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Abstract: The identity o Fy (a, 8;20;z) = (1 — %)7/5 2F1(§/ %;tx + %; (22:)2) given, either by LS.
Gradshteyn and I.M. Ryzhik in Table of integrals series and products named 9.134 or in the handbook
“mathematical functions with formulas, graphs and mathematical tables” done by Abramowitz-
Stegun named 15.3.20 or in the book “special functions” done by G. Andrews, R. Askey and R. Roy
named 3.1.7 page 127 with a slight modification is true provided that {2a + 1, a + 3} are not natural
numbers and & — f is not an integer (see Gradshteyn, Ryzhik, 9.130). In this manuscript we consider
a case where & — f8 is an integer by taking B = 2a, « = —n + 1. We give and prove the right identity

for any positive integer a and for any any positive integer n.

Keywords: hypergeometric functions; quadratic transformation; hypergeometric series with finitely
many terms and hypergeometric series with infinitely many terms

MSC: 33C05; 33D15

1. Introduction
The Gaussian hypergeometric function (GHF) 5 F; (a, b; ¢; z) is a series defined by
n (b ) nz"

> (a) abz
Fi(a,b;cz) =) ~—~——~——=1+—
2 1( ) r;) (c)nn! C

ala+1)b(b+1)z?
2c(c+1)

+...,]zl<1, Q)

with ¢ # 0,—1,—-2,... and where (a), is the Pochhammer symbol (or shifted factorial)
defined by
@)y =a(a+1)(a+2)...(a+n—-1),n>1, (a)p=1.

First, we point out that the GHF has many interesting applications including but not limited
to [1] where the authors used the GHF to develop a safe and secure Bank locker system for
Banks.

Second, we also want to point out that the quadratic transformations which relate
two hypergeometric functions (with the variable in one and a quadratic function of the
variable in the other), are true under some condition. In fact, in [2], page 1008, 9.130 authors
wrote “The series » Fi («, B; 7; z) defines an analytic function that, speaking generally, has
singularities at the points z = 0, 1, and co. (In the general case, there are branch points).
We make a cut in the z—plane along the real axis from z = 1 to z = oo ; that is, we require
that | arg(—z) |< 7 for |z| = 1. Then, the series »F; («, B; v; z) will, in the cut plane, yield a
single-valued analytic continuation, which we can obtain by means of the formulas below
(provided 7 + 1 is not a natural number and « — § and v — « — § are not integers). These
formulas make it possible to calculate the values of F in the given region, even in the case
in which |z| > 1. There are other closely related transformation formulas that can also be
used to get the analytic continuation when the corresponding relationships hold between

w,B,7".
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The identity

2Fi (&, B;20;2z) = (1 — %)71} 2F1(§, 'B—Zi_l;w-i- %?(i)z) ()

given in

¢ LS. Gradshteyn and I.M. Ryzhik in Table of integrals series and products [2] named
9.134,

¢ the handbook “mathematical functions with formulas, graphs and mathematical
tables” done by Abramowitz-Stegun [3] named 15.3.20,

*  in the book “special functions” done by G. Andrews, R. Askey and R. Roy [4] named
3.1.7 page 127 with a slight modification

is true provided that {20 +1, a + %} are not natural numbers and & — f is not an integer
(see [2],9.130, [5]). For generalized hypergeometric function see [6], page 312, (6.1).
Some people considered one of the cases where one of these conditions is not fulfilled
for instance [7] where authors found an interesting result connected with the sum of 3F2
((16 —17) page 78).

In this manuscript we consider a case where « — B is an integer by taking f = 22,04 = —n+1.

Replacing i by z and we prove that for any positive integer a the above identity (2)

becomes
1 3 5 1 +2z
F N+ 5;2°) = ———-oF(2a,—n+1,-2n+2;, —).
2hi(a,a+ 5 —n+ 527 ek 1(20, —n+1;,-2n+2; =) ®3)
and we prove that this identity (3) remains true for n = 0 but for n = 1 the above identity
becomes
11 , 1 2yl (1+a)z2 1 F(1—-a,3 - a3 %)
ZFl(a/a‘F*}*}Z ): 2a :F 1 = 7
2 (1+2) [(a)l(5)(z2 —1)%

and should be written, for n > 2, as

1 3 1 12z 2yl (n+a)z2"" 23 F(1—a,3 —n—a;3;%)
Fi(a,a+ s, —n+2,2°) = ———-2F1(2a, —n+1;, -2n+2; =,
2 1( ) 7 2 1( 1:|:Z) r(a)r(n_%)(ZZ_l)rH»Zafl

2 2 (1+2)2
Let us prove first that (3) is not true for any positive integer a and for any integer n > 1.
The left hand side (LHS) of the identity (3) is well defined and is a series with infinitely
many terms, whereas, in the right hand side RHS ,F;(2a, —n+1; —2n + 2; + I Zj'tz Z) rises
two situations:

e  cither the series

2z
F(2a, — 1;,-2 2,
2F1(2a,—n+1;,-2n+2; 1iz)

is well-defined as it is a series with finitely many terms since the summation is only
fork =0,.,n —1, and the fact that —2n + 2 is also a negative integer does not do any
harm,
* or
2z
=

is also a series with infinitely many terms by taking the limit as u tends to zero of

oFi(2a,—n+1,-2n+2;+

2z)
1+z”

2Fi(2a,—n+1—u;—2n+2—u;+



Axioms 2022, 11, 533

3o0f11

(z2 — 1)u,(11) =

In this contribution we begin to prove that fora = 1and & = —n + 3, n > 2 the identity (3)
is not true in both situations then we prove that the identity (3) is not true for any positive
integeraand o = —n + %, n > 1 (n integer) and taking into account

(@) 2/l (n+a)z? 23 ,F(1—a,—n—a+ %,%,zlz)
u =
" T(a)T(n — 1)(22 — 1)n+20-1

(4)

the identity (3) should be written as

1 3 oF1(2a, —n +1; —2n 4 2; £%)
2Fi(a,a+ 5N + 5;22) = B =22 4 ui(’la)r n=2, @)

with, for n = 0 and for any positive integer a we have

1 22

13 2

and for n = 1 and for any positive integer a we have

11 2)_ 1 (a)

2F1(ﬂll+2 2 - (1:|: )211 Fuqy’,

please note the difference between + and F.

Remark 1. Throughout this manuscript we use the notation (4).

2. TheCasea =1
Taking into account the value a = 1, the LHS of (3) becomes

3. 3.2
2F1(11§/ 1’l+2,Z )
and the RHS of (3) as

1 +2z
(1i )2 2F1(2 n+1,-2n+2; 1+2 )

Theorem 1. For a = 1, the identity (3) remains true for n = 0 and should be written as

3. 3 2\ _
ZFl(lrEr_n+§lz )_

oF(2,—n+1-2n+2 1) |
+uy’, n>2 6
(1+2)2 s 1= ©)

where u,,’ = and should be written as

(1) n(2
(z

1
=527 = DL Iliugl)fornzl.

Proof. Let us consider the two term recurrence relation

2n
(5= Dan = 57

22, 1, n > 3. )

The sequence u,gl) tulfils (7). Moreover, The sequence ug,l) fulfils (7) with n > 1. In fact

(2 1) n(2z)%n-1 _ n(2z)?(2z)%3 _ 2nz? u(1)1/ -
GriE -t EERE G2 1y =3
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3 3
Now, we prove that the rational functions 2F (1, 5N + 5 ;2%)  and
F(2,-n+1;-2n+2;£&
2hi( 1+ 27 riz) fulfil the following two term recurrence relation (with a
slight modification of (7))
2
(2% = 1)a, = ﬁzzan_l -1, n>3. (8)

®  The rational function ,F; (1, % ,—n+ %; z?) fulfils (8). Moreover, this rational function
2Fi(1,3; —n + 3;22) fulfils (8) with n > 1, in fact

(22 = 1) 2R (1, %; —n+ g;zz) - ani 322 2R (1, g; —(n—=1)+3;2%)

(2 (3 2k 2 () 2k
EVLC D s B

_ G 203k >2k+2 G x
k20<<—n+3>k @) E D

_ Gk 2n(3)x  Gn >22k+2_l:_1
1§o<(—”+§)k 2n=3)(=n+3)k (=143 '

in fact, using (z+ 1), = (z —;— ") (2)n and (z)41 = (z +n)(2)n, we get
S 2n(3)x _ Ben
(—n+3x  @n=3)(=n+3k (=n+3)kn

3k 2n(3)(=n+3) (3 +h) Gk

T (it @n-3)(—nt34k)(—n+dx (—n+3+k)(-n+d)y >

. Now, we prove that the rational function

2F(2,—n+1-2n+2, F£)
(1+z)?

fulfils (8). Note here that this proof is only true for n > 3. We begin by a change of
variable, for the + sign, we assume

L=z ©
y z+1
whereas for the — sign, we assume
1 -2z
y  —z+1

For the + sign, proving that the rational function

2F1(2,—n+1;—2n +2; 12)
(1+2)2

fulfils (8) proves

y_lel(z,—n+1;—2n+2;$)— n

1
——HF(2,— 2, -2 4, —) = —1. 1
2(2n_3)y2 2 1( ,—n+2; n-+ Iy) (O)
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Let us expand the LHS of (10). Please note here that our hypergeometric is a series
with finitely many terms. Some computations lead to

2(—n+1);  3(-n+1) n(=n+1),1
B (1 + (=2n+2)1y + (=2n+2)y%2 7 (-2n+ 2)n1y”—1>
1 2(—n+1) 3(—n+1); n(—n+1),_1
+<y + (—2n +2)1y? + (—2n+2)13 et (2n+2)n1y”>
n 1, 2(-n+2); | 3(-n+2) (n—=1)(=n+2)n
- 2(2n—3) (yZ + (—2n+4)1y3 ' (—2n +4) teet (—2n+4), _oy" )

Thus, using
z2z+1D)u-1=(2)n, @)nt1 = (2+n)(2)n,
the coefficients of %, 0<k<n-2, are
y
ooon (k+)(n+2) (k+3)(-n+ 1)k | (k+2)(=n+ 1)k

22n—3) (=2n+4) (=20 +2) (=21 +2)g4q
_ nlk+1)(=2n+2)(=2n+3)(=n+ 1) (k+3)(=n+k+2)(—n+1)k
N (=2n+k+3)(—2n+42)k1

C2(—n+1)(2n —3)(—2n + k+3)(—21n + 2)41
Jr(k+2)(—n+1)k+1 (= + 1)k < n(k+1) (k+3)(—n+k+2)

(=21 +2)k 41 (=21 +2)k 41

(C2n+k+3)  (—2ntk+3) +(k+2)>

which is identically zero. The remaining terms are

o241y 1
(=2n+2)y "y
and
n(-n+1),1 n (n—1)(—n+2),—2 _

(“20+ 2,1y’ 22n—3) (“2n+4), 2"
The same steps should be followed for the — sign.

To finish the proof of the Theorem, it should be pointed out that, when the rational
3 Fi(2,—n+1;-2n+2; =
functions ,F(1, g;—n+ 5;22) and 2f1( )

e "1=27 fylfil (8), then subtract-
ing the two quantities, we get
£ 3 3 5, 2R -n+1L-2n+2#E)
2](,5,_71—"5,2)— (1:‘:Z)2
fulfils (7) (the (—1) cancels) and
3 3 5 3zt4622-1
2P1(1151*2+§/Z )_ (2271)3 ’
2FI(2, 24+ 1-4+42;7%5) 3241
(1+2)2  (z+1)¥
(1) 8z° 326221 3z+1 8z°
Uy = g With — 5=y — 3z 13 =
(z2-1) (z2-1) (z+1) (z22-1)

With this achievement, we have proved that in situation one, where we considered the se-
ries

2z
Fi(2a, — 1, -2 2, +—
2Fi1(2a, —n + n+ 112)
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is well-defined as it is a series with finitely many terms since the summation is only for
k=0,...,n—1, the fact that —2n + 2 is also a negative integer does not do any harm as
the identity (3) is not true. O

2.1. The Case a = 1 and n = 2 for the Second Situation

The situation where

2yz
1+vz

is a series with infinitely many terms by taking the limit as u tends to zero of
2Vz
1+z

is, also wrong. In fact, with the + sign (same steps for the — sign), the identity (3) is false
fora =1and n = 2. In fact

oFi(2a,—n+1,-2n+2;+

)

oFi(2a,—n+1—u;,—2n+2—u;+

)

1 1 4 21
2F(1L,142;,—5;2%) = (32" + bz )

272777 (142)3(z—1)%
On the other side, we have

2z . u(z—1)+2(3z—-1)

(1+Z)*22F1(2,—1—u,‘—2—u;1+Z)_ (2+u)(z_1)3
In fact,
(1+ 2)72 2F(2,-1—u; -2 —u; 12%) =(1 +Z)72 L (%)_k;—_lu—)kblgk(lfz)k
- +Z)_2k§) (kjL(i)z(:luiu)k(lzjz)k =(1 +Z)‘2<1 + 2((__21__;)) (12;)l

3(—1—u)(—u) ( 2z 4(-1—u)(—u)(—u+1),6 2z
(—2—u)(-1—u) 1+z (=2 —u)(=1—u)(—u)
+5(—1—u)(—u)(—zH—1)(—144—2)( 2z )4
(—2—u)(—1—u)(—u)(—u+1) ‘1+z
6(—1—u)(—u)(—u+1)(—u+2)(—u+3), 2z
(—2—u)(—1—u)(—u)(—u+1)(—u+2)

+ )+

—~

)k, (11)
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Using (for | z |< 1)

1 z z(z+1
L= Lk = g LR = _(i _+1)§

k>0 k>0

we have the desired result.
u(z—1)+2(3z-1) 3
@tuE-17 °© 2(z-1)

When u goes to 0,

(3z% + 622 — 1)
(14+2)3(z—1)%

2.2. Appendix

Here is a Maple instruction for the case a = 1-theorem:
> restart;
> on :=n — hypergeom([3/2,1],[—n +3/2],x%);
> wn :=n — 1/(1+x)? * hypergeom([2, —n +1],[-2xn +2],2 % x/(1 + x));
> un:=n— nx* (2% x)2" 1/ (binomial 2 n —2,n — 1) * (x? — 1)"+1);
> factor(simplify(vn(0)-wn(0)));
> factor(simplify(vn(1)-wn(1)+un(1)));
> factor(simplify(vn(2)-wn(2)-un(2)));
> factor(simplify(vn(3)-wn(3)-un(3)));
> factor(simplify(vn(4)-wn(4)-un(4)));

o O O O o

3. Resolution of an Isolated Case of the Identity for a € N
In the sequel, taking into account a € N, we write the LHS of (3) as

1 3.2
ZFl(aru+§r 7’l+2,Z )
and the RHS of (3) as
1 +2z
m zFl(Za; —n —+ 1/ —2n +2, E)

Theorem 2. For a € N the identity (3) remains true for n = 0 and should be written as

3 5, oF(2a,—n+1;-2n+2; )

I _ 'TEz (a)
2F1(a,ﬂ+§,—n+§,2)— (1i2)2a :l:un /”22/
and should be written as
1

11
2Filant 597 = oy o =1

Please note the difference between + and F.

Proof. The following proof does not include the case where a € R\N and this case remains
an open problem. For 4, any positive integer, we consider the following relation

_2n+4a—4

53 22f(n—1,a) = f(n,a—1), n > 2. (12)

(22 = 1)f(n,a)
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a1 . £z
We prove that »F; (a,a + %; —n+ %,‘ zz), 2h1 (20, 1(1;1 2)2;+2,1 £2) and u,(za) fulfil this relation (12).

*  Let us begin by proving that uSZ) fulfil this relation (12).

In fact, for n > 2, we have

2_qy,@ _2mt4a—4 5 @ o @)
(z7 —1)uy 7271_3 u, 1 +uy

_ (2271)2\/%1"(114-{1)22”*2”*3 2F(l—a,—n—a+3%3%)
I'(a)T(n— %)(Zz — 1)n+2a-1
72n+4a—4222ﬁr(n—1+a) Z2" 205 )k (1 —a, n—a—i—%;%;zlz)
2n—3 [(a)T(n— ,)(Zz — 1)nt2a-2
+2fr(n+a—1) 225 R (1—a+1, n—a+g;g;ziz)

T(a—1)T(n— %)(z2 —1)n+2e-3

7

which becomes
2yl (n+a)z?"2 3 F(1—a,—n—a+5;3; %)
I'(a)T(n— %)(Zz —1)n+2a-2
_(2n+4a-—4) 2/l (n—1+a)z?"2 3, F (1 —a,—n—a+ %; %; ZLZ)
(2n —3) T(a)T(n— %)(Zz — 1)nt2a-2
+2\/Er(n +a—1)Z2"TH R (1—a+1,—n—a+3;3 %)
T(a—1)T(n—1)(z2 —1)nt2a-3

7

which becomes
2 T -1 2n+2a—5 -1 2
& (n—Hl1 )z ( (n+a ; )z 2F1(17a,7n7a+§;§;12)
1—-<a_1)r(n_§)(z2_1)n+2a—3 (a—1)(z2-1) 2°2°z
z2 531 531
- 20-2) ——— = h(l—a,—n— YEYEe) F2—-a—n-— 55 3) )
nr2u - e - ety ) T hl2 e “+22z2)>
to prove that this expression vanishes, it is equivalent to prove that
(n+a—1)z> 331 (n+2a —2)z? 531
s 2F(1—a,—n— =) — 75—~ 2F(1—a,—n— ==
w-nE_n et G - oo h e a5
531
+2F1(2—ﬂ —n—a+§,§;27),
also vanishes. It is equivalent to prove that
331 531
(n4+a—1)z2,F (1 —a, —n—a+§,§,z—2)—(n+2u—2)z 2Fi(1—a, —n—a—i—i,i;z—z)
=) (P2 =1)2R(2—a—n—a+ 221y~
272" 22
Let us write this last expression as
331 531
_ 2 gy Pl W _ gy v.2L 2
(n+a—1)z"2F(1—a,—n a+2,2,22) (n+2a—2)22 ,F (1 —a,—n a+2,2,22)
531 531
-1 FF2—a,—n— == —)— (a— -
—|—(ﬂ )Z 2 1( a,—n a+ 2r2r22) (ﬂ 1)21:1(2 a, — ﬂ—|—2,2,22)
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which becomes
ai“‘“)k(‘”‘”“‘%)k 1 <(n+a—1)(—n—a+§)_(n+2a_2)
k=1 ($x ki(z2)k1 (—n—a+k+3)
o (—atk) 531
+(ﬂ ].)W (ﬂ 1) 2F1(2 a,—n ﬂ—'—i E 27)
which becomes
“d(l—a)y(-n—a+3) 1 k(2k+1) 53 1
- _1 F 2_ - =i~ )
=1 (3)« k!(z2)"‘1<(2n+2a—2k—3)> (@=1)2h(2-a—n—a+3:55)
which is
(1 —a)y(—n—a+3) 1 ( (3+k-1) > 53 1
—(a=1)F(2—a,—n—a+=;=; =),
k:zi (3) (k=121 (n+a—k-3) 22 22

which is exactly zero.

*  Second, let us prove that »F;(a,a + % s—n+ % ; 22) also fulfil the relation (12). In fact,
for n > 2, let us prove that

1 3 2n+4a —4 1 5 1 3
2 _ . v.2 P . v.2 _ . VL2
(z2=1) 2F(a,a+ 7tz ) — =3 ? 2Fi(a,a+ 7tz )+ 2F(a—1,a YR )=0,

equivalently, we prove that
(22_1)2wxik 2(“_1)k(”_%)kx2k 2n +4a — 3k x

4 2
k>0 (—n+3) K k>0 (-n+3) K 2n—3 kg() ”+ ) K

The left-hand side becomes

27 (a)(a+ L <(n+k+3)+(a—1)(a—;) (a+k)(a+k+;)>xzk
)

S0 (—n+3)(—n+3)

(k+1) (k+1)
which is exactly

k!

2 (@)l + 3)k j <n2a+2>x2k

S0 (—n+3)(—n+3)k k!

which is exactly the right-hand side.
®  Third, let us prove that the rational function

2Fi(2a,—n+1;-2n+2;, %)
(1+z)?

fulfils (12). Using the same change of variable (9), and taking into account the + sign,
we claim that: proving that the rational function

21:1(2, —n+1,-2n+2
(1+2)2

’1+z)

fulfils (12) is equivalent to prove that

(2y —1)%2 1 1
T (y—1)2F(2a,—n+1;, -2n+2; ?) —yoF(2a—2,—n+1,-2n+2; g) (13)
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should be equal to

(2n +4a —4)(2y — 1)%*2
(2n —3)(2y)>

The expression (13) becomes

1
2Fi(2a,—n+1;-2n+2; g) (14)

_(Zy_1)2a—2 (_1+(y_1)"21(2a) p(—n+1) 1 nil (2a —2)(—n+1); 1 )

22024201 = (—2n +2); kly yk:1 (=2n+2); W

this expression becomes

Gy 2 @a(nt ) 11 (a-2)a-1)
2202201 <k_l{ (—2n+2); (k=D 1k k(a+k—2)2a+k—1)

~@a)ga(=n+1)g 1 } (2a),-
(—2n+2)k1  (k—1)yk1 (-

1(=n+1)n 1 )

—2n+2), 1 (n—1)lyn-1

some simplifications lead to

(2y — 1)22 (=L (2a),(—n + 1)k 1 1 (2a —2)(2a — 1)
22024201 ( (—2n+2);  (k—1)lyk1 (z - k(2a+k—2)(2a+k—1)
_ k(*21’1+1+k) ) _ (2a)n—1(*n+1)n—1 1 )

(2a+k—1)(—n+k) (=2n+2),-1  (n—1)ly"1

which becomes

2y —1)* 2 ("= Qaj(—n+1); 1 k(k—1)(2a+n—2)
_22“2]/2“1( < (—2n+2) klyFl(2a+k—1)Q2a+k—2)(—n+k)

_(za)n—l(fn‘I’l)n—l 1 )
(204 2)yy  (n— D)y

this is equal to

(y—1)*? (2a+n— i (—n+1)k 1 (—2n+3)
220-2y20-1 -2n+3) = 2n+2)k+1 (k—1)yk (—n+k+1)

_(2’1)1171(—71—1-1),1,1 1 >
(—2n+2),1  (n—1)lyn1

this expression becomes

(-1 ((2a +n—2) %7 (2a);a(=n+ 1 (=21 +3)
220=2y20-1 \ (=2n+3) = (=2n+2)p1 (k=1

_(zu)nfl(_n'i_l)nfl 1 )
(<21 +2),1  (n—1)y

this gives
(y—1)*? ((2u+n—2) ”i:l (2a)k_1(—n+ 1) (—2n+3))
220=2y2a—1 \ (=2n+3) = (=2n+2)(-2n+3)(-2n+4);_1 (k—1)ly*

finally it becomes

2y —1)2-2 /(20 +n —2) ”f (2a)g1(—n+ 1) 1 )
T 222 ( (=2n+3) = (—2n+2)(—2n+4)_1 (k—1)ly*



Axioms 2022, 11, 533

11 of 11

References

which is exactly (14).
(1)

To conclude, we can easily see that u;,,/, n > 2 given by section 2 and uéa), n>2
generate u,(f), n > 2 and a positive integer. The same conclusion as for hypergeometric

sums. [

Appendix
Here is a Maple instruction for the theorem:
> restart;
> hyperl := (n, a) — hypergeom([a +1/2,a], [—n +3/2],x?);
> hyper2 := (n, a) — hypergeom([2xa, —n + 1], [-2xn+2],2*xx/(1+x)) /(1 + x)?*4;
> Una := (n, a) — 2 % x2*77342 s 5qrt(Pi) * GAMMA (n + a) * hypergeom([1 — a,3/2 —
n—a),[3/2],1/x%) * (x*> = 1)""+1=24 /(GAMMA(n — 1/2) * GAMMA(a));
> simplify(hyper1(5, 3)-hyper2(5, 3)-Una(5, 3));
> simplify(hyperl(1, 3)-hyper2(1, 3)+Una(1, 3));
> simplify(hyper1(0, 3)-hyper2(0, 3));
0
0
0

4. Open Problem

Fora — % € N write the analogue of (5). We are working on this.
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