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Highlights:

• The entire disturbing slope is divided into four regions.
• The critical sliding surface shows an L-shaped or a W (double L)-shaped broken line.
• When the advancement exceeds a certain value, the safety factor suddenly drops.
• This study offers a basis for selecting an appropriate working face stop line.

Abstract: In this study, the Lagrange element strength reduction method is used to explore slope
stability and as an evaluation method of underground mining of end-slope coal in a rock-stability
analysis. A numerical analysis model is established herein using the geological conditions for mining
in a coordinated open pit with an underground mining area of the Anjialing Open-Pit Mine and
Underground No. 2 Mine. Additionally, the evolution law of slope stability in open-pit end-slope
mining is studied using the proposed numerical simulation method. According to our findings, the
steps show obvious horizontal movement and deformation under the influence of underground
mining disturbances. Taking the horizontal displacement at the slope tops of the steps as the
deformation index, the entire disturbed slope is divided into four regions: upper, middle-upper,
middle-lower, and lower steps. When a step is fully affected by underground mining, its subsidence
value first increases rapidly and then slowly. An exponential function is used to reflect the change
rule in the step-subsidence value as the working face advances. In the underground mining process,
the critical sliding surface of the slope develops along the soft rock or coal seam, showing an L-shaped
or a W (double L)-shaped broken line. As the working face advances, the initial position of the sliding
mass is unchanged while the cutting position alternately changes up and down in the weak plane.
The safety factor suddenly drops when the advancing distance exceeds a certain value.

Keywords: slope stability; numerical simulation; overlying strata movement; underground excavation

1. Introduction

In the 1970s, mining experts proposed coordinated open pits with underground min-
ing. The traditional mechanics method is used to study the impact of mining and the
starting point of coordinated open pits with underground mining, which is the most effec-
tive combination of various processes and technologies in deposit exploitation. The essence
of the theory is that different mining techniques and technical elements for open-pit and
underground mining are coordinated in a one process system. Finland, Sweden, Canada,
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Australia, and other countries have conducted extensive research on coordinated open
pits with underground mining and have established an effective production system [1–5].
The mines involved in a coordinated open pit with underground mining include metal,
nonmetal, and coal, such as Kiirunavaara Mine in Sweden, Kidd Creek Copper Mine in
Canada, Abakanskoye Iron Mine in the former Soviet Union, Koffiefontein Diamond Mine
in South Africa, Pyhasalmi Iron Mine in Finland, and Mount Lyell Copper Mine in Aus-
tralia. In 1952, Sweden’s Kiirunavaara mine began the transition from open-pit mining to
underground mining, and in 1962, all open-pit mining was transformed into underground
mining. The sublevel caving method was used to perform underground mining. The ore
deposit comprises three lenticular orebodies with a length of 7000 m, an average dip angle
of 60◦, and an average thickness of 90 m. A raised chute transports the ore in the deep open
pit through a tunnel in the pit, which reduces the overburden amount in the open pit and
the transportation distance. The underground part is developed using vertical shafts and
slope ramps so that trackless rock drilling and loading equipment can directly enter and
exit the slope working face inside the pit. Underground transportation and lifting are fully
automated, raising the mechanization of underground mining to a new level.

In the past two decades, scholars have extensively explored coordinated open pits with
underground mining in noncoal mines [6–9]. Coordinated open pits with underground
mining are rarely applied to coal mines [10]. Currently, Fushun, Pingshuo, and Pingzhuang
of China have encountered this type of situation; however, a complete set of theories and
methods has not been formulated in the research. This is mainly because a large difference
exists between the coordinated open pit with underground mining in the coal industry and
the combined mining in some noncoal mines. The tailings filling method is generally used
in the underground mining of metals [11], which considerably reduces surface subsidence
and ground surface settlement. Nevertheless, the caving method is mostly used to manage
the roof in coal mining, which greatly disturbs the primary underground rock [12–23] and
can cause severe strata movement and major surface subsidence, thereby considerably
influencing the stability of open-pit slopes [24–31]. Booth, et al. [32] proposed a method for
predicting the distribution of roof displacements occurring in deep coal mine roadways.
Dong, et al. [33] studied energy alteration during longwall mining in an attempt to mimic
the conditions of a coal mine in Western Turkey. The results showed that the extended finite
element method was suitable to describe the crack propagation during longwall mining.

For a coordinated open pit with underground mining in the Pingshuo mining area, it
is typical to mine the No. 2 Underground Mine for end-slope coal of northern Anjialing.
Open-pit mining is performed first, followed by underground mining. With a working
face length of 240 m, the B402 working face is arranged below the northern end of the
Anjialing Open-Pit Mine. Comprehensive mechanized top coal mining and caving methods
are used. The coal mining face is arranged along the east–west direction, and the strike is
approximately perpendicular to the main roadway. The open cut and stopping line are
located under the southern end of Antaibao and the northern end of Anjialing, respectively.
The main, auxiliary, and air shafts of the No. 2 Underground Mine are developed by
inclined shafts, the three main roadways of auxiliary transportation, main transportation,
and return air are arranged near the slope boundary of the 4# coal seam, and the main
roadways are arranged in the east-west direction. On 30 January 2012, under the influence
of the working face of the No. 2 Underground Mine, dislocation occurred at the elevations
of 1280 and 1310 on the northern slope of the Anjialing Open-Pit Mine toward the free face
within 300 m in length. The maximum deformation rates of Steps 1330 and 1360 reached
2.6 mm/h, resulting in production reduction and a large economic loss. Thus, the means
for ensuring the safe and effective mining of end-slope coal are as follows: studying the
overburden movement law of overlying strata in the working face of end-slope coal during
underground mining and the instability mechanism of the disturbed slope caused by it,
mastering the failure law of the slope body during the underground mining of end-slope
coal, and proposing the corresponding control technology for overlying strata movement
and deformation of the disturbed slope.



Minerals 2022, 12, 1054 3 of 20

After open-pit mining, the slope surface presents the shape of steps and the movement
law of overlying strata differs from that of traditional mining. Concurrently, the overlying
strata movement causes frequent occurrences of collapses and slips of open-pit slopes, sur-
face collapses, and other disasters. Additionally, overlying strata movement and disturbed
slope stability during underground mining affect production efficiency, the engineering
progress, and the sustainable development of the whole mine. Therefore, compared to the
existing research on the transformation of open-pit mining to underground mining, in this
study, the mechanical behavior of overlying strata in the working face during the mining
process of open-pit end-slope coal is examined, the mechanism of slope damage induced
by overlying strata movement is analyzed, and the role of stability and evaluation method
of the disturbed slope is revealed. Further, the effect of the working face advancing on a
safety factor of the disturbed slope is obtained, offering a basis for selecting a reasonable
stop line of the working face. This study is of practical significance for the design of under-
ground mining, evaluation, and prevention of the stability of the disturbed slope for the
coordinated open-pit with underground mining mode.

2. Stability and Evaluation Method of the Slope during Underground Mining in the
End Slope

The application range of the traditional limit analysis method is constrained because
the position of the failure surface must be presumed. The numerical analysis method
strictly follows the principle of elastoplastic mechanics, and the calculation results are
highly accurate [34,35]. However, the failure surface and safety factor of the slope cannot be
obtained by simply using numerical analysis. In this study, the numerical and limit analysis
methods are combined, and the slope reaches a critical failure state after the strength of
the rock mass is constantly reduced in the calculation process. Thus, it is not required to
assume the failure surface in advance or know the sliding and antisliding forces on the
sliding surface. The ultimate load and safety factors are obtained via computer simulation.
Then, the position and shape of the critical slip surface can be obtained, providing a basis
for the position setting of the stop line of the working face during the underground mining
of end-slope coal.

2.1. Lagrange Element Limit Analysis Principle in Soil and Rock Slopes
2.1.1. Definition of Safety Factors for Strength Reduction Methods

The slope stability analysis includes determining the most dangerous slip surface and
the corresponding safety factor. For resolving the plane strain problem, the plane region of
the slope studied is assumed as S, and the stress distribution of the rock and soil slopes in
it is known. The Coulomb formula is used to calculate the shear strength f of the rock and
soil slopes as follows:

f = c + σ tan ϕ (1)

where σ denotes the normal stress at any point on the curve, ϕ represents the internal
friction angle, and c denotes the cohesion force. Let l (y = y(x)) be a curve in the research
area S; the safety factor of the rock and soil slope above l along the curve is defined
as follows:

F =

∫ l
0 (c + σ tan ϕ)dl∫ l

0 τdl
(2)

where τ denotes the tangential stress along curve l.
After dividing both sides of the above equation by F, we obtain

1 =

∫ l
0 (

c
F + σ

tan ϕ
F )dl∫ l

0 τdl
=

∫ l
0 (c
′ + σ tan ϕ′)dl∫ l

0 τdl
(3)

where
c′ =

c
F

and tan ϕ′ =
tan ϕ

F
. (4)
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The left side of Equation (3) is 1, indicating that the slope reaches the ultimate equilib-
rium state when c and tan ϕ are divided by F.

In the safety factor calculation process, only the sliding resistance of the slope is
reduced while the sliding force remains unchanged. Scholars have widely used the above-
mentioned method, which takes the reserve of strength parameters (c and tan ϕ) as the
definition of a safety factor. External factors acting on the slope body can cause many
landslide disasters, thereby reducing strength. For example, during underground mining
of end-slope coal, the strata movement and cracks caused by mining will affect the physical
and mechanical parameters of the slope. Thus, the strength reduction method suits the
actual situation at the site. However, the rock and soil slopes include two strength parame-
ters (c and tan ϕ), and the strength reduction method only provides one safety factor so the
reduction in c and tan ϕ should be performed in the same proportion.

As shown in Figure 1, a certain number of coordinate nodes (xi, yi) and curve elements
will make l discrete. The coordinate interpolation function can be constructed in the discrete
curve elements, and curve l can be determined through nodes (xi, yi)(i = 1, 2, · · ·m). If
the value xi of the coordinate node (xi, yi) is determined in advance, then the change in
yi of curve l can be obtained. The analysis of this problem can be summarized as follows.
Within a given research area, the abscissas of a series of coordinate points are known,
and the ordinates of these points can be changed to minimize the slope safety factor F
corresponding to the curve connecting them. The coordinate interpolation function can
then be applied to the curve elements. First, the element of each integral point in the grid
is determined and then, the stress is calculated via interpolation. Second, the Gaussian
integral method is introduced to calculate the safety factor, and the critical slip surface and
safety factor are obtained using the Hooke–Jeeves search method [36].
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Figure 1. Discreteness of the slip surface.

Currently, no uniform method exists for determining slope stability. Theoretically,
when mechanical analysis or numerical calculation is used to determine the safety factor,
if all internal and external factors affecting the stability of the slope body are considered,
the slope body is unstable when the safety factor is <1. The slope body is stable when the
safety factor is >1. Nevertheless, in engineering practice it is impossible to consider all the
influencing factors and involve them in calculations. Thus, considering the importance
of the degree of slope engineering, the integrity of geological data, and the selection of
calculation parameters are crucial when selecting a safety factor. In engineering practice,
according to the technical specification for annual evaluation of the stability of open-pit
coal mine slopes, the value range of Fs is generally 1.10–1.50 and for important projects, the
range of 1.30–1.50 is advisable. For permanent works, the range of 1.15–1.25 is advisable;
for temporary projects with relatively complete geological data, the range of 1.05–1.15 is
advisable.
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2.1.2. Basic Algorithm for Strength Reduction in the Lagrange Element

The safety factor calculated automatically using the program Flac3D is the strength
reserve safety factor. When finding the safety factor using the command solve fos (factor
of safety), the program can only use this command on the Mohr–Coulomb constitutive
model. Under the default setting, the program reduces the cohesion (c) of the material and
the tangent of the friction angle (tan ϕ). Additionally, the user can specify the value of the
tensile strength σt and the tangent of the dilation angle to be reduced.

The idea of solving safety factors is shown in Figure 2. When the command solve fos
is executed, the program first determines a “representative number of steps”, denoted as
Nr, which represents the approximate number of steps required for this model to achieve
equilibrium. Then, the strength parameters of the model are reduced using the given
safety factor F, and the calculation of Nr steps is performed. If the maximum unbalanced
force ratio U is <10−i, the model is considered stable, indicating that the given F value is
insignificant. If U is >10−5, then the second round of calculation for obtaining Nr steps
will be performed. At this point, three situations may occur. (1) When 10−s exceeds U at
a certain step, the model reaches equilibrium, indicating that the given F is insignificant.
(2) In the operation process, U is maintained around a value exceeding 10−i for a long time
and the calculation does not converge, indicating that the given F value is too large. (3) The
calculation of this round of Nr steps is finished and the abovementioned two situations
do not occur. For situation (3), the program will perform another round of calculations
for Nr steps. If situation (3) occurs five times in a row for a given F value, it means that
the model has not reached equilibrium after a total of 6 × Nr steps, indicating that the
given F value is too large. If the smaller F value is taken as the lower bound Flower and the
larger F value as the upper bound Fupper, the dichotomy is used to continuously reduce the
difference between Flower and Fupper. When Flower − Fupper < 0.01, the program terminates
the calculation and outputs the current reduction coefficient F and the command solve fos
is completed.
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2.2. Strength Reduction Numerical Model for Stability Analysis of Disturbed Slope

Using a typical engineering geological section slope as a prototype, a numerical
analysis model can be established following the geological survey report. The rock stratum
of the numerical model from top to bottom and the mechanical parameters of each rock
stratum are shown in Table 1. The bottom elevation of the model is 1184 m, and the
elevation of the lowest step is 1220 m; there is rock stratum between them. The top
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elevation is 1404 m. The model has a total of 11,142 nodes and 5421 units. The length of the
model in the x direction is 500 m, its height in the z direction is 220 m, and its thickness
in the y direction is 1.5 m. In the y direction, only one layer of units is divided. The two
sides and the bottom of the model are the roller boundary conditions, and the degree of
freedom of all nodes in the y direction is constrained to simulate the plane strain problem.
Figure 3 shows the model size and elevation of its main parts. Figure 4 shows the grid,
grouping, and boundary conditions of the numerical model. The simulated excavation is
approximated by the following steps. The gob units are first given small deformation and
strength parameters, and the Poisson’s ratio is set approximate to 0, then the stress state of
the gob units is cleared.

Table 1. Physical and mechanical parameters of coal and rock.

Lithology Thickness (m) Poisson Ratio µ
Young’s

Modulus E
(GPa)

Tensile
Strength σt

(Mpa)
Cohesion
c (Mpa)

Internal
Friction Angle

f (◦)

Density ρ

(kg/m3)

Yellow earth 42 0.42 0.015 0.0125 0.125 18 1960
Weathered sandstone 14 0.36 2.0 0.2500 2.500 38 2300

Sandstone 1 30 0.32 4.2 0.3000 3.000 39 2380
Mudstone 24 0.34 2.8 0.2000 2.000 38 2490

Silty sandstone 1 12 0.32 4.6 0.3500 3.500 36 2320
Sandstone 2 12 0.30 5.5 0.4000 4.000 40 2380

4# Coal seam 8 0.38 1.0 0.2950 1.620 36 1440
Shale 1 10 0.33 2.4 0.3000 3.000 42 2450

Silty sandstone 2 14 0.32 4.8 0.5000 5.000 38 2600
Shale 2 8 0.35 3.0 0.5000 5.000 38 2580

9# Coal seam 13 0.36 1.2 0.2950 1.620 39 1330
Sandstone 3 10 0.28 6.9 0.5000 5.000 41 2380

11# Coal seam 5 0.35 1.3 0.2950 1.620 36 1400
Sandstone 4 18 0.25 12.0 0.5000 5.000 44 2600
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Figure 4. Physical and numerical models. (a) Physical model; (b) boundary conditions.
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2.3. Slope Deformation and Critical Slip Surface Evolution Law during Underground Mining in
the End Slope
2.3.1. Characteristics of the Displacement of the Disturbed Slope

In the physical simulation test, the proportions of river sand, calcium carbonate,
gypsum, and water were determined and their weighting was performed according to
rock properties. The mixed materials were spread along the horizon direction, and a
tamp hammer was used to compact the materials; mica powder was scattered on the
outline of the slope, which made the excavation more accurate. Due to the influence of
underground excavation, the maximum deformation rates of steps reached 2.6 mm/h in
engineering practice monitoring. Considering the size limitation of the test platform, the
model size includes a length of 2.50 m, a height of 1.06 m, and a width of 0.20, and the
geometry similarity ratio is Cl = lp/lm = 150:1. The characteristics of the displacement of
the disturbed slope are shown in Figure 5.
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Figure 5. Horizontal and vertical fractures of the slope surface. (a) Development of the fracture zone
(b) Step 1394 formed transversal fractures; (c) Step 1404 formed longitudinal fractures; (d) transversal
fractures closed slightly.

(1) Horizontal displacement of steps

The advancing working face of the underground mine breaks the original stress
equilibrium state of the underground rock mass; the rock strata deform, the slope is
disturbed violently, and the steps move considerably horizontally. Figure 6 shows the
changing curve of the horizontal displacement d of each step top with the advancing
distance s of the working face. Figure 7 shows the horizontal displacement nephogram
of the disturbed slope as the working face advances. Table 2 presents the horizontal
displacement values of the steps. According to the forms of the d–s curves of different steps,
these steps can be divided into different parts.



Minerals 2022, 12, 1054 8 of 20Minerals 2022, 12, x FOR PEER REVIEW 9 of 20 
 

 

 
Figure 6. Relation between the horizontal displacement of steps and working face advancement. 

  
(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 7. Horizontal displacement nephogram of the disturbed slope as the working face advances. 
(a) Advancing distance = 30 m; (b) advancing distance = 80 m; (c) advancing distance = 130 m; (d) 
advancing distance = 180 m; (e) advancing distance = 210 m; (f) advancing distance = 240 m. 

When the working face advances to 180 m, the parts of the steps from Step 1359 to 
1404 denote the upper steps, Steps 1287 to 1359 represent the middle steps, and Steps 1258 
to 1269 denote the lower steps. The maximum horizontal displacement occurs at Step 
1315, which is 2.42 m. When the working face continues to advance to 200 m, Steps 1355 
and 1359 are within the boundary and become the upper steps (Figure 8). Figure 6 shows 
that ① the horizontal displacement curves of steps in all parts are similar, indicating that 

0 30 60 90 120 150 180 210 240
-1

0

1

2

3

4

5
 step 1404  step 1398
 step 1394  step 1379
 step 1359  step 1355
 step 1345  step 1333
 step 1323  step 1315
 step 1309  step 1305
 step 1287  step 1269
 step 1262  step 1258

d 
(m

)

s (m)

Figure 6. Relation between the horizontal displacement of steps and working face advancement.

Minerals 2022, 12, x FOR PEER REVIEW 9 of 20 
 

 

 
Figure 6. Relation between the horizontal displacement of steps and working face advancement. 

  
(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 7. Horizontal displacement nephogram of the disturbed slope as the working face advances. 
(a) Advancing distance = 30 m; (b) advancing distance = 80 m; (c) advancing distance = 130 m; (d) 
advancing distance = 180 m; (e) advancing distance = 210 m; (f) advancing distance = 240 m. 

When the working face advances to 180 m, the parts of the steps from Step 1359 to 
1404 denote the upper steps, Steps 1287 to 1359 represent the middle steps, and Steps 1258 
to 1269 denote the lower steps. The maximum horizontal displacement occurs at Step 
1315, which is 2.42 m. When the working face continues to advance to 200 m, Steps 1355 
and 1359 are within the boundary and become the upper steps (Figure 8). Figure 6 shows 
that ① the horizontal displacement curves of steps in all parts are similar, indicating that 

0 30 60 90 120 150 180 210 240
-1

0

1

2

3

4

5
 step 1404  step 1398
 step 1394  step 1379
 step 1359  step 1355
 step 1345  step 1333
 step 1323  step 1315
 step 1309  step 1305
 step 1287  step 1269
 step 1262  step 1258

d 
(m

)

s (m)

Figure 7. Horizontal displacement nephogram of the disturbed slope as the working face advances.
(a) Advancing distance = 30 m; (b) advancing distance = 80 m; (c) advancing distance = 130 m;
(d) advancing distance = 180 m; (e) advancing distance = 210 m; (f) advancing distance = 240 m.



Minerals 2022, 12, 1054 9 of 20

Table 2. Horizontal displacement of steps (m).

Advancing
Distance (m) 30 60 90 120 150 180 210 240

Step 1404 −0.123 −0.693 −0.860 −0.642 −0.386 0.071 0.733 0.955
Step 1398 −0.029 0.059 −0.664 −0.857 −0.631 −0.110 0.829 1.260
Step 1394 0.013 0.583 0.820 0.219 −0.429 −0.115 0.866 1.445
Step 1379 0.031 0.618 1.006 1.286 1.530 0.548 1.135 1.684
Step 1359 0.032 0.628 1.035 1.360 1.741 2.210 1.773 1.940
Step 1355 0.032 0.629 1.036 1.361 1.750 2.246 2.007 2.129
Step 1345 0.029 0.634 1.041 1.369 1.788 2.410 3.542 4.022
Step 1333 0.027 0.635 1.042 1.371 1.789 2.411 3.547 4.064
Step 1323 0.026 0.637 1.044 1.372 1.792 2.416 3.555 4.078
Step 1315 0.024 0.642 1.047 1.375 1.796 2.424 3.567 4.099
Step 1309 0.022 0.262 0.783 0.835 1.013 1.380 2.140 2.006
Step 1305 0.022 0.263 0.783 0.836 1.013 1.380 2.140 2.007
Step 1287 0.022 0.264 0.786 0.838 1.016 1.382 2.142 2.009
Step 1269 0.002 0.000 −0.002 −0.002 0.000 0.001 0.001 0.002
Step 1262 0.002 0.000 −0.001 −0.001 0.001 0.001 0.002 0.002
Step 1258 0.001 0.000 0.000 0.000 0.001 0.001 0.001 0.001
Step 1220 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

i. The step on the upper slope is affected by mining subsidence and slope deformation.
Its d–s curve generally presents an upward–downward–upward pattern, and the de-
cline range is obvious. Slope deformation mainly affects the horizontal displacement
of the step during the ascending stage of the curve. However, in the descending
stage of the curve, mining subsidence primarily affects the horizontal displacement
of the step. The value of s corresponding to the inflection point of the curve from
rising to falling is the corresponding advancing distance of the working face when the
influence of mining subsidence on the horizontal displacement of the step is enhanced.
Taking Step 1398 as an example, in the process of advancing the working face from
0 to 50 m, the top of the slope is located outside the goaf boundary (on the right side of
the boundary) and mining subsidence insignificantly affects its movement. However,
due to the mining disturbance, the slope body deforms and drives the step toward
the mined-out area (move toward the right), which is shown by the increase in its
horizontal displacement and the rise in the d–s curve. The step is located within the
boundary when the working face advances from 50 to 120 m. Affected by the collapse
of the overlying strata of the goaf, the step moves away from the free face, showing
that its horizontal displacement decreases and the d–s curve decreases. When the
working face continues to advance beyond 120 m, as the step is located directly above
the goaf, the mining subsidence mainly causes the step to move downward. Slope
deformation again becomes the main factor inducing the horizontal movement of the
step. The step moves toward the goaf again, and the d–s curve rises.

ii. The step in the middle of the slope is always outside the boundary line when the
working face advances to the stop mining line. The influence of slope deformation
on the horizontal movement of the step exceeds that of mining subsidence, and the
d–s curve generally presents a rising trend with no obvious decline interval. These
steps can be divided into two parts via the 1310 weak plane. The steps above the
1310 weak plane are affected simultaneously by the slip of the two weak planes and
their horizontal displacements are large. Steps from 1309 to 1287 are located between
two weak planes; therefore, they are only affected by the slip of weak plane 1280, and
the horizontal displacement is small.

iii. The mining subsidence and slope deformation slightly affect the steps below the
1280 weak plane. The d–s curve is almost a horizontal line; hence, the horizontal
displacement value is 0 m.
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When the working face advances to 180 m, the parts of the steps from Step 1359 to
1404 denote the upper steps, Steps 1287 to 1359 represent the middle steps, and Steps
1258 to 1269 denote the lower steps. The maximum horizontal displacement occurs at Step
1315, which is 2.42 m. When the working face continues to advance to 200 m, Steps 1355 and
1359 are within the boundary and become the upper steps (Figure 8). Figure 6 shows that

1© the horizontal displacement curves of steps in all parts are similar, indicating that the
local-slip phenomenon with steps as the unit is not obvious, and the disturbed slope slip is
manifested as the overall slip of the upper, middle-upper, middle-lower, and lower parts;
2© as the working face advances, when a step gradually evolves from the middle-upper

step to the upper step, its curve will deviate from the trajectory of other middle-upper steps
and then presents a typical curve shape of upper steps; 3© when advancing from 190 to
240 m, the horizontal displacement of the middle step increases. The maximum horizontal
displacement increases from 2.79 to 4.2 m, and the slope slips violently.
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Figure 8. Step classification in a disturbed slope.

(2) Vertical displacement of steps

Table 3 presents the vertical displacement values of all the steps in the working face
advancement project. Steps 1355–1404 exhibit subsidence deformation owing to mining
disturbances. With an increase in the mining distance, the subsidence value of the step
increases gradually. When the steps (Steps 1398 and 1404) are completely affected by
mining, their subsidence value first increases rapidly and then slowly. The following
exponential fitting formula can be used to present the variation law of the step-subsidence
value for advancing working faces:

W = A× e(
−s
b ) + y0 (5)

where W denotes the step-subsidence value (unit: m) and s represents the advancing
distance of the working face (unit: m). Figures 9 and 10 show the vertical displacements
of Steps 1398 and 1404 during the advancing process of the working face, respectively.
The fitting formulas for vertical displacements are shown in Equations (6) and (7), and the
fitting coefficients are 0.993 and 0.979, respectively.

W = 9.51× e(
−s

127.28 ) − 6.05 and (6)

W = 7.72× e(
−s

93.85 ) − 5.68 (7)
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Table 3. Vertical displacement of steps during working face advancement.

Advancing
Distance (m) 30 60 90 120 150 180 210 240

Step 1404 −0.282 −1.165 −2.716 −3.743 −4.260 −4.590 −4.842 −4.925
Step 1398 −0.029 −0.207 −1.182 −2.299 −3.217 −3.796 −4.300 −4.482
Step 1394 −0.005 −0.013 −0.072 −0.501 −1.149 −2.162 −3.301 −3.891
Step 1379 −0.002 −0.004 −0.007 −0.023 −0.059 −0.355 −1.576 −2.630
Step 1359 −0.002 −0.004 −0.005 −0.008 −0.015 −0.042 −0.423 −1.396
Step 1355 −0.002 −0.003 −0.004 −0.006 −0.005 −0.008 −0.063 −0.982
Step 1345 −0.002 −0.002 −0.003 −0.002 −0.002 −0.004 −0.008 0.057
Step 1333 −0.001 0.001 0.000 0.001 0.002 0.004 0.006 0.012
Step 1323 −0.001 0.002 0.001 0.002 0.004 0.006 0.009 0.017
Step 1315 0.000 0.005 0.003 0.008 0.013 0.020 0.028 0.043
Step 1309 −0.001 −0.001 −0.001 −0.001 −0.001 −0.001 −0.002 −0.002
Step 1305 0.000 0.001 0.002 0.001 0.001 0.001 0.000 0.000
Step 1287 0.001 0.002 0.003 0.002 0.002 0.001 0.001 0.001
Step 1269 0.000 0.001 0.002 0.002 0.001 0.001 0.001 0.000
Step 1262 0.000 0.001 0.002 0.002 0.001 0.001 0.000 0.000
Step 1258 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Step 1220 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
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Figure 9. Vertical displacement changing law of Step 1398 during working face advancement.
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When the working face advances to 240 m, the subsidence values of all the steps
reach their maximum. With a decrease in step elevation, the maximum subsidence value
of the steps gradually decreases. The subsidence deformation value of the steps with an
elevation ≤1345 is very small and they are almost unaffected by the subsidence of mining
(Figure 11).
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Figure 11. Maximum subsidence value of steps at an advancing distance of 240 m.

With an increase in the advancing distance, the subsidence caused by mining gradually
develops downward from Step 1404, and the subsidence values of the steps disturbed via
mining gradually increase.

(3) Slipping of weak interlayer

The weak interlayer refers to a layer that is thinner than the adjacent strata and
with clearly smaller physical and mechanical parameters. When the weak interlayer
is argillated by the action of atmospheric precipitation or groundwater, it is called an
argillated interlayer or argillated weak interlayer. The formation of weak interlayers is
closely related to geologically diagenetic conditions and tectonic processes, and they can
be divided into primary, secondary, and structural weak interlayers according to their
origins. Primary weak interlayers refer to intercalation with low strength and deformation
parameters and poor cementation between hard strata during the formation of rock masses,
such as tuffaceous shales, thin layers of clay rocks, and chlorite enrichment zones in
metamorphic rocks. A secondary weak interlayer is formed through argillization, or the
debris formation of mineral-filled joints and primary weak interlayers under the action
of water and weathering. Most of these layers are distributed at shallow depths, and the
physical and mechanical properties of rock and soil mass, hydrogeological conditions, and
landforms affect them considerably. The secondary weak interlayer is partially argillated or
softened, and the content of water and clay particles is high. A structural weak interlayer is
formed via rock mass fracture and granulation due to the dislocation of soft rock or rock
strata contact surfaces under the action of tectonic forces. The cohesion and internal friction
angle of a weak interlayer are 40.52 kPa and 30◦, respectively.

The deformation of a rock mass comprises rock deformation and the deformation of
a structural plane. The stress–strain curve is similar to that of rock. Nevertheless, owing
to the existence of a weak structural plane, the deformation value of the rock mass under
the same stress level exceeds that of the rock. A hyperbolic or exponential function can be
used to describe the effect of normal stress on the structural plane and crack, which is a
nonlinear process.
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Based on a large number of experimental data, Goodman, et al. provided the following
empirical formula for the closure deformation of a structural plane:

σ =
∆b

b0 − ∆b
σi + σi (8)

where σ denotes normal stress, ∆b represents the closing volume of the structural plane, b0
denotes the maximum closure error, and σi represents the emplacement stress.

Bandis, et al. conducted deformation tests on the structural planes with different
weathering degrees and lithology and provided the normal deformation equation of cracks
and the directional stiffness expression of the structural plane:

σ =
∆b

m− n∆b
(9)

Kn =
∂σ

∂∆b
=

1

m(1− n
m ∆b)2 =

Kni

(1− ∆b
b0
)

2 (10)

where m and n are constants; σ→ ∞ , m
n → ∆b = b0 ; σ→ 0 , m = 1

Kni
; Kni denotes the

initial directional stiffness of the structural plane.
When the normal stress is constant, the lateral load is applied to the rock mass in the

structural plane and the relation curve between shear stress τ and shear displacement ν
can be obtained. The peak strength and residual strength can be observed in the shear
deformation curves of rigid structural planes, except for the intercalated clay layers, the
broken interlayers, and the joint planes with thick fillings. When the shear displacement
is small, it is characterized by elastic deformation, and the shear stress increases linearly
with increasing shear displacement. When the shear displacement continues to increase,
the slope of the curve decreases until the shear stress reaches its peak strength. Afterward,
the shear stress decreases and becomes stable as the shear displacement increases.

A certain roughness exists on the fracture surface of the rock mass in the site, which
presents a dilatancy property under a shear action. The dilatancy property will increase the
width of the fracture and induce a change in the seepage channel.

The relation between shear deformation and shear stress of a fracture is as follows:

dτ = Ksdv (11)

where Ks denotes the shear stiffness of the fracture surface.
When the dilatancy effect occurs on the fracture surface, the following relation is

satisfied:
du = dv tan i (12)

where u denotes normal deformation, v represents shear deformation, and i denotes the
dilatancy angle.

Substituting Equation (11) into Equation (12), we can obtain

du =
dτ

Ks
tan i (13)

Integrating Equation (13), we can obtain

u =

τ2∫
τ1

tan i
Ks

dτ (14)

On the rock slope, the stress concentration easily forms near the weak interlayer. When
the stress value exceeds the strength of the weak interlayer, local failure occurs and the
failure gradually develops to form a slip surface.
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In the numerical simulation, the structural plane can be simulated in two ways: a
weak interlayer or a contact element without thickness. This study uses the first method. A
solid plane element was used to simulate the weak rock strata and rock mass. Nevertheless,
the structural plane uses lower strength and deformation parameters than matrix rock. In
the calculation process, the strength parameters of the rock mass and structural plane are
reduced simultaneously until the slope reaches the ultimate equilibrium state, where the
safety factor of the slope body can be obtained.

The difference between the horizontal displacements of Steps 1309 and 1315 and Steps
1269 and 1287 are taken as the relative slip distances (hereinafter referred to as weak-
plane slipping) of the upper and lower strata on weak planes 1310 and 1280, respectively.
Figure 12 shows the simulation result of a weak-plane slipping at an advancing distance of
180 m, in which the dark area represents the original position of the slope. Figure 13 shows
the variation law of the slipping distance ∆d of a weak plane with the advancing distance s
of the working face. Figure 13 shows that (1) the two ∆d–s curves of weak planes show a
general upward trend. The slipping distances of the weak planes 1310 and 1280 increase
considerably at the advancing distances of 220 and 190 m. (2) Generally, the slipping
distance of the weak plane 1280 exceeds that of the weak plane 1310. This is because the
relative position of weak plane 1280 is lower and it bears a greater load than weak plane
1310. Due to the influence of weak-plane slipping, the maximum deformation rate of steps
reached 2.6 mm/h in engineering practice monitoring.
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2.3.2. Position and Shape Evolution of the Critical Slip Surface

Two nephograms can represent the critical sliding surfaces. (1) Flac3D calculates the
slope safety factor based on the model convergence criterion. When the calculation does
not converge, the plastic flow will continue to occur along a certain path for the slipping
mass; accordingly, the plastic shear strain will continue to occur for all elements along the
path. To exclude some elements in other areas that have undergone large plastic shear
strain but are now in a stable state, the position of the path, i.e., the position of the critical
slip surface, can be presented using the nephogram of the plastic shear strain rate. (2) The
displacement of the slipping mass increases as it slides along the critical slip surface. By
contrast, other regions remain relatively stable, allowing the displacement nephogram to
indicate the slip mass position.

Notably, the “displacement” mentioned here refers to the displacement of the model
after strength reduction in a specific calculation step and is not the real displacement of
the model. Taking the initial slope of an unexcavated roadway as an example, the initial
slope is in a stable state and all displacement values should be 0. When solving the safety
factor, the original model will eventually be reduced to a critical state and the slide body
will have plastic flow. When the program exits the calculation, the displacement value
of the slipping mass will not be 0. This displacement is not a real displacement, has no
practical significance, and can only be used to indicate the range of the slipping mass.
Thus, the displacement in this section should be distinguished from the displacement in
other sections.

Figure 14 shows the forms of the critical sliding surfaces of the disturbed slope and the
corresponding safety factors when the working face advances to different positions. The
subfigures presented on the left side show the plastic shear strain rate nephograms, and
those on the right side show the displacement nephograms. Figure 15 shows the variation
curve of the slope safety factor F with the advancing distance s. Figures 14 and 15 indicate
the following:

(1) The initial slope mainly contains three critical sliding surfaces. The main sliding
surface is from Step 1404 to the weak surface 1280, and the main slip mass cuts along
the weak surface 1280 and the slope surface of Step 1287. The secondary sliding
surface is from the flat plate 1404 to the 9# coal seam, and the secondary slip mass cuts
along the 9# coal seam at the slope foot of Step 1258. A local critical sliding surface is
observed in Step 1379, which mostly comprises loess with low strength, is the step
with the steepest slope in the loess soil layer, and has the tendency to landslide.

(2) After roadway excavation, when the advancing distance of the working face is be-
tween 0 and 30 m, the position and form of the critical sliding surface remain un-
changed (Figure 14b). The critical sliding surface extends from Step 1404 to the left
side of the auxiliary roadway of the 4# coal seam. The three roadways are taken as
the base point and extend in a zigzag shape to the slope foot of Step 1262. The slip
mass cuts from the slope foot of Step 1262. In this interval, the safety factor does not
change and the mining disturbance slightly influences slope stability.

(3) When the advancing distance of the working face is between 40 and 50 m, the position
and shape of the critical sliding surface remain unchanged (Figure 14c). The main
sliding surface extends from Step 1404 to the weak plane 1310, and the main sliding
body is cut out along the weak plane 1310 at the slope foot of Step 1315. The secondary
sliding surface extends from the weak plane 1310 to the weak plane 1280, and the
secondary slip mass cuts along the weak plane 1280 and the slope surface of Step 1287.
The nephogram of the plastic shear strain rate shows that the roadway of the 4# coal
seam is also seriously sheared, but the shearing surface does not develop upward or
form a sliding plane. In this interval, the safety factor clearly decreases.

(4) When the advancing distance of the working face is between 60 and 210 m, the form
of the critical sliding surface is unchanged and the position moves toward the free
face with the advancing of the working face (Figure 14d,e). The critical sliding surface
extends from Step 1404 or slope foot to the weak plane 1280, and the sliding body



Minerals 2022, 12, 1054 16 of 20

cuts from Step 1287 along the weak plane 1280. During this interval, the safety factor
continues to decrease.
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Figure 14. Slipping surface position and safety factor of disturbed slope. The subfigures presented
on the left side show the plastic shear strain rate nephograms, and those on the right side show the
displacement nephograms. (a) The initial slope, F = 2.01; (b) advancing distance = 30 m; F = 1.90;
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distance = 210 m; F = 1.47; (f) advancing distance = 240 m; F = 1.20.
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(5) When the advancing distance of the working face is between 220 and 240 m, the
position and form of the critical sliding surface remain unchanged (Figure 14f). The
main sliding surface extends from Step 1404 to the weak plane 1310. After developing
along the weak plane 1310 for a certain distance, it continues to extend downward
to the weak plane 1280 in the form of a W (double L)-shaped broken line. The main
slip mass cuts along the weak plane 1280 and the slope surface of Step 1287. The
secondary sliding surface extends from the weak plane 1310 to weak plane 1280 and
intersects with the main sliding surface. In this interval, the factor of safety decreases
rapidly. Zhu, et al. [37] adopted a numerical simulation to optimize the boundary
parameters and concluded that when the horizontal distance between the open-off
cut and the slope was increased by 20 m, the overall stability of the slope would be
significantly improved.

(6) When the working face advances for more than 30 m, there is also a sliding surface
(called an inner sliding surface) in the slipping mass. The position of the inner sliding
surface roughly coincides with the goaf boundary (Figure 14c–f). Moreover, because of
the influence of mining subsidence, the rock mass near the boundary line undergoes
shear failure due to subsidence, which decreases the strength. Chang, et al. [38]
studied the rock damage evolution in the coordinated open pit with underground
mining area using the numerical simulation method; the results showed that the
slope damage was mainly caused by the collapse of underground goaf. Nevertheless,
the original sliding surface is not smooth owing to the weak surface. It presents an
obvious L-shaped broken line; therefore, the sliding body itself will considerably
deform while sliding and constantly accumulate strain energy. Under the combined
action of these two factors, the slipping mass will eventually cut along the rock mass
with lower strength and the inner slip surface will form. The sliding body on the left
of the inner sliding surface slides downward under gravity, and the sliding body on
the right slides horizontally toward the free face due to the push from the slipping
mass on the left.

Based on the theoretical analysis and physical experiments, a “Voussoir beam–plate–
slip surface” structure model is established (Figure 16), which helps understand the defor-
mation and failure process. The shapes of potential siding surface are basically the same in
the numerical simulation and physical model.
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Figure 16. “Voussoir beam–plate–slip surface” structure model. (a) Advancing distance = 170 cm;
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The grid density of the numerical model also affects the simulation results. When the
11# coal seam divided into two layers, the safety factors of the initial slope and the 240-meter
excavation slope are 1.98 and 1.17, respectively, decreasing by 1.49% and 2.50% compared
to the values when divided into one layer.

The strata behavior of underground mining on the end slope differs from traditional
mining and the disturbance may lead to a landslide. This study can deepen our under-
standing of the overlying strata movement law and the control of underground mining at
the end slope.

3. Conclusions

The slope stability and evaluation method of underground mining of end-slope coal
were studied in the rock-stability analysis using the Lagrange element strength reduction
method. The geological conditions for mining in the coordinated open pit with an un-
derground mining region of the Anjialing Open-Pit Mine and Underground No. 2 Mine
were used to establish a numerical analytical model. The evolution law of slope stability in
open-pit end-slope mining was studied using the proposed numerical simulation method,
and the following conclusions were drawn:

(1) The steps have obvious horizontal movement and deformation under the influence of
underground mining disturbances. Taking the horizontal displacement at the slope
tops of the steps as the deformation index, the entire disturbed slope can be divided
into four regions: upper, middle-upper, middle-lower, and lower steps.

(2) The weak interlayer is an important factor affecting the deformation of the disturbed
slope. As the working face advances, the sliding distance of the weak surface increases.
When the advance distance exceeds a certain value, the sliding distance increases
considerably and the sliding distance of the lower weak plane exceeds that of the
upper weak plane.

(3) When underground mining fully affects a step, its subsidence value first increases

rapidly and then slowly. The exponential function W = A× e(
−s
b ) + y0 can represent

the change rule of the step-subsidence value during working face advancing.
(4) The development of critical sliding surfaces can be tracked through the distribution

of the plastic shear strain rate and deformation. In underground mining, the critical
sliding surface of the slope will develop along the soft rock or coal seam, showing
the L-shaped or W (double L)-shaped broken line. As the working face advances,
the initial position of the sliding mass remains unchanged while the cutting position
alternately changes up and down in the weak plane. When the advancing distance
exceeds a certain value, the safety factor drops sharply, providing a basis for selecting
an appropriate working face stop line.
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