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1. Introduction and Main Results

We assume that the reader is familiar with Nevanlinna theory of meromorphic func-
tions f in C. In this paper, S(r, f), as usual, denotes any quantity satisfying S(r, f) =
o(T(r,f)) as r — oo outside a possible exceptional set of finite logarithmic measures (see,
for example, [1-3]). The order and the hyper-order of f are defined by

L log T(r, f) loglog T(r, f)
p(f) = limsup logr logr '

r—oo

and p(f) =limsup

r—oo

The motivation of this paper arose from the study of the following equation:
ff+g"=1 @)

over C, where n > 1 is an integer. For n > 2, the entire or meromorphic solutions of
Equation (1) were completely analyzed by Baker [4], Gross [5-7] and Montel [8]. For the
convenience of the reader, we summarize the related results as follows:

Theorem 1. The solutions f and g for Equation (1) are characterized as follows:
(1) If n = 2, then the entire solutions are f = cos(h) and g = sin(h), where h is an entire

iy ,
function, and the meromorphic solutions are f = 1 gz and g = HZ_*ZZ, where [ is a nonconstant
meromorphic function.

(2) If n > 2, then there are no nonconstant entire solutions.
/ /
L2 hz) 1_ ¢ hz)
(3) If n = 3, then the meromorphic solutions are f = W(f)) and g = W\{;)n, where h

is a nonconstant entire function, 173 = 1 and g is denoted as the Weierstrass p — function that
satisfies (')? = 43 — 1 under appropriate periods.
(4) If n > 3, then there are no nonconstant meromorphic solutions.

In 2004, Yang and Li [9] considered the existence of the entire solutions to Equa-
tion (1) with ¢ := f’ and showed that the differential equation f2 + (f')? = 1 has tran-
scendental entire solutions only in the form f(z) = 1(Pe** 4+ £e~%?), where P and « are
nonzero constants.

Axioms 2022, 11, 554. https:/ /doi.org/10.3390/axioms11100554

https:/ /www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms11100554
https://doi.org/10.3390/axioms11100554
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://doi.org/10.3390/axioms11100554
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms11100554?type=check_update&version=1

Axioms 2022, 11, 554

2 0f9

Later, Liu and Yang [10] treated the mixture of f, f" and the shift of f and obtained
two results:

Theorem 2. If w € Cand w? # 1,0, then the equation

frH20ff +(f)? =1 @)
has no transcendental meromorphic solutions.

Theorem 3. If w € C and w? # 1,0, then the finite-order transcendental entire solutions of
the equation

fA(2) +2wf(2)f(z+ ) + fAz+0) =1 ®)
for w € C must be of the first order.

Recently, Xu et al. [11] considered the related questions in C2.1In 2019, Han and Lii [12]
gave the description of meromorhic solutions to the functional Equation (1) when ¢ = f’
and 1 is replaced by e***#, where &, B € C. Now, for f2 + (f')? = e***F, the function f
must be entire, where f(z) = 3" sin(h(z)) and f'(z) = 3" cos(h(z)). Thereby, either
a« =0and i/ =1 or his a constant.

In 2021, Luo, Xu and Hu [13] proved the following two results:

Theorem 4. Let w € C and w? # 1,0, where g is a nonconstant polynomial. If the differen-
tial equation

FP+2wff +(f1)? =ef @

admits a transcendental entire solution f(z) of a finite order, then g(z) must be of the form
g(z) = az + b, where a and b are constants.

Theorem 5. Let w € C and w? # 1,0, where g is a nonconstant polynomial. If the difference equation

[fz+ )P +2wf(2)f(z+¢) + [f(2)]* = &5 ©)

admits a transcendental entire solution f(z) of a finite order, then g(z) must be of the form
Q(z) = az + b, where a, b and ¢ (# 0) are constants.

When viewing the above Theorems, we find that the authors required the restrictive
condition that “p(f) < co”.
Now, a natural and very interesting question will be posed:

Problem 1. Can we characterize the entire solutions of Equations (2) and (3) with pa(f) < 1?
Moreover, what can be said if the polynomial “g(z)” is replaced by “any entire function, for the sake,

say, 2¢(z)?”

In the following paragraphs, we will consider the above questions and obtain the
following results, which improve and complement some related results (see, for example,
Refs. [14-21] and the references therein).

Theorem 6. Let a, b, w (# 0,%1) and c(# 0) be constants, k > 1 be an integer, L(f) =
af(z+c)+bf(z) with (a,b) # (0,0) and g be a nonconstant entire function with p(g) < 1. If
the equation

LA + 20k (F)f P (2) + [fP (2))* = ) ©)
has an entire solution f with po(f) <1, then § = az + B, where o (# 0) and B are constants:
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(1) Ifa = 0, then f is of the form
f(z) =cpe™* or f(z)=coeM +doe" + ¢, (7)
in which wyp* = wyy*.
(2) Ifa # 0, then
f(z) =coe™ +cx or f(z)=coe!* +dpe’* + c, (8)

where ¢y, dy, cx, y and gamma are constants, 20 = pu+y, w1 = —w + Vw? —1and w, =
—w — Vw? — 1. Moreover, ae* +b = wzyk, ae?” +b = wiy*anda+b = 0.

Theorem 7. Assume that g is a constant and the assumptions in Theorem 6 remain the same. If f

is a transcendental entire solution to Equation (6) with po(f) < 1, then

e 1 1
f(Z) _ [ﬁeuz-&-v _ (_u)ke uz v} +Ck/

_wz—wl

Here, ¢y is an arbitrary constant. Moreover, ae™ "¢ +b = wl(—u)k, €' + b = wouk and
a+b=0.

2. Preliminaries

To prove our results, the following lemmas are needed:

Lemma 1 (see, for example, [22]). Let f be a non-constant meromorphic function with p»(f) < 1
and c¢1, ¢co € C. Then, we have

m(r,%) =S(r,f),

outside of a possible exceptional set with a finite logarithmic measure.

Lemma 2 ([2], Lemma 3.3). Suppose that f is meromorphic and transcendental in the plane
and that

[f(2)]"P(2) = Q(2),

where P and Q are differential polynomials in f and the degree of Q is at most n. Then, we have
m(r,P) = S(r, f)asr — oo.

Lemma 3 ([3], Theorem 1.52). Let us say that f; (1 < j < n)and gj(1 <j < n)(n > 2)are
entire functions satisfying the following conditions:
(i) Z}Ll f]-(z)egf(z) =0

(ii) The orders of f; are less than that of e (2)=8k(2) for1 < j<mand1 < h <k < n.
Then,f]-(z) =0forl1 <j<n.

Lemma 4 ([3], Lemma 5.1). Let f be a non-constant periodic meromorphic function. Then,

o(f) > 1.

3. Proof of Theorem 6
Proof. Assume that in Equation (6) exists an entire solution f with p,(f) < 1. Since g is a

nonconstant entire function, f must be transcendental, and Equation (6) can be transformed
to be

[L(f) — i fONL(f) — waf®)] = €%, )
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in which wy = —w + Vw? —1and wy; = —w — Vw? — 1. Therefore, it follows by Equation
(9) that
L(f) — wi f®) = e8P, L(f) — waof®) = e8P, (10)

where p is an entire function. Moreover, Lemma 1 and the logarithmic derivative lemma
tell us that

T(r,e?) = m(r,e?) <m{r,e5) + mr, L(f) @ f ) + (7 f)
wor F(B)
<mr,e) + m(r, )+ m(r, L ZOT2Y s )
ST(r,68) + 10, ) + 50, f),

which through [3] (Theorem 1.14 and the corollary of Theorem 1.19) will give p(p) < 1
because p»(f) < land p(g) < 1.

Now, set g + p = r and g — p = s. Then, using Equation (10), we must have

r_ s ¥ _ .8
_ we’ —wye f(k)(z)f e —e 1)

Wy — w1 ! _wz—wl’

L(f)

Thus, by the definition of L(f) and Equation (11), we obtain
ae" ) — qesZH) (b — prwn)e’® + (prwy — b)e’?) =0, (12)

in which po = (') + pr_1(+'), pr_1(r') denotes a differential polynomial of ' with
degpr_1(r') < k—1and p; = (s')F + pr_1(s’), where py_1(s’) denotes a differential
polynomial of s’ with deg px_1(s") < k — 1. Obviously, p(p1) < 1 and rho(pz) < 1.

Case 1. Suppose that a = 0. Then, Equation (12) becomes
(b= pawp)e = 4 preoy —b =0, (13)
which yields 7(z) — s(z) = 2p(z) as a constant when b — pyw; # 0.

Now, we deal with the case where b — pjw; # 0, and thus r(z) —s(z) = 2p(z) is a
constant. Thereby, we have ¥’ = s’ = ¢/. If we let r(z) — s(z) = 2p(z) = 7, where T is a
constant, then by Equation (13), we deduce that

(w1 — we™) () + (w1 — wae") pr_1(g') + b(e" —1) = 0. (14)

Since b # 0 and w; # wy, it is easy to see that wy — wye” # 0. Thus, if ¢’ is a
transcendental entire function, it follows by Equation (14) and Lemma 2 that m(r, §') =
S(r,g"), which is impossible. Consequently, ¢’ is a polynomial. Moreover, Equation (14)
tells us that ¢’ is a constant, and we set ¢(z) = az + B. By Equation (11), we obtain

B w26a2+ﬁ+’r/2 o wleaz+ﬁ—r/2

L(f) =bf(2)

Wy — w1

and

f(z) = coe™,

where ¢ is a nonzero constant.
Next, we assume that b — ppwy = 0. Then, b — pyw; =0, and

b
(") + pra(s’) - o =0
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which, combined with Lemma 2, gives m(r,s’) = S(r,s’) if s’ is a transcendental entire
function. This, of course, is impossible. Thus, s’ must be a polynomial. In the same
arguments, we obtain that 7’ is also a polynomial. Thereby, using b — pow, = 0 and

b — pyw; = 0, and again, a simple computation shows that 7" and s” are constants. Thus,

we can set s(z) = yz+6,r(z) = yz+vand g(z) = (7+y)++5+v =: az + B, where 7,6, u

and nu are constants. Moreover, it follows from b — ppwr, = 0 and b — pyjw; = 0 that
wop* = wy9*. This shows that ¢ # y, and we can deduce that p(z) = W. In this
case, by Equation (11), we have

cUzeyz—&-v —w e"rz+<5

fz) =

= copet® + dpe?,
b(wg—wl) coe”” +dpe

where ¢j and d are nonzero constants and w; ;4" = wyyk.

Case 2. Assume that a # 0. When applying Lemma 3 to Equation (12), we find at least
oneof r(z+c) —s(z), r(z+c) —r(z), r(z+c) —s(z+c), s(z+c¢) —s(z) ors(z+c) —r(z)
is a constant.

To prove our result, the following cases will be considered:

Subcase 2.1. Suppose that (z + ¢) — s(z) is a constant, such as A. Thus, Equa-
tion (12) gives

ae?t — ges(zt)—s(z) 4 (b— pzwz)er(z)_s(z) + pw1 —b=0. (15)

Since a # 0, then by applying Lemma 3 to Equation (15) again, we then see that at
least one of s(z + ¢) — s(z), r(z) — s(z) or s(z + ¢) — (z) must be a constant.

Let us first consider the case where s(z + ¢) — s(z) is a constant, which immediately fol-
lows that s’ (z) is a periodic function. Note that we have proven p(s) < 1, and consequently,
Lemma 4 yields that s’(z) is a constant, such as y. Thus, s(z) = yz+ 3. By r(z 4+ ¢) — s(z) =
A, we can obtain r(z) = yz+v, and g(z) = Wf”m =vz+ "% := az + B, where &
and nu are constants. Moreover, it follows by 2p = r — s that p is also a constant. Again,
with the help of Equation (11), it is easy to see that

eStP — e8P el —e P

(k) _ _ az+p
frE) Wy — wq wz—wle !

which gives
f(z) =coe® + 12+ ozt (16)

where ¢y (# 0), ¢1,- - -, ¢x are constants.
By substituting Equation (16) into the first expression of Equation (11), we have

acoe" ) acy (z + ) acy(z + )24 - +ack_q (z + ¢) + acy

KZHV wleaertS (17)

woe

+beoe™ + berz" N+ bopZt 2 4 - bog_1z + beg =
Wz — wi
If k = 1, then Equation (17) implies (a + b)c; = 0 for an arbitrary constant ¢;, and
thus a + b = 0. In this case, we see that the conclusion for Theorem 6 is true. If k = 2,
then Equation (17) gives (a + b)c; = 0 and (a+ b)cp + acc; = 0, and ac # 0 will show that
¢1 = 0and a 4+ b = 0. Thus, the conclusion of Theorem 6 is valid.
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If k > 3, then Equation (17) leads to the following relations:
(a+0b)c; =0,
(k—=1)acci + (a+b)c; =0,
...... (18)
(k—1)ac*2c; + (k — 2)ac* 3¢y + - -+ 2accp_» + (a +b)cr_q = 0,
ac*ley +ac" 2y + - 4 accr_q + (a+b)cx = 0.
Trivially, it follows by Equation (18) and ac # Othatcy = --- = ¢, =0anda+b =0.

Thus, we have
f(z) = coe™ + ¢,

where ¢y is an arbitrary constant. The conclusion of Theorem 6 follows.

Using exactly the same method as above, Equation (16) still holds when r(z) — s(z) or
s(z+¢) — r(z) is constant. Thus, we see that Theorem 6 holds.

Subcase 2.2. Suppose that r(z + ¢) — r(z) is a constant, such as B. Then, '(z) is a
periodic function, and Lemma 3 yields 1’(z) as a constant, such as . Thus, r(z) = uz +v.
In addition, Equation (12) becomes

ae® — szt (@) L p paws + (prwr — b)es(z)_’(z) =0. (19)

Because of the discussion in Subcase 2.1, we can assume that 7(z + ¢) — s(z) is not
constant. Now, by applying Lemma 3 to Equation (19), we deduce one of s(z + ¢) —
r(z), s(z) —r(z) or s(z + ¢) — s(z) must be a constant because a # 0.

First, if s(z 4 c¢) — r(z) is a constant, then s(z) = pz + J, which is not inconsistent with
our assumption that r(z + ¢) — s(z) is constant. Therefore, this case cannot occur.

Secondly, if s(z) — r(z) is a constant, then it follows by r(z + ¢) — r(z) = B that r(z +
c¢) — s(z) is a constant, which is not inconsistent with our assumption that 7(z 4+ c) — s(z) is
constant. This case cannot occur.

Lastly, if s(z + ¢) — s(z) is a constant, then Lemma 4 and p(s) < 1 mean that s’ must be
a constant. Consequently, we have s(z) = vz + J and g(z) = wfﬁﬂv
6, u and nu are constants. In this case, through Equation (11), we have

=: az + 3, where

f(z) = coe" +doe"? + 12V + -+ o1z 4 (20)

where ¢q, dg, ¢1,- - -, ¢, are constants and ae* + b = wzyk, ae" +b= wlfyk.
By substituting Equation (20) into the first expression in Equation (11), we have

acoe @) 1 adoe" ) 4ac (z+ ) - a1 (z + ) 4 acy
wz+6 (21)

W™ TV — wqe

+begel® + bdge? + be 2K 4 - beg_qz 4+ bey =
Wy — w1

Using the same method as that for Subcase 2.1, it follows by Equation (21) that

f(z) = coet* + doe"* + ¢y,

where ¢, dg and ¢, are constants and a + b = 0, and thus Theorem 6 follows.
Subcase 2.3. Suppose that r(z + ¢) — s(z + ¢) is a constant, such as D. In this case,
p(z) = D/2is a constant. Now, using r(z) = s(z) + D, we change Equation (12) into

aeP — a+[(b— prwy)eP + (prwy — b))e® =5 =, (22)
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In the following, according to Subcase 2.1 and Subcase 2.2, we can assume that
r(z+c) —r(z) and r(z 4 c¢) — s(z) are not constants. Clearly, by r(z) = s(z) + D, and since
r(z+¢) — r(z) is not a constant, we know that s(z) — s(z + ¢) is not a constant. Therefore,
from Equation (22), we obtain ae” —a = 0 and (b — pawy)eP + (p1w; — b) = 0. Since a # 0,
then we obtain e = 1 and

pawr = prws. (23)

Now, based on p being a constant, the expressions for p; and p; and Equation (23),
we obtain

(w2 —w1)(§)* = pr_1(g)), (24)

where py_1 denotes a differential polynomial of ¢’ with deg py_1(g’) < k — 1. It follows
from Lemma 2 and Equation (24) that § = az +  with constants «(# 0), B, and accordingly,
it follows that both s and r are polynomials of one degree, which is, of course, impossible
since 7(z + ¢) — s(z) is not a constant.

Subcase 2.4. Suppose that s(z 4 ¢) — s(z) is a constant, such as ¢. In the following, we
can assume that (z +¢) — r(z), r(z + ¢) — s(z) and r(z + ¢) — s(z + ¢) are not constants.
Now, we change Equation (12) into

ae"+)=5@) _ gel 4 (b — ppws)e’@D ) 4 prwy —b = 0. (25)

Since a # 0, it is easy to see that by Lemma 3, Equation (25) does not hold. Hence,
Subcase 2.4 cannot occur.

Subcase 2.5. Suppose that s(z 4 ¢) — r(z) is a constant, such as ¢. In the following, we
can assume thatr(z +c) —r(z), r(z+c¢) —s(z), r(z+c¢) —s(z+c) and s(z + ¢) —s(z) are
not constants. In this case, Equation (12) can be rewritten as

a ) — a6l (b~ pacn) + (prewoy — )T = 0. @)

Now, by resorting to Lemma 3 and a # 0, we can conclude that Equation (26) is invalid,
and hence Subcase 2.5 is ruled out.
Therefore, the proof of Theorem 6 is completed. [

4. Proof of Theorem 7

Proof. First of all, using the methods with which we proved Theorem 6, we have Equa-
tion (11). Clearly, p is not a constant because g is a constant and f is a transcendental entire
function. On the other hand, by examining the proof of Theorem 6 carefully, we find that

aep(z+c) — aefp(ZJ"C) + beP(Z) — beip(z) — wz [ep(z)](k) — wl [efp(z)](k) (27)
It follows from Equation (27) that
aeP(Z""C) — ae_P(Z‘H) + [b — wzpz]ep(z) + [wlpl — b]e_p(z) = 0, (28)

where p1 = (=1 (p)* + Qi(p'), p2 = (p)* + Qa(p'), and Qi(p’) and Qa(p') denote
differential polynomials of p’ with deg Q1 (p’) < k—1and deg Q2(p') < k—1.

If 2 = 0, then Equation (28) yields b — wyp; = 0 and b — wypy = 0. Thus, due to
Lemma 2, p’ must be a nonzero constant. However, using b — wyp; = 0and b — wypy =0,
we have w; + (—1)Fw; = 0, which is impossible. Consequently, a # 0. Now, by applying
Lemma 3 to Equation (28), we find that p(z + ¢) — p(z) is a constant. Let p = uz + v and
8 = A, and Equation (11) gives f*)(z) = ﬁ(e””” — e "*77). Thus, we have

1 Cur -
f(Z) _ {Jeubﬂi _ We uz v} + C]Zk 1 4t o1z + (29)
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in which ¢y, - - - , ¢ are arbitrary constants. Moreover, Equation (28) suggests that
ae" +b—woulX =0, ae " +b— (=1 wuk = 0. (30)

By substituting Equation (29) into the first expression of Equation (11) and using
Equation (30), we have

aci(z+ o)V facy(z+ )2+ - +acg_1(z +¢) + acy

(31)
+bc1 2K 4 b2 - beg_qz + be = 0.

Trivially, using the same method as that in Subcase 2.1, it follows from Equation (31)

and ac # O thatcy = -+ = ¢_1 = 0and a + b = 0. Therefore, we obtain
— A 1 uz+ov 1 —Uuz—ov
fz) = wy — w1 [uk (—u)ke } + o

in which ¢ is an arbitrary constant, and the conclusion of Theorem 7 follows.

Thus, the proof of Theorem 7 is finished. O

Finally, we would like to pose the following question:

Open question: Let m (> 2), n (> 2) and k (> 1) be integers and ¢(# 0) and w (#
0, £1) be constants. Suppose that g is a nonconstant entire function with p(g) < 1, where a
and b are polynomials with (a,b) # (0,0) and L(f) = af(z+c) + bf(z). If the equation

LA™ + 20k (f) f O (2) + [f B (2)]" = )

has an entire solution f with p,(f) < 1, can we find the concrete expression of f?

5. Conclusions

Using Nevanlinna theory, this paper provides two new results which extend and
improve some related results. Bringing about our results from the more general hypotheses
without complicated calculations will probably be the most interesting feature of this paper.
Finally, one more general open question is posed in this paper for further study.
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