; Persson, L.-E. Convex Functions and Their Applications: A Contemporary Approach, 2nd ed.; CMS Books in Mathematics/Ouvrages de Mathématiques de la SMC; Springer: Cham, Swizerlands, 2018. [Google Scholar] [CrossRef]

	



Pečarić, J.; Proschan, F.; Tong, Y.L. Convex Functions, Partial Orderings, and Statistical Applications; Mathematics in Science and Engineering; Academic Press, Inc.: Boston, MA, USA, 1992; Volume 187. [Google Scholar]

	



Xi, B.-Y.; Gao, D.-D.; Qi, F. Integral inequalities of Hermite–Hadamard type for (α, s)-convex and (α, s, m)-convex functions. Ital. J. Pure Appl. Math. 2020, 44, 499–510. [Google Scholar]

	



Niculescu, C.P. Convexity according to the geometric mean. Math. Inequal. Appl. 2020, 3, 155–167. [Google Scholar] [CrossRef]

	



Niculescu, C.P. Convexity according to means. Math. Inequal. Appl. 2003, 6, 571–579. [Google Scholar] [CrossRef]

	



Shuang, Y.; Yin, H.-P.; Qi, F. Hermite–Hadamard type integral inequalities for geometric-arithmetically s-convex functions. Analysis (Munich) 2013, 33, 197–208. [Google Scholar] [CrossRef]

	



Dragomir, S.S.; Pearce, C.E.M. Selected Topics on Hermite-Hadamard Type Inequalities and Applications; RGMIA Monographs; Victoria University: Footscray, Australia, 2000; Available online: http://rgmia.org/monographs/hermite_hadamard.html (accessed on 27 September 2022).

	



Wu, Y.; Qi, F. Discussions on two integral inequalities of Hermite–Hadamard type for convex functions. J. Comput. Appl. Math. 2022, 406, 114049. [Google Scholar] [CrossRef]

	



Dragomir, S.S.; Agarwal, R.P. Two inequalities for differentiable mappings and applications to special means of real numbers and to trapezoidal formula. Appl. Math. Lett. 1998, 11, 91–95. [Google Scholar] [CrossRef]

	



Pearce, C.E.M.; Pećarixcx, J. Inequalities for differentiable mappings with application to special means and quadrature formulae. Appl. Math. Lett. 2000, 13, 51–55. [Google Scholar] [CrossRef]

	



Dragomir, S.S.; Toader, G. Some inequalities for m-convex functions. Studia Univ. Babeş-Bolyai Math. 1993, 38, 21–28. [Google Scholar]

	



Kirmaci, U.S.; Bakula, M.K.; Özdemir, M.E.; Pećarixcx, J. Hadamard-type inequalities for s-convex functions. Appl. Math. Comput. 2007, 193, 26–35. [Google Scholar] [CrossRef]

	



Hussain, S.; Bhatti, M.I.; Iqbal, M. Hadamard-type inequalities for s-convex functions, I. Punjab Univ. J. Math. 2009, 41, 51–60. [Google Scholar]

	



Sarikaya, M.Z.; Set, E.; Özdemir, M.E. On new inequalities of Simpson’s type for s-convex functions. Comput. Math. Appl. 2010, 60, 2191–2199. [Google Scholar] [CrossRef]

	



Avci, M.; Kavurmaci, H.; Özdemir, M.E. New inequalities of Hermite–Hadamard type via s-convex functions in the second sense with applications. Appl. Math. Comput. 2011, 217, 5171–5176. [Google Scholar] [CrossRef]

	



Abramowitz, M.; Stegun, I.A. (Eds.) Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables; National Bureau of Standards, Applied Mathematics Series, Reprint of the 1972 edition; Dover Publications, Inc.: New York, NY, USA, 1992; Volume 55. [Google Scholar]












	
	
Publisher’s Note: MDPI stays neutral with regard to jurisdictional claims in published maps and institutional affiliations.











© 2022 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).






nav.xhtml


  axioms-11-00616


  
    		
      axioms-11-00616
    


  




  





media/file0.png





