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Abstract: Using differential subordination, we consider conditions of B so that some multivalent
analytic functions are subordinate to (14 z)7 (0 < o < 1). Notably, these results are applied to derive

100\ 2
sufficient conditions for f € A to satisfy the condition ' (Zf @) ) — 1] < 1. Several previous results

f(z)

are extended.
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1. Introduction
Let A(p) denote the class of multivalent functions of the form

f@=2+ Y o, (peN={123 ] 1)
k=p+1

which are analytic in the open unit disk D = {z € C : |z| < 1}. Additionally, let A := A(1).
For the two functions f and g analytic in D, the function f is said to be subordinate to
g, written as f(z) < g(z) (z € D), if there exists a function w analytic in D with w(0) =0
and |w(z)| < 1, such that f(z) = g(w(z)). Notably, if ¢ is univalent in D, then f(z) < g(z)
is equivalent to f(0) = g(0) and f(D) C g(D).
In [1] Sokdl and Stankiewicz defined and studied the class

ﬂu—{fth‘(?é?>2—l

From (2), one can see that a function f € SLif zf'(z)/ f(z) lies in the region bounded
by the right-half of the lemniscate of Bernoulli, given by |w? — 1| < 1. All functions in SL are
univalent starlike functions. Several authors ([2-5]) considered differential subordination
for functions belonging to the class SL.

Recently, many scholars introduced and investigated various subclasses of multivalent
analytic functions (see, e.g., [3-15] and the references cited therein). Some properties, such
as distortion bounds, inclusion relations and coefficient estimates, were considered. In [16],
Seoudy and Shammaky introduced a class of multivalently Bazilevi¢ functions involving
the Lemniscate of Bernoulli and obtained subordination properties, inclusion relationship,
convolution result, coefficients estimate, and Fekete-Szeg® problems for this class. In [14],
Xu and Liu investigated some geometric properties of multivalent analytic functions
associated with the lemniscate of Bernoulli and obtained a radius of starlikeness of the
order p. In [2], Ali, Cho, Ravichandran and Kumar considered conditions on 8 so that
1+ Bzp'(z) subordinate to v/1 + z. Furthermore, Srivastava [8] carried out a systematic

<1, ZED}. 2
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investigation of various analytic function classes associated with operators of g-calculus
and fractional g-calculus. In this paper, we will consider conditions of § so that some
multivalent analytic functions are subordinate to (1 +z)? (0 < v < 1), and derive several
sufficient conditions of multivalent analytic functions associated with the lemniscate of
Bernoulli. Some previous results are extended.

In order to prove our results, the following lemmas will be recalled.

Lemma 1 ([17]). Let q be univalent in D, and let ¢ be analytic in a domain containing q(D). Also
let % be starlike. If ¢ is analytic in D, ¢(0) = q(0) and satisfies

2¢'(2)9(¢(2)) < 2q'(2)p(49(2)),
then ¢(z) < q(z), and q is the most dominant.

Lemma 2 ([17]). Let q be univalent in the unit disk D, and let 6 and ¢ be analytic in a domain
containing (D) with ¢(w) # 0 when w € q(D). Set Q(z) = zq'(z)p(q(2)), h(z) = 6(q(z)) +
Q(z). Suppose that

(1) either h is convex, or Q is starlike univalent in D, and

(2) Rezg((zz)) > 0forz € D.

If ¢ is analytic in D, ¢(0) = q(0) and satisfies

0(9(2)) +2¢'(2)p(9(2)) < 0(q(2)) + 24" (2)9(q(2)),
then ¢(z) < q(z), and q is the best dominant.

2. Main Results

_ 227 .
Thgo'rem 1. Let O’ <7rs 1, Bo = ==5— and f € A(p) with f(z) # 0 when z # 0. If f
satisfies the subordination

/ 11 ! 2
M ELCIEIC _1<zf (z)) 1 <127, B> po 3)

pf(z)  pf(z) P\ f(z2)

then ;];((ZZ)) =< (14 z)7. The lower bound By is sharp.

Proof. We first prove the following conclusion. If ¢ is analytic in D and ¢(0) = 1, then
1+ B2¢'(z) < (1+2)" = ¢(z) < (1+2)7, (4)

where > Bp and the lower bound B is the best possible.

Define the function g(z) = (1 + z)” with g(0) = 1. Then g(z) is univalent in D. It can
been seen that z¢q'(z) is starlike. By Lemma 1, we observe that if 1+ Bz¢'(z) < 1+ Bzq'(z),
then ¢(z) < ¢q(z).

Next, we need only to prove g(z) < 1+ Bzq’(z). Consider the function h by

h(z) :=1+ Bzq'(z) :1+(1_|’[_3rzy)zl_7 (ze D).

1
Since g~ !(w) = w" — 1, we obtain

For z = e, t € [, 7], we have
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|q71(h(2))| _ |q71(h(eit>)| = <1+ (1-52/16;)17>7 — 1.

The minimum of |g~*(h(e'*))| is obtained at t = 0. Thus

g7 (h(e"))| > (1 + 2?1) "1,

provided B > % Thus (D) D gq(D). It follows that g(z) < h(z), and the conclusion
(4) is proved.
Now, we define the function ¢ by

zf'(2)
z) = ,
e
then ¢ is analytic in D and ¢(0) = 1. By a simple calculation, we have

) 2 1 (zf’(z))% -

=0 T e P\ @

From (3)—(5), we obtain

zf'(2)
pf(z)

The proof of the theorem is completed. []

< (142z2)".

For 7 = 3 and p = 1, we have the following result, obtained in [2].

Corollary 1. Let Bg = 2(2 — v/2) ~ 1.17 and f € A with f(z) # 0 when z # 0. If f satisfies
the subordination

1+8 <V1+z, B> Bo,

2f'(z) | 22f"(2) <Zf’(2))2
+ _

flz2)  fz) f(2)

then f € SL or zf'(z)/ f(z) lies in the region bounded by the right-half of the lemniscate of
Bernoulli. The lower bound By is sharp.

Theorem 2. Let0 <y <1, By = 2(27{1) and f € A(p) with f(z)f'(z) # 0whenz # 0. If f
satisfies the subordination

z2f"(z) _ zf'(2) y
1+,B(1+ 02) ) ) < (1+z)7, B=>pBo (6)
then 12 < (1+2z)7. The lower bound P is sharp.

pf(z)

Proof. We first derive the following conclusion:

29'(2)
¢(2)

(
where ¢ is analytic in D with ¢(0) = 1, B > B and the lower bound B is the best possible.
Let g(z) = (1 +z)"” with q(0) = 1. We consider the subordination

1+8

< (1+2)7 = ¢(z) < (1+2)7, @)

pz¢'(2)
¢(2)

pzq'(z)

R q(z)

1+
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This shows that ,
pz'(z) _ B
q(z)  1+z
is starlike in D. By Lemma 1, we know that ¢(z) < g(z).
Now, we define the function / by

1. B =) _ . Bz
I’l(Z) =1+ q(z) —1+m (ZED)
Since

h(D):{w:Rew<1+lZy}

and
g(D) C {w: Rew < 27},

this shows that q(D) C h(D) if 27 < 1+ %’ Hence, q(z) < h(z) for p > 2(21771), and
conclusion (7) is proved.
Define the function ¢ by
zf'(2)
z) = ,
UETE

then, ¢ is analytic in D and ¢(0) = 1. A simple calculation shows that

2¢'(z) _ . zf"(z)  zf'(2)
o0 e T e ®
From (6)—(8), we obtain .
zf'(z
F(2) < (142)7.

Now, we complete the proof of Theorem 2. [J

For ¢ = % and p = 1, we obtain the following result, given in [2].

Corollary 2. Let By = 4(v/2 —1) ~ 1.65and f € A with f(z)f'(z) # 0 when z # 0. If f
satisfies the subordination

() 2f(2) .
1*’3(” )~ ) > <Vitz p=fo

then f € SL or zf'(z)/ f(z) lies in the region bounded by the right-half of the lemniscate of
Bernoulli. The lower bound By is sharp.

Theorem 3. Let 0 < v < 1, By = w and f € A(p) with f(z)f'(z) # 0 when z # 0.
If f satisfies the subordination
f(z) (Zf”(Z) Zf’(Z))
1+ +1- < (1+2)7, > Bo, 9
‘szf’(z) f’(Z) f(Z) ( ) B = po 9
then L&) < (1+2)7. The lower bound Py is sharp.

pf(z)
Proof. We first prove the following conclusion:
z¢/(2)
¢(2)
where ¢ is analytic in D with ¢(0) = 1, B > B and the lower bound B is the best possible.

1+8

< (14+2)"=¢(z) < (1+2)7, (10)
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Let g(z) = (1+z)” with q(0) = 1. Then, g is a convex function in D. Define the
function Q by

Q(z) = 1) 7z

¢>(z)  (A+2)H7

This shows that ,
2Q'(z) _ pl-12
Q(z) 1+z

Therefore, Q is starlike in D. By using Lemma 1, we obtain the subordination relation

Re > 0.

LB )

7o 1 er T 0E I
Further, we define I by
hz) =1+ ﬁ;j(? 1+ 25 eD),

Since g~} (w) = w7 — 1, it follows that

7\ (h(z)) = (1 + ufz)zm) T

For z = ¢, t € [, 7], we have

. 1
‘B,)/elt b% B
(1 + (1+ eit)1+7 1.

The minimum of |g~!(h(e'*))| is obtained at t = 0. Thus

g7 (1(2))| = g~ (h(e™))| =

21+’y -

g (n(e)] > <1+ ﬁv)* 11

for g > 2 . Hence q(z) < h(z) and the conclusion (10) is proved.
Now, we define the function ¢ by

(27 -1)
v

_ )
URTIOK

then ¢ is analytic in D and ¢(0) = 1. By a simple calculation, we have

2¢'(z) _ pf(z) ('), _2f'(2)
9(z) _Zf’(2)< e pf(z))' an

From (9)—(11), we obtain

zf'(2)
pf(z)

This completes the proof of Theorem 3. []

< (1+42)7.

For v = % and p = 1, we derive the result obtained in [2].

Corollary 3. Let By = 4v2(vV/2—1) ~ 234 and f € A with f(z)f'(z) # O whenz # 0. If f
satisfies the subordination

£ (20, O . i
vy (g 1) <R Bz
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then f € SL or zf'(z)/ f(z) lies in the region bounded by the right-half of the lemniscate of
Bernoulli. The lower bound By is sharp.

Theorem 4. Let 0 < v < land f € A(p) with f(z)f'(z) # 0 when z # 0. If f satisfies the
subordination

zf'(2) zxzf”(z) . 1 z2f'(2) . )
pf(z) (” f(z) (1 p> f(z)><<1+ ), 0<asl, (12)

then ;/;((ZZ)) < (1+2z)7.

Proof. We first prove the following conclusion:
(1—a)p(z) + ag?(z) +az¢'(z) < (1+2)7 = ¢(z) < (1+2)7 (13)

for0<a<1.
Let g(z) = (1+ z)” with g(0) = 1. Additionally, let 6 and ¢ be given by 6(w) :=
(1 — a)w + aw? and @(w) := a. Then, § and ¢ are analytic in D with ¢(w) # 0. Define Q
and h by
Q(z) == 2q'(2)9(q(2)) = azq'(2),

and
h(z) = 0(9(z)) + Q(2) = (1 - )q(z) + aq?(z) + azq (=)

Cayz+ (1—a)(1+z) +a(l+z)H7
- (1+2z)1=7 ’

Since ¢ is convex, the function Q is univalent starlike in D. In view of Req(z) > 0, this
shows that
zZh(z) 1 { < zq”(z))}
= —Re|(1—a)+2aq(z) +a| 1+ >0 (zeD
5 = oRe| (1) 2002 (zeD)

q'(2)
for 0 < & < 1. From Lemma 2, we have ¢(z)
Now, we find conditions on « for g(z) <

Re

< q(z).
h(z). It follows that

Hh(e“)}}'—l‘ > (1) - 1] > 1

forz =, t € [~m, ), if

4227 -1)

n) = T2

a+27 > 27

for « > 0. Hence, the proof of the conclusion (13) is completed.
Define the function ¢ by
_'(?)

NTEk

then ¢ is analytic in D and ¢(0) = 1. A calculation shows that

WE) i) (1))
P& ey T ) <1 p) ) a%

Clearly
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o (e~ (3) 7))

(1—a)¢(z) + ad?(z) + azg'(z). (15)

From (12)-(15) we have

zf'(2)
pf(z)

Thus we complete the proof of Theorem 4. [

< (1+42z2)".
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