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Abstract: The main purpose of this study is aimed at developing new criteria of the iterative
nature to test the asymptotic and oscillation of nonlinear neutral delay differential equations of third
order with noncanonical operator (a(1)[(b(1) [x(1) + p(1)x(t — T)]")']P)" + fcd q(t, )xP(o(i, 1)) du =0,
where 1 > 19 and w(1) := x(1) + p(¢)x(¢t — 7). New oscillation results are established by using the
generalized Riccati technique under the assumption of f[; a~ VB (s)ds < fI; ﬁds =ocoast — co. Our
new results complement the related contributions to the subject. An example is given to prove the

significance of new theorem.

Keywords: oscillation; third-order; neutral differential equation; Riccati transformation; distributed

deviating arguments

1. Introduction

The objective of this paper is to provide oscillation theorems for the third order
equation as follows:

(a0 [0+ pxt—oY]") + [ P =0,

where a(t),b(1), p(1),q(t) € C([tg, +00)), a(t),b(t) > 0, a’ (1) > 0,4(1) >0, > 1 and
0 < p(1) < po < 1. The main results are obtained under the following assumptions:

(A1) q(1, 1) € C([tg, +o0) x [c,d], [0, +00)) and (s, i) does not vanish identically for any
half line [i,, +00) X [c,d], s > 1;

(A2) (1, u) € C([to, +00) X [c,d],[0,400)), o(t, ) + T < 1, 0(1, u) is nondecreasing with
respect to ¢ and y respectively, I}Ln lgf o (1, u) = oo and I}Ln lg\of T(1) = oo.

We set

w(t) :==x(1) + p()x(t — 1)
and
|

A(L,19) :/lla_l/ﬁ(s)ds, B(t, 1) = l @ds.

We intend that for a solution of (1), we mean a function x(1) € C([Ty, o)), Tx > 1o,
which has the property w’ € C!([Ty, »)), bw' € C}([Ty,0)),a ((bw')")f € C([Ty, 0)) and
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satisfies (1) on [Ty, o). We only consider those solutions x of (1) which satisfy sup{|x(¢)| :
1> T} > 0forall T > Ty. We start with the assumption that Equation (1) does possess a
proper solution. A proper solution of Equation (1) is called oscillatory if it has a sequence
of large zeros lending to co; otherwise, we call it non-oscillatory.

Neutral/delay differential equations of the third order are used in a variety of prob-
lems in economics, biology, and physics, including lossless transmission lines, vibrating
masses attached to an elastic bar, and as the Euler equation in some variational problems;
see Hale [1]. As a result, there is an ongoing interest in obtaining several sufficient condi-
tions for the oscillation or non-oscillation of the solutions of different kinds of differential
equations; see [2-24] as examples of instant results on this topic.

However, to the best of our knowledge, only a few papers have studied the oscillation
of nonlinear neutral delay differential equations of third order with distributed deviating
arguments; see, for example, [2-5]. Recently, Haifei Xiang [6] and Haixia Wang et. al [7]
studied the oscillatory behavior of Equation (1) under the following assumption:

AL, 19) =00, B(L1y) =o0ast— oo,

Motivated by this above observation, in this paper, we extend the results under the
following assumption:

AL, 19) < B(i,19) =00 as 1 — oo. (2)

Motivated by these reasons mentioned above, in this paper, we extend the results using
generalized Riccati transformation and the integral averaging technique. We establish
criteria for Equation (1) to be oscillatory or converge to zero asymptotically with the
assumption of (2). As is customary, all observed functional inequalities are assumed to
support eventually; that is, they are satisfied for all ; that are large enough.

2. Main Results
For our further reference, let us denote the following:

Fow =w, Ejw=>b(Eqw), Eyw=a((Eyw))f, Esw= (Eyw), (3)

and

C(L,10) = /l: AZS?’Sl)l)dS, D(1) := /loo al/;(s)ds' a1 (1) = o(1,0),

d
ql(‘):(l—PO)’g/c q,w)dp, ¢ (1) = max{0, ¢'(1)}.

Theorem 1. Assume (A1) — (Az) and (2) hold. If there exists a ¢ € C'([ig, 00), R), such that
11 > 1o for some iy, > 11, we have the following:

lim sup l(w(s)ql(s)cﬁ(al(s)’”)— : ”(S)(¢I+(S))1+ﬁ>ds—oo, )

AP(o1(s),n)  (A+P)F P(s)

b1(v) a Y(u) q(s, p)du ds dudv = oo, ®)
and

, B\ 1 B
hrzisotlp 6 (Dﬁ(s)ql(s)Bﬁ(Ul(s)/L5) - (;B T 1) Dﬁ(s)al/ﬁ(s)>d5 =% (6)

Then, every solution x(t) of (1) is either oscillatory or tends to 0.
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Proof. Suppose that (1) has a non-oscillatory solution x. Now, we may take x(1) > 0,
x(t—7) > 0and x(o (s, u)) > 0fort > 11 some i1 > ipand y € [c,d]. By condition (2), there
exist three possible cases:

/
M w() >0,w(1) >0, (b(nw (1) >0, (a)[(b()w'()))F) <0,

/

) w(i) > 0,w' (1) <0, (b()w' (1)) >0, (a(t)[(b(z)w’(t))’]ﬁ) <0, or
() w(t) > 0, w'(1) > 0, (b(1)w' (1)) < 0, (a([)[(b([)w'([))']ﬁ)' < 0,for1 > 11, 1y is large

enough.
Assume first the case (I) holds for 1 > 1. From the definition of w(r), w(:) > x(t) for
1> 1pand
w(o(,u) 2 w(o(,pu) —7) 2 x(0(,p) =7), 1213210, @)
and
(1) = w(t) = p()x(t = 1) 2 w(t) = p(w(t = 7) = (1 = po)w(t). ®)

Thus from (1) and (8), we have the following:

Esw(i) = —/qu(t/mxﬁ(tf(l,u))d#
- [ gtamebotu ) dn

< - p)Pefoe)) [ atmdn
= 0w 0), ©

Using the fact that w’(1) > 0, we have the following:

IN

E) 2 [ SRS a2 8 ol M)

Thus, we have the following:

L Eqw(s) A(s,zl)d S Eiw(t) /‘ A(S,ll)d

o) = ww)t | A b 2 AGu)

Then, we have the following:

w(o (1)) > C(o1(t),12)

Bl () = (@ (0,n)’ w
and
Eyw(oq(1)) _ A(op(1), 1)
Ew() © Al) o
We define a function as follows:
— oy Eaw(t) o
p(1) = o) Pl (12)
and note that (1) > 0 for 1 > 1. Differentiating (12), we obtain the following:
= 20 Esw() _ [<Elw<l>>’} o
Y0 = G0+ oW = Bl | TG (13)
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It follows from (9), (12), and (13) that the following holds:
740 w(o()\* wﬁTm

_ N (@) Ew(e () p
= S0 - gm0 (e B )’ P lo@at) 7P

Now, (10) and (14) implies the following:

IN

¥ (1)

/ Ph) o WP () CPo1(1),12)
11[) (l) < q)(L) lp(l) lB[qD(l)ﬂ(l)]l/ﬁ qo(l)ql(l)A‘B(U'l(l),ll). (15)
Then, using (15) and inequality, we have the following:
Bu — Aulm+b/m < m” Bl (16)

— (m+1)m+l Am

We find the following:

/ CP(a1(1),12) 1 a() (g (1)) +F
P (1) < *fP(t)%(t)Aﬁ(ai(l)lli) 1 T go’g([) .

Integrating the last inequality from 13 (> 1) to ¢ gives

L

. CP(e1(s), ) 1 a(s) (@l (s) P
imsep ), (g”(s)m(”Aﬁ(é(s),i) TTEAT )

)%swwm (17)

which contradicts (4).
Next, if (I) holds. Since w(:) > 0 and w'(1) < 0, we have w(:) — [ > 0. If L > 0, then

fore = L(%OPO) > 0, there exists 14 > i1 such that L < w(:) < L+ € for 1 > 4. Then, for
¢ > 14, we have the following:

x(1) = w(t) = p()x(t = 1) > L= pow(t) > L = po(L +€) = Ly

Using the above inequality, which we obtained from (9), we have the following:
B d
Esw(1) > —L} / q(e, u)dy
C

B
Integrating from (> 14) to oo and using the fact that a(1) [(b(t)w’ (L))/} is positive

and decreasing, we obtain the following:

(Eyw(1)) > Ll( / / S, dyds) Uﬁ.

Again integrating the following,

Eqw(1) > —Ly /loo(a(lu) /lm /qu(sfu)dﬂd5>l/ﬁdu,

and again with the integration from 4 to co, we obtain the following:

w(is) > Ly [:Ob(lv)/lm <a(1u) /w /qu(slu)dudsy/ﬁdudv,
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which contradicts (5) and shows that L = 0, i.e., w(i) — 0. Since 0 < x(1) < w(t), we have
x(1) = 0ast— oo.

Finally, assume that case (III) holds, Ezw(:) < 0, and is non-increasing. Thus, we
obtain the following;:

Eyw(s) < Eow(1), s>1>1s. (18)
for some 15 > 19. Dividing (18) by a(s) and integrating from ¢ to I, we obtain the following:
Eyw(l) < Eyw(i) +a'/P(1) (Eyw(1)) A(L ).
Letting | — oo, we have the following:

a' P (1) (Erw (1))’
SR WA S bl < 1.
20 D(1) <1 (19)
Define function ¢ by the following;:

_ Bw(y) ’
Efw()

IOE L > 1s. (20)

Then ¢(1) < 0 for 1 > 15. Hence, from (19) and (20), we obtain the following:
~DF(1)p(1) < 1. (21)

Differentiating (20) gives the following:

_Bw() o [(Ew() ]
 EPw(y) pa ){ Eyw(1) } '

¢'(1)

Now @' (1) > 0, so from (9) and (20), we have the following:

, wa )] o0
In case (III), we see that the following holds:
w(t) > b(1)w' (1) ll b”(l:) — Eyw() Bl 1s). 23)
Hence 0 )
w(t
|:B(l/[5):| =0
which implies the following:
w(er(r) o Bloa(e),s)
w(1) = B(s,15) (24)

Using (23) and (24) in (22), we obtain the following:

1+3
20 = 0B (0,1) — Pl @)
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Hence from (25), we have the following;:
PODP(0) ~ 9lis)DP16) < — [ 91(5)DP () B (01 (), 5)ds

s/

D)9t Dhe)p P (s)
e P

or

$ODH(0) ~ 9(16)D (1) < — [ 01(5)DP(5)BP (01 (), 5)ds

DF1(s)p(s)  DP(s)g P (s)
/ﬁ al/ﬁs g | @

Set ¢ := —u(s) and using inequality

AulB+D/B _ gy < _ pP BB+l

—, A>0,
(B+ 1P 4P

we obtain the following:

1 e
/,6 nEODF B (s) 1) = (ﬁil) Dﬂ(s)il/ﬁ(s)

Using (21) in (26) and then taking ¢ — oo, we obtain the following:

/OO
le

which contradicts (6). This completes the proof. [

ds < —p()DP(1) + plis)DP (1) (27)

p+1
DB (s) )~ (557) Grama |4 < 1+ 26D

p+1 s)al/B(s)

We will present an example to illustrate the main results.

Example 1. Consider the following 3rd-order equation:

(ﬂ[x(z) Fp-m)") 4 [ - wdn =0 28)

where a(1) = 12, b(1)
Moreover 0 < p(1) <
D) =1/0 [ s =

=1Lt()=1—mpQl)=1Lo(Lu) =t—pu p=1La=mb=3m1/2
Po nd @(1) = 1. Then, we obtain the following: q1(t) = (1 — po)7t/2,
= 1 — y — 5. The condition (4) becomes the following:
b (1 —po) [ %(l —p)? = (= p) (1 log(t — ) + 1 log iz — 12)
/ P(s)ds = / — = oo,
13 2 13 (l' ll H)

and

_n( ;Po) /:(1_ (#-f—U)ds:oo’

so condition (6) also holds. Hence, by Theorem (1), it holds that every solution x of (28) is almost
oscillatory.
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3. A Concluding Remark

We established new oscillation theorems for (1) in this paper. The main outcomes
are proved via the means of the integral averaging condition, and the generalized Riccati
technique under the assumptions of fL; a1/B(s)ds < fL; ﬁds = co as | — oo. Examples
are given to prove the significance of the new results. The main results in this paper
are presented in an essentially new form and of a high degree of generality. For future
consideration, it will be of great importance to study the oscillation of (1) when —co <
p(1) < —land |p(1)| < oo.

Author Contributions: Conceptualization, R.E., V.G., O.B. and C.C.; methodology, R.E., V.G., O.B.
and C.C,; investigation, R.E., V.G., O.B. and C.C.; resources, RE., V.G., O.B. and C.C.; data cu-
ration, RE., V.G., O.B. and C.C.; writing—original draft preparation, R.E., V.G., O.B. and C.C.;
writing—review and editing, R.E., V.G., O.B. and C.C,; supervision, RE., V.G., O.B. and C.C.; project
administration, R.E., V.G., O.B. and C.C,; funding acquisition, R.E., V.G., O.B. and C.C. All authors
read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Hale, J.K. Theory of Functional Differential Equations; Springer: New York, NY, USA, 1977.

2. Sathish Kumar, M.; Ganesan,V. Asymptotic behavior of solutions of third-order neutral differential equations with discrete and
distributed delay. AIMS Math. 2020, 5, 3851-3874. [CrossRef]

3. Sathish Kumar, M.; Bazighifan, O.; Almutairi, A.; Chalishajar, D.N. Philos-Type Oscillation Results for Third-Order Differential
Equation with Mixed Neutral Terms. Mathematics 2021, 9, 1021. [CrossRef]

4. Tian, Y, Cai, Y;; Fu, Y;; Li, T. Oscillation and asymptotic behavior of third-order neutral differential equations with distributed
deviating arguments. Adv. Differ. Eq. 2015, 2015, 267. [CrossRef]

5. Fu, Y,; Tian, Y,; Jiang, C.; Li, T. On the Asymptotic Properties of Nonlinear Third-Order Neutral Delay Differential Equations with
Distributed Deviating Arguments. J. Funct. Spaces 2016, 2016, 3954354. [CrossRef]

6.  Xiang, H.; Oscillation of third-order nonlinear neutral differential equations with distributed time delay. Ital. ]. Pure Appl. Math.
2016, 36, 769-782.

7. Wang, H; Chen, G;; Jiang, Y; Jiang, C.; Li, T. Asymptotic behavior of third-order neutral differential equations with distributed
deviating arguments. J. Math. Comput. Sci. 2017, 17, 194-199. [CrossRef]

8.  Driver, RD. A mixed neutral system. Nonlinear Anal. Theory Methods Appl. 1984, 8, 155-158. [CrossRef]

9.  Angelov, V.G. On asymptotic behavior of solutions of third order neutral differential equations. In Proceedings of the International
Conference VSU’2013, Sofia, Bulgaria, 6~7 June 2013; Volume I, pp. 112-116.

10. Angelov, V.G.; Bainov, D.D. Bounded solutions of functional differential equations of the neutral type with infinite delays, Proc.
Royal Soc. Edinburgh. 1982, 93A, 33-39. [CrossRef]

11.  Graef, ].R.; Savithri, R.; Thapani, E. Oscillatory properties of third order neutral delay differential equations. Discret. Contin. Dyn.
Syst. 2003, 342-350. [CrossRef]

12.  Baculikovd, B.; DZurina, J. Oscillation of third-order neutral differential equations. Math. Comput. Model. 2010, 52, 215-226.
[CrossRef]

13. Elayaraja, R.; Kumar, M.S.; Ganesan, V. Nonexistence of Kneser solution for third order nonlinear neutral delay differential
equations. J. Phys. Conf. Ser. 2021, 1850, 012054. [CrossRef]

14. Han, Z.; Li, T,; Sun, S.; Zhang, C. Oscillation behavior of third-order neutral Emden-Fowler delay dynamic equations on time
scales. Adv. Differ. Eq. 2010, 586312. [CrossRef]

15. Thandapani, E.; Vijaya, M.; Li, T. On the oscillation of third order half-linear neutral type difference equations. Electron. |. Qual.
Theory Differ. Eq. 2011, 76, 1-13. [CrossRef]

16. Ganesan, V.; Kumar, M.S. On the oscillation of a third order nonlinear differential equations with neutral type. Ural Math. |. 2017,
3,122-129. [CrossRef]

17.  Sathish Kumar, M.; Janaki, S.; Ganesan,V. Some new oscillatory behavior of certain third-order nonlinear neutral differential

equations of mixed type. Int. |. Appl. Comput. Math. 2018, 78, 1-14. [CrossRef]


http://doi.org/10.3934/math.2020250
http://dx.doi.org/10.3390/math9091021
http://dx.doi.org/10.1186/s13662-015-0604-6
http://dx.doi.org/10.1155/2016/3954354
http://dx.doi.org/10.22436/jmcs.017.02.01
http://dx.doi.org/10.1016/0362-546X(84)90066-X
http://dx.doi.org/10.1017/S0308210500031632
http://dx.doi.org/10.3934/proc.2003.2003.342
http://dx.doi.org/10.1016/j.mcm.2010.02.011
http://dx.doi.org/10.1088/1742-6596/1850/1/012054
http://dx.doi.org/10.1186/1687-1847-2010-586312
http://dx.doi.org/10.14232/ejqtde.2011.1.76
http://dx.doi.org/10.15826/umj.2017.2.013
http://dx.doi.org/10.1007/s40819-018-0508-8

Axioms 2021, 10, 192 8of8

18.

19.

20.

21.

22.

23.

24.

Qin, G.; Huang, C.; Xie, Y.; Wen, F. Asymptotic behavior for third-order quasi-linear differential equations. Adv. Differ. Eq. 2013,
305. [CrossRef]

Thandapani, E.; Li, T. On the oscillation of third-order quasi-linear neutral functional differential equations. Arch. Math. 2011, 47,
181-199.

Althobati, S.; Bazighifan, O.; Yavuz, M. Some Important Criteria for Oscillation of Non-Linear Differential Equations with Middle
Term. Mathematics 2021, 9, 346. [CrossRef]

Agarwal, R.P; Bazighifan, O.; Ragusa, M.A. Nonlinear Neutral Delay Differential Equations of Fourth-Order: Oscillation of
Solutions. Entropy 2021, 23, 129. [CrossRef] [PubMed]

Bazighifan, O.; Alotaibi, H.; Mousa, A.A.A. Neutral Delay Differential Equations: Oscillation Conditions for the Solutions.
Symmetry 2021, 13, 101. [CrossRef]

Baskonus, H.M.; Bulut, H.; Sulaiman, T.A. New Complex Hyperbolic Structures to the Lonngren-Wave Equation by Using
Sine-Gordon Expansion Method. Appl. Math. Nonlinear Sci. 2019, 4, 129-138. [CrossRef]

Yel, G.; Aktiirk, T. A New Approach to (3 + 1) Dimensional Boiti-Leon-Manna-Pempinelli Equation. Appl. Math. Nonlinear Sci.
2020, 5, 309-316. [CrossRef]


http://dx.doi.org/10.1186/1687-1847-2013-305
http://dx.doi.org/10.3390/math9040346
http://dx.doi.org/10.3390/e23020129
http://www.ncbi.nlm.nih.gov/pubmed/33498158
http://dx.doi.org/10.3390/sym13010101
http://dx.doi.org/10.2478/AMNS.2019.1.00013
http://dx.doi.org/10.2478/amns.2020.1.00029

	Introduction
	Main Results
	A Concluding Remark
	References

