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1. Introduction

In recent years, symmetric structures and mappings in infinite-dimensional spaces
have been studied by numerous authors [1-11]. In many problems of algebra and anal-
ysis [1,6], as well as in applications in symmetric neural networks (see, e.g., [12-15]), it
is crucial to know the invariants of a given (semi)-group S acting on a Banach space X.
The invariants can be described as elements of algebras of S-symmetric functions on X.
The Classical Invariant Theory, which was developed in the middle of the last century,
investigated polynomial invariants of a group acting on a finite-dimensional linear space.
The famous Nagata counterexample to the general case of Hilbert’s fourteenth problem
shows that polynomial algebras on C" may be not finitely generated.

Symmetric polynomials and analytic functions on infinite-dimensional Banach spaces
were investigated first by [16-19]. In particular, in [16,17], algebraic bases were described
in algebras of symmetric polynomials on various Banach spaces with symmetric structures.
These investigations were continued in [19-26] and others. To describe the spectrum of a
uniform algebra of S-symmetric functions on X, it is important to have more information
about the quotient set X/~, where “~" is the relation of equivalence “up to the action of §”
on X. Such a quotient set may be interesting in itself and has applications in informatics and
neural networks. If X is a sequence space and S is the group of permutations of elements
of the sequences, then X/~ can be considered as a set of nonzero multisets—completed in
a metrizable topology—induced from X. The set X/~ has a semiring structure with respect
to natural algebraic operations. The commutative semiring can be extended to a ring by
using a standard procedure from K-theory (see, e.g., [27]). Such a ring M of multisets for
the case X = {1 was investigated in [7,28]. In particular, homomorphisms and ideals of M
were considered, and it was shown that each supersymmetric polynomial on #; x ¢; can be
extended to the ring M. In [29], the properties of the ring of multisets of integer numbers
were studied, and some applications to cryptography were found.
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In this paper, we consider possible generalizations of the results obtained in [7] for
more general cases. Instead of the sequence space ¢1, we consider the space of sequences
(x1,Xx2,...,%n,...), where x,, are elements of a Banach algebra .4 and each sequence of
norms, (||x1]|4, [|x2ll4,- -+, ||Xn]| 4, ---), is @ vector in a Banach space X with a norm || - || x
and a symmetric basis {e,}. Let us recall (see [30] for details) that a sequence {e,} is a
topological (or Schauder) basis in a Banach space X if every element x € X can be uniquely
expressed by

(e m
X = Xpep, = lim Xpe
3w = fim 3 e

where the limit is taken in (X, || - ||x). From here, in particular, we have that x, — 0 as
n — oo,

A topological basis is called symmetric if it is equivalent to the basis {e,,) } for every
permutation ¢ on the set of natural numbers N. This means that for every o, a series
Yon1Xnen converges if and only if } 7”1 xne,(,) converges. It is known [30] (p. 114) that
every Banach space X with a symmetric basis has an equivalent so-called symmetric norm
such that

o)

xn gneo—(n)
=1

[ee]
Y xuen
n=1

for every permutation ¢ and sequence of numbers {6, } such that |0,| = 1. Throughout this
paper, we assume that X is endowed with a symmetric norm. In this case, we know that
for every x € X, |x,| < 2x||.

In Section 2, we construct a ring of multisets M x (D) of sets from a multiplicative
semigroup D of A and investigate the basic properties. In particular, we show that M x (D)
is complete in a metrizable topology induced from X. In Section 3, we investigate homo-
morphisms of Mx (D) and related supersymmetric polynomials. In addition, we consider
some examples and make discussions. We refer the reader to [31] for more information
about polynomials on Banach spaces and to [32] for details on the classical theory of
symmetric functions.

n

X X

2. Group Rings of Multisets

Let X be a Banach space with a normalized symmetric basis {e, } and a symmetric
norm || - ||x, let A be a Banach algebra with an identity ¢, and let D be a closed multiplicative
subgroup in A containing ¢. We denote by X (D) the set of sequences u = (x1,...,Xu,...),
x; € D, and

[ull =

[ee]
ZeonnHA
i=1

In addition, let us denote by Ax(D) = X (D) x X(D), and we represent each element
v € Ax(D) as

X

U= (]/|x) = (.'-,yn,.--,yz,y1|x1,x2,...,xn,...),
x,y € X(D). Clearly, Ax(.A) is a Banach space with respect to the norm
[oll =[xl + Iy,

and Ax(D) is its closed subset.

For a given x € Ax(D), we denote by supp x the subset of all natural numbers n € N
such that x,, # 0.

Let o, u be permutations on N and (y|x) € X (D). We define

(@) Y1x) = (o Yoty Vo) [ Xuys o Xy )+
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Let u = (y|x) and w = (d|b) be in Ax (D). Then,
uew = (yedlxeb)=(...,duYn, ..., d1,y1|x1,b1,-., Xn, b, ...).

Note that if x,b € X(D), then ||x e b|| < ||x|| + ||b]|. Hence, u e w € Ax(D) for all
u,w € Ax(D).

Let us consider an equivalence defined as (y|x) ~ (y'|x’) if and only if there are vectors
(ala), (c|c) € Ax(D), and bijections ¢ and y such that ¢ maps supp x e ¢ onto supp x’ e a
and p maps supp y e ¢ onto supp i’ e 4; in addition,

(o, 1) ((y']x") @ (ala)) = (ylx) ® (clc). )

Let us denote by M(D) = Mx(D) the quotient set Ax(D)/ ~ with respect to the
equivalence “~”. We denote by [(y|x)] € M(D) the class of equivalence containing
element (y|x). Clearly, for every a € X (D), (ala) ~ (0]0), and so [(y|x) e (x]y)] = [(0]0)].
In addition, we denote M+ (D) = {[(0|x)]: x € Ax(D)}.

Let us explain the definition of the equivalence in a more detailed form. The require-
ment that o and y act bijectively between supports of corresponding vectors means that
zero coordinates “do not matter”, that is, for example,

(coisYne oy alxn,x2, oo X0, o) ~ (oo, ¥, 0,...,0,12,0,11]x1,0,x2,0,...,0, x4, ... .).

In addition, for example,

(coisYne Yy lx, X2, 0o X, o) ~ (o Yoo Y2, Y1, A A X, X0, X, )

for any A € C. In addition, the classes of equivalence are invariant with respect to permuta-
tions of coordinates of x and of y separately. This approach allows us to consider M ™ (D)
as a set of multisets of D. More exactly, the subset M, (D) consisting of all elements in
M (D) with finite supports can be naturally identified with the set of all finite multisets
of nonzero elements in D, and the operation “e” is actually the union of multisets.

We say that (y/|x’) is an irreducible representative of [u] € M(D) if [(y'|x")] = [u], and
(v'|x") ~ (y|x) implies that

(ylx) = (o, ) ((v'[x") @ (ala))

for some permutations ¢, » on N and (a|a) € Ax(D). In other words, for every nonzero
coordinate x/ of x’, we have x} # y;« for all coordinates y; ofy'.

Proposition 1. For every [u] € M(D), there exists an irreducible representative.

Proof. Let (y|x) be a representative of [u]. Since elements Y, e, ||x|| 4 and Y, ex||yn|l 4
belong to the Banach space X with the Schauder basis ey, it follows that ||x,|| 4 — 0, and
lynll4 — 0as n — oo. Without loss of generality, we may assume that the coordinates of x
are ordered so that [[x1(|4 > [[x2/l4 > --+ > [[xul|4 = -+ - . If there is j such that x; = y;,
then let us remove the coordinate x; in x and y; in y, and we denote by x( and y(*) the
resulting vectors. If such a number j does not exist, we denote x(!) = x and y(!) = y.
Suppose that x(" and y( are already constructed. If there is j such that x,, 11 = y;, then
we remove the coordinate x,,;1 in x(") and yjin ¥ and denote by x("*1) and y("*+1) the
resulting vectors. Otherwise, we set x("t1) = x(") and y(**1) = ("), Thus, we obtain the
sequence (y™[x(") in Ax(D), which is obviously fundamental. By the completeness of
Ax (D), there exists a limit
(v']x') = Tim (y")]x™).

n—oo
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Let a be a vector in X(D) such that its coordinates a, are exactly removed coordi-
nates from x. Then, (y|x) = (y' e a|x’ ea), and so (y'|x’) is a representative of [u]. By the
construction, (y'|x") is irreducible. [

Now, we can introduce a commutative operation “+” on M (D).
Definition 1. For a given u = [u] = [(y|x)] and w = [w] = [(d|b)] in M(D), we define
ut+w:=[uew| =[(yedlxeb).
In addition, we set —u = —[(y|x)] := [(x|y)].

Proposition 2. The operation “+" is well defined on M(D), and (M (D), +) is a commutative
group with zero (the neutral element), 0 = [(0[0)] = [(...,0/0,...)].

Proof. From definition of the operation, it follows that u+0 = wand u —u = 0. If
u=[(y/|x")] and w = [(d’|V’)] are the irreducible representatives u and w, then, according
to (1) and Proposition 1, (y|x) = (v e a|x’ e a) and (d|b) = (d’' e c|b’ e c) for some a and c.
Hence,
[(ylx)] + [(d|b)] = [(v'|x") ® (ala)] + [(d'|b") ® (clc)]
= [(v/|X)]+ [(@'6)] + [(ala)] + [(cle)] = [(v'[x)] + [(d']b)].
So, the result does not depend of representatives. [

Let x,y € X(D). By x oy, we denote the resulting sequence of ordering the set
{xiy; : i,j € N} with one single index in some fixed order.

Proposition 3. Let x,yy € X(D). Then, x oy € X(D) and ||x o y|| < 2||x||||y||. Moreover, if D
is such that ||ab|| = ||a||||b|| for every a,b € D, and X = cq or £, for some 1 < p < oo, then

oyl = [yl

Proof. Let k(i, j) be a bijection from N x N to N. According to the straightforward calcula-
tions,

(e} (e}
lroyll = | 3 lxwsllace | , < sup lxilla] ¥ lyjllaes]| < 2lxlyl
ij=1 i ij=1

Let D be such that ||ab|| = ||a||||b]| for every a,b € D.1f X = £,(D), then
lxoyl? = 3 Nyl = 3 Ixilllllyillly = NP lylP.
ij=1 ij=1
If X = ¢y, then

lx o yll = sup llx;lLa = sup [1xilLally;lLa = =1yl
1,] 1,]

O

Next, let us define a multiplication on M (D).

Definition 2. Ifu = [(0|x)] and v = [(0|y)], we define uv = [(0|x o y)]. Finally, if u = [(y|x)]
and v = [(d|b)] are in M(D), then we define

av = [((yob) s (xod)|(yod) s (xob))].
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Using routine calculations, it is easy to check (cf. [7,29]) that the multiplication is well
defined and associative and that the distributive low with the addition holds on M(D). If
A is a commutative Banach algebra, then the introduced multiplication is commutative. So,
we have the following proposition.

Proposition 4. (M(D), +,-) is a ring with zero, 0 = [(0|0)], and unity, T = [(0]¢,0,...)]. If A
is commutative, then (M(D), +, -) is commutative.

Note that M (D) is not an algebra, even if D = C, because it is not a linear space
(see, e.g., [7]). However, it is possible to introduce a norm on a given ring that has natural
properties and induces a metrizable topology. Let us recall the following definition (cf. [33]).

Definition 3. If R is any ring, then a real-valued function ||z|| defined on R is called a norm for R
if it satisfies the following conditions for all z,r € R:

1. ||z|| > 0and ||z|| = 0 ifand only ifz = 0,

2. izl <zl + 7l

3. =zl =zl

4. ||zr|]| < Cliz||||r|| for some constant C > 0.

Definition 4. Let us define a norm on M (D) in the following way:

lall = NN = 1 = 121+ [yl

where (y'|x") is an irreducible representative of .

Proposition 5. The norm in Definition 4 is well defined on M(D) and satisfies the conditions of
Definition 3. In addition,
[ull = min ([lx[| +[[y[]).

(ylx)€u

Proof. Note that an irreducible representative of u is not unique in general. However,
if (y/|x’) and (y”|x"") are irreducible representatives of u, then they consist of the same
coordinates (up to a permutation (o, u) of nonzero coordinates), and so, ||(v/|x')|| =
[I(y"|x"")||. Thus, the norm is well-defined.

Clearly, if u = 0, then [(0]|0)] is its irreducible representative, and so, |u|| = 0.
Otherwise, ||u|| > 0. The second property of the norm evidently follows from the corre-
sponding triangle property of the norm on a linear space. In addition, || — u|| = [|(X'|y)|| =
1 1) = [l

For any representative (y|x) of u, we have that ||(y|x)]| > || (y'|x")||, where || (v/|x")|]
is an irreducible representative of u. So,

(Ul =+ Ty 1D)-

[lu]] = min
(ylx)€u

Letu = [(y|x)]andw = [(d|b)] € M(D), and let (y/|x’) and (V'|d’) be corresponding
irreducible representatives. Then, by Proposition 3,

lawl| = [I[(y'[x) @'[d)]] = [[[((y' o) @ (x"0d")|(y" 0 d') @ (x" 0 b))]|
< (@' ob) o (X od)) |+ [[((y od) o (x' o))
< 20y HID"ll -+ 201"l + 211y 11Dl + 2] "1 = 2[lal[[[w]l.

Thus, || - || satisfies Condition 4 in Definition 3 for C = 2. In addition, by Proposition 3,
wecanputC=1if X =cporly, 1 <p <oco. [
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We define a metric p on M (D), associated with the norm in the natural way. Let u, w
be in M (D). We set
pu,w) = [lu—wi|.

It is well known and easy to check that p is a metric.

Example 1. Let u™ = [(0|hy,0,...)], hy € D be a sequence in M(D) such that h, — h as
n— oo, Ifh # 0, then u™) — [(0|k,0,...)] if and only if h, = h for all values of n that are big
enough. Indeed, if hy, # h, then

1[(0[A4,0,..)] = [(0[R,0,.. )] = I[(---, 0, ullt, O, .. )| = [[Fnll 4 + Ptl].a > [[P2]] a-
On the other hand, if h = 0, then [[u™) — 0|| = ||hy||4 — 0 as n — .

Proposition 6. The quotient map (y|x) — [(y|x)] is discontinuous as a map from the Banach
space Ax (D) to the metric space (M (D), p) at each point of Ax (D), except for zero.

Proof. Example 1 can be easily modified to show the discontinuity of the quotient map
at any nonzero point. Indeed, let v = (y|x) # 0; then, without loss of generality, we
can assume that x; # 0. Consider u(™ = (y|(1 —1/n)x1,%2,...,Xm,...) € Ax(D). Then,
u™ — vin Ax(D) as n — oo, but

X
1]~ o]l = ., 0,2 (1 = 1/m)xy 0, = 2l — B S > 0,

and so the quotient map is discontinuous at v. On the other hand, if a sequence u(") tends
to zero, then ||[u(™]|| — 0 as n — oo, and thus, the quotient map is continuous at zero. L[]

Theorem 1. The metric space (M(D),p) is complete.

Proof. Let u and v be in M (D) and let (y|x) be an irreducible representative of u. We claim
that there exists an irreducible representative (d'|b') € v such that in Ax(D), ||(y|x) —
(d'|0")|| < e.Indeed, let (d|b) be any irreducible representative of v. The inequality

lu—vl=|[(yeblxed)]]| <e

implies that there is an irreducible representative (c|a) of (y e b|x e d) such that ||c|| + ||a] <
¢. Note that (y @ b|x e d) is not necessary irreducible. However, since both (y|x) and
(d|b) are irreducible, it may happen that some coordinates of y are the same as some
coordinates of 4 and that some coordinates of x are the same as some coordinates of b. Let
us construct (d'|b’) such that d’ is obtained by permutating the coordinates of d, and V' is
obtained by permutating the coordinates of b, so the coordinates of d that are equal to some
coordinates of y have the same positions in d’ as the corresponding coordinates in y, and
the coordinates of b that are equal to some coordinates of x have the same positions in b’ as
the corresponding coordinates in x. Then, (d'|b’) ~ (b|d) and

I(ylx) = (@'[6)[] = [I[(y & b'|x e d)]]| = llc]| + [lall <e.

Let u(™), m € N be a Cauchy sequence in (M(D), p). Taking a subsequence, if neces-

sary, we can assume that if » > N and m > N, then p(u(’”), u(")) < ZNlﬂ . Let us choose

irreducible representatives (y(")|x(")) of u(") with

1

D) = (0 ) | = p(u ), u) <
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Thus, if n > N and m > N, then

m n 1
1™ 1) = (™) < o

Hence, (y"™|x(™), m € N is a Cauchy sequence in X(D), so it has a limit z

(y @ ]x(0), Let zl(m) be the ith coordinate of z(™) = (y("™)|x(™), i € 7\ {0}, that is, ZE

xi(m) ifi > 0 and zfm) = y(j)

-0

it is not so, then for every n,m € N, that is big enough, p(u(’”), u(”)) > ¢, and we have a
contradiction.
For a given ¢ > 0, we denote by z° a vector in X (D) such that z¢ has a finite support,

(0)

i

0) =
m) _
if i < 0. Clearly, zl(m) — ZEO) as m — oo. We claim that if

= ¢ # 0, then there is a number N such that for every m > N, zfm) = c. Indeed, if

zi =z; ' orzi =0,and

o121, 29) < &

Note that for this case, p ( 2], [z9] ) = ||z — z(9)||. Let N be a number such that for
(n)

everyn > N, z{ = z;/ for all i € supp z° and 2" — 20| < 5. So,

p([), [2]) = 12 = 2] < 12 = 2@ + ]2 - 20 < Ze.

Thus,
o([Z"], [291) < p([2",27) +p([25,20]) <.
Therefore, u = [z(o)] is the limit of u(™, and thus, (M(D),p) is complete. [

From the triangle and multiplicative triangle inequalities of the norm, we have that
the algebraic operations are jointly continuous in (M (D), p). Indeed, let p(u,u’) < €1 and
p(v,v') < g; then,

plutv,u' +v) < [(ut+v)—(u' +v)|| <er1+e

and
p(uv,u'v’) < 2es|[ufl + 2¢1[|v]| +4erez.

The continuity of the addition implies that if ® is an additive map from M (D) to an
additive topological group and @ is continuous at zero, then it is continuous at any point.

3. Homomorphisms and Supersymmetric Polynomials

Let U be a closed multiplicative semigroup of another Banach algebra B and let Y be a
Banach space with a symmetric basis.

Theorem 2. Let <y be a multiplicative map from D to U. If there is a constant C.,, such that
l7(z)llB < Cyllz]| 4, z € D, then there exists a continuous ring homomorphism

quy: Mx(D) — My(U)
defined by
Dy (u) = Dy ([(W[)]) = [ v (Yn), - v(w2), v (y) Iy (1), v (x2), - v (), - )]

Proof. Itis clear that @, ([(y|x)]) is additive and does not depend on the representative. In
addition,

19y ([IODI = IC- o) v (y2), v ) ly(x), v(x2), - v () - < Coluall.
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Letu € Mx(D) and let (y|x) be its irreducible representative. Then,

1@y (| = [l ) I+ v < Cy(llxll + [[yll) = Co[lull.

Hence, @, is continuous at zero, and according to the additivity, it is continuous at
each point of Mx (D).
By the multiplicativity of v,

@, ([(010)][(0x)]) = [(Oly (x1)7(x1), -, Y (xu) ¥ (x]) - )] = Py ([(0]2)]) Do ([(O]x")])-

Thus,
@ ([(y[)][(v'|x)])
= @, ([(y[0)][(¥'|0)]) + @4 ([(0]x)][(0]x")]) — @4 ([(O[x)][(O]y")]) — D+ ([(0[0)][(O]x")])
= @, ([(y[x)]) Py ([(¥'[x")])-
O

Note that in Theorem 2, we do not need the continuity of .

Example 2. Let D = B be an open unit ball centered at the origin of a Banach algebra A and
U = B, U {e}, where ¢ is the unity of A, and B is an open ball of radius 0 < ¢ < 1, which is
centered at the origin of A. In addition, let X =Y. We define y: D — U by

{z ifzel,

7(2) = 0 otherwise.

Then, ®., satisfies the conditions of Theorem 2 and, thus, is continuous.

Corollary 1. Any continuous homomorphism ¢ from a Banach algebra A to a Banach algebra B can
be extended to a continuous homomorphism from Mx (A) to My (B) for any infinite-dimensional
Banach space Y with a symmetric basis.

Proof. Since ¢ isa continuous linear and multiplicative operator from A to B3, it follows that

lolls < llolllizlla, 2z € A

Hence, ®, satisfies the conditions of Theorem 2 for y = ¢; thus, ®, is a continuous
homomorphism from Mx(A) to My (B). The map z — [(0|z,0,...)] is an embedding of
Ato Mx(A) and

®y[(0[2,0,...)] = [(0]9(2),0,...)]

Thus, we can consider ®,, as an extension of ¢. Note that z > [(0|z,0,...)] is not a
homomorphism of rings because it is not additive. [

The following example shows that for some cases, the condition || (z)||g < Cy|z|l 4
is not necessary for the continuity of ®,,.

Example 3. Let X = £, for1 < p < oo, let Y = 1, and let n be a natural number, n > p. We set
v(z) = 2", z € A. Then, for every Banach algebra A, the mapping -, from M, (A) to M, (A)
is a continuous homomorphism. Indeed, since n > p, @, (u) € My, (A) for every u € My, (A)
and

[@y (W) ]| < [[ul]".

Thus, ®., is continuous at zero and, thus, continuous.

Example 4. Let v(z) = ||z|| 4. Then, ®,, maps Mx (D) to Mx(C), and it is continuous and
additive. If the norm A is multiplicative, then ®., is multiplicative.
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Note that if ® is a homomorphism from M x (D) to My (i) and for every z € D,
®([0z,0,...]) = ([0|w,0,...])

for some w € U, then the map 7: z — w is multiplicative. However, we do not know if
every homomorphism from Mx (D) to My (i) is of the form in Theorem 2.

Let us consider vector-valued mappings on M (D). Let E be a linear normed space. We
say that a mapping f: Ax(D) — E is supersymmetric if f(y|x) = f(y'|x’) whenever (y|x) ~
(y'|x’). In fact, every supersymmetric function can be defined on M (D) by f([(y|x)]) =
f(y|x). It is easy to check that if f is of the form

Flyl) = Y1) - L), @

where 7y is a map from M (D) to E, then fis supersymmetric and additive. If y is multi-
plicative, then f is so.

Example 5. Let (y|x) be an irreducible representative of u € Ax (D). We set

f(u) =[xl = llyll

Then, f is a supersymmetric complex-valued function.

If D = Ais a Banach algebra, then Ax(.A) is a Banach space, and we can consider
supersymmetric polynomials on Ax(A), that is, polynomial mappings to a normed space E
that are supersymmetric. Let us recall that a mapping P, from a normed space Z to E is an
n-homogeneous polynomial if there exists a multi-linear mapping P, on the nth Cartesian
degree Z" of Z such that P, (x) = Py(x,...,x). A finite sum of homogeneous polynomials
is a polynomial. Continuous polynomials on Banach spaces were studied by many authors
(see, e.g., [31]). The following example gives us supersymmetric polynomials on A, (A)
forl1 < p < co.

Example 6. Let X = {, for some 1 < p < oo, and E = A. For any integer n > p, we define

T(ylx) = Zx =Y v
i=1

Clearly, polynomials Ty, are supersymmetric. Since the mapping x; — x}" is multiplicative

and || Ty (y|x)|| < (||x]| + |ly]|)™, mappings T, are continuous ring homomorphisms from M (A)
to A.

A polynomial P on Ay, (C) is separately symmetric if P is invariant with respect to all
permutations (o, 1) acting by

o (X1, X, ) = (Ko1)o Xa(n)r - -)

and
u: (yl,...,yn,...) — (y‘u(l)/"'/yy(n)/"')'

Clearly, if P is supersymmetric, then it is separately symmetric, but the inverse state-
ment is not true.

Example 7. Let

P(y|x) Zxx Zyly]

i<j i<j



Axioms 2022, 11, 511

10 0f 13

Evidently, P is separately symmetric. Moreover, P(x|y) = —P(y|x). However, P is not su-
persymmetric. Indeed, P(...,0,—1|1,0,...) = O while P(...,0,1,—1|1,1,0,...) = 2. However,
(...,0,—-1]1,0,...) ~(...,0,1,—1|1,1,0,...). Thus, P has different values on equivalent vectors,
and thus, it cannot be supersymmetric.

The minimal algebra generated by polynomials T}, m € N was studied in [7,29] for
the case of X = /1 and D = A = C. The next theorem shows that every supersymmetric
polynomial can be represented as a finite algebraic combination of polynomials Tj,.

Theorem 3. Let P be a supersymmetric polynomial on Ay, (C). Then, P is an algebraic combination
(that is, a linear combination of finite products) of polynomials T,,, m € N.

Proof. Let P be a supersymmetric polynomial on A, (C); then, P(y|x) is separately sym-
metric. According to [34], P is an algebraic combination of polynomials F;; and F,,;, m € N,
where

Fyp(ylx) =) xf and F,(ylx) =} v
k=1

Thus, we have

m

P(y|x) = Y Chy gy Fi () ()N ()™ - - F ()"

ky +2ky + -+ ik;+
ny+2ny +---jni =0

for some constants Chy ..y

Clearly, Ty = F;" — F,_. Denote Qx = F," + F, . Then, there is a polynomial g: C" — C
such that
P(ylx) = q(Ty(y|x), ..., Tu(ylx), Q1 (y[x), . .., Qu(y|x)).

According to our assumption, P(y e a|x e a) = P(y|x), a € ¢;. We can see that
Ti(yealxea) =Ti(ylx) and Qi(yealxea) = Qi(y|x) +2F(a)

for every k € N. It is known that for every (Aq,...,A,) € C™, there exists a vector a € ¢4
such that F,(a) = Ay, 1 < n < m (see, e.g., [19]). Thus, for every (Ay,...,A,) € C™,

a(Ti(ylx), ..., Tm(ylx), Q1(y|x), ..., Qu(y[x))

=q(Ti(ylx), .-, Tu(ylx), Q1(y]x) + A1, ..., Qu(ylx) + Am).

However, this means that g does not depend on Qy, ..., Q. Hence, P is an algebraic
combination of polynomials T, m € N. O

In particular, in [29], it was proved that [(y|x)] = [(y'[x")] in M, (C) if and only if
Tm(y|x) = T (y'|x’) for all m € N. The next example shows that in a more general case,
supersymmetric polynomials do not separate points of M (D).

Example 8. Let X = (1 and A = C? be the algebra with respect to the coordinate-wise multiplica-

tion. Then, the vector
1 3 3 1
(y|x) N (' . ',0, (2>, (4> ’ (2>, (4>IOI.. .>

is not equivalent to (0|0), but

34 m—1m = 3" 0
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Let ¢ be a complex homomorphism of A and let ® be a ring homomorphism from
M(D) to A; then, ¢ o ® is a ring complex homomorphism of M (D). From the following
example, we can see that there are complex homomorphisms of M (D) constructed in a
different way:.

Example 9. Consider the case M, (C?), as in Example 8. For arbitrary k,n € N, we set

o0 k , o0 k ,
P (ylx) = Y xix" = ) vyiy/",
i-1 i1

where

(- () DT (2) )

Note that || P, (y|x)|| < (||x| + |ly]|)¥™". Polynomials Py, are of the form (2) for v(x) =

xf«‘x;«”, and the map <y is multiplicative. So, Py, are continuous complex homomorphisms.

Polynomials Py, in Example 9, which are restricted to elements (0|x), are called block-
symmetric polynomials on ¢1(C?) (see, e.g., [4,23,26]) or MacMahon polynomials in the
literature [35].

Example 10. Let X = ¢y, and let A = M, be the algebra of all square matrices m x m for
some fixed m € N. Then, My, (My,) is a noncommutative ring of matrix multisets. Let D be the

following map from M, (M) to My, (C):
D([(y|x)]) = [(-..,det(yn), ..., det(y2), det(y1)| det(x1), det(xz), ..., det(xy),...)].

Since the determinant det(x;) ia a multiplicative mapping, D is a homomorphism. The
continuity of D follows from the fact that ||D(y|x)| < (||x|| + |ly||)™.

4. Discussions and Conclusions

We considered the ring of multisets M x (D) consisting of elements in a given multi-
plicative semigroup D of a Banach algebra A and endowed with some natural “supersym-
metric” operations of addition and multiplication. We constructed a complete metrizable
topology of Mx(D) generated by a ring norm. In addition, we investigated homomor-
phisms of M x (D) and their relations with supersymmetric polynomials. Note that M x (D)
is not a linear space over C or R because there is no natural multiplication by scalars (see,
e.g., [7]).

Rings of multisets may have wide applications in neural networks and machine
learning. Computer algorithms are often invariant with respect to permutations of input
data instances. This observation suggests the use of permutation-invariant sets instead
of vectors of a fixed dimension for the organization of input data (see, e.g., [12]). For this
purpose, multisets (sets with possible repetitions of elements) are actually more suitable.
However, classical multisets have a poor algebraic structure. For example, a very important
operation of the union of two multisets has no inverse. On the other hand, we can consider a
set of multisets as a natural domain of symmetric functions (with respect to permutations of
variables) that are defined on a linear space. Since the union of multisets does not preserve
cardinality, it is convenient to use infinite-dimensional linear spaces of sequences, such as
Banach spaces with symmetric bases. All symmetric functions on X can be extended to the
set of multisets, and if X = {1, then symmetric polynomials separate different points of the
multisets. To get an operation that is inverse to the union, we have to use Grothendieck’s
well-known idea, which is widely used in K-theory. It leads to the construction of classes of
equivalences of pairs (y|x), where y plays the role of a “negative part” (while components
of both vectors x and y are complex numbers or, in the general case, elements of an abstract
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Banach algebra .A). If we consider x as vector coding information, then y consists of
“negative” information in the sense that if both x and y contain the same piece of information
(the same coordinate), then this piece of information will be annulated. Therefore, the
union can be extended to a commutative group operation on the classes of equivalence,
and together with a natural symmetric multiplication, they form a ring structure on the set
of classes. Such a ring of multisets of complex numbers was considered in [7] for the case
of X = {;. In this paper, we investigated the situation when the “coordinates” of x and
y were in a Banach algebra .4 and sequences of their norms belonged to a Banach space
X with a symmetric basis. It is interesting that the basic results in [7] can be extended to
the general case. In particular, the ring Mx (D) that was obtained is a complete metric
space in a metrizable topology, and it is naturally induced by norms of A and X. The main
difference is that supersymmetric polynomials separate points of M/, (C), while in the
general case, they do not.

One can compare the rings of multisets and fuzzy sets. In a fuzzy set, each element
may have a partial membership (between 0 and 1) [36]. In a ring of multisets, elements
may have multiple memberships, and even negatively multiple memberships. Note that
the ring M x (D) is never algebra, even if D = C (see [7]). However, it is known [33] that
under some natural conditions, any metric ring R can be embedded into a normed algebra
over the field of fractions over R. It would be interesting to construct such an algebra for
the ring M x (D) and compare it with fuzzy sets and other algebraic structures.

Author Contributions: Conceptualization and supervision of the study, A.Z.; investigation and
preparation of the original draft of the manuscript, I.C. and A.Z. All authors have read and agreed to
the published version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Acknowledgments: The authors were partially supported by the Ministry of Education and Science
of Ukraine, project registration number: 0122U000857.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Aron, RM,; Falc, J.; Garcia, D.; Maestre, M. Algebras of symmetric holomorphic functions of several complex variables. Rev.
Mat. Complut. 2018, 31, 651-672. [CrossRef]

2. Aron, RM,; Falcé, J.; Maestre, M. Separation theorems for group invariant polynomials. J. Geom. Anal. 2018, 28, 393-404.
[CrossRef]

3.  Aron, R; Galindo, P; Pinasco, D.; Zalduendo, I. Group-symmetric holomorphic functions on a Banach space. Bull. Lond. Math.
Soc. 2016, 48, 779-796. [CrossRef]

4. Bandura, A.; Kravtsiv, V.; Vasylyshyn, T. Algebraic Basis of the Algebra of All Symmetric Continuous Polynomials on the
Cartesian Product of £,-Spaces. Axioms 2022, 11, 41. [CrossRef]

5. Chernega, I; Galindo, P.; Zagorodnyuk, A. Some algebras of symmetric analytic functions and their spectra. Proc. Edinb. Math.
Soc. 2012, 55, 125-142. [CrossRef]

6. Falco, J.; Garcia, D.; Jung, M.; Maestre, M. Group-invariant separating polynomials on a Banach space. Publ. Mat. 2022, 66,
207-233. [CrossRef]

7. Jawad, F; Zagorodnyuk, A. Supersymmetric polynomials on the space of absolutely convergent series. Symmetry 2019, 11, 1111.
[CrossRef]

8. Halushchak, S. Spectra of Some Algebras of Entire Functions of Bounded Type, Generated by a Sequence of Polynomials.
Carpathian Math. Publ. 2019, 11, 311-320. [CrossRef]

9.  Vasylyshyn, T. Symmetric analytic functions on the Cartesian power of the complex Banach space of Lebesgue measurable
essentially bounded functions on [0, 1]. ]. Math. Anal. Appl. 2022, 509, 125977. [CrossRef]

10.  Vasylyshyn, T.V. The algebra of symmetric polynomials on (Lo )". Mat. Stud. 2019, 52, 71-85. [CrossRef]

11.  Vasylyshyn, T. Algebras of symmetric analytic functions on Cartesian powers of Lebesgue integrable in a power p € [1,40c0)

functions. Carpathian Math. Publ. 2021, 13, 340-351. [CrossRef]


http://doi.org/10.1007/s13163-018-0261-x
http://dx.doi.org/10.1007/s12220-017-9825-0
http://dx.doi.org/10.1112/blms/bdw043
http://dx.doi.org/10.3390/axioms11020041
http://dx.doi.org/10.1017/S0013091509001655
http://dx.doi.org/10.5565/PUBLMAT6612209
http://dx.doi.org/10.3390/sym11091111
http://dx.doi.org/10.15330/cmp.11.2.311-320
http://dx.doi.org/10.1016/j.jmaa.2021.125977
http://dx.doi.org/10.30970/ms.52.1.71-85
http://dx.doi.org/10.15330/cmp.13.2.340-351

Axioms 2022, 11,511 13 of 13

12.

13.
14.

15.

16.

17.

18.
19.

20.

21.
22.

23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.

36.

Zaheer, M; Kottur, S.; Ravanbakhsh, S.; Poczos, B.; Salakhutdinov, R.R.; Smola, A.]. Deep sets. In Advances in Neural Information
Processing Systems; Guyon, 1., Luxburg, U.V., Bengio, S., Wallach, H., Fergus, R., Vishwanathan, S., Garnett, R., Eds.; Neural Info
Process Sys F: La Jolla, CA, USA, 2017; pp. 3391-3401. Available online: https://papers.nips.cc/paper/2017 (accessed on 31
July 2021).

Yarotsky, D. Universal Approximations of Invariant Maps by Neural Networks. Constr. Approx. 2022, 55, 407-474. [CrossRef]
Wagstaff, E.; Fuchs, E.B.; Engelcke, M.; Osborne, M. A.; Posner, I. Universal Approximation of Functions on Sets. J. Mach. Learn.
Res. 2022, 23, 1-56. Available online: https://www.jmlr.org/papers/volume23/21-0730/21-0730.pdf (accessed on 31 July 2021).
Balan, R.; Haghani, N.; Singh, M. Permutation Invariant Representations with Applications to Graph Deep Learning. arXiv 2022.
[CrossRef]

Nemirovskii, A.; Semenov, S. On polynomial approximation of functions on Hilbert space. Mat. USSR-Sbornik 1973, 21, 255-277.
[CrossRef]

Gonzélez, M.; Gonzalo, R.; Jaramillo, J].A. Symmetric polynomials on rearrangement-invariant function spaces. J. Lond. Math. Soc.
1999, 59, 681-697. [CrossRef]

Hijek, P. Polynomial algebras on classical Banach Spaces. Israel |. Math. 1998, 106, 209-220. [CrossRef]

Alencar, R.; Aron, R.; Galindo, P.; Zagorodnyuk, A. Algebra of symmetric holomorphic functions on £,. Bull. Lond. Math. Soc.
2003, 35, 55-64. [CrossRef]

Chernega, I.; Galindo, P; Zagorodnyuk, A. A multiplicative convolution on the spectra of algebras of symmetric analytic functions.
Rev. Mat. Complut. 2014, 27, 575-585. [CrossRef]

Vasylyshyn, T. Symmetric polynomials on (Lp)". Eur. J. Math. 2020, 6, 164-178. [CrossRef]

Galindo, P; Vasylyshyn, T.; Zagorodnyuk, A. Analytic structure on the spectrum of the algebra of symmetric analytic functions
on Le. RACSAM 2020, 114, 56. [CrossRef]

Kravtsiv, V. Algebraic basis of the algebra of block-symmetric polynomials on ¢1 @ {o. Carpathian Math. Publ. 2019, 11, 89-95.
[CrossRef]

Kravtsiv, V. Analogues of the Newton formulas for the block-symmetric polynomials. Carpathian Math. Publ. 2020, 12, 17-22.
[CrossRef]

Kravtsiv, V. Zeros of block-symmetric polynomials on Banach spaces. Mat. Stud. 2020, 53, 206-211. [CrossRef]

Vasylyshyn, T. Symmetric functions on spaces £, (R") and £,,(C"). Carpathian Math. Publ. 2020, 12, 5-16. [CrossRef]

Karoubi, M. K-theory, an elementary introduction. In Cohomology of Groups and Algebraic K-Theory; Advanced Lectures in
Mathematics (ALM); International Press: Somerville, MA, USA, 2010; Volume 12, pp. 197-215.

Chernega, I.; Fushtei, V.; Zagorodnyuk, A. Power Operations and Differentiations Associated With Supersymmetric Polynomials
on a Banach Space. Carpathian Math. Publ. 2020, 12, 360-367. [CrossRef]

Chopyuk, Y.; Vasylyshyn, T.; Zagorodnyuk, A. Rings of Multisets and Integer Multinumbers. Mathematics 2022, 10, 778. [CrossRef]
Lindestrauss, ].; Tzafriri, L. Classical Banach Spaces i. Sequence Spaces; Springer: New York, NY, USA, 1977.

Mujica, J. Complex Analysis in Banach Spaces; North-Holland: Amsterdam, The Netherlands; New York, NY, USA; Oxford, UK, 1986.
Macdonald, 1.G. Symmetric Functions and Orthogonal Polynomials; University Lecture Serie; AMS: Providence, RI, USA, 1997;
Volume 12.

Aurora, S. Multiplicative norms for metric rings. Pacific J. Math. 1957, 7, 1279-1304. [CrossRef]

Jawad, F. Note on separately symmetric polynomials on the Cartesian product of £,. Mat. Stud. 2018, 50, 204-210. [CrossRef]
Rosas, M. MacMahon symmetric functions, the partition lattice, and Young subgroups. J. Combin. Theory Ser. A 2001, 96, 326-340.
[CrossRef]

Zadeh, L.A. Fuzzy sets, fuzzy logic, and fuzzy systems: selected papers by Lotfi A. In Advances in Fuzzy Systems River Edge: NJ
World Scientific. Applications and Theory; World Scientific: Singapore, 1996; pp. 394-432. [CrossRef]


https://papers.nips.cc/paper/2017
http://dx.doi.org/10.1007/s00365-021-09546-1
https://www.jmlr.org/papers/volume23/21-0730/21-0730.pdf
http://dx.doi.org/10.48550/arXiv.2203.07546
http://dx.doi.org/10.1070/SM1973v021n02ABEH002016
http://dx.doi.org/10.1112/S0024610799007164
http://dx.doi.org/10.1007/BF02773469
http://dx.doi.org/10.1112/S0024609302001431
http://dx.doi.org/10.1007/s13163-013-0128-0
http://dx.doi.org/10.1007/s40879-018-0268-3
http://dx.doi.org/10.1007/s13398-020-00791-w
http://dx.doi.org/10.15330/cmp.11.1.89-95
http://dx.doi.org/10.15330/cmp.12.1.17-22
http://dx.doi.org/10.30970/ms.53.2.206-211
http://dx.doi.org/10.15330/cmp.12.1.5-16
http://dx.doi.org/10.15330/cmp.12.2.360-367
http://dx.doi.org/10.3390/math10050778
http://dx.doi.org/10.2140/pjm.1957.7.1279
http://dx.doi.org/10.15330/ms.50.2.204-210
http://dx.doi.org/10.1006/jcta.2001.3186
http://dx.doi.org/10.1142/2895

	Introduction
	Group Rings of Multisets
	Homomorphisms and Supersymmetric Polynomials
	Discussions and Conclusions
	References

