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1. Introduction

We consider finding a common fixed point of a finite number of resolvents operators
for proper lower semicontinuous convex functions on a geodesic space. To find this
point, we often use iterative schemes. We focus on Mann’s [1] and Halpern’s [2] iterative
schemes. We know many authors have considered these schemes by using nonexpansive
mappings. In a Banach space, Reich [3] proved weak convergence of Mann-type iteration,
and Takahashi and Tamura [4] proved that by using two nonexpansive mappings. In a
Hilbert space, Wittmann [5] proved strong convergence of the Halpern-type iteration.

We also know many researchers have proved iterative schemes on geodesic spaces. Ina
CAT(0) space, Dhompongsa and Panyanak [6] proved A-convergence of Mann'’s iterative
scheme, and Saejung [7] also proved convergence of Halpern’s iterative scheme. We know a
large number of results by using Mann’s and Halpern’s iterative schemes in a CAT(1) space.
Pigtek [8] considered Halpern’s iterative scheme by using a nonexpansive mapping in
CAT(1) space. Kimura and Sat6 [9] proved that by using a strongly quasi-nonexpansive and
A-demiclosed mapping in a complete CAT(1) space. Kimura, Saejung, and Yotkaew [10]
also proved convergence of Halpern’s iterative schemes under the same setting. Kimura
and Kohsaka [11] proved convergence of Mann and Halpern types of iterative schemes
with a sequence of resolvent operators for a single proper lower semicontinuous convex
function. We are particularly interested in these results [9-11], and obtain Theorems 1 and 2
with a finite number of resolvent operators in a complete CAT(1) space.

In a Hilbert space, the resolvent operator J; is defined as follows. Let f be a proper
lower semicontinuous convex function from a Hilbert space H to | —co, +o0]. Then, ¢ is
defined by

. 1
Jpx = argmin{f(y) + 5 |ly — x|*}
yeH

for all x € H. We know the resolvent ¢ is a single-valued mapping from H to H and it
is nonexpansive. For a proper lower semicontinuous convex function f from a complete
CAT(0) space X into | —co, +o0], Jost [12] and Mayer [13] defined the resolvent R rof f by

) 1
Ryx = argmin{f(y) + 5d(y, %)%}
yeX
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for all x € X. We also know the resolvent Ry is a single-valued mapping from X to X and
it is nonexpansive. In this paper, we use the resolvent in a complete CAT(1) space defined
by Kimura and Kohsaka [11,14].

2. Preliminaries

Let (X, d) be a metric space. For x,y € X, a geodesic between x and y is an isometric
mapping c: [0,d(x,y)] — X with ¢(0) = x and c(d(x,y)) = y. We say X is an r-geodesic
space for r > 0 if a geodesic exists for every pair of points in X satisfying d(x,y) < r.
Further, a metric space X is said to be r-uniquely geodesic if such a geodesic is unique for
each pair of points satisfying d(x,y) < r. The image of a unique geodesic between x and y
is denoted by [x, y].

For an r-uniquely geodesic space X, the convex combination between x,y € X with
d(x,y) < risnaturally defined. That is, for a € [0,1], we denote by ax & (1 — «)y the point
c((1—a)d(x,y)), where c is a geodesic between x and y. It follows that

dlax® (1—a)y,x) = (1—a)d(x,y) and d(ax & (1 —a)y,y) = ad(x,y).

A subset C of X is said to be r-convex if ax & (1 —a)y € C forevery x,y € Cwithd(x,y) <r
and «w € [0,1].

If X is r-geodesic for any r > 0, then X is simply called a geodesic space. A uniquely
geodesic space and a convex subset are also defined in the same way.

Let X be a uniquely geodesic space and x,y,z € X. For a triangle A(x,y,z) = [y,z] U
[z,x] U [x,y] C X satisfying d(y,z) +d(z,x) + d(x,y) < 2m, we define its comparison
triangle A(%,7,2) in the two-dimensional unit sphere S? by the triangle such that each
corresponding edge has the same length as that of the original triangle. Using this notion,
we call X a CAT(1) space if for every x,y,z € X, p,q € A(x,y,z), and their corresponding
points 7,7 € S?, the following relation is satisfied,

d(p,q) < de(x,Y),

where dg; is the spherical metric on S?.
The following results are fundamental and important for our work.

Lemma 1 (Kimura-Sat6 [15]). Let X be a CAT(1) space. Then, for every x,y,z € X with
d(x,y)+d(y,z) +d(z,x) < 2mand a € [0,1], the following inequality holds,

cosd(x,w)sind(y,z) > cosd(x,y) sin(ad(y,z)) + cosd(x,z) sin((1 — a)d(y, z)),
wherew = ay @ (1 — a)z.

Lemma 2 (Kimura-Satd [9]). Let X be a CAT(1) space. Then, for every x,y,z € X with
d(x,y) +d(y,z) +d(z,x) <2mand « € [0,1], the following inequality holds,

cosd(x,w) > acosd(x,y) + (1 —a)cosd(x,z),
where w = ay @ (1 —a)z.

Lemma 3 (Kimura-Sat6 [9]). Let X bea CAT(1) space such that d(v,v") < 7t for every v, v’ € X.
Let w € [0,1] and u,y,z € X. Then,

1—cosd(aud® (1—a)y,z)
< (1= )1 - cosd(y,2)) + (1 -

cosd(u,z) )
sind(u,y) tan(5d(u,y)) + cosd(u,y) )’
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where

sind(u,y)
b (u=y).

ﬁ:{l_sin((l—zx)d(u,y)) (£ y)

Let {x,} C X be abounded sequence. We say a point z € X is an asymptotic center of
{x, } if it is a minimizer of the function limsup,_, . d(xy, -), that is,

limsup d(x,,z) < limsupd(x,,y)

n—oo n—o0

for every y € X. If z € X is the unique asymptotic center of all subsequences of {x,},
then we say {x,} is A-convergent to a A-limit z. We know that in a CAT(1) space,
every sequence {x,} satisfying inf,cx limsup,_,. d(xn,y) < 71/2 has a unique asymp-
totic center and a A-convergent subsequence.

Let X be a CAT(1) space and T: X — X. The set of all fixed points of T is denoted by
F(T). Namely, F(T) = {z € X : z = Tz}. T is said to be quasi-nonexpansive if F(T) # @
and d(Tx,z) < d(x,z) for every x € X and z € F(T). A quasi-nonexpansive mapping T
is said to be strongly quasi-nonexpansive if lim,_, d(x,, Tx,,) = 0 whenever {x,} C X
satisfies sup, . d(xn, p) < 7/2 and limy ;oo (cosd(xy, p)/ cosd(Txy, p)) = 1 for every
p € F(T).

A mapping T is said to be A-demiclosed if z € F(T) whenever {x, } is A-convergent
to z and limy,_ye0 d(xy, Txy,) = 0.

Following [16], we define the notions of a strongly quasi-nonexpansive sequence
and a A-demiclosed sequence on CAT(1) spaces as follows. Let {T,} be a sequence of
mappings from X to X. {T,} is said to be a strongly quasi-nonexpansive sequence if each
T, is quasi-nonexpansive and limy ;e d(Xy, Tyxn) = 0 whenever sup,, .y d(xu, p) < 71/2
and lim,_,e(cosd(xy, p)/ cosd(Tyxn, p)) = 1 for every p € N1 F(Tyx). {Tu} is said to
be a A-demiclosed sequence if z € N, F(T,) whenever {x,} is A-convergent to z and
limy, 00 d(x, Tpxy) = 0.

Let X be a complete CAT(1) space and C C X a nonempty closed 7r-convex subset
such thatd(x, C) = infycc d(x,y) < /2 for every x € X. Then, for each x € X, there exists
a unique point yy € C satisfying d(x,yx) = inf,cc d(x,y). Using this point, we define a
metric projection Pc: X — C by Pcx = yy for x € X.

Let X be a complete CAT(1) space such that d(v,v') < 71/2 for every v,v' € X.
Let f: X — ]—o0, +00| be a proper lower semicontinuous convex function. The resolvent
Ry of f is defined by

Ryx = argmin(f(y) + tand(y, x) sind(y, x))
yeX

for all x € X; (see in [14]). We know that Ry is a single-valued mapping from X to X. We
also know that the resolvent Ry is strongly quasi-nonexpansive and A-demiclosed such
that F(Ry) = argmin, _y f (see [11,14]).

We recall some lemmas useful for our results.

Lemma 4 (Kimura-Satd [17]). Let X be a complete CAT(1) space such that d(u,v) < 1t/2 for
all u,v € X. Let S, T be quasi-nonexpansive mappings from X to X with F(S) N F(T) # Q.
Then, for every o € 10,1[, F(S) N F(T) = F(aS & (1 — a)T) and the mapping «S & (1 — )T is
quasi-nonexpansive.

Lemma 5 (He-Fang-Lopez-Li [18]). Let X be a complete CAT(1) space and p € X. If a sequence
{xn} in X satisfies that limsup,,_, . d(x,, p) < 71/2 and that {x,} is A-convergent to x € X,
then d(x, p) < liminf, e d(Xp, p).
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Lemma 6 (Saejung-Yotkaew [19], Aoyama-Kimura-Kohsaka [20]). Let {sy } and {t,} be se-
quences of real numbers such that s, > 0 for every n € N. Let {B,, } be a sequence in |0, 1[ such that
Yoo Bn = oo. Suppose that s, .1 < (1 — By)sy + Butn for every n € N. Iflimsup,_,  ty, <0
for every nondecreasing sequence {ny} of N satisfying liminfy (s, 11 — Sn,) > 0, then
lim;; 0054, = 0.

3. Lemmas for a Finite Number of Resolvent Operators

In this section, we prove some lemmas by using a finite number of resolvent oper-
ators for iterative schemes. Throughout this section, let X be a CAT(1) space such that
d(v,v") < 7t/2 for every v,v' € X.

Lemma 7. For a given real number a € }0, %} ,let o € [a,1— a]. For given points y,y°,y* € X,

definew € X by

w=0y'®(1-0)yh

Then,
cosd(w,y) cos(ad(]/o, y1 )) > min{cos d(yo, ), cos d(yl, y)}.

Proof. If yo = yl, it is obvious. Otherwise, by Lemma 1, we have

cosd(w,y) sind(y°,y')
> cosd(y°,y) sin(cd(y°, y')) + cosd(y,y) sin((1 — o)d(y°,y'))
> min{cosd(y°, y), cos d(y', y)} (sin(ed(y°, 1)) +sin((1 — 0)d(y°, "))

iy, yh)  Co=1d(’y)
2

= 2min{cosd(y°,y), cosd(y',y)} sin 7 .

Dividing above by 2sin(d(y°,y!)/2), we have

)
2

cosd(w,y) cos

(20 —1)d(y°,y")
2

— 0.1
> min{cosd(y°,y),cosd(y*,y)} cos (1 2”);(3% Y )

> min{cosd(y°,y),cosd(y',y)} cos

Moreover, dividing above by cos((1 —2a)d(y°,y')/2), we have

min{cosd(y°,y),cosd(y',y)}

_ 0,1
cos Za);(y Y)

_ 0,1
cos(ad(y°,y')) — sin ( 2a)zcl(y y) sin(ad(y°, y'))

_ 0 1
os U 2a)2d(y )

< cosd(w,y)

< cosd(w,y) cos(ad(y°, y')).
This completes the proof. [
Lemma 8. For a given real number a € }0, %} ,let ol € [a,1 —a] for everyl =0,1,...,N — 1.

For given points v, yk € Xforeveryk =0,1,...,N, define w e X by

wN = yNand w' = oyl @ (1 -0

wl+1
foreveryl =0,1,...,N —1. Then,

d 0, d 0, Iy > . d k/ .
cos d(w’, ) cos(ad(y’,w')) | _min  cosd(y,y)
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Proof. By Lemma 7,
cosd(w®,y) cos(ad(y°,w')) > min{cosd(y°,y), cosd(w",y)}.

We also have

cosd(w',y) > cosd(w!,y) cos(ad(y', w' 1))

> min{cosd(y',y), cosd(w'*1,y)}

forl =1,2,...,N — 1. Therefore, cos d(w°, y) cos(ad (y°, w')) > mingc (o1, N} COS d(vs,y).
This completes the proof. [

Corollary 1. Let T* be a quasi-nonexpansive mapping from X to X for every k = 0,1,...,N.
For a given real number a € }0, %}, let ¢! € [a,1— a] for every ] = 0,1,...,N — 1. Define
u': X — Xby

uUN =1mNand U' = o'T' @ (1 — oY U'*!

foreveryl =0,1,...,N —1. Let x € X and p € N}_o F(TX). Then,
cosd(U°x, p) cos(ad(Tx, U'x)) > cosd(x, p).

Next, we show several properties of a sequence of resolvents. Let f be a proper lower
semicontinuous convex function from X into | —co, +-o0] such that argminy f # @ and let
{An} be a real sequence such that infA, > 0. Then we know that {R,, (} is a strongly
quasi-nonexpansive sequence and A-demiclosed sequence (see [11]). Therefore, we obtain
the following results, using Lemma 4.

Lemma 9. Let f* be a proper lower semicontinuous convex function from X into | —co, +oo] for
every k = 0,1,...,N such that ﬂ,I(\IZO argminy, f¢ # @. For a given real number a € }0, %],

let ¢! € [a,1—a] for every ] = 0,1,...,N — 1 and A* € [a,+oo] for every k = 0,1,...,N.
Let R g« be the resolvent of Ak ¥ for every k = 0,1,...,N. Define U' : X — X by

UN = Rywgv and U' = o'Ryp @ (1— o) U'™*!

foreveryl =0,1,...,N —1. Then

N
FU°) =N argmin f¥,
k=0 X

Lemma 10. Let {T,} be a strongly quasi-nonexpansive sequence. Let f be a proper lower semicon-
tinuous convex function from X into | —oo, +-o00] such that (;;_; F(T,) Nargminy f # @. Fora

given real number a € } 0, %] et {on} C[a,1—a]and {\n} C [a,+oo[. Let R, ¢ be the resolvent
of Anf for every n € N. Then {ou Ry, & (1 — o) Ty } is a strongly quasi-nonexpansive sequence.

Proof. Let V;, = o,R,, r® (1 —0y)Ty for every n € N. From Lemma 4, V, is a quasi-
nonexpansive mapping for every n € N. From Corollary 1, for {x,} C X and p €
Nn=1 F(Tx) Nargminy f such thatlim, e cosd(xy, p)/ cosd(Vyx,, p) = land sup,, .y d(xn, p) <
/2, we have

cosd(Vyxn, p) cos(ad(RAnfxn, Tuxn)) > cosd(xpu, p)
and thus
cosd(xp, p)

s _CosdXn, p)
cos(ad(Ry, rxn, TuXn)) cosd(Vyxp, p)
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That is, limy, e d(R), £Xn, Tn xy) = 0. Therefore, we have

nh_r}r(}o A(Tyxy, Vyxy) = }i_r)goand(RAnfxn, Tuxy) = 0.

As1 = limy_ye cosd(xy, p)/ cosd(Vyxy, p) = limy_ye cosd(xy, p)/ cos d(Tyxy,, p), we have
lim d(T,x,, x,) = 0.
n—o0
Thus, we obtain
A(Vauxn, xn) < d(Vixn, Tuxn) + d(Tuxn, xn) — 0.

This completes the proof. [

Corollary 2. Let f* be the same as in Lemma 9 for k = 0,1,...,N. For a given real number
ac }0,%}, let {c}} C [a,1—a] for every ] = 0,1,...,N — 1 and {Ak} C [a, +oo[ for every
k=0,1,...,N. Let R/\ﬁfk be the resolvent of Ak ¥ for every k = 0,1,...,N and n € N. Define
u): X — Xby

uy = Rynpn and U, = ULRMU,, ®(1—outt

foreveryl =0,1,...,N —1land n € N. Then, {UY} is a strongly quasi-nonexpansive sequence.

Lemma 11. Let {T,} be a quasi-nonexpansive and A-demiclosed sequence. Let f be a proper lower
semicontinuous convex function from X into | —oo, +-00] such that (;_; F(T,) Nargminy f # @.

For a given real number a € }O, %} et {on} C [a,1—a]and {An} C [a,+oo[. Let R, ¢ be the
resolvent of Ay f for every n € N. Then {0y Ry, s © (1 — 1) Ty} is a A-demiclosed sequence.

Proof. Let Vi, = ouR,, r ® (1 —04)Ty for every n € N. Let p € ;1 F(T,) Nargminy f,

{xn} C X, and z € X such that lim, e d(Vyxy, x,) = 0 and suppose that {x,} is A-
convergent to z. Then,

cosd(Vyxn, p) cos(ad(RAnfxn, Tuxn)) > cosd(xu, p)

and thus

_cosd(xy,p)

cosd(Vyxy, p)

cos(d(xn, Vuxn) +d(Vuxn, p))
cosd(Vyxn, p)

1 > cos(ad(Ry, rxn, Tuxn))

v

Therefore, lim;, o d(R), FXn, Tuxy) = 0. Thus, we have

d(Rp, £Xn, Vaxn) = (1 — 03)d(Ry, fXn, TnXn)
S (1 - a)d(R/\nfx”, Tnxn) — O.

Since R, r is a A-demiclosed sequence, we have R, rz = z. Similarly,

A(Tyxn, Vuxy) = and(Rfon,Tnxn)
< (1 —=a)d(Ry, fxn, Tuxn) — 0.

Since {T, } is a A-demiclosed sequence, we have T,z = z. Thus, V,,z = z. This completes
the proof. O

Corollary 3. Let f*, {o}}, {Ak} and {U}} be the same as in Corollary 2 fork = 0,1,...,N and
1=0,1,...,N —1. Then {U%} is a A-demiclosed sequence.
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4. Iterative Schemes for a Finite Resolvents Operators

We prove convergence of Mann and Halpern types of iterative sequences for finitely
many convex functions by using the properties of a sequence of the resolvents in CAT(1) space.

Theorem 1. Let X be a complete CAT(1) space such that d(v,v') < 7t/2 for every v,v' € X.
Let f* be a proper lower semicontinuous convex function from X into | —oo, 4-c0| for every k =

0,1,...,N such that F = ﬂ}(\’:O argminy f* # @. For a given real number a € }0, %], let

{0l C [a,1 —a] for every ] = 0,1,...,N —1and {Ak} C [a, +-oo[ for every k = 0,1,...,N.
Let R be the resolvent of Ak f¥ for every k = 0,1,...,N and n € N. Define U}, : X — X by

Uy = Ry pn and Uj, = ULR/\{J, ®(1—oyuitt

foreveryl =0,1,...,N—1and n € N. Let {a,} be a real sequence in [a,1 — a]. For a given
point x1 € X, let {x,,} be the sequence in X generated by

Xpi1 = Xy @ (1 — ocn)ugxn
forn € N. Then, {x, } A-converges to a point of F.
Proof. Letz € F. As U is a quasi-nonexpansive mapping, it follows from Lemma 2 that

cosd(xy41,2) >ty cosd(xp,z) + (1 — ay) cosd(Udx,, z)
> cosd(xp,z).

Thus we have d(x,11,z) < d(xy,z) for n € N. There exists D = limy 0 d(xy,z) <

d(x1,z) < 7/2. From Lemma 1, we get

cosd(x,11,z) sind(x,, Ux,)
> cosd(xp,z) sina,d(xy, ngn) + cos d(ngn,z) sin(1 — a,)d(xy, ngn)
d(xn, ngn) (20, — 1)d(xn, Udx,)

> 2cosd(xy,z) sin 7 cos >

If d(xy, U,?xn) # 0, we obtain

d (x, U 20, — 1)d(x, U°
cosd(x,41,2) cos M > cosd(x,,z) cos (2 ) z(xn an).
As{ay} C [a,1—a], we get
0 0
1 > COS M cOS M COSd(Xn,Z)
cos (172a)d(2x,l,u2xn) ~ cos (Zarl)dz(xn,ugxn) = cosd(xp41,2)

As D = limy 00 d(xy,2z) < d(x1,2z) < 71/2, we have

- cos d(xn,élsxn)
lim 5 =1
n—eo oo (1—2a)d(2xn,llnxn)

and thus lim,_ye d(xy, ngn) = 0. Let xo be an asymptotic center of {x, } and y an asymp-
totic center of any subsequence {x,, } C {x,}. There exists {xnk] } C {xy, } such that {xnkl}
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A-converges to w. As {ngl } is a A-demiclosed sequence and limy, ;e d (ngl Xy, xnk’) =0,
we obtain w € F. Since there exists lim;, 0o d(xp,,, w), we have
limsup d(x,,, w) = lim d(x,,, w) = lim d(x,, ,w)
k—o00 k—roo I—=00 !
< limsup d(xnk’ ,y) < limsupd(x,,y).

[—00 k—o0

Therefore, we obtain y = w € F. Similarly, we get xo = y. Therefore, {x, } A-converges to
xo € F. O

Theorem 2. Let X, f*, {o}}, {Ak} and {U]} be the same as in Theorem 1 for k = 0,1,...,N
andl = 0,1,...,N — 1. Let {an} be a real sequence in 10,1 such that limy, ;e &y, = 0 and
Yoo &n = 00. For given points u, x1 € X, let {xy } be the sequence in X generated by

Xpp1 = antt @ (1 — ) U0,

for n € N. Suppose that one of the following conditions holds:
(@) sup,cxd(v,0) <m/2;

(b) d(u, Pru) < t/4and d(u, Pru) + d(xo, Pru) < 11/2;
(©  Eiloa = oo

Then, {x} converges to Pru.

To prove this theorem, we also employ the technique proposed in [9]. Note that
F = N, argminy f*.

Proof. Let p = Pru and let

sn =1 —cosd(xp, p),

b1 cosd(u,p)
" sind (u, Udx,) tan(%d(u, Ulx,)) + cosd(u, Udx,)’
sin((1 — ay)d(u, Uxy)) 0
1-— u ,
Bn = sind(u, Udx,) (1 # Unu)
ay (u = Udxy)

for n € N. Since UY is a quasi-nonexpansive mapping, it follows from Lemma 3 that

Sup1 < (1= Bu)(1 = cosd(Upxn, p)) + Butn < (1= Bu)sn + Putn

for n € N. By Lemma 2, we have

cosd(x,41,p) = cosd(anu @ (1 — ay)Uox,, p)
> ay cosd(u, p) + (1 —ay) cosd(Udxy, p)
> aycosd(u, p) + (1 —ay) cosd(xp, p)
> min{cosd(u, p),cosd(xu, p)}

for n € N. So we have
cosd(xp, p) > min{cosd(u, p),cosd(xg, p)} = cosmax{d(u,p),d(xo,p)} >0

for n € N. Hence sup,, . d(xy, p) < max{d(u, p),d(xo, p)} < /2. Next, we will show for
each of the conditions (a—c) imply that ) ;” ; B, = co. For the conditions (a) and (b), let
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M = sup, nd (u, US Xy ). Thus, we will show M < 7t/2. In case (a), it is obvious. In case
(b), as sup,, .y d(xn, p) < max{d(u,p),d(xo,p)}, we have

M < sup(d(u, p) + d(Upxn, p))

neN

< sup(d(u,p) +d(xu,p))

neN

< max{2d(u,p),d(u,p) +d(xo,p)} < m/2.

Thus, for cases (a) and (b), we have

= gaaron(5 M) eos((1- 5)m)
> n;, cos M

forn € N. As Y ;? &, = 0o, each of the conditions (a) and (b) implies that } ;> B, = co.
In the case (c), we have

AT o a2 2
ﬁn21—sm%:1—cos%2 716

for n € N. Hence the condition (c) also implies that Y B, = 0. For {s,,} C {s,} witha
nondecreasing real sequence {7;} C N such that liminf;_, (s, 41 — s4;) > 0, we have

0< hm 1nf Sn+1 — Sn;)

i—00

< liminf(cosd(xy,, p) — (an, cosd(u, p) + (1 — ay,) cosd(Ugixni,p)))

i—00

(

= hm 1nf(cos d(xu;, p) — cosd(xy.11,P))
(
(

= liminf(cos d(xy;, p) — cos d(USixn,-r p))

i—00
< limsup(cosd(xy,, p) — cos d(ugixni, p)) <0

1—00
Hence lim;_(cosd(xy;, p) — cosd(US xy;, p)) = 0. Since sup,nd(Upxn, p) < 7/2,
we havelim;_,(cosd(xp;, p)/ cosd (Ugixni, p)) =1. As{ USZ,} is a strongly quasi-nonexpansive
sequence, it follows that lim;_, d(xy,, Ugixni) = 0. Let {xn],} C {xy, } be a A-convergent
subsequence such that lim; . d(u, x5;) = iminf; e d(u, xp,). Since { U} is a A-demiclosed
sequence and lim;_,q, d (xn]., Ugjxn].) =0, the A-limitz € {xn/.} belongs to F. By Lemma 5,
we have

liminf d(u, U2, ) = liminfd(u, xp,) = lim d(u, xy;) > d(u,z) > d(u, p).

1—00 1—00 *}00

Hence

cosd(u p)
limsup t,, = limsup | 1 —
i—o00 i—s00 sind (u, UY. xy,) tan( i d (1, UY,x, ) + cos d(u, UY x,,)

_hmsup<1_ Cosdwiﬂ))) .

i—00 cos d(u, Uj). xy,

From Lemma 6, we have lim,, _,« s, = 0. Therefore, {x, } converges to p. This completes
the proof. O
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5. Applications to the Image Recovery Problem

At the end of this work, we apply our results to the problem of finding a point of the
intersection of a finite family of closed convex subsets. This problem is also known as the
image recovery problem. See the works in [21,22] and references therein.

Let C be a nonempty closed convex subset of a complete CAT(1) space such that
d(v,v") < 71/2 for every v,v' € X. Then, the indicator function ic: C — X of C defined by

is proper, lower semicontinuous, and convex. As is mentioned in [14], the resolvent R;.
of this function coincides with the metric projection Pc. Using this fact, we obtain the
following results for the image recovery problem. The first result can be proved by using
Theorem 1.

Theorem 3. Let X be a complete CAT(1) space such that d(v,v") < 7/2 for every v,v’ € X.
Let {Cy,Cy,...,CN} be a finite family of nonempty closed convex subsets of X such that C =

ﬂ,lc\]:() Cx # ©. For a given real number a € ]O, %}, let {c}} C [a,1—a]forl=0,1,...,N—1
and n € N. Let Pc, be the metric projection onto Cy for k = 0,1,...,N. Define ul: X — Xby

Uy = P, and U}, = o}, Pc, & (1 — ol ) UL

foreveryl =0,1,...,N—1and n € N. Let {«,} be a real sequence in [a,1 — a]. For a given
point x1 € X, let {x,,} be the sequence in X generated by

Xpi1 = Xy @ (1 — an)ugxn
forn € N. Then, {x, } A-converges to a point of C.

Note that this theorem is a generalization of the result by [21] in the setting of Hilbert
spaces, to complete CAT(1) spaces.

On the other hand, by using Thoerem 2, we can also prove the following theorem
which was obtained by the authors of [23].

Theorem 4 (Kasahara-Kimura [23]). Let X be a complete CAT(1) space such that d(v,v") <
/2 for every v,v" € X. Let {Cy, Cy, ..., Cn} be a finite family of nonempty closed convex subsets

of X such that C = N_yCx # @. For a given real number a € }O, %], let {c}} C [a,1—a]
forl=0,1,...,N—1and n € N. Let Pc, be the metric projection onto Cy fork =0,1,...,N.
Define U}, : X — X by

Uy = P, and U}, = o Pc, & (1 — ol ) UL

foreveryl = 0,1,...,N—1and n € N. Let {a,} be a real sequence in 10,1 such that
lim, oty = 0and Y;> g, = oo. For given points u,x1 € X, let {x,} be the sequence in
X generated by

Xpp1 = it @ (1 — ) U0,

for n € N. Suppose that one of the following conditions holds:
@) sup,,cxd(v,0) <m/2;

(b) d(u,Pcu) < rt/4and d(u, Pcu) 4+ d(xg, Pcu) < 11/2;
(©  Yiloa = o

Then {x, } converges to Pcu.
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6. Conclusions

We proposed a new type of iterative scheme for the problem of finding a com-
mon minimizer of finitely many convex functions defined on a complete CAT(1) space.
We considered the resolvent operators for proper lower semicontinuous convex functions
defined on a complete CAT(1) space and their convex combination. As the convex combi-
nation on a CAT(1) space is defined only between two points, we need to take it repeatedly
for three or more points.

In the first result (Theorem 1), we adopted a Mann-type sequence defined by the
following iterative formula: x; € X is given and

Xpi1 = Xy @ (1 — ocn)ugxn

for n € N, where a mapping U is defined by the convex combination of finitely many
resolvents. Then, {x, } is A-convergent to a solution to our problem.
In the second result (Theorem 2), we used a Halpern-type sequence defined as follows:
u,x; € Xis given and
Xpo1 =ttt ® (1 — a,) Uy,

for n € N. Then, it converges to Pru, the nearest point of the solution set F to u.

Further, we showed that these results can be applied to the image recovery problem.
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