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1. Introduction

Non-commutative geometry is a branch of mathematics concerned with geometric approach to
non-commutative algebras, and with constructions of spaces which are locally presented by
non-commutative algebras of functions. Its main motivation is to extend the commutative duality
between spaces and functions to the non-commutative setting.

More specifically, in topology, compact Hausdorff topological spaces can be reconstructed from the
Banach algebra of functions on the space. The Pontryagin duality theorem refers to the duality between
the category of compact Hausdorff Abelian groups and the category of discrete Abelian groups. The
Pontryagin—van Kampen duality theorem extends this duality to all locally compact Hausdorff Abelian
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topological groups by including the categories of compact Hausdorff Abelian groups and discrete
Abelian groups into the category of locally compact Hausdorff Abelian topological groups (see [1]).
This can be illustrated by the following diagram:

LCA LCA
L]
(_7T) R

Cpct Disc.

(_7T)
Taking the Pontryagin—van Kampen duality theorem as a model, an extension for the duality between
finite dimensional algebras and coalgebras to the category of finite dimensional Yang—Baxter structures
was constructed in [2]. The resulting duality theorem can be illustrated by the following diagram:

*

f.d. YB str. f.d. YB str.

]
F G
)*

f.d. k-alg. D — f.d. k-coalg.
0

Our motivation in this paper is to extend the above duality to the non-commutative setting.

In Section 2, we present in a new fashion the duality between right finitely generated projective
corings and ring extensions (compare with [3]).

In Section 3, we define the category of (right finitely generated projective) generalized Yang—Baxter
structures. We construct full and faithful embeddings from the categories of ring extensions and corings
to the category of generalized Yang—Baxter structures. We show that taking the right dual is a duality
functor in the category of right finitely generated projective generalized Yang—Baxter structures. Then
we conclude that the duality between right finitely generated projective corings and ring extensions can
be lifted up to the category of right finitely generated projective generalized Yang—Baxter structures.

There are some more comments to be made.

(i) We propose as a research project the investigation of other connections between the duality of
(co)algebras and the Pontryagin duality. (For example, one might try to endow the (co)algebra
structures with some topological structures.)

(i) At the epistemologic level, the extension of the duality of (co)algebra structures seems to be
a model for the relation between interdisciplinarity, pluridisciplinarity and transdisciplinarity
(see [4)).

(i11) This paper explains that taking the dual of some objects can be seen a “continuous” process. Let us
visualize this statement by considering an example from geometry. We take a triangular prism: We
can see it as two parallel triangles joint by 3 segments. In total it has 5 planar geometric figures,
9 edges and 6 vertices. The geometric dual of the triangular prism has 6 planar geometric figures,
9 edges and 5 vertices. Now, one can start with a triangular prism, “shave” its corners, and then
continuously deform that figure in order to obtain the geometric dual of the triangular prism.
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2. Notations and Preliminaries

Throughout this paper K is a commutative ring, and all K-modules M are such that for all m € M,
2m = 0 implies m = 0.

Let A, B, C, etc. be algebras over ground commutative ring K. Unadorned tensor product will denote
the tensor product over K. For modules M in 4 M g, symbols M*, *M, *M* denote right dual, left dual
and bidual of M, and 4 M p(M, N) denotes the K-module of (A, B)-bimodule maps M — N. In what
follows we shall concentrate on right dual of M but similar observations can be made for the left dual
as well.

Forall p € AMp(M, N),let ¢* : N* — M* denote the right adjoint of ¢ i.e., p*(g)(m) := go p(m).

We denote by () : A — A the canonical anti-algebra isomorphism from the algebra A into its
opposite A° (which is the identity on the underlying K-modules), i.e., a = a°? as module elements and
(aa’)P = a’°Pa? for all a,a’ € A.

The following facts are well known, but we recall them to set up the notation:
(i) If M € oM p then M* € 400 M pop with (a®? fb°)(m) = bf (am).

Assume that M € 4 Mg is also finitely generated projective as a right B-module, i.e., there exists a dual
basis f; € M*, 1m; € M, i € I such that for any m € M, m = > 1 f;(m). Then

(ii) The mapping rps : M — M**, kpr(m)(f) = f(m)°P is an isomorphism in 4 M g, with the inverse
Kyt (m) = 32, mgm(f;)P. In fact & is a natural morphism between identity functor in 4 M and
the functor ()** : 4 Mp — s Mp.

(iii)) f N € pMc then Ky n @ M* @po N* — (M ®p N)*, given by ky n(f @pw g)(m @ n) =
g(f(m)n), is an isomorphism in 400 M e With the inverse

’fz_wl,N(O‘) = Z fi ®po a(m; ®p ) (D

(iv) Let M € yMp, N € gpM¢, P € ¢ Mp, where A, B, C, D are algebras. Then the following
diagram is commutative:

Kz, N®cop P*

.2\4>|< ®Bop ]\P< ®Cop P*

(M &5 N)* @co P* 2)

M*@Bopliz\l’p KM®pgN,P

KM,N®c P

M* ®@pa (N ®c P)*

(M ®@p N ®c P)*

(v) Let M € 4 Mg be finitely generated projective as B-module, with dual basis m; € M, ﬁ e M~,
1 € I,and let N € g M be finitely generated projective as a C-module with dual basis n; € N,
gi € N*,1 € J. Then M ®p N € 4 Mc is finitely generated projective as a C'-module with a
dual basis

m; ®an & M®BN, /{M,N(fi ®Bop§]j> c (M®B N)*, iEI, ] c J (3)
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The following terminology and theorems concerning corings and ring extensions are needed in this
paper. For a review on coalgebras see: [5—7]. For a review on corings see [3].

Definition 2.1 C € z My is called a B-coring if there exist morphisms A€, ¢ € zMp, A¢ : C —
C®pC, € : C — B such that

(A°®p C) o A® = (C®p A%) o A° (4)
(°®@pC)oA° =C = (C®pe’) oA ®)

In the sequel we shall use Sweedler’s notation A°(c) = ¢(1) ® g ¢(2). Given B-corings C and D, a map
¢ € pMp(C,D) is called a morphism of B-corings if (¢ @5 ¢) o A® = AP o ¢ and P o ¢ = ¢°. The
category of B-corings is denoted by Crg.

Definition 2.2 Ring R is called an extension of a ring B if there exists an injective unital ring morphism
1z : B — R. Observe that R € g Mp by 1z. Given ring extensions 1z : B — R andp : B — P, a
ring morphism o : R — P is called a morphism of ring extensions if o o 1gx = 1p or, equivalently, if
a € pMp(R,P). The category of ring extensions of B is denoted by Rge .

The full subcategory of Crgy (resp. Rgey) consisting of those B-corings (resp. ring extensions of 3)
that are finitely generated projective as right B-modules is denoted by r.f.g.pCrg (resp. r.f.g.pRge).

Lemma 2.3 (i) IfC € Crgy then C* € go M po is a ring extension of B with multiplication
(rr')(c) == 1"(r(cq))ce), forallr,r' eC* (6)
unit 1o+ := € and embedding map
1w B—C", b%* +— b%P1ex (7)

(ii) If  : C — D is any coring morphism then ¢* : D* — C* is a ring extension morphism.
(iii) If R € rL.g.pRgey then R* is a B’-coring with comultiplication and counit

AR RY 5 R*Qpa R ¢ Z fi @po c(Fi) (®)
R IR — B?, ¢ c(lg)” )

where 7; € R, fz € R*, 1 € I is a (finite) dual basis of 'R.

(iv) If ¢ : R — S is a morphism of right finitely generated projective ring extensions of B, then
¢ : 8 — R* is a morphism of B°P-corings.

(v) Functor ()** : r.L.g.pRge; — r.f.g.pRge is equivalent to the identity functor on r.f.g.pRge . For
all R € rL.g.pRges, kg : R — R** is a ring extension isomorphism facilitating this equivalence.

(vi) Functor ()** : r£.8.pCrgy — rL.g.pCrgy is equivalent to the identity functor on r.£.8.pCrgg. For
all C € r.£.8.pCrgy, ke : C — C** is a B-coring isomorphism facilitating this equivalence.

Proof. The statements (i) and (ii) are contained in Proposition 3.2 [8], while (iii) and (v) are rephrasings
of Theorem 3.7 [8] (cf. [3], 17.8-17.13)
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(iv) Consider any ring extension morphism ¢ : R — S. Let7; € R, ﬁ € R*, 1 € I be any finite dual
basis of R, and let 5; € S, g; € S*, ¢ € J be any finite dual basis of S. For all s € §%,

= Z fi ©@pm s($(7:)9(-)) = Z Ji @ 5(3;9;((7:)) ()
= Z fz ®@por $(8;0(g(¢ Z fz ®por §j(P(7))"s(8;0(+))
_Zflgj ) @pow 5(3;0(-) Zga 0 ¢ @po $(5;0(+))

= (¢" ®p» &) Zgj ®pw 5(3;-)) = (¢" @pw ¢%) 0 A%(s)
j

and

0 ¢(s) =X (s0d) = (s 0 9)(1r) = s(Ls) = 7 (s)
Hence ¢* is a coring map.
(vi) It is enough to prove that ¢, is a coring map for any C € r.f.g.pCrgy. Let C be a B-coring, and let
¢ eC, fl € C*, 1 € I, be any finite dual basis of C. Observe that fz € C*, ke(¢) € C**,i € I is a dual
basis of C*. Indeed, for any g € C*,

9= figlim) =3 firc(iin)
Hence, forall ¢ € C,
A o re(c) Zﬁc &) ®p kelc ch &) @p (fi)(c)P
= Zlfc () @B (filcw)ew)” Zﬁc (¢i) @5 kel ( cm))c)

= re(éifilcq)) ®p kelce) = (ke ®p kie) 0 A%(c)

and

e o ke(c) = re(c)(les)® = 1e= ()PP = £%(c)

Corollary 2.4 ()* is a duality functor between r.f.g.pRge; and r£.8.pCrgz,,:

*

r.f.g.pRge; r.f.g.pCrgz., (10)

0

3. An Extension for the Duality between Corings and Ring Extensions

Our aim in this section is to extend the duality between right finitely generated projective
ring extensions and corings to the category of right finitely generated projective generalized

Yang—Baxter structures.
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We use the following terminology concerning the Yang—Baxter equation. Some references on this
topic are: [9-11], etc.

Let B be a K-algebra. Given a (B, B)-bimodule V and a (B, B)-bilinearmap R : V@V — V@V
we write R2 = R@pid, R® =id®@g R: VgV gV -V gV @5V where id : V — V is the
identity map.

Definition 3.1 An invertible (B, B)-linear map R : V ®p V — V ®p V is called a generalized

Yang—Baxter operator (or simply a generalised YB operator ) if it satisfies the equation
R12 o R23 o R12 — R23 o R12 o R23 (11)

Definition 3.2 For an algebra B, we define the category YB strp whose objects are 4-tuples
(V,p,e,¢), where

(i) Visa (B, B)-bimodule;

(i) p:V®pV — V ®pV isageneralized YB operator;
(iii) e € V suchthatforallb € B, eb = be,andforallz € V, p(z®e) = e®pz, p(e@px) = r®pe€;
(iv) € : V — Bisa (B, B)-bimodule map, such that (id ®ge) o p = e Rpid, (c@pid)op =idRpge.

A morphism [ : (V,p,e,e) — (V¢ € &') in the category YB strp is a (B, B)-bilinear map
f:V — V' such that:

V) (f@pflop=y¢ o(f®sf),
(vi) f(e) =¢,

(vil) €' o f =¢.

Composition of morphisms is defined as the standard composition of B-linear maps. A full subcategory
of YB strp consisting of all such (V) ¢, e, e) for which V' is finitely generated projective as a right
B-module is defined by r.f.g.pYB strp.

Remark 3.3 Let R : V ®p V — V ®p V be a generalised YB operator . Then (V, R, 0, 0) is an object
in the category YB strp.

Theorem 3.4 (i) There exists a functor:

F :Rgey — YBstrg, R+~ (R,pr,1z,0€ *R")
where op(r@pr')=rr'@pl+1@prr’ —r@pr (12)

Any ring extension map f is simply mapped into a (B, B) bimodule map.
(ii) F is a full and faithful embedding.

Proof. i) The proof that ¢ is a generalised YB operator is left to the reader (cf. Proposition 2.1
from [12], o' = ¢r). Furthermore oz (r ®p1) =r®pl+1@pr—r®pl =171, pr(l®@p7r) =
1®@pr+r®pl—10gr=r®p1, (id®g0)opr =0=(0®pid), (0®pid)opr =0 = (id®p0).
Hence (R, ¢x, 1r,0) is an object in the category YB strp.
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Let f : R — S be a morphism of ring extensions. Then f(1z) = 1s and 0 o f = 0. Moreover

(fes flopr(r@pr) = f(r)fr")@s f(1)+ f(1) @5 f(r)f() — f(r) @5 f(r)
=pso(f®p f)repr).

Hence [ : (R, ¢r,1r,0) — (S, ¢s, s, 0) is a morphism in the category YB str.

(ii) If FR = FS, for some R,S € Rgey, then obviously R = S as (B, B)-bimodules, 15 = 15, and
the only thing which can differ is the multiplication. Denote by - the multiplication in R, and by o the
multiplication in S. Then, as pr = ¢s, forall .7’ € R,

r-r"pl+lpr-r—rgr=ror@pl+1l®gror —rxzr

hence

(r-r—rory®@pl=-1®pg(r-r—ror')

Multiplying tensor factors on both sides of this equation (whether using multiplication in R or S is
irrelevant) yields 2(r - " —r o7r’) = 0, hence r - 7’/ = r o7/, and so R = S as algebras. Therefore F is
an embedding.

Obviously, distinct ring extension maps are also distinct as (B, B)-bimodule morphisms, hence F is
a faithful functor.

Let f : (R, ¢r,1%,0) — (S, s, 1s,0) be a morphism in YB strp, where R, S € Rges. Then f is
unital, and (f ®p f) o pr = s o (f ®p f), hence, forall r,r" € R,

frr)@pl+1@p f(rr') = f(r) @p f() = f(r)f(r) @5 1+ 1@p f(r)f(r) = [(r) @5 f(').

Multiplying factors in tensor products in both sides of the above equation yields 2(f(rr’) — f(r) f (")) =
0, hence f(rr’) = f(r)f(r') and, as f is a (B, B)-bimodule map, it is a ring extension map. Therefore,
F’ is a full functor. UJ

Theorem 3.5 (i) There exists a functor

G:Crggz — YBstrg, C— (C,¢,0,¢°)
where e = A° @pe® + € @5 A —id @p id (13)

A coring morphism is mapped into a (B, B)-bimodule morphism.

(ii) G is a full and faithful embbeding.

Proof. i) The proof that ¢¢ is a generalised YB operator (cf. Proposition 2.3 from [12]) is left to the
reader (1); ' = 1)¢). Furthermore, for all ¢ € C, 1c(c ®p0) =0 =0®p ¢, (0 ®@p c) = 0= c®@p 0.
Moreover, for all ¢, ¢ € C,

(id @5 %) o the(c ®p ) = c1ye(c(2))°(¢) + () (1ye€(c (9)) — () = ()
= (€C ®B Zd)(C ®B C,)
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and

(e ®pid) oe(c®@p ) = (cay) @S (¢) + °(c)eC (1)) ) — () = c=°(C))
= (id®p EC)(C ®p C/)

Hence (C, ¢, 0,£°) is an object in YB strp. Let f : C — D be any morphism of B-corings. Then f is
also a (B, B)-bimodule morphism, f(0) = 0, c? o f = £, and,

vpo(f@pf)=APof@pelof+ePof@pAPof—fopf
=(f®pf)oA°®peC 4+ @p (f@p f)oA + f@p f=(f®pf)oe

Therefore f : (C, ¢, 0,e%) — (D,p,0,P) is a morphism in YB strp.
(ii) Suppose that GC = GD for some B-corings C, D. This means that C = D as (B, B)-bimodules,
c_.D

€ , and the only things which can differ are comultiplications. However, as ¥¢ = 1)p, we have

AR+l @ A — TR I =AP Q¢+ @ AP — T Rp 1

hence

(A — AP) @5 = - ®p (AC — AP)
Composing both sides of the above equation with A€ yields 2(A¢ — AP) = 0 hence A® = AP and
C =D as (B, B)-corings. Hence G is an embedding.

Obviously distinct B-coring morphisms are also distinct as (B, B)-bimodule morphisms, hence G is
a faithful functor.

Let f : (C,¢¢,0,e%) — (D,vp,0,eP), where C, D are corings, be a morphism in YB strg. Then
(B, B)-bimodule morphism f : C — D is counital, i.e., e o f = £°. Furthermore, (f ®p f) o Y =
Yp o (f ®p f), and hence (f @5 f) o 1he 0 A = p o (f @5 f) o AC. Observe that )¢ o A® = A€,
Therefore

(f @5 f) oA = (f@p f)oveoA°=dpo(f@p f)oA
= (APofopePof+ePofopAPof— f@pf)oA
= (APofRpef+ef@pAPof—fRpfloA°=2AP o f— (f®pf)oA
ie.,2(f ®p f) o A® = 2AP o f, hence (f @p f) o A® = AP o f, and f is a B-coring map. Therefore
G is full. ]

Proposition 3.6 Let (V, R, e,¢) € r.L.g.pYB strg. Then

(V,R,e,e)* :== (V* Rl e,e') € r.eg.pYB strp. (14)
where e'(f) = f(e), and
R' =k}, 0 R* o kyy (15)
Moreover,
k()= 07 kv (ViRee) — (V7R el eh) (16)

is a natural isomorphism in r.£.g.pYB strp.
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Proof. R is invertible, hence R'™' = &k, o (R™!)* o ky,y. We shall prove that R' satisfies the
Yang—Baxter equation. Observe that

H‘_/ébBVJ/ © (R ®B I)* O RvepV,V = R* Kpop 1 (17)

H\_/,IV(X)BV o (I XB R)* ORV VeV = 1 & Bop R* (18)

Indeed, letI"' € (V@ V)*, f € V*, and let v; € V, ﬁ e V*, i € I, be adual basis of V.

K:‘_/}@BV7V o (R@pI)" okygyvv(l @po f)

= Kyguvy © (RO 1) (v@p v @pv" — f(T(v@pv)v"))
= fivg vy (V@B 0 @5 0" = f(D(R(v®p v))0"))
= Z kv (fi @po f;) @pw fD(R(6; @5 1))

i,j€1

=S kv (fi ©pm f)T(R(5: @5 8;))® ©pm f

1,5€l

== FOR®BOp f - (R* X Bor I)(F & Bov f)

Similarly we can prove the other equality. By virtue of (17,18), we can write

R Qpo I = (m‘jl‘/ ®pw I) o0 ’f\_/éz)BV,V o(R@pI) okygyvv o (kyy Qpw I) (19)
I & gop RT = (I & gop H;}V) e} K/‘_/,IV(@BV O (] KB R)* O Rv,vegV © (] & gop HV}V) (20)
By (2),
Kvepvy © (Ky,y @pe 1) o (I @po ’ﬁ?}/) = Ky,VvegV (21)
Kyvegy © (1 @po Fév,v)(fi\_/,lv Qpw 1) = kvezvy (22)

and therefore

RM R R = (“1_/1\/ ®por I) 0 ’fx_/éan,v o (R™ 0 R¥ o R®)* o kyguvy o (Kuy @pw 1)

= (I @por %;1‘/) o “\_/,1‘/®BV o (R® o R0 R®)* o kyyesy o (I @pw kyy) = RIPRITZRIZ

Hence R is a generalised YB operator .
Proofs of bilinearity of e* and centrality of ¢ are the same as proofs of analogues properties of duals
of units and counits in Lemma 2.4. Moreover, for all f € V¥,

R'(e @po [) = Ky o R o ’Wv(6 ®po [) = ryy(fo (5 ®pw 1) o R)
= ryy(fo (I ®pwe) Z fi @pw f(0:e Z fi o (f(81)-)

=3 i @ f(8:) e = [ ©pm e
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and

R'(f ®pwe) = Ky} 0 R o kyy(f @pwe) = kyy(eo (f @pw I) o R)
= ryy(fo (I ®pwe) o R) = kyy(f o (e ®pw 1)) Z fi ®pw f(e(0:))

= Zfz &K pop € Uz‘) Pf=c®pw f
Furthermore, for all z = f ®po g € V* Qpw V7,

(" @pw I) o R (2) = (¢' @pw I) 0 ki 0 R* 0 kiyy (2) = (¢f @pw I) 0 k) (kv (2) o R)
:(6 ®Bop1 Zﬁ’ ®Bop K'V,V( )OR UZ ®B Zﬁ’ p/{VV OR(’lA)Z ®B )

- Z wvy () o R(0: ®p fir) = ryy(x) o Rle®p ) = ryy (- @p ¢) = g(f(-)e) = g(e)f ()
= fg(e)® = (I ®pw ")(f @pw g) = (I ®pw €')(2)
and

(I @pwe') o Ri(z) = (I @pw ') o kyy 0 R 0 kyy (2 ) = (I @pw ) o kiyy (kyv(z) o R)
= (I@Bop GT)(Z.]Ez & gop Iiuv( )ORU,J ®B Zleivv OR Uz 29):) 6)

—Z/ivv )o R(?; ®p e fz ZHVV )o R(0; ®p fz() ) =kvyv(z)o R(-®pe)

=ty (2)(e @5 ) = g(f(e)) = f(e)®g = (! ®pw I)(2)

Hence (V*, R',¢,e') € r.l.g.pYB strpo.
Morphism x : () — ()** is natural in 5 M g, and as V' is finitely generated projective, xy is invertible.

Therefore it suffices to prove that xy is a morphism in r.f.g.pYB strp. To this end, observe first that

ryv(e) = f— f(e)” =

and, forallv € V,
el o ky (v) = kY (v)(e)® = e(v)PP = &(v)

Note that ﬁ € V* ky(v;) € V**, i € I is a dual basis of V*. Therefore, for all I" € (V* @ V*)*,

Ky (L) = Z kv (0;) ®p F(fz ®pov *)
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and so, for all v,v' € V,

R o (ky @p kv)(v@p V') = Kyt e 0 R™ 0 kye v (ky (v) @p Ky (V')
= Ky e (Bveve (kv (v) @p Ky (V) 0 Kyl 0 R0 kyy)
= Ky y=(Bve v (kv (V) @p Ky (V') 0 Ky 0 (2 Kyy(x) o R)

= Kty (Bve s (kv (v) @p Ky (V') o (21— Z fi ®po kyy(z) 0 R(0; ®p -))

~

= Ky y (T Z wy (V) (kv () (fi) vy () o R(0; ®5 -)))

~

= ity (@ = D e (0) (i) Ry () © R(6: 95 )

= Z kv (8:) ©p kv ((fi @ I) 0 R(v @5 1))
= (kv @5 Fﬂv)(z 0 ®@p (fi @pw ) 0 R(v @5 1))
Z = (ky ®p ky) o R(v ®@p ')
Therefore, <y is a morphism in r.f.g.pY B strp as required. UJ
Proposition 3.7 Let R € rf.g.pRgey, C € rf.g.pCrgy. Then (FR)* = G(R*), (GC)* = F(C*), i.e.,

(R*5¢RT707 1RT) = (R*7¢R*7075R*> (23)
(C*awCTagca()) = (C*7¢C*7 10*70) (24)

Proof. From Lemma 2.4 we know that 1z = ¢®" and 1¢- = €. Furthermore, for all ¢, ¢ € R*,

¢r'(c @pw ¢) = RER 0 ¢r" 0 krr(c@pw )
= 117_573(7’ Rp 1 = krr(c@pe ) @p 1z + lg @prr’ —r@p ')
= w7 @5 7' () 1g) + ¢ e(lr)rr)) — ¢ O
= e @5 7' (Rl + ¢ e(r)rr")) — ¢ O
= i (r ® 7' o (1)) (1) + (1) PRl @5 o 1)) — ¢ @
= (A% @pw % 4+ % Rpa AR — I ®Rpw I)(c ®pw )
= hr+(c Qpo )
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Similarly, for all r, 7' € C*, 77’ = k¢ c(r @po r') o AC, therefore for all r, 1’ € C*,

vel (r ®pe ') = kg g 0 e” 0 ke e(r @po 1)
= rige(hicc(r @pn ') o (A @p e+ @p A — T ®p 1))
= rige(c@p ¢ = Kee(r @po 1) 0 AC(€)e8(c) + ke c(r @pw ') (€9(0) AY(c))) — 7 @pon 1’
= rige(c@p d = (') ()e () + (€°(e)Phee(r @pw ) (A(C))) = 7 @po 1
= kgelc@p = ((rr)(c)d) + ke (e9(c)®r @pw 1) 0 AY()) — 7 @pon 17
= rigelc@p = e((rr')(e)¢) + (e9(c)Pri') () — 7 @pon 1’
= rige(c@p = e ((rr')(e)d) + (r')(e5(¢))) — 7 @pon 1’
=71’ Qpw e + € Qpw rr — 1 Qpop 1’

— ¢C* (7’ ®B0p 7"/)
This completes the proof. 0J

Remark 3.8 Put together the statements of Theorem 3.6, Theorem 3.5, Proposition 3.6 and Proposition
3.7, can be summarized in the following diagram:

r.f.g.pYB strp v r.f.g.pYB strgo
FT 0 TG
0

r.f.g.pRge; r.f.g.pCrgz..

0

This means that the duality between right finitely generated projective ring extensions of B and B corings
extends to the category r.f.g.pYB str.

4. Conclusions

We extended the duality between right finitely generated projective ring extensions and right
finitely generated projective corings to the category of right finitely generated projective generalized
Yang—Baxter structures. This duality and its extension could be seen as a more general construction. For
example, at the epistemologic level, the extension of the duality of (co)algebra structures seems to be a
model for the relation between interdisciplinarity, pluridisciplinarity and transdisciplinarity (see [4]). It
would be interesting to interpret this construction in terms of particle interactions.

The relationships between sub(co)algebras and (co)ideals are well-known, and the term of YB ideal
was proposed for the first time in [11]. The following question arises: What are the relationships between
sub(co)rings, (co)ideals and generalized Yang—Baxter structures?

We think that there are more connections between the Pontryagin—van Kampen duality and the above

extension of the duality of (co)algebra structures.
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