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Abstract: In computer science the Myhill-Nerode Theorem states that a set L of words in
a finite alphabet is accepted by a finite automaton if and only if the equivalence relation ~,
defined as x ~ y if and only if zz € L exactly when yz € L,Vz, has finite index. The
Myhill-Nerode Theorem can be generalized to an algebraic setting giving rise to a collection
of bialgebras which we call Myhill-Nerode bialgebras. In this paper we investigate the
quasitriangular structure of Myhill-Nerode bialgebras.
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1. Introduction

Let > be a finite alphabet and let f]o denote the set of words formed from the letters in >,. Let
L C 20 be a language, and let ~, be the equivalence relation defined as z ~, y if and only if zz € L
exactly when yz € L, Vz € 3. The Myhill-Nerode Theorem of computer science states that L is
accepted by a finite automaton if and only if ~ has finite index (cf. [1, 1, Chapter III, §9, Proposition
9.2], [2, §3.4, Theorem 3.9]). In [3, Theorem 5.4] the authors generalize the Myhill-Nerode theorem
to an algebraic setting in which a finiteness condition involving the action of a semigroup on a certain
function plays the role of the finiteness of the index of ~, while a bialgebra plays the role of the finite
automaton which accepts the language. We call these bialgebras Myhill-Nerode bialgebras.

The purpose of this paper is to investigate the quasitriangular structure of Myhill-Nerode bialgebras.

By construction, a Myhill-Nerode bialgebra B is cocommutative and finite dimensional over its base
field. Thus B admits (at least) the trivial quasitriangular structure (B,1 ® 1). We ask: does B (or its

linear dual B*) have any non-trivial quasitriangular structures?
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Towards a solution to this problem, we construct a class of commutative Myhill-Nerode bialgebras
and give a complete account of the quasitriangular structure of one of them. We begin with some

background information regarding algebras, coalgebras, and bialgebras.

2. Algebras, Coalgebras and Bialgebras

Let K be an arbitrary field of characteristic 0 and let A be a vector space over K with scalar product
ra for all r € K, a € A. Scalar product defines two maps s; : K ® A — A with r ® a — ra and
S9: AR K — Awitha®r — ra,fora € A,r € K. Let [4 : A — A denote the identity map. A
K-algebra is a triple (A, m4,n4) where my : A ® A — Ais a K-linear map which satisfies

ma(la@ma)(a®@b®c) =ma(ma®I4)(a®@b® c) (1)

and 74 : K — Ais a K-linear map for which
ma(la®na)(a®@r) =ra=ma(na® 14)(r © a) (2)

forall r € K, a,b,c € A. The map m, is the multiplication map of A and 74 is the unit map of A.
Condition (1) is the associative property and Condition (2) is the unit property.

We write ma(a ® b) as ab. The element 14 = 74(1lg) is the unique element of A for which
aly = a = laa for all a € A. Let A, B be algebras. An algebra homomorphism from A to
B is a K-linear map ¢ : A — B such that ¢(ma(a; ® az)) = mp(p(a;) @ ¢(az)) for all a4,
as € A, and ¢(14) = 1. In particular, for A to be a subalgebra of B we require 14 = 15.

For any two vector spaces V, Wlet 7 : V@ W — W ® V denote the twist map defined as
T(a®b)=b®a, fora € V,b € W. For K-algebras A, B, we have that A ® B is a K-algebra
with multiplication

magp: (AR B)® (A® B) - A® B

defined by

Magp((a@b) @ (c®d) = (Mma®@mp)I4®@7®Ip)(a® (b®c)®d)
= (ma@mp)((a®c)® (b®d))=ac®bd

fora,c € A, b,d € B. The unit map naep : K — A ® B given as

Naws(r) =na(r) ® 1p

forr € K.
Let C be a K-vector space. A K-coalgebra is a triple (C, A¢, €c) in which A¢ : C — C ® C'is
K -linear and satisfies
(IC ® Ac)Ac(C) = (AC ® IC)Ac(C) (3)

and ¢¢ : C' — K is K-linear with

81(60 & IC)A0<C) =c= 82([0 & Ec)AC(C) @)
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for all ¢ € C. The maps A¢ and €¢ are the comultiplication and counit maps, respectively, of the
coalgebra C'. Condition (3) is the coassociative property and Condition (4) is the counit property.
We use the notation of M. Sweedler [4, §1.2] to write

Ace) =) cq) @ c)
(©)

Note that Condition (4) implies that

Z 60(0(1))6(2) =C= Z 60(0(2))6(1) (5)
(o) (o)

Let C be a K-coalgebra. A nonzero element ¢ of C' for which A¢(c) = ¢ ® c is a grouplike element
of C. If c is grouplike, then

¢ = si1(ec ®Io)Ac(c)
= s1(ec @ Ic)(c®c) = ec(c)c

and so, €c(c) = 1. The grouplike elements of C' are linearly independent [4, Proposition 3.2.1].

Let C, D be coalgebras. A K-linear map ¢ : C' — D is a coalgebra homomorphism if (pQ¢)Ac(c) =
Ap(¢(c)) and ec(c) = ep(¢(c)) for all ¢ € C. The tensor product C'® D of two coalgebras is again a
coalgebra with comultiplication map

Acgp: C®D — (C®D)® (C® D)

defined by

Acgp(c®d) = (Ie®@7®Ip)(Ac®Ap)(c®d)
= (Ic®7®Ip)(Ac(c) ® Ap(d))
= (lo®@T®Ip)( Y coy® c) ©dn) @ dpa))
(0),(d)
= Z ¢y ® day ® ) @ d)
(©),(d)

forc € C,d € D. The counit map ecep : C ® D — K is defined as

cosn(c® d) = eo(c)en(d)

force C,d e D.

A K-bialgebra is a K-vector space B together with maps mpg, g, Ap, €p for which (B, mp, ng) is
a K-algebra and (B, Ap, ep) is a K-coalgebra and for which Ag and e are algebra homomorphisms.
Let B, B’ be bialgebras. A K-linear map ¢ : B — B’ is a bialgebra homomorphism if ¢ is both an
algebra and coalgebra homomorphism.

A K-Hopf algebra is a bialgebra H together with an additional K-linear map oy : H — H
that satisfies
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forall h € H. The map oy is the coinverse (or antipode) map and property Condition (6) is the coinverse
(or antipode) property. Though we will not consider Hopf algebras here, more details on the subject can
be found in [5-8].

An important example of a K -bialgebra is given as follows. Let GG be a semigroup with unity, 1. Let
K G denote the semigroup algebra. Then K G is a bialgebra with comultiplication map

AKgKGHKG(@KG

defined by x — x ® x, for all x € G, and counit map ex¢ : KG — K givenby x +— 1, for all z € G.
The bialgebra K G is the semigroup bialgebra on G.

Let B be a bialgebra, and let A be an algebra which is a left B-module with action denoted by
Suppose that

b-(aa) =Y (b - a)(be) - d)

and
b- 1A = EB(b)lA

for all a,a’ € A, b € B. Then A is a left B-module algebra. A K-linear map ¢ : A — A’ is a left
B-module algebra homomorphism if ¢ is both an algebra and a left 5-module homomorphism.

Let C' be a coalgebra and a right B-module with action denoted by “-”. Suppose that for all ¢ € C,
be B,

Acle-b) =) ey buy @ ¢ - b
(e),(b)
and
ec(c-b) =ec(c)ep(b)

Then C'is a right B-module coalgebra. A K-linear map ¢ : C' — C' is a right B-module coalgebra
homomorphism if ¢ is both a coalgebra and a right B-module homomorphism.

Let C be a coalgebra and let C* = Homg (C, K') denote the linear dual of C. Then the coalgebra
structure of C' induces an algebra structure on C*.

Proposition 2.1 If C is a coalgebra, then C* is an algebra.

Proof. Recall that C' is a triple (C, Ag, ec) where Ag : C' — C ® C'is K-linear and satisfies the
coassociativity property, and ¢ : C' — K is K-linear and satisfies the counit property. The dual map of

Ac is a K-linear map

AL (C®C) — C*

Since C* ® C* C (C ® C)*, we define the multiplication map of C*, denoted as mc~, to be the
restriction of A7, to C* @ C*. For f,g € C*, c € C,

(f9)(c) = me-(f @ g)(c) = Aa(f @ g)(c) = (f ® g)(Ac(c Zf 9(c(2))

The coassociatively property of A¢ yields the associative property of mc-. Indeed, for f, g, h € C*,
cel,
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mex(Io- @ mes)(f © g @ h)(c)

Ac(ler @ Ap)(f © g @ h)(c)

Ac(f @ Ac(g ® h))(e)
(f©Ac(g®h)Ac(c)

Zf
Zf

)AG(g @ h)(c))

(g ® h)Ac(ca)

(f ®g@h) () ca)® Ac(c)

(©)

(f®g®h)( ZAC
(c)

) ® ¢2)) by Condition (3)

D (F®g9)Ac(cq)) ® hlcw)

©
D AL @g)(cqy) ®
©

(Ao(f®@g)@h)Ac(c)
A(Ac(f ®g) @ h)(c)

h(c(2))

AG(AG ® Ie+)(f @ g® h)(c)
me=(me= @ Io+)(f ® g @ h)(c)

In addition, the counit map of C' dualizes to yield

¢ K=K —C"

159

defined as €f(k)(c) = k(e(c)) = ke(c). Thus we define the unit map 7c- to be €,. One can show that

the counit property of - implies the unit property for 7o«

mex(Iox @nes)(f@r)(e) =

= Ac(f@e(r)

= (feal ))( c(e))
c(r)(e)

:Zf
= E:f(n
©

Aol @ec)(f

. Tothisend, for f € C*,r € K,ce C,

®7)(c)
(c)

r(ec(c)))

- r(z):f(ca))fc”
_ r(z):ec(qz))f(ca))
- er(ec(C(Q))C(l))
— rf(z cle@)eq)y)

(©)
= rf(c)

by Condition (5)
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In a similar manner, one obtains

me=(Me- @ Ie=)(r @ f) =rf

Thus (C*, me+,nc+) is an algebra. Note that ne«(1x)(c) = ec(c), Ve, and so, ec is the unique element
of C* for which ec f = f = fec forall f € C*. o

Let (A, ma,ma) be a K-algebra. Then one may wonder if A* is a K-coalgebra. The multiplication
map my : A® A — A dualizes to yield m’ : A* — (A ® A)*. Unfortunately, if A is infinite
dimensional over K, then A* ® A* is a proper subset of (A ® A)*, and hence m’* may not induce the
required comultiplication map A* — A* @ A*.

There is still however a K -coalgebra arising via duality from the algebra A. Anideal I of A is cofinite
if dim(A/I) < oo. The finite dual A° of A is defined as

A°={f e A" : f(I) =0 for some cofinite ideal I of A}

Note that A° is the largest subspace W of A* for which m* (W) C W @ W.
Proposition 2.2 If A is an algebra, then A° is a coalgebra.

Proof. The proof is similar to the method used in Proposition 2.1. We restrict the map m’ to A° to
yield the K-linear map m* : A° — (A ® A)*. Now by [4, Proposition 6.0.3], m*(A°) C A° @ A°.
Let A 4o denote the restriction of m* to A°. We show that A 4. satisfies the coassociative condition. For
feA° ab ce A wehave

(I @ Ax)As(flla®@bec) = (I@mi)my(f)la®bec)
= mu(f) (I @ma)a®@b®c))
= m(f)(a®bc)
= f(ma(a®bc))
= [f(a(be))
= [f((ab)c)

— f(malab®c))

= mj(f)(ab®c)

= my(N(ma®Da@be )
(my @ I)m5(f)la® b c)
(Age @ N A (f)la®b®c)

For the counit map of A°, we consider the dual map 7% : A* — K* := K. Now 1’ restricts to a map
ny + A° — K. We let € 40 denote the restriction of 1 to A°. For f € A°,r € K,

e ()(r) = f(na(r)) = f(rla) = rf(1a) = f(1a)(r)

and so, €40 (f) = f(14). We show that € 4o satisfies the counit property. First let s; : K ® A° — A° be
defined by the scalar multiplication of A°. For f € A°,r € K, a € A,
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In a similar manner, one obtains

s1((eae @ DAxe(f))a) = s1((ny @ Hmiy(f)

s2((I ® €40)Aue(f))(a) = f(a)

where s, 1 A° ®@ K — A° is given by scalar multiplication. Thus A° is a coalgebra.

Proposition 2.3 If B is a bialgebra, then B° is a bialgebra.

161

Proof. As a coalgebra, B is a triple (B, Ap, eg). By Proposition 2.1, B* is an algebra with maps

mp~ = A} and np« = €}. Let mpo denote the restriction of mp~ to B° ® B°, and let np- denote the

restriction of 7+« to B°. Then the triple (B°, mp-,np-) is a K -algebra.

As an algebra, B is a triple (B, mpg,ng). By Proposition 2.2, B° is a coalgebra with maps Apg. and

€po. It remains to show that Ag. and €p. are algebra homomorphisms. First observe that for f, g € B°,
a,b € B one has

and

We have

(f9)(a)

Ape(f)(a®Db)

Apo(fg)(a®

b)

= mp:(f ® g)(a) = AL(f @ g)(a) = (f ® 9)Ap(a)

— m(f)(a®b) = f(mpla® b)) = f(ab)

(fg)(ab)

(f ® 9)(Ap(ab))

(f ®g)(Ap(a)Ap(b))

(f ® 9)(mpep(Ap(a) ® Ap(b))

Mpep(f ® 9)(Ap(a) ® Ap(b))

({@7®I)(Ap @ Ape)(f @ g)(Ap(a) ® Ap(D))
(Ape(f) @ Ape(9)) I @ TR I)(Ap ® Ap)(a®Db)
(Ape(f) ® Ape(9))(Apgr(a®b))

Apop(Ape(f) ® Ape(g))(a ®b)

mpogpe (Ape(f) ® Ape(g))(a®b)
(Ape(f)Ape(g))(a®b)

and so Ap- is an algebra map. We next show that eg- is an algebra map. For f, g € B°,

epo(f) = epo(f)(1) = f(ns(1)) = f(1B)
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Thus

ep=(fg) = (f9)(1p)
= f(1s)g(1p)
= epo(f)epe(g)

and so, epo 1s an algebra map.
o

Proposition 2.4 Suppose that B is a bialgebra that is finite dimensional over K. Then B* is a bialgebra.

Proof. If dim(B) < oo, then B° = B*. The result then follows from Proposition 2.3.

o

Let G = {x1, 2, ...,2,} be a finite semigroup with unity element 1 = 1, and let K G denote the
semigroup bialgebra. By Proposition 2.4 K G* is a bialgebra of dimension n over K. Let {ey, es,...,¢e,}
be the dual basis for K G* defined as e;(z;) = J; ;.
Proposition 2.5 The comultiplication map Akg- : KG* — KG* @ KG* is given as

AKG*(ei) = Z 6]‘ & €L
T; =TT

and the counit map e+ : KG* — K is defined as exc+(e;) = e;(x1) = ;1.

Proof, See [7, (1.3.7)]. o

Let B be a K-bialgebra. Then B is cocommutative if
7(Ap(b)) = Ap(b)
forall b € B.

Proposition 2.6 If B is cocommutative, then B° is a commutative algebra. If B is a commutative

algebra, then B° is cocommutative.

Proof. See [7, Lemma 1.2.2, Proposition 1.2.4].

3. Quasitriangular Bialgebras

Let B be a bialgebra and let B ® B be the tensor product algebra. Let U(B ® B) denote the group
of units in B ® B and let R € U(B ® B). The pair (B, R) is almost cocommutative if the element
R satisfies

7(Ap(b)) = RAp(D)R™ (7
forall b € B.

If the bialgebra B is cocommutative, then the pair (B, 1®1) is almost cocommutative since R = 1®1

satisfies Condition (7). However, if B is commutative and non-cocommutative, then (B, R) cannot be
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almost cocommutative for any R € U(B ® B) since Condition (7) in this case reduces to the condition
for cocommutativity.
Write R=5 " ,a;®b; € U(B® B). Let

:Zai®bi®1eB®B®B

i=1

:Za,;@l@bieB@B@B

=1
:Zl®ai®bieB®B®B
=1

The pair (B, R) is quasitriangular if (B, R) is almost cocommutative and the following conditions hold

(Ap ® I)R = R¥R? ®)

(I ® Ap)R = R¥R™ 9)

Clearly, if B is cocommutative then (B, 1 ® 1) is quasitriangular.

Let B be a bialgebra. A quasitriangular structure is an element R € U(B ® B) so that (B, R)
is quasitriangular. Let (B, R) and (B’, R') be quasitriangular bialgebras. Then (B, R), (B', R') are
isomorphic as quasitriangular bialgebras if there exists a bialgebra isomorphism ¢ : B — B’ for which

= (¢ ® ¢)(R). Two quasitriangular structures R, R’ on a bialgebra B are equivalent quasitriangular
structures if (B, R) = (B, R’) as quasitriangular bialgebras.

The following proposition shows that every bialgebra isomorphism ¢ : B — B’ with B
quasitriangular extends to an isomorphism of quasitriangular bialgebras.

Proposition 3.1 Suppose (B, R) is quasitriangular and suppose that ¢ : B — B’ is an isomorphism of
K-bialgebras. Let R’ = (¢ ® ¢)(R). Then (B', R') is quasitriangular.

Proof. Note that (¢ ® ¢)(R™') = ((¢p ® ¢)(R))~'. Let ' € B'. Then there exists b € B for which
(b) = b'. Now
TAp (V) = TAp(d(b))
= 7(¢®¢)Ap(b)

(¢ ® ¢)TAR(D)
(0 ® ¢)(RAR(D)R™)
= (0@ ) (R)(®¢)Ap(b)(¢®d)(R™)

(¢ ® 0)(R)Ap(6(b)((¢® ¢)(R))™

(6@ o) (R)Ap (V) (0@ ¢)(R))™
= RAp@)(R)™

and so, (B, R’) is almost cocommutative. Moreover,
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(Ap @ )(R) = (Ap @1)(¢® ¢)(R)

= (Ap® I)(Z P(ai) @ o(b;))

= Z Apip(a;) @ ¢(b;))

_ Z(qs ® ¢)Ap(a;) @ o(b;))

i=1

= (p202¢)(D_ Apla;) @ b)

= (p®¢®¢)(ApRI)(R)
= (¢®¢®)(RPR?)

n

= 6269 wo100)Y 100 b))

i=1 =1
- Zgzﬁaz@l@gﬁ Zl@qﬁaz@qﬁ( i)

= ((¢®¢>)( ))13((¢®¢)( ))
— (R)13(R/)23

In a similar manner one shows that
(I® Ap)(R) = (R)¥(R)™
Thus (B’, R') is quasitriangular. o
Quasitriangular bialgebras are important since they give rise to solutions of the equation
RI2RIBR23 _ R23R13 pl2 (10)

which is known as the quantum Yang—Baxter equation (QYBE). The QYBE was first introduced in
statistical mechanics, see [9]. An element R € B ® B which satisfies (10) is a solution to the QYBE.
Certainly, the QYBE admits the trivial solution # = 1 ® 1, and of course, if B is commutative,
then any R € B ® B is a solution to the QYBE. For B non-commutative, it is of great interest to find
non-trivial solutions R € B ® B to the QYBE. We have the following result due to V. G. Drinfeld [10].

Proposition 3.2 (Drinfeld) Suppose (B, R) is quasitriangular. Then R is a solution to the QYBE.

Proof. One has
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R¥ZRBR» = R2Z(A®I)(R) by(®)

= (R Ala) @ b;)

i=1

= Zn: RA(a;) ®b;
i=1

= Y 7A(a;)R®Db; by (7)
1=1

= O rA(@)@b)(R®1)

=1
= (tA®I)(R)R"
= (reDA®I)(R)R"?
= (r@I)(R¥R®)R™ by(®)
— R23R13R12
&

The following proposition provides necessary conditions on R € U(B ® B) in order for (B, R) to be

quasitriangular.

Proposition 3.3 Suppose (B, R) is quasitriangular. Then
(i) si(e @ I)(R) =1,
(ii) s2(I @ €)(R) = 1.

Proof. For (i) one has

n

3@DERISDNARINR) = (DI Alw)@b)
1=1

= (510D (e®DA(a;) @ b;)
1=1

= Z 51(6 & I)A(ai) ® b

= Zzéai@bz‘
_ R
In view of Condition (8)
R = (s190D)(e®I®I)(R¥R»)
= (510D (eI )(RP)(s1@)(e®I®I)(R?)
= (81®I)(€®I®I)(Zn:ai®1®bi)(81®I)(€®I®I)(§:1®Gi®bi)

1=1 i=1
n

= (Z €(a;))1® bl)(z a; @ b;)

=1 =1

= (Z 1® e(ai)bi)R
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Thus

10 ela)h=1®1

=1

and consequently,

n

L=s1()_e(a;) @ b;) = s1(e @ I)(R)

=1

A similar argument is used to prove (ii).

4. Myhill-Nerode Bialgebras

In this section we review the main result of [3] in which the authors give a bialgebra version of the
Mpyhill-Nerode Therorem. Let GG be a semigroup with unity, 1 and let H = K G be the semigroup
bialgebra. There is a right //-module structure on H* defined as

(p = 2)(y) = play)
forallz,y € H,pe H*. Forx € H,p € H*, the element p +— x is the right translate of p by x.

Proposition 4.1 (/3, Proposition 5.4].) Let G be a semigroup with 1, let H = K G denote the semigroup
bialgebra. Let p € H*. Then the following are equivalent.

(i) The set {p — x : x € G} of right translates is finite.

(ii) There exists a finite dimensional bialgebra B, a bialgebra homomorphism V : H — B, and an
element f € B* so that p(h) = f(V(h)) forall h € H.

(Note: The bialgebras of (i1) are defined to be Myhill-Nerode bialgebras.)
Proof. (i) = (i1). Let @ = {p «— = : = € G} be the finite set of right translates. For each u € G,
we define a right operator r,, : ) — () by the rule

p—x)ry,=(p+—1z)—u=p+—2au

Observe that the set {r, : u € G} is finite with |{r, : u € G}| < |Q|!?!. The set {r, : v € G}isa

semigroup with unity, 1 = r; under composition of operators. Indeed,
(p = x)(rury) = (p = 2U)ry = p = U0 = (P = T)Ty40

Thus r,r, = 7w, for all u,v € G. Let B denote the semigroup bialgebra on {r, : u € G}. Let
U : H — B be the K-linear map defined by ¥(u) = r,,. Then

V(uv) = ryy = ryry = V(u)¥(v)

and
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and so, ¥ is a homomorphism of bialgebras.
Let f € B* be defined by

flry) = ((p= Dr,)(1)
(

Then p(h) = f(¥(h)), for all h € H, as required.
(11) = (7). Suppose there exists a finite dimensional bialgebra B, a bialgebra homomorphism
U : H — B, and an element f € B* so that p(h) = f(V(h)) for all h € H. Define a right H-module
action - on B as
b-h=>b¥(h)

forallb € B,h € H. Thenforb € B, x € G,
Ag(b-x) = Apg(b¥(x))
= Ap(b)Ap(¥(x))
= ()b @be) (Ve V)Ay(r)
(b)

= (O bu) @ b)) (¥(z) @ U(x))
(®)
= > bu)¥(x) @ by ¥(x)
(b)

= > boy e ®by o
(®)

and

ep(b-z) =ep(b¥(2)) = ep(b)ep(¥(x)) = ep(b)en(z)

Thus B is a right [/-module coalgebra.

Now, let () be the collection of grouplike elements of B. Since () is a linearly independent subset of

[13n44

B and B is finite dimensional, () is finite. Since B is a right H-module coalgebra with action “-”,
Ap(g-z)=q-1®q- 7

for g € ), x € G. Thus - restricts to give an action (also denoted by “-””) of G on (). Now for =,y € G,
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(p—=2)(y) = play)

lg-x)-y) (11)

Let
S={qe@Q: q=1p-xforsomex € G}

In view of Condition (11) there exists a function
0:S—{p—=x: xeqG}

defined as
o(lp-z)(y) = f((Ap-x)-y) = (p — x)(y)

Since o is surjective and S is finite, {p < = : = € G} is finite.
o

We illustrate the connection between Proposition 4.1 and the usual Myhill-Nerode Theorem. Let So
denote the set of words in a finite alphabet . Let L C 55 be a language. Suppose that the equivalence
relation ~, (as in the Introduction) has finite index. Then the usual Myhill-Nerode Theorem says that
there exists a finite automaton which accepts L. We show how to construct this finite automaton using
Proposition 4.1.

Consider G = Y as a semigroup with unity where the semigroup operation is concatenation and the
unity element is the empty word. Let / = K G denote the semigroup bialgebra. Then the characteristic
function of L extends to an element p € H*. Since ~ has finite index, the set of right translates
{p — = : x € G} is finite [3, Proposition 2.3]. Now Proposition 4.1 ()= (ii) applies to show that
there exists a finite dimensional bialgebra B, a bialgebra homomorphism ¥ : / — B and an element
f € B*sothat p(h) = f(V(h)),forallh € H.

This bialgebra determines a finite automaton (Q), X, 6, qo, F'), where () is the finite set of states, X
is the input alphabet, J is the transition function, g, is the initial state, and F is the set of final states
(see [2, Chapter 2] for details on finite automata.)

For the states of the automata, we let () be the (finite) set of grouplike elements of B. For the input
alphabet, we choose > = YJj. As we have seen, the right H-module structure of B restricts to an action
“” of G on @, and so we define the transition function ¢ : ) X ¥y — @ by the rule d(q,z) = ¢ - z, for
q € Q, x € Xy. The initial state is gy = 1p, and the set of final states [ is the subset of () of the form
1p - x, x € G for which

p(z) = f(¥(z)) = flp¥(z)) = f(lp-z) =1

By construction, the finite automaton (@, >, 0, 1 5, F') accepts L.
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5. Quasitriangular Structure of Myhill-Nerode Bialgebras

In this section we use Proposition 4.1 to construct a collection of Myhill-Nerode bialgebras. We then
compute the quasitriangular structure of one of these bialgebras.

Let ¥y = {a} be the alphabet on a single letter a. Let S = {1,a,aa,aaaq, ...} denote the
collection of all words of finite length formed from ;. Here 1 denotes the empty word of length 0.
For convenience, we shall write

a' = gaa---a,
1 times
forz > 0.

Fix anintegeri > Oandlet L; = {a'} C 5. Then the language L; is accepted by the finite automaton

given in Figure 1.

Figure 1. Finite automaton accepting L; = {a’}, accepting state is 1.

d

[
_________ (D)D) O (=

By the usual Myhill-Nerode Theorem, the equivalence relation ~ , defined as x ~p, y if and
only if zz € L; exactly when yz € L;, Vz, has finite index. If p; : Yo — {0,1} C K is the

characteristic function of L;, then ~, is equivalent to the relation ~,,, defined as:  ~,,, vy if and only if
pi(z2) = pi(yz),Vz € 5. Let [z],, denote the equivalence class of x under ~,, . The Myhill-Nerode
theorem now says that the set {[z],, : = € %} is finite.

Now we consider G = 3y as a semigroup with unity 1 with concatenation as the binary operation. Let
H = KG be the semigroup bialgebra. The characteristic function p; of L; extends to an element of H*.
By [3, Proposition 2.3], the set of right translates {p; < x : x € G} is finite. Thus by Proposition 4.1,
there exists a finite dimensional bialgebra B;, a bialgebra homomorphism ¥ : H — B;, and an element
fi € Bf sothat p;(h) = f;(¥(h)) forallh € H.

In what follows, we give the bialgebra structure of the collection {B; : i > 0} and compute the
quasitriangular structure of the bialgebra Bj.

For 7 > 0, the finite set of right translates of p, € H™ is

Qi =A{pi—1,pi—a,p—ad* ... p—a p—at'}

One finds that the set of right operators on Q); is {ry, 74, 7a2, . . ., T4i, Tgi+1 . Under composition, the

set of right operators is a semigroup with unity ;. We have, for0 < m,n <i+1,

TamTagn =
e T i+l ifm+n>i1+1

By construction, B; is the semigroup bialgebra on {r{, 74,742, ..., Tgi, Fgi+1}.
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5.1. Quasitriangular Structure of B

In the case i« = 0, By is the semigroup bialgebra on {ry,r,} with algebra structure defined by
7Ty = T1, T1Tq = Tas Tal1 = Ta» TaTa = T4. Let {eg, e1} be the dual basis defined as ey(r) = 1,
eo(ra) = 0, e1(r1) = 0, e1(r,) = 1. Then {eg,e;} is the set of minimal idempotents for Bf.
Comultiplication on 5 is given as

Ap:(en) = e ® eg
Aps(e1) =eg®e +e1®eg+e1@e

and the counit map is defined by

epg(eo) =1, epsler) =0

Proposition 5.1 Let B be the K -bialgebra as above. Then there is exactly one quasitriangular structure
on By, namely, R = 1p, ® 1p,.

Proof. Certainly, 1 ® 1 = 1, ® 1p, 1s a quasitriangular structure for B,. We claim that 1 ® 1 is
the only quasitriangular structure. Observe that there is bialgebra isomorphism ¢ : By — B defined
as ¢(r1) = eg + €1, ¢(ry) = eg. Thus if (By, R) is quasitriangular, then (B}, R'), R’ = (¢ ® ¢)(R), is
quasitriangular by Proposition 3.1. So, we first compute all of the quasitriangular structures of Bj. To

this end, suppose that (B, R') is quasitriangular for some element R’ € B} ® Bg. Since
BS@BS = K(60®60) @K(e()@el) @K(€1®60)@K(61 ®€1)

R' = w(eg ® ep) + z(eg @ e1) +y(er @ eg) + 2(e1 ® e)
for w, z,y, z € K. By Proposition 3.3(i),
133 = eyt e

= si(e®I)(w(eg®eg) + (e ®er) +yler @ eo) + z(e1 @ ey))

= wey + xey

and so, w = x = 1. From Proposition 3.3(ii), one also has y = 1. Thus

R/:€0®€0+€0®61+€1®€0+Z(61®€1)

for z € K. Now,

(A®I)(R) (ARI(eg®@eg+eg®@er+e1 ey + 2(e1 ®ey))

(eo ®eg) ®eg+ (e0®ey) @er+ (egRer + e Reg+ e Rep) e

+ z((ep®e1+e1®ep+e1®er) VDey)

eoQeyeyt+e Qe e +e®er Weyg+e1®eg®ey+e1 e e

+ zleg®er®e)+z2(e1 Qe ®er) + 2(eg ®ey R eq) (12)

Moreover,
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(RYB(R)® = (eg®(eg+e1)®ep+eo®(eg+e1)@e+e1® (eg+e1) ® e

z(e1 ® (eg+e1)®e1)) - ((eg+e€1) ®eg®@ey+ (eg+€1) ey @ ey
(eo+e1)®er®ey+ z((eg+61) ey ®eq))

(o ®ey®eg+eg®er®eyg+egRegRe;+eg e e
e1®eg@eg+er®er ®eg+ z(er ey @ eq)

z2(e1 @ ®e; ®ey)) - (eg®@ey®ey+e1®eg®ey+ey®ey®e; +e Qe e
epRerRey+er®e Reyg+ z(eg e ®ep) + 2(61 Q@ Rey R ey))
eo®ey®eyg+egRer eg+eg®ey e+ z(eg® e ®eq)
61®60®60+€1®61®60—|—Z(61®€o®€1)+22(€1®61®61) (13)

+ o+ o+ I+

Equations 12 and 13 yield the relation z? = z. Thus either z = 0 or z = 1. If z = 0, then R’ is not a unit
in By ® Bj. Thus
R=e®e+e®e+e1Q@e+e1 Qe =1®1

is the only quasitriangular structure for Bj.
Consequently, if (By, R) is quasitriangular, then (¢ ® ¢)(R) = 1p; ® 1p:. It follows that
R - 1BO ® 130.

5.2. Questions for Future Research

Though the Myhill-Nerode bialgebra B has only the trivial quasitriangular structure, it remains to
compute the quasitriangular structure of B; for 7 > 1. Moreover, the linear dual B is a commutative,
cocommutative K -bialgebra and it would be of interest to find its quasitriangular structure. Unlike the
v = 0 case, we may have B; 2 B; (for instance, B; 2 B}) and so this is indeed a separate problem.

Suppose that L is a language of words built from the alphabet ¥y = {a,b}. If L is accepted by
a finite automaton, then by Proposition 4.1, L gives rise to a Myhill-Nerode bialgebra B (see for
example, [3, §6].) By construction, B is a cocommutative K -bialgebra and hence B has at least the trivial
quasitriangular structure. Are there any other structures? Note that B* is a commutative K -algebra. For
which R (if any) is (B*, R) quasitriangular?
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