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Abstract: To fuzzify the crisp functions, the extension principle has been widely used for performing
this fuzzification. The purpose of this paper is to investigate the continuity of fuzzified function
using the more generalized extension principle. The Hausdorff metric will be invoked to study the
continuity of fuzzified function. We also apply the principle of continuity of fuzzified function to the
fuzzy topological vector space.
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1. Introduction

Let U be a universal set. A fuzzy subset A of U is defined as a set of ordered pairs:

A={(xg4(x):x €Uy,

where ¢ 5 : U — [0,1] is called the membership function of A. The set of all fuzzy subsets of U is denoted
by F(U).

We consider an onto function f : U — V, where V is another universal set. This function
is also called as a crisp function. The purpose is to fuzzify the crisp function f as a fuzzy function
f: F(U) — F(V); thatis, for any A € F(U), it means f(A) € F(V). We remark that this fuzzy
function is completely different from the concept of fuzzy function studied in Hajek [1], Demirci [2]
and Hohle et al. [3] in which the fuzzy function is treated as a fuzzy relation.

The principle for fuzzifying the crisp functions is called the extension principle, which was proposed
by Zadeh [4-6]. In particular, if V = R, then f : U — R is called a real-valued function, and f :
F(U) — F(R) induced from f is called a fuzzy-valued function.

For any A € F(U), the extension principle says that the membership function of B = f(A) is
defined by the following supremum:

Cs(y) =Cray(y) = sup  Cx(x). @
{xy=F(x)}

Suppose that U and V are taken as the topological spaces such that the original crisp function
f: (U, ) — (V,1v) is continuous. In this paper, we shall investigate the continuity of fuzzified
function f : F(U) — F(V). Romén-Flores et al. [7] has studied the continuity of this fuzzified
function when U and V are taken as the Euclidean space R”. In this paper, we are going to extend these
results to the case of normed spaces and normable topological vector spaces using the generalized
extension principle discussed in Wu [8].

Let U; and U; be two universal sets. We consider the onto crisp function f : Uy x U, — V.
The purpose is to fuzzify the crisp function f as a fuzzy function f : F(U;) x F(Up) — F(V).
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For any two fuzzy subsets A(1) and A of U and Uy, respectively, the membership function of
B=f(AW,AR) € F(V) is defined by:

s(y) = Cram a2y (y) = sup min {&z) (1), § 40 (¥2) } - 2
{(xllxz):y:f(xllxz)}

Nguyen [9] has obtained the following result.
For a € (0,1], the a-level set of A is defined and denoted by:

Ay={xeU:iz(x)>a}.
If the universal set U is endowed with a topology, then the 0-level set of A is defined by:
Ay=c({xeU:¢z(x)>0}),

which is the closure of the support {x € U : & ;(x) > 0} of A. However, if U is not assumed to be a
topological space, then the 0-level set is usually taken to be the whole set U.

Theorem 1. (Nguyen [9]) Let f : Uy x Uy — V be an onto crisp function defined on Uy x Uy and let
f: F(Uy) x F(Up) — F(V) be a fuzzy function induced from f via the extension principle defined in
Equation (2). For A®) € F(U;), i = 1,2, the following equality:

(F(AD,A@)) = (4D, AQ) ()
o
holds true for each « € (0, 1] if and only if, for each y € V, the following supremum:

sup min {CAQ)(Xl)/éA(Z) (XZ)} @)
{(x1,x2):y=f(x1,42) }

is attained; that is, we have:

sup min {¢ 50) (x1), § 0 (¥2) } = max min {¢ 50) (x1), § 50 (%2) } -
{(x1,02)y=f(x1,%2) } {(rpx2)y=f(x1,x2)}

Fullér and Keresztfalvi [10] generalized Theorem 1 by considering the t-norm. In this case,
the extension principle presented in Equation (2) can be generalized in the following form:

S3(y) = Cram,am)(v) = sup tH(Cam (x1), 8 4 (x2)) ®)
{(x1x2):y=F(x1,%2)}

since min{x, y} is a t-norm. Therefore, Theorem 1 can be generalized as follows.

Theorem 2. (Fullér and Keresztfalvi [10]) Let f : Uy x Uy — V be an onto function defined on Uy x - - - x Uy
and let f : F(Uy) x F(Uy) — F (V) be a fuzzy function induced from f via the extension principle defined in
Equation (5). For A®) € F(U;), i = 1,2, the following equality:

(Fam,ah) = U f(AVA7) ©)

14

holds true for each a € (0, 1] if and only if, for each y € V, the following supremum:

sup t (&40 (1), 8 52 (x2)) ()
{(x1,x2):y=f (x1,%2)}

is attained.
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Fullér and Keresztfalvi [10] also obtained the following interesting result.

Theorem 3. (Fullér and Keresztfalvi [10]) Let Uy, Uy, V be locally compact topological spaces. Let A €
F(U;) for i = 1,2 such that the membership functions ¢ ;) are upper semicontinuous and the O-level sets Aéi)
are compact subsets of U; for i = 1,2. Let f : Uy x Uy — V be a continuous and onto crisp function and
let f : F(Uy) x F(Uy) — F(V) be a fuzzy function induced from f via the extension principle defined in
Equation (5). If the t-norm t is upper semicontinuous, then the following equality:

(Fam,a)) = U f(AY.AD) ®)

Y ()t ) >al

holds true for each « € (0,1].

Based on the Hausdorff space, Wu [8] generalizes Theorems 2 and 3 to the case of generalized
t-norm Ty, : [0,1]" — [0, 1] that is recursively defined by:

Tn(xlz cet rxi’l) - t(Tn—l(xll cee rxn—l)rx'rl)'

Let Uy, -+, Uy, V be universal sets and let f : Uj X --- x U, — V be an onto crisp function
defined on Uj x - - - x Uy. For A) ¢ F (U;),i=1,---,n, the membership function of the fuzzy subset
B=f(AW,..., A) of V is defined by:

¢s(y) = Cram,... amy(y) = sup Tu (Ca0)(x1), -+, g0 (xn)) €)
{1, xn)y=f (x1,+ xn) }

for each y € V. This definition extends the definition given in Equation (7). In the sequel, we are going
to consider the extension principle using an operator called W, that is more general than T),.

Let W, : [0,1]" — [0,1] be a function defined on [0,1]", which does not assume any extra
conditions. Let Uy, - - - , Uy, V be universal sets and let f : Uy x - - - x U, — V be an onto crisp function
defined on Uj X - - - x U,,. For A e F (U;),i=1,---,n, the membership function of the fuzzy subset
B=f(ADM,..., A1) of V is defined by:

C3(y) = Cram,... amy(y) = sup Wa (& 400 (x1), -+ € 0 (X)) (10)
{Gere xn)iy=f (21, xn) }

for each y € V. Of course, this definition extends the definition given in Equation (9). In this paper,
we are going to investigate the continuity of this kind of fuzzy function. We also remark that the
operator W, is a kind of aggregation operator studied in Calvo et al. [11] and Grabisch et al. [12].

2. Generalized Extension Principle on Normed Spaces

Let (X, || - ||) be a normed space. Then, we see that the norm || - || can induce a topology % such
that (X, ) becomes a Hausdorff topological vector space in which 7 is also called a norm topology.

Let (Uj, || - ||u;) be normed spaces fori = 1,---,n and let U = Uy x --- x U, be the product
vector space. Since each normed space (U, || - ||i;) can induce a Hausdorff topological vector space
(U;, ty,), we can form a product topological vector space (U, 1y, x...xu, ) using (U;, Ty,) fori = 1,-- - ,n,
where Ty, x...xu, is the product topology. On the other hand, we can define a product norm on the
product vector space U using the norms || - ||y;,. For example, for (11, - - ,u,) € U, we can define the
maximum norm:

1
I G, o) 1, = max L -t }

which is shown in Kreyszig ([13], p. 71) or the p-norm:

2 1
I (un i) |5, = (L [P+ o 1),
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which is shown in Conway ([14], p. 72), where 1 < p < coand || - ||y, are taken to be the same norm
| - llu,=| - || foralli=1,---,n. We also see that the product norms || - ||£111)x~~xun and || - ||(L?1)X___Xu”

can induce the norm topologies #; and %, respectively. We can show that 7y, x...xu, = &1 = .
However, in general, the norm topology generated by the product norm does not necessarily equal
to the product topology i1, x...xu,- Therefore, it is needed to investigate the generalized extension
principle in the case of normed space separately.

We can simply regard U as a vector space over R. Therefore, we can define a norm to make it as
a normed space (U, || - ||u). In this case, we can induce a norm topology y. Alternatively, we can
consider the product norm for the product vector space U over R. Let 1 : R” — R be a real-valued
function defined on R". In general, the product norm on U can be defined as:

| Qo) My, = RO g, st [l )- (11)

Of course, the product norm is also a norm for U. Based on this product norm, we can also induce
a product norm topology i, x...xu,- If we take h(xq,---,x) = max{xy,-- -, x,}, then we obtain the

product norm || - ||l(lll)xmxun,and if we take h(xy, - -+, xy) = (x] + -+ x)/Pfor 1 < p < oo, then we
can obtain the product norm || - Hl(,i)x---xun‘

For u; € U; and € > 0, the open ball in the normed space (Uj, || - ||y,) is defined by:
Bi(uj;e) = {ue U :||u—u;||luy<e}.
Foru = (uy,--- ,u,) € U, the open ball in the normed space (U, || - ||y) is given by:
B(we)={veU:|v—ul|u<et={veU:|| (vy—uy - ,on—uu) |[u<e},

and, by referring to Equation (11), the open ball in the product normed space (U, || - [|i; x-..xu,) is
given by:

Bhwe)={veU:[[v-ulyx.xu,<€}={veU:h(||vg—u |uy -, | on—un |lu,) <€}.
We have the following interesting result.

Proposition 1. Let (U;, || - ||u,) be normed spaces fori = 1,- - - ,nand let U = Uy x - - - x Uy, be the product
vector space which is endowed with a norm || - ||y. Given any € > 0and uw = (uq,-- - ,un) € U, if there exist
é1, € > 0 such that the following inclusions hold true:

B(u;é1) C By(ug;€) X -+ X By(up; €) (12)
and:

Bi(uy;€) X -+ X By(un;€2) C B(use), (13)
then Ty = Ty, x...xu,, where Ty is the norm topology induced by the norm || - ||y and Ty, «...xu, is the
product topology. If the product vector space U is endowed with the product norm || - ||u, x...xu, such that the

inclusions Equations (12) and (13) are satisfied, then we also have Ty, x...xu, = TU, x---x U, Where Ty, x...xu,
is the product norm topology.

Proof. Since T, «...xu, is the product topology for U; x --- x Uy, we recall that O € 1y, «...xu, if
and only if, for any u = (uy,--- ,u,) € O, there exist open neighborhoods N; of u; fori =1,--- ,n
such that Ny X - -- X N € O. Since Nj is an open neighborhood of u;, there exists €; > 0 such that
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Bi(u;;€;) € N;. Lete = min{ey, - - - , €, }. Then, we have B;(u;;€) C B;(u;;€;) C N;foralli =1,--- ,n.
By the assumption in Equation (12), it follows that

B(u;él) - Bl(ul;e) X+ X Bn(un;e) - N1 X X Nn - 0.

Therefore, we conclude that O € fy. Conversely, for any open set O € fy and any element
u= (uy,- - ,uy) € O, there exists € > 0 such that B(u;e) C O. By the assumption in Equation (13),
we see that By (uy;€2) X -+ - X By (un;€) € B(u;€) C O. Since B;(u;; é) is an open neighborhood of u;
foreachi =1,---,n, we conclude that O € 1y, ...xu,. This completes the proof. [J

Proposition 2. Let (U;, || - ||u,) be normed spaces fori = 1,- - - ,nand let U = Uy x - - - x Uy, be the product
vector space. Then, the following statements hold true.

(i) We consider the normed space (U, || - ||u). Given any € > 0, if || (uy,--- ,un) |[u< € if and only if
| ui |y, < eforalli=1,---,n,then ty = Ty, x...xu,-

(ii) We consider the product normed space (U, || - ||ux...xu,), where the product norm is defined by
Equation (11). Given any € > 0, if h(x1,--- ,xu) < € ifand only if x; < € foralli =1,--- ,n,
then T, x..x U, = TUyx-xUy-

Proof. It suffices to prove the case of (ii). By definition, we have:

B(ue) ={veU:|v—-ulyx. xu<Eé€}
={veU:h(|oi—us lu, | on—unllu,) <€}
={veU:v—u|y<efori=1,---,n} (by the asumption of h)

= B1(u1;€) X - -+ X By(uy;€).
The results follow immediately from Proposition 1 by taking é; = é, =e. O

Remark 1. Note that if the product norm is taken as the maximum norm || - ||81)X“,Xun or the p-norm

Il -l (Li)xmxun defined above, then the assumption in part (ii) of Proposition 2 is satisfied automatically.

Let (X,|| - |lx) and (Y,|| - |ly) be two normed spaces. Recall that the function
fo (X - llx) = (Y, | - |[y) is continuous at x if and only if, given any € > 0, there exists § > 0
such that || x — xo ||x< ¢ implies || f(x) — f(x0) ||y < €. The function f is continuous on X if and only
if f is continuous at each point xg € X. Then, we have the following easy observation.

Remark 2. Let (X, || - ||x) and (Y, || - ||y) be two normed spaces such that tx and ty are two norm
topologies induced by the norms || - ||x and || - ||y, respectively. It is well-known that the function

(X lx) = (Y, | - |ly) is continuous if and only if f : (X, tx) — (Y, Ty) is continuous. The continuity
of f: (X, tx) — (Y, ty) means that if O € Ty, then f~1(0) € 1.

Remark 3. Let (U;, || - ||u;) and (V,|| - |lv) be the normed spaces for i = 1,--- ,n. Then three kinds of
continuity for the function f : Uy X - -+ x U, — V can be presented below.

e Suppose that the product vector space U = Uy X - - - X Uy, is endowed with the norm || - ||y. Then the
function f : (U, || - |lu) = (V.| - ||v) is continuous at xq if and only if, given any € > 0, there exists
5 > 0 such that | uw—wug |[u< 6 implies || f(u) — f(ug) |[v< € where u = (uy, -+ ,uy) and
ug = (10, - -, Uno) are elements of U. Since || - ||y can induce a norm topology ty, Remark 2 says that
f:U - lu) = (V.| - |lv) is continuous if and only if f : (U, ty) — (V,Ty) is continuous.

e  Suppose that the product vector space U = Uy x --- x U, is endowed with the product norm
|l - lluyx---xu,- Then the continuity of the function f : (U, | - ||lu,x-.xu,) — (V.| - ||lv) can be



Symmetry 2017, 9, 299 6 of 25

similarly realized. We also see that f : (U, || - |lu,x...xu,) = (V, || - |lv) is continuous if and only if
f (U, Ty, x..xu,) = (V,ty) is continuous.

e Since we can form a product topological vector space (U, Ty, x...xu, ) from the normed spaces (U, || - ||u,)
fori=1,---,n, wesay that the function f : Uy x --- x U, — V is continuous if and only if the function
f (U, 1y, x..xu,) = (V,tv) is continuous in the topological sense. Propositions 1 and 2 say that this
kind of continuity will be equivalent to one of the above two continuities under some suitable conditions.

We say that W, is nondecreasing if and only if a; > f; for all i = 1,---,n
imply Wy (ay, -+ ,an) > Wy(B1, -+ ,Bn). This definition does not necessarily say that
Wi(ay, - an) > Wy(B1,- -+, Bn) implies a; > B; foralli =1,-- - ,n. In the subsequent discussion,
the function W, will satisfy some of the following conditions:

(@ Wy(aq,---,ay) >0ifand onlyifa; > Oforalli=1,--- ,n.

(b) Foreachw € (0,1], Wy(ayg, -+ ,ay) > aifand only ifa; > a foralli=1,--- ,n.
(c) W, is upper semicontinuous and nondecreasing.

(d) ifanyoneof {ay, - ,a,} is zero, then Wy (aq, -+ ,a,) = 0.

€ Wy(l,---,1)=1.

(f) Wy (min{aq, b1}, -+, min{a,, by}) > min {Wy(ay, - ,an), Wu(by, -+ ,bn)}.

Next, we are going to present the generalized extension principle on normed spaces.

Theorem 4. Let f : Uy X -+ x U, — V be an onto crisp function defined on Uy x --- x U, and let
f:FUy) x -+ x F(Uy) — F(V) be a fuzzy function induced from f via the extension principle defined in
Equation (10). Assume that (U;, || - ||y,) and (V, || - ||v) are taken to be the normed spaces fori =1,--- ,n,
and that the product vector space U = Uy X - - - x Uy, is endowed with a norm || - ||y such that the inclusions
Equations (12) and (13) are satisfied. We also assume that the following supremum:

sup Wa (8500 (x1),- -+, 40 (%)) (14)
(G xn)iy=f (x1, xn) }

is attained for each y € V. Then, the following equality:

(FCAD, - AM)) = {flore %) s W (G ()8 (va) = )

holds true for each o € (0,1]. The results for the 0-level sets are given below.
o We have:

(f(/l(l),. . ,A(”)))O = ({f(x1, -, xn) : Wu (500 (x1), -+, & 4m (xn)) > 0})
o Ifwe further assume that condition (a) for W, is satisfied, then:
(f(A(l),--- ,A(”)))O =d (f (A&),- - Aé’ﬁ)) cd (f (A(l),... ,A(()n))) .

e Ifwe further assume that the function f : (U, || - ||lu) = (V.|| - ||v) is continuous and that condition (a)
for Wy, is satisfied, then:

(FAD, o, AMY) = el ({Fra, - %0)  Wa (Eg (11), Gz () > O})

(7 (AL A)) = (A, ALY,

If the product vector space U is endowed with the product norm || - ||uf, x...xu, such that the inclusions
Equations (12) and (13) are satisfied, then we also have the same results. The assumptions satisfying the
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inclusions Equations (12) and (13) are not needed when we say that the function f : Uy x --- x U, = V
is continuous directly in topological sense without considering the norm || - ||y and the product norm

I Ml -

Proof. Since a normed space can induce a Hausdorff topological space, the results follow immediately
from Remarks 2 and 3, Proposition 1 and Wu ([8], Theorem 5.1). O

By referring to Remark 1, from part (ii) of Proposition 2, we see that if the product norm is taken

as the maximum norm || - || l(lll)x .11, Of the p-norm || - || l(i)x .xu, then Theorem 4 is applicable for
these norms.

Theorem 5. Let f : Uy X --- x U, — V be an onto crisp function defined on Uy x --- x U, and let
f:F(Uy) x -+ x F(Uy) — F(V) be a fuzzy function induced from f via the extension principle defined in
Equation (10). Suppose that the following supremum:

sup Wi (& 200 (x1), -+ /€ g0 (X))
{1, xn)y=f(x1, xn) }
is attained for each y € V, and that that condition (b) for W, is satisfied. Then, for each « € (0, 1], we have the
following equalities.

(f(A(l),... 'A("”)ff(“‘&”"“ ,/15(")) and (f(A(l),... Al )) f(A(()L“'/Aé?)-

Let (U, || - |lu,) and (V,|| - |lv) be now taken to be the normed spaces for i = 1,--- ,n, and let
the product vector space U = Uy X --- x Uy, be endowed with a norm || - ||y such that the inclusions
Equations (12) and (13) are satisfied. If we further assume that the function f : (U, || - |[v) = (V.|| - ||v) is
continuous, then we also have the following equality:

(f(A(U,... ’A(n)))o =f (A(()l),. . ,Aé")) ,

If the product vector space U is endowed with the product norm || - ||y, x...xu, such that the inclusions
Equations (12) and (13) are satisfied, then we also have the same results. The assumptions satisfying the
inclusions Equations (12) and (13) are not needed when we say that the function f: Uy x --- x U, =V
is continuous directly in topological sense without considering the norm || - |y and the product norm

[ [T

Proof. Since a normed space can induce a Hausdorff topological space, the results follow immediately
from Remarks 2 and 3, Proposition 1 and Wu ([8], Theorem 5.2). O

Theorem 6. Let (U;, || - ||u;) and (V, || - ||v) be normed spaces for i = 1,-- -, n, and let the product vector
space U = Uy X - - - x U, be endowed with a norm || - ||y such that the inclusions Equations (12) and (13)
are satisfied. Let AY) € F(U;) forall i = 1,--- ,n such that the membership functions ¢ () are upper
semicontinuous and the 0-level sets Ag) are compact subsets of U; foralli =1,--- ,n. Let f : (U, || - ||u) —
(V, || - lv) be a continuous and onto crisp function, and let f : F(Uy) x - -+ x F(Uy,) — F(V) be a fuzzy
function induced from f via the extension principle defined in Equation (10). Suppose that conditions (c) and (d)
for Wy, are satisfied. Then, the following statements hold true.

(i) The membership function ¢ FAW e A0 is upper semicontinuous.
(ii) For each o € (0, 1], we have the following equality:

(;(A(l),...,g(n))) — U f(Afvll)/"'rAt(x:))-

‘ {(“1/"'/0‘n)1wn(‘xlr"'r“n)za}
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For the 0-level sets, if we further assume that conditions (a) for W, is satisfied, then:

(FAW, - 400 = f (Ao ALY and (FAD, - A00)) = f (A0, 4)").

0

Under this further assumption, the a-level sets (f( A
compact subsets of V for all « € [0,1].
(iii) If we further assume that conditions (b) for Wy, is satisfied, then:

A of F(AW, ..., A1) are closed and

(f(A(l),. - ,A(n)))m _f (A,Ecl),- - ,A&”))

foreach a € [0,1].

If the product vector space U is endowed with the product norm || - ||y, x...xu, such that the inclusions
Equations (12) and (13) are satisfied, then we also have the same results. The assumptions satisfying the
inclusions Equations (12) and (13) are not needed when we say that the function f: Uy x --- x U, =V
is continuous directly in topological sense without considering the norm || - |y and the product norm

I Ml oo

Proof. Since a normed space can induce a Hausdorff topological space, the results follow immediately
from Remarks 2 and 3, Proposition 1 and Wu ([8], Theorem 5.3 and Corollary 5.1). O

Since we are going to consider the concept of convexity, we need to impose the vector addition and
scalar multiplication upon the universal set U. Therefore, the universal set U is taken as a vector space.
For any fuzzy subset A of U, we say that A is convex if and only if each a-level set A, = {x: &z(x)} is
a convex subset of U for each a € (0, 1]. It is well-known that:

Ais convex if and only if & 5 (Ax1 + (1 — A)xp) > min {&4(x1), &z (x2) }; (15)

that is, the membership function ¢ ; is quasi-concave.

Let U be a vector space over R which is endowed with a topology T and let A be a fuzzy subset of
U. Since Ag = cl(Uy-q Ax), we see that if A is convex, then its O-level set Ay is also a convex subset
of U.

Definition 1. Let U be a vector space over R which is endowed with a topology T. We denote by Fc.(U) the
set of all fuzzy subsets of U such that each d € F.(U) satisfies the following conditions:

e disnormal, ie., &;(x) =1 for some x € U;

e (s convex;

o the membership function Gz is upper semicontinuous;
o the 0-level set dg is a compact subset of U.

For i € F.(U), we see that, for each « € [0, 1], the a-level set 4, is a compact and convex subset
of U. Each element of F..(U) is called a fuzzy element. If U = R, then each element of F..(R) is called
a fuzzy number. In addition, if U = R", then each element of F.(R") is called a fuzzy vector. Moreover,
for any fuzzy number i € F.(R), we see that each of its a-level sets i, is a closed, bounded and
convex subset of R, i.e., a closed interval in R.

Theorem 7. Let (Uj, || - ||u,) and (V, || - ||v) be normed spaces fori =1, - - - ,n, and let the product vector
space U = Uy x - -+ x U, be endowed with a norm || - ||y such that the inclusions Equations (12) and (13) are
satisfied. Let f : (U, || - ||lu) = (V, || - ||v) be a continuous and onto crisp function. We also assume that f is
linear in the sense of:

Af (o) (L= A)f (Yoo yn) = f(Axa + (1= Ay, -+ Ak + (1= A)yn) .-
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Let f : F(Uy) x -+ x F(Uy) — F(V) be a fuzzy function induced from f via the extension principle
defined in Equation (10). Suppose that conditions (a), (c), (d), (e) and (f) for W, are satisfied. For AD) € F.(U;),
i=1,---,n, the following statements hold true.

(i) We have f(AW, ..., A € F.o(V). The a-level sets (f(AD),
closed subsets of V for all & € [0,1].
(ii) For each a € (0, 1], we have the following equality:

(f(g(l),...,g(n))) — U f(Agl),...,Ag)),

& {(ag, 00 ): Wy (&, oun ) >ac}

-, AM)Y), are compact, convex and

For the 0-level sets, we also have:

(f(A<1>,---,A< )> _f( 0+,.-.,Agf§) and (;(Au),...,A(n))) :f(A((]l),...,A(()”)).

(iii) If we further assume that conditions (b) for Wy, is satisfied, then:

(f(g(l),...,g(n))) :f@“l),...,ga"))
foreach o € [0,1].

If the product vector space U is endowed with the product norm || - ||y, x...xu, Such that the inclusions
Equations (12) and (13) are satisfied, then we also have the same results. The assumptions satisfying the
inclusions Equations (12) and (13) are not needed when we say that the function f : Uy x --- x U, = V
is continuous directly in topological sense without considering the norm || - |y and the product norm

I Ml -

Proof. Since a normed space can induce a Hausdorff topological space, the results follow immediately
from Remarks 2 and 3, Proposition 1 and Wu ([8], Theorem 6.1 and Corollary 6.1). [

The linearity in Theorem 7 can be replaced by assuming the convexity.

Theorem 8. Let (U;, || - |[u;) and (V, || - ||v) be normed spaces for i = 1,-- -, n, and let the product vector
space U = Uy X - - - X Uy be endowed with a norm || - ||y such that the inclusions Equations (12) and (13)
are satisfied. Let f : (U,| - |lu) — (V.| - |lv) be a continuous and onto crisp function and let
feFUy) x - x F(Uy) — F(V) be a fuzzy function induced from f via the extension principle defined
in Equation (10). We further assume that f(Aq,--- , Ay) is a convex subset of V for any convex subsets A;
ofUj, i =1,---,n. Suppose that conditions (b), (c), (d) and (e) for Wy, are satisfied. For Al) ¢ Fee (W),
i=1,---,n, the following statements hold true.

(i) We have f(AW, ..., A € F.o(V). The a-level sets (f(AD),
closed subsets of V for all & € [0,1].
(ii) For each a € (0, 1], we have the following equality:

-, AM)Y), are compact, convex and

(ﬂg(l),. . ,A(n))) =f (Aal),- . ,Ag’”) .

14

For the 0-level sets, we also have:

(f(A(l),...,A( )) _f( ... A(”) and (f(,q ,A(")))O:f(/ié]),---,Aé’”).

If the product vector space U is endowed with the product norm || - ||, x...xu, such that the inclusions
Equations (12) and (13) are satisfied, then we also have the same results. The assumptions satisfying the
inclusions Equations (12) and (13) are not needed when we say that the function f : Uy X ---x U, =V
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is continuous directly in topological sense without considering the norm || - |y and the product norm
[ V7P

Proof. Since a normed space can induce a Hausdorff topological space, the results follow immediately
from Remarks 2 and 3, Proposition 1 and Wu ([8], Theorem 6.2). O

Remark 4. For n = 2, the following functions:

. Xy
= - 1
Wa(x,y) = min{x,y} and W, (x,y) max(x, v, 4] for some constant « € [0, 1]
satisfy the conditions of Theorem §.
Let (X, || - ||) be a normed space. We recall that the norm || - || can induce a norm topology

such that (X, T) becomes a Hausdorff topological vector space. Conversely, if (X, T) is a topological
vector space, we say that X is normable if and only if there exists a norm || - || which can induce a norm
topology 1 such that T = 7. A subset Y of a topological vector space (X, T) is called bounded if and
only if, for each neighborhood N of 6, where 0 is the zero element of X, there is a real number r such
that Y C rN. We have the following interesting results.

Proposition 3. (Kelley and Namioka ([15], p. 44)) The following statements hold true.

(i) A topological Hausdorff vector space is normable if and only if there is a bounded convex neighborhood of 0.
(ii) A finite product of normable spaces is normable.

From part (ii) of Proposition 3, we see that Theorems 4-8 are still valid if the normed
spaces are replaced by the normable topological vector spaces. However, if we consider the
continuity of the function f : (U, 1y, x...xu,) — (V,Ty) instead of the continuity of the function
f:(U |- llu) = (V,] - |lv), then the assumption satisfying the inclusions Equations (12) and (13)
is not needed, since, in this case, we can just apply Wu ([8], Theorems 5.1, 5.2, 5.3, 6.1 and 6.2) by
considering the product topology Ty, x...xu, instead of the norm topology Ty or the product norm

topology i, x...x U, -

3. Continuity of Fuzzified Functions

Let (X, | - ||) be a normed space. We denote by KC(X) the family of all compact subsets of X in
the sense of norm topology Tx induced by the norm || - ||. Let A and B be any two compact subsets of
X. We can define the Hausdorff metric dg between A and B as follows:

dy :max{supgglfg |a—0b H,supuig‘ |la—0b |}

acA beB

If X is a normable topological vector space, then we can also define the Hausdorff metric dp.
Now we have the following simple observation.

Lemma 1. The function f : (X, || - ||) — R defined by f(x) =|| x — xq || is continuous for any given xo € X.
Proof. We have:
f)=fWI=1lx=xo | =y =xo [l <l (x =x0) = (y = x0) I= x =y [| .

The continuity follows immediately from the above inequality. [

We need some useful properties from topological space.
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Proposition 4. The following statements hold true.

(i) (Royden ([16], p. 158)) If X is a Hausdorff space, then a compact subset of X is closed.
(ii) (Royden ([16], p. 158)) If f is a continuous function from the topological space X to another topological
space Y, then the image f(K) is a compact subset of Y when K is a compact subset of X.
(iii) (Royden ([16], p. 161)) If f is an upper semicontinuous real-valued function defined on X, then f assumes
its maximum on a compact subset of X. If f is a lower semicontinuous real-valued function defined on X,
then f assumes its minimum on a compact subset of X.
(iv) (Royden ([16], p. 158)) Let X be a topological space and let K be a compact subset of X. If A is a closed
subset of X and is also a subset of K, then A is also a compact subset of X.
(v) (Royden ([16], p. 166)) (Tychonoff’s Theorem) Let (X;, Tx,) be n topological spaces and let K; be
compact subsets of X; fori = 1,--- ,n. Then the product K; X - X Ky is a compact subset of the
product topological space (Xq X -+ X Xy, Tx, x.-x X, ), Where Tx,x...xx, is the product topology for

Xy X - X Xy
Proposition 5. Let the function f : (X, || - |[x) = (Y, - ||y) be continuous. Let dy, and dy, be the
Hausdorff metrics defined by || - ||x and || - ||y, respectively. Then the function F : (K(X),dn,) —

(K(Y),dp, ) defined by:
F(A) = f(A) ={f(a) :a € A}

is uniformly continuous.

Proof. For any A, B € K(X), i.e., A and B are compact subsets of (X, || - ||x), since f is continuous,
by part (ii) of Proposition 4, we see that C = f(A) = F(A) and D = f(B) = F(B) are also compact
subsets of Y, i.e,, C,D € K(Y). We need to show that, for any € > 0, there exists 6 > 0 such that,
forany A, B € K(X), dp, (A, B) < 6 implies dy, (C, D) < e. By definition, for any a9 € A and by € B,
dpy (A, B) < ¢ implies:

inf |a—by|[x<dand inf || ag—b || x< J.

acA beB

By Lemma 1 and part (iii) of Proposition 4, we see that the above infimum are attained,
ie, || a* —by |[x< édand || ap — b* |[< J for some a* € A and b* € B. Since f is continuous at
ao and by, we have || f(a*) — f(bo) lly< e/2 and | f(ag) — f(b") ||y< /2. Since ag and by are any
elements of A and B, respectively, we have:

sup || f(a*) —d |ly=sup || f(a*) — f(bo) [y< €/2<e (16)
deD bpeB

and:
sup || ¢ — f(b") ly=sup [| f(ao) — f(b") [y< e/2 <e. (17)
ceC agEA

Since C and D are compact subsets of Y, there exist c* € C and d* € D such that:
le* —d|ly=inf [|c—d [[y<[| f(a*) —d [ly and || ¢ —d" [[y= inf || c—d [y<[lc—f(07) [y
ceC deD
From Equations (16) and (17), we obtain:

supinf || c —d ||[y<sup || f(a*) —d |y< eand sup inf || c—d ||[y<sup || c — f(b*) |y<e,
deD ¢€C deD cec debD ceC

which implies dy, (C, D) < €. This completes the proof. [

Let (X, T) be a normable topological vector space. Then, we can topologize IC(X) by considering
the Hausdorff metric dy. This topological space is denoted by (K(X), tg).
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Proposition 6. Let (X, Tx) and (Y, Ty) be two normable topological vector spaces. Let Ty, and Ty, be the
topologies generated by the Hausdorff metrics dy, and dy,, respectively. If the function f : (X, tx) — (Y, Ty)
is continuous, then the function F : (K(X), Ty) — (K(Y), Th, ) defined by F(A) = f(A) = {f(a) :a € A}
is uniformly continuous; that is, the function F : (IC(X),dn, ) — (K(Y),dn, ) is uniformly continuous.

Proof. The result follows immediately from Proposition 5. [

To study the continuity of fuzzified function, we are going to consider the space F,(U) instead
of F(U), which is defined below. Let U be a topological space. We denote by F,(U) the set of all
fuzzy subsets of U such that, for each Ace Fe(U), its a-level sets A, are compact subsets of U for all
a € [0,1]. Let (U, || - ||i) be a normed space. Then, we can define the Hausdorff metric dy,, on C(U).
For any A € F,(U), we see that A, € K(U) for all « € [0, 1]. Therefore, for any A, B € F.(U), we can
define a distance d r_(;;) between A and B as:

dfc(u)(A,B) = sup dy, (As Ba). (18)

Then, we can show that (F(U),dr,(y;)) forms a metric space. Based on this metric d z (), we can
induce a topology Tz, (1) that is called a metric topology for Fc(U).

Let (Uj, || - ||u;) be normed spaces fori = 1,---,n and let U = Uj x --- x Uy, be the product
vector space that is endowed with the norm || - ||y or the product norm || - ||z, x...xu,- In this case,
we can define a Hausdorff metric dg, on IC(U) based on the norm || - ||y or the product norm
|- lluyx..-xu,- We write F¢(U) = Fe(Uy) X -+ - x Fe(Uy). The element of F.(U) can be realized as
A=(AD,... AM) where A" € F.(U;) fori=1,---,n. We also write A, = (A,Scl)f .- ,A,E]’)) for
all « € [0, 1]. Using the Tychonoff’s theorem in part (v) of Proposition 4, we see that A, € K(U) for all
a € [0,1]; that is, the product set A, is a compact subset of the product space U. For any A, B € F.(U),
we define d ) between A and B as follows:

dr. () (A B) = sup dpy, (As, By).
ae(0,1]

Then, we can also show that (F¢(U),d z,(y)) forms a metric space. Based on this metric d 7, (),
we can induce a metric topology Tr, (y) for Fc(U). Now, if we assume that Uy, - - - , Uy are normable
topological vector spaces and let U = Uj x --- x U, be the product vector space, then part (ii) of
Proposition 3 says that U is also a normable topological vector space. Therefore, we still can define a
Hausdorff metric gy, on K(U). In this case, we can also obtain the metric space (F¢(U),dz,u))-

Let Uy, - -+, Uy, V be topological spaces such that f : U; x - - x U, — V is an onto crisp function.
Then, we can induce a fuzzy function f : F(U;) x - -+ x F(Uy,) — F(V) from f via the extension
principle defined in Equation (10). However, even f is continuous, we cannot always induce a
fuzzy function f : Fo(U;) x --- x Fe(U,) — Fe(V), where the spaces F.(U;) and F.(V), instead
of F(U;) and F(V), are considered for i = 1.---,n. In fact, we can just induce a fuzzy function
fiFe(Uy) x - x Fe(Uy) — F(V), where the range is the space F (V). In other words, given A() €
Fe(U;) fori=1,---,n, we canjust have f(A(l),- . ,A(”)) € F(V), and we cannot always guarantee
FAW, ... AM) ¢ F.(V). The purpose is to present the sufficient conditions to guarantee this
desired result. First of all, we need a useful lemma.

Lemma 2. (Wu [8]) Let Uy,---,U, be topological spaces and let V be a Hausdorff space.
Let f: (Uy x -+ X Uy, Tty x-..xu,) — (V,Tv) be a continuous and onto crisp function defined on Uy x
<o x Uyandlet f : F(Uy) X -+ x F(Uy) — F(V) be a fuzzy function induced from f via the extension
principle defined in Equation (10). Assume that A" € F(U;) such that its membership function & () 1s upper

semicontinuous and each 0-level set A(()i) of AV is a compact subset of U, foralli =1, - - ,n. Suppose that
conditions (c) and (d) for Wy, are satisfied. Then, the supremum given in Equation (14) is attained.
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Proposition 7. Let Uy, - - -, Uy, V be Hausdorff spaces, and let f : (Uy x - -+ x Uy, Ty, x...xu,) — (V, )
be a continuous and onto crisp function. Suppose that conditions (b), (c) and (d) for Wy, are satisfied.
IfAD € Fo(uy) foralli=1,--- ,n, then f(AWM),..., AW) € F (V).

Proof. Since the a-level sets ASJ) of A are compact subsets of U; forallw € [0,1]andi=1,---,n,
part (i) of Proposition 4 says that A,Ef) are also closed subsets of U; forallw € [0,1] andi =1, - ,n.
In other words, the membership functions ¢ ;) are upper semicontinuous for all i = 1,---,n.
Therefore, applying Lemma 2, we see that the supremum given in Equation (14) is attained for

each y € V. According to Wu ([8], Theorem 5.2), since f is continuous, we have:
(f(g(l),. » ,A<n>)> = f (Agp, .. ,A&”))
®

for each & € [0,1], which is a compact subset of V by part (ii) of Proposition 4 and the Tychonoff’s
theorem in part (v) of Proposition 4, i.e., f(A("),. .., A") € F.(V). This completes the proof. [

Under the assumptions of Proposition 7, we can indeed induce a fuzzy function
fiFo(Uy) x - x Fe(Uy) — Fe(V) based on the spaces F.(U;) and F.(V), instead of the spaces
F(U;) and F(V) for i = 1,---,n. Now, if we take (U;, || - |ly,) and (V,[ - |lv) to be the
normed spaces, i = 1,---,n, then we need to apply Theorem 5 to induce the fuzzy function
fiF(Uy) x - x Fe(Uy) = Fe(V). Now we have the following result.

Theorem 9. Let (U, || - |lu) and (V,| - |lv) be the normed spaces for i = 1,---,n, and let
the product vector space U = Uy x --- x U, be endowed with a norm | - |y such that the
inclusions Equations (12) and (13) are satisfied. We assume that f : (U,|| - [[u) — (V.| - lv)

is a continuous and onto crisp function. Suppose that conditions (b), (c) and (d) for W, are satisfied.
Let f: Fe(Up) x -+ x Fe(Uy) — Fe(V) be a fuzzy function induced from f via the extension principle
defined in Equation (10). szen, the fuzzy function f: (Fe(Uy) X - -+ Fe(Un), dr.vy)) = (Fe(V), dr.(v))
is continuous; that is, f:(Fe(Ur) X - X Fe(Un), Tr.(u)) = (Fe(V), Tr(v)) is continuous. If the
product vector space U is endowed with the product norm || - ||y x...xu, such that the inclusions
Equations (12) and (13) are satisfied, then we also have the same results. The assumptions satisfying the
inclusions Equations (12) and (13) are not needed when we say that the function f : Uy X --- x Uy, = V
is continuous directly in topological sense without considering the norm || - ||y and the product norm

[ [TApeeT A

Proof. Since a normed space can induce a Hausdorff topological space, from Remarks 2 and 3,
Proposition 1 and the arguments of Proposition 7, Lemma 2 says that the supremum given in
Equation (14) is attained for each y € V. Therefore, from Theorem 5, we have:

(f(A(l), .. ,A(H))>a _ f (AS}),' - ,A,Eén))

for each « € [0,1]. From the arguments of Proposition 7, we can induce a fuzzy function
fiF(Uy) x - x Fo(Uy) — Fe(V). Suppose that A,, Ay € F.(U) for m = 1,2,--- satisfy
dr,u)(Am,Ag) — 0as m — co. We need to show:

dr.v) (f(An), f(Ag)) =0

as m — oo. For A, B € IC(U), Proposition 6 says that, for any € > 0, there exists 6 > 0 such that:

dpy (A, B) < & implies dyy, (f(A), f(B)) = dy, (F(A), E(B)) < €/2. (19)
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Since d £, () (A, Ag) — 0asm — 0, there exists my € N such that:

d]:C(U)(Am,A()) = sup dHU (Ama/AOa) <6
ae01]

for m > mp, where A, and Ay, denote the a-level sets of A,, and A, respectively, which also
says that dHU(Ale/AOIX) < ¢ for all @« € [0,1]. Therefore, according to Equation (19), we have
drr, (f(Ama), f(Agy)) < €/2 forallw € [0,1]. Applying Lemma 2, we see that the supremum given
in Equation (14) is attained for each y € V. From Theorem 5, we also see that, for each « € [0,1],
(F(Am))a = f(Amy) and (f(Ag))x = f(Agy)- Therefore, we obtain:

dr.v) (f(An), f(A)) = Sl[lopl] dir, ((f(Am))as (f(R0))a)

= sup dy, (f(Ama), f(Ao)) < €/2<e.
ael0,1]

for m > myg. This completes the proof. [

Theorem 10. Let Uy, - ,Uy, V be normable topological vector spaces. We also assume that V is a
Hausdorff space. Let f : (Uy x -+ X Uy, Ty, x.xt,) — (V, Tv) be a continuous and onto crisp function.
Suppose that conditions (b), (c) and (d) for W, are satisfied. Let f: Fc(Uy) x - - x Fo(Uy) — Fe(V)
be a fuzzy function induced from f via the extension principle defined in Equation (10). Then,
the fuzzy function f:(Fe(Uy) x ---x Fe(Un), dr.uy) = (Fe(V),dr.(v)) is continuous; that is,
fo(Fe(Uy) x -+ x Fe(Un), tru)) = (Fe(V), Tr.(v)) is continuous.

Proof. From Lemma 2 and Wu ([8], Theorem 5.2), we see that, for each « € [0,1], ( f (Am))a = f(Ama)
and (f(Ag))a = f(Agy). Since the normable topological vector spaces are also Hausdorff spaces,
the result follows immediately from the same arguments of Theorem 9. [J

Example 1. To apply Theorem 10, we take V.= R™ and U; = Rfori =1,--- ,n. Let f : R" = R" bea
continuous and onto function, where the continuity is based on the usual topologies Trn and Trm. Suppose that
conditions (b), (c) and (d) for W,, are satisfied. For convenient, we write:

Fe(R) x -+ x Fe(R) = F(R).

Let f : FI(R) — F.(R™) be a fuzzy function induced from f via the extension principle defined in (10).
Then the fuzzy function f : (FIR), dr,mn)) = (Fe(R™),d g, mmy) is continuous.

Example 2. Continued from Example 1, we consider a continuous and onto function
f:[0,27] x [0,27t] — [—2,2] defined by f(x,y) = sinx + cosy. Now we take Wy(a,b) = min{a, b}.
Then, conditions (b), (c) and (d) are satisfied automatically.  In this case, the fuzzy function
f: (]:CZ(R),dE(Rz)) = (Fe(R),d . (w) is continuous, where the membership function of C = f(A,B) for
A, B € F:(R) is given by:

Gelz) = sup  min{¢s(x),iz(y)} = sup min {&;(x),55(y)} -

{(xy):z=f(xy)} {(xy):z=sinx+cosy}

Let U be a topological space. We denote by Fy(U) the set of all fuzzy subsets of U such that,
for each A € Fy(U), its membership function ¢ 5 is upper semicontinuous and the 0-level set A is a
compact subset of U.

Remark 5. We have the following observations.
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e Let U be a topological space. For any A € Fo(U), by the upper semicontinuity of € 5, we see that A, are
closed subsets of U for all x € (0,1]. Since Ay C Ag forall « € (0,1] and Ay is a compact subset of
U, part (iv) of Proposition 4 says that A, are also compact subsets of U for all « € (0,1]. Therefore we
conclude that Fo(U) C F.(U).

e Let U be a Hausdorff space. For any A € F.(U), we see that A, are compact subsets of U for all a € [0,1].
From Proposition 4 (i), the a-level sets Ay are also closed subsets of U for all a € (0,1], i.e., the membership
function ¢  is upper semicontinuous. Therefore we conclude that Fo(U) = F.(U).

e If U is taken as a normable topological vector space or (U, || - ||) is taken as the normed space,
then Fo(U) = F.(U), since the normable topological vector space and normed space are also the
Hausdorff spaces.

Let Uy, - -+, U, be topological spaces and let V be a Hausdorff space. Let f : (U; X --- X
Un, Ty, x---xu,) —+ (V,Tv) be a continuous and onto crisp function. In general, we cannot induce
a fuzzy function f : Fo(Uy) x - -+ x Fo(Uy,) — Fo(V) from f via the extension principle defined in
Equation (10). The following proposition presents the sufficient conditions to guarantee this property.

Proposition 8. Let Uj,---,U, be topological spaces and let V be a Hausdorff space.
Let f:(Uy x -+ x Uy, Ty, x..xt,) = (V,Tv) be a continuous and onto crisp function. Suppose that
conditions (c) and (d) for W, are satisfied. If AV < Fo(U;) for all i = 1,---,n,
then f(AM, ..., AM) e Fy(V).

Proof. The result follows immediately from Wu ([8], Theorem 5.3). O

Under the assumptions of Proposition 8, we can induce a fuzzy function
f:Fo(Uy) x - x Fo(Uy) — Fo(V). We also have the following interesting observations.

Remark 6. We remark that Theorems 9 and 10 are still valid if F.(U;) and F.(V') are replaced by Fo(U;)
and Fo(V) foralli = 1,--- ,n, since the third observation of Remark 5 says that F.(U;) = Fo(U;) and
Fe(V)=Fo(V) foralli=1,--- ,n.

Theorems 9 and 10 present the continuity of fuzzified functions based on the spaces F.(U;) and
Fe(V)fori=1,---,n. Inthe sequel, we are going to investigate the continuity of fuzzified functions
based on the spaces Fe.(U;) and Fee(V) fori=1,--- ,n.

Theorem 11. Let (Uj, || - ||u;) and (V, || - ||v) be normed spaces for i =1, - -, n, and let the product vector
space U = Uy x - - - x U, be endowed with a norm || - ||y such that the inclusions Equations (12) and (13) are
satisfied. We assume that f : (U, || - ||\u) = (V.|| - ||v) is a linear, continuous and onto crisp function. Suppose
that conditions (b), (c), (d), (e) and (f) for Wy, are satisfied. Let f: Fee(Uy) X -+ X Fee(Uy) — Fee(V)
be a fuzzy function induced from f via the extension principle defined in Equation (10). Then the
fuzzy function f : (Fee(Up) x -++ % Fee(Un), dz. v)) — (Fec(V),dr, (v)) is continuous; that is,
o (Fee(Uy) x -+ x Fee(Un), Tr, () = (Fee(V), T (v)) is continuous. If the product vector space U
is endowed with the product norm || - ||, x...xu, such that the inclusions Equations (12) and (13) are satisfied,
then we also have the same results. The assumptions satisfying the inclusions Equations (12) and (13) are
not needed when we say that the function f : Uy x - -- x U, — V is continuous directly in topological sense
without considering the norm || - ||y and the product norm || - ||y, x...xu,-

Proof. From Remarks 2 and 3 and part (iii) of Theorem 7, we see that, for each « € [0, 1],

(f(am)), = f(ama) and (f(a0)), = f(aon)- (20)

The result follows immediately from the same arguments of Theorem 9. [
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Theorem 12. Let Uy, - - - , Uy, V be normable topological vector spaces. We also assume that V is a Hausdorff
space. Let f : (Uy x - - - X Uy, Ty x...xu,) —+ (V, Tv) be a linear, continuous and onto crisp function. Suppose
that conditions (b), (c), (d), (e) and (f) for W, are satisfied. Let f: Fee(Uy) x -+ x Fee(Uy) = Fee(V)
be a fuzzy function induced from f via the extension principle defined in Equation (10). Then the
fuzzy function f i (Fee(Ur) X -+ X Fee(Un),dr, ) — (Fee(V),dg, (v)) is continuous; that is,

fo(Fee(Uy) x -+ % fcc(Un),T]:L_C(U)) — (fCC(V),T;CC(V)) is continuous.

Proof. From Wu ([8], Corollary 6.1), we see that the equalities in (20) are satisfied for each « € [0, 1].
The result follows immediately from the same arguments of Theorem 9. O

The linearity in Theorems 11 and 12 can be replaced by assuming the convexity.

Theorem 13. Let (U;, || - [|y;) and (V, || - ||v) be normed spaces fori = 1,- - - ,n, and let the product vector

space U = Uy X - - - x Uy be endowed with a norm || - ||y such that the inclusions Equations (12) and (13)
are satisfied. Let f : (U, || - |lu) — (V.| - |lv) be a continuous and onto crisp function. We further
assume that f(Ay,---,Ay,) is a convex subset of V for any convex subsets A; of U;, i = 1,--- ,n.

Suppose that conditions (b), (c), (d) and (e) for Wy, are satisfied. Let f: Fee(Up) x - x Fee(Uy) = Fee(V)
be a fuzzy function induced from f via the extension principle defined in Equation (10). Then the
fuzzy function f i (Fee(Up) X -+ X Fee(Un),dr, ) — (Fee(V),dg, (v)) is continuous; that is,
fo(Fee(ly) x -+ X Fee(Un), Tr, (u) = (Fee(V), Tr (v)) is continuous. If the product vector space U
is endowed with the product norm || - |[ur, x...xu, such that the inclusions Equations (12) and (13) are satisfied,
then we also have the same results. The assumptions satisfying the inclusions Equations (12) and (13) are
not needed when we say that the function f : Uy x --- x U, — V is continuous directly in topological sense

without considering the norm || - ||y and the product norm || - ||y, x...xu,-

Proof. From Remarks 2 and 3 and part (ii) of Theorem 8, we see that the equalities in Equation (20) are
satisfied for each a € [0, 1]. The result follows immediately from the same arguments of Theorem 9. [

Theorem 14. Let Uy, - - - , Uy, V be normable topological vector spaces. We also assume that V is a Hausdorff
space. Let f : (Uy x -+ x Uy, Ty xc...xu,) — (V, Tv) be a continuous and onto crisp function. We further
assume that f(Aq,-- -, An) is a convex subset of V for any convex subsets A; of U;, i =1,-- -, n. Suppose that
conditions (b), (c), (d) and (e) for Wy, are satisfied. Let f D Fee(Uy) X - oo X Fee(Uy) — Fee(V) be a
fuzzy function induced from f via the extension principle defined in Equation (10). Then, the fuzzy function
o (Fee(ly) x -+ x Fee(Un), dz. . u)) = (Fee(V),d g, (v)) is continuous; that is, fo(Fee(ly) x -+ x
Fee(Un), Tr, () = (Fee(V), T (v)) is continuous.

Proof. From Wu ([8], Theorem 6.2), we see that the equalities in (20) are satisfied for each a € [0, 1].
The result follows immediately from the same arguments of Theorem 9. [

4. Applications to Fuzzy Topological Vector Spaces

Before introducing the concept of fuzzy vector space, we need to consider the fuzzy addition and
fuzzy scalar multiplication. Let U be a vector space over R. For any ,b € F(U), the membership
function of 4 @ b is defined by:

Ciep(2) = sup  Wa(Ga(x),&;(v))-
{(ry)z=x+y)

Let A € F(R). The membership function of A ® d is defined by:

Ciea(z) = sup  Wa (Z3(A),&a(x)).
{(Ax):z=Ax}
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If A is taken to be the crisp number 1 (A} with value A € R, i.e.,

~ 1 ifr=A
1 =
W) { 0 ifr#A
then, we simply write 1 (A} ® @ as A with the membership function given by:

alz) = sup W (&5, (K),Ea(x)).

{(kx):z=kx}
We have the following interesting observation.
Remark 7. Suppose that Wy satisfies the following conditions:
W5(0,a) = 0and Wy(1,a) = a (21)

forany a € [0,1]. Then, we have

)= sup Wi (&1, (K),E(x)) = Ealz/A).

{(k,x):z=kx}
If we take Wy (a,b) = min{a, b}, then conditions in Equation (21) are satisfied automatically.
The following result will be used in the further discussion.

Proposition 9. (Wu [8]) Let U be a Hausdorff topological vector space over R. Suppose that conditions (b),
(c), (d) and (e) for Wy, are satisfied. Then, we have the following results.

(i) Ifa,bc Fee(U), thena®b e Fee(U) and (A ® b)y = dy @ by for any a € [0,1].
(i) IfA € Fee(R) and @ € Foe(U), then (A ® @)q = Agdly for any a € [0,1].
(iii) If we take A to be a nonnegative or nonpositive fuzzy number, then A @ i € Fee(U).
(iv) For A € R, we have Ad = T{A} ®a € Fee(U), where i{A} is a crisp number with value A.
() IfA,d € Fee(R), then A ®d € Fee(R).

Definition 2. Let U be a vector space over R and let F be a subset of F (U). We say that F is a fuzzy vector
space over R ifand only if a ® b € F and A\ € F for any d,b € F and A € R. In other words, F is closed
under the fuzzy addition and scalar multiplication.

Proposition 10. Let U be a Hausdorff topological vector space over R. Then, the following statements hold true.

(i) Suppose that conditions (b), (c), (d) and (e) for W, are satisfied. Then F..(U) is a fuzzy vector space
over R.

(ii) Suppose that conditions (c) and (d) for Wy, are satisfied. Then Fo(U) = Fc(U) is a fuzzy vector space
over R.

Proof. Part (i) follows immediately from parts (i) and (iv) of Proposition 9. Part (ii) follows immediately
from Proposition 8 and the arguments of Proposition 9. [

If we consider F(R) instead of R, then we can introduce another concept of fuzzy vector space in
which we consider the so-called fuzzy scalar multiplication instead of scalar multiplication.

Definition 3. Let U be a vector space over R. Let F be a subset of F (U) and Fg be a subset of F (R). We say
that F is a fuzzy vector space over Fg if and only if a ® b € F and Ad € F for a,b € F and A € Fp.
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In other words, F is closed under the fuzzy addition and fuzzy scalar multiplication, where the fuzzy scalar
multiplication should be defined in another way.

Proposition 11. Let U be a Hausdorff topological vector space over R. Suppose that conditions (c) and (d) for
W, are satisfied. If the fuzzy scalar multiplication is defined as Ad = A @ a, then Fo(U) = F.(U) is a fuzzy
vector space over Fo(R) = F(R).

Proof. The result follows immediately from Remark 5, Proposition 8 and the arguments of
Proposition 9. [J

We say that the fuzzy number 4 € F.(R) is nonnegative if and only if ¢;(r) = 0 for all r < 0,
and nonpositive if and only if ¢z(r) = 0 for all » > 0. We denote by F (R) the set of all nonnegative
fuzzy numbers, and by F_. (R) the set of all nonpositive fuzzy numbers. Let 7 be a fuzzy number.
We define the membership functions of @* and @~ as follows:

Ca(r) ifr>0
ifr=0and g;(r") <1forall? >0
bav(r) = ¢z(0) if r = 0 and there exists a ' > 0 such that ¢z (r') = 1
otherwise
and:
Za(r) ifr<o
B ifr=0and &;(r') < 1forall?’ <0
b (1) = ¢z(0) if r = 0 and there exists a ' < 0 such that &z(+') = 1
otherwise.

We see that 47 is a nonnegative fuzzy number and @~ is a nonpositive fuzzy number, since the
a-level sets a; and a, are closed intervals for all « € [0,1]; that is, their membership functions
Cz+ (r) and ;- (r) are upper semicontinuous (the other conditions in Definition 1 are obviously true).
Furthermore, we have:

fy =0 ©a, = (3" ©a )
foralla € [0,1]. Thus @ = a" @ a~. We call " and a~ the positive part and the negative part of
d, respectively.

Proposition 12. Let U be a Hausdorff topological vector space over R. Suppose that conditions (b), (c), (d) and
(e) for Wy, are satisfied. Then, the following statements hold true.

(i) Let F£(R) = Fi(R) U FL(R). If the fuzzy scalar multiplication is defined as A\d = A @ @, then Fc(U)
is a fuzzy vector space over Fi (R).
(ii) If the fuzzy scalar multiplication is defined as:

o[ Aed ifA € Fre(R)
N (;\+®a~)69 (;\7®ﬁ) #XEFCC(R)\fC%<R)’

where A = At @ A~ then F.(U) is a fuzzy vector space over Foc(R).

Proof. Part (i) follows immediately from part (iii) of Proposition 9. To prove part (ii), we just need to
claim that Ad € F.(U) for A € Fe(R) \ Fi£(R). By definition, we see that AT ®4,A~ ®d € Fe(U)
by part (iii) of Proposition 9, since A*, A~ € F(R). By part (i) of Proposition 9 again, we see that
Ai= (At ®a)® (A~ ®ad) € F(U). This completes the proof. [

In the sequel, we are going to introduce the concept of the fuzzy topological vector space. Recall
that, for each normed space (Uj, || - [|u;), we can induce a metric space (7 (U;), d () fori=1,--- ,n,
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where the metric d z(;,) is defined in (18). Given any € > 0, the open ball with center Ae F(Uy)is
given by:
Bi(A;e) = {B € Fo(Uy) : dp (A, B) < e} .

Based on these open balls, we can induce a topological space (Fc(U;), T, (u;)), where Tz, () is
the so-called metric topology. Based on the topological spaces (Fc(U;), Tr,(y,)) fori =1,- -+ ,n, we can
also form a topological space (F¢(U), Tr, () x - x 7 (u,) ) where F¢(U) = Fe(Uy) x - - - x Fe(Uy) and
TF, (W) x - x Fe(U,) 18 the product topology. On the other hand, we can induce another metric space
(Fe(U),dg.(u)) by considering the norm || - ||y or the product norm || - [[u; x...xu,- The open ball with
center A € F,(U) is given by:

B(A;e) = {B € Fe(U) 1 dz. (A, B) < e}.

Based on these open balls, we can also induce the metric topology 7z, (y) for F¢(U). To introduce
the concept of the fuzzy topological vector space, we need to provide some suitable conditions
to guarantee the equality Tz, ()x...x7.(u,) = TF.(u); that is, the product topology is equal to the
metric topology.

Proposition 13. Let (Uj, || - ||u,) be normed spaces fori = 1,--- ,nand let U = Uy x --- x Uy, be the
product vector space which is endowed with a norm || - ||y. Given any € > 0 and:

A=(AD,... A"y e F.(U) = Fo(Uy) % - - - x Fo(Uy),
if there exist €1,& > 0 such that the following inclusions hold true:
B(A;é1) C Bi(AW;e) x -+ x By(AM;e) (22)

and:
Bi(AW; &) x -+ x B,(A™;&,) C B(A;e), (23)

then the product topology Tr, (i) x...x F.(u,) i equal to the metric topology Tz, ) for Fc(U). If the product
vector space U is endowed with the product norm || - ||uy x...xu, such that the inclusions Equations (22) and (23)
are satisfied, then the product topology is also equal to the metric topology.

Proof. The results follow immediately from the same arguments of Proposition 1. [

Lemma 3. Let (Uj, || - ||u,) be normed spaces fori = 1,--- ,nand let U = Uy x - -- x Uy be the product
vector space. Then, the following statements hold true.

(i) We consider the normed space (U, || - ||u). Given any € > 0, assume that || (uy,--- ,uy) ||u< € if and
only if || u; ||y, < € foralli =1,- - ,n. Then, we have the following inclusions:

B(A;e/2) C Bi(AM;e) x -+« x B,(AM;e) (24)

and
Bi(AW;e/2) x --- x B,(A™;e/2) C B(Aje). (25)

(ii) We consider the product normed space (U, || - ||u x...xu, ), where the product norm is defined by (11).
Given any € > 0, assume that h(xy,- -+ ,x,) < € ifand only if x; < € foralli =1,-- - ,n. Then, we also
have the inclusions in Equations (24) and (25).
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Proof. To prove part (i), for B = (B),... ,B(")) € B(A;e/2), ie., dr.u)(A,B) < €/2, we have
dry (Ag, By) < €/2foralla € [0,1]; that is,

sup inf ||a—Db [jy<e/2and sup inf ||[a—Db |y<e/2
acA, P€Ba beB, 2€Aa

for all w € [0, 1]. It suffices to consider the case of:

sup inf ||a—Db |[y<e/2
acA, PEBa

for all « € [0,1]. In this case, we see that inf, .5 || a—b [l[y< e/2foralla € A, and a € [0,1].
Since B, is a compact subset of U, by Lemma 1 and part (iii) of Proposition 4, we see that the
above infimum is attained, i.e., || a—b* ||y< €/2 for some b* € B,, where a = (ay,--- ,a,) and
b* = (bf,-- - ,b;;) are in U. By the assumption of || - |y, we have || a; — b} |y, < €/2foralli=1,--- ,n.
Therefore, we also have:
inf || a; = b; || <[l a;i = b [Ju;< €/2
beB)

forall g; € A,Ef) and « € [0, 1], which also says that:

sup inf |[a;—b; |y <e/2
ae A bieBy)

for all « € [0,1]. By considering another case, we can similarly show that:

sup inf || a; —b; |y, <e/2
biegtgi) aiG/LX'

for all « € [0,1]. Then, we have:

dfc(ui)(A(i),E’(i)) = sup maxq sup inf | a;—b;||y, sup inf [ a;—b; ||y p <e/2<e¢,
wef0,1] ae A bieBy peB aicAl

which says that B Bi(A(i);e) foralli =1, .- ,n. Therefore, we conclude the inclusion:
B(A;e/2) C Bi(AW;e) x -+ x By(AM;e).
On the other hand, for BY) € B;(A(®);e/2),i =1,--- ,n, we have:

sup inf |[a;—b;||y,<e/2and sup inf || a;—b; |y, <e/2
a,-eA,(xi) b,-eB,,f) h,‘EBm ﬂiGA,;)

43

for all w € [0,1]. We consider the case of:

sup inf |[a;—b; |y <e/2
El,‘EAgj) bf€B££’>

foralla € [0,1]andi =1,---,n. This says thatinf _ . || a; — b; ||y, < e/2foralla; € Ag), a € [0,1]

biEBai
andi=1,---,n. By Lemma 1 and part (iii) of Proposition 4, we see that || a; — b} ||yz,< €/2 for some
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b e BY. By the assumption of || - ||y, there exists b* = (b}, -+ ,b}) € By such that || a—b* ||[y< e/2
foralla € A, and a € [0, 1]. Therefore, we obtain:

sup inf |[a—b |y< sup |[[a—Db*|[y<e/2
QEAtbeB‘X aGA,x

for all w € [0,1]. By considering another case, we can similarly show that:

sup inf ||a—Db [[y<e/2
bGEa acA,

for all « € [0,1]. Then, we have:

d]:C(U)(A,B) = sup max{sup inf |la—Db |y, sup inf [[a—b ||U} <e/2<e.
a€l0,1] acA, PeBa beB, €A

Therefore, we conclude the inclusion:
Bi(AW;e/2) x --- x By(A™;e/2) C B(A;e).
The above same arguments can similarly apply to part (ii). This completes the proof. [

Proposition 14. Let (Uj, || - [|u,) be normed spaces fori = 1,--- ,nand let U = Uy x --- x Uy, be the
product vector space. Then, the following statements hold true.

(i) We consider the normed space (U, || - ||u). Given any € > 0, assume that || (uy,--- ,uy) ||u< € if and
only if || u; ||u,< € foralli =1,---,n. Then the product topology Tr,(1,)x...x F.(uy,) i equal to the
metric topology Tr, (u) for F¢(U).

(ii) We consider the product normed space (U, || - ||u x...xu, ), Where the product norm is defined by (11).
Given any € > 0, assume that h(xy,- -+ ,x,) < € ifand only if x; < € foralli = 1,--- ,n. Then the
product topology Tr, (1) x...x F.(uy) i equal to the metric topology Tr, (y) for Fc(U).

Proof. The results follow immediately from Proposition 13 and Lemma 3. [J

We recall that if (U, T) is a topological vector space, then the mappings of vector addition (x,y) —
x + y and scalar multiplication (A, x) — Ax are continuous under this topology . Therefore, we can
also introduce the concept of fuzzy topological vector space as follows.

Definition 4. Let U be a vector space over R and let F be a subset of F (U). We say that (F, Tr) is a fuzzy
topological vector space over R if and only if the following conditions are satisfied:

e F isafuzzy vector space over R;

o the mapping of fuzzy addition (F x F,Trxr) — (F,Tr) defined by (4,b) — @ ® b is continuous, where
Trx F 1s the product topology for F x F;

o the mapping of scalar multiplication (R X F, g« r) — (F, TF) defined by (A, d) — Ad is continuous,
where TR r is the product topology for R x F.

Remark 8. Let (U,|| - |u) be a normed space, which can also induce a norm topology ty. It is
well-known that the mapping f1 : (U x U, tyxu) — (U, Ty) defined by (x,y) — x +y and the mapping
fo i (Rx U, mryy) = (U, tyy) defined by (A, x) — Ax are continuous, where Ty is the product topology
for U x U formed by the norm topology Ty and TRy is the product topology for R x U formed by the norm
topology Ty and the usual topology for R. In this case, the normed space (U, || - ||i) becomes a Hausdorff
topological vector space (U, Ty7). Let U = U x U be the product vector space such that U is endowed with the
norm || - ||y or the product norm || - || i1y, which can also induce the norm topology ty or the product norm
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topology tirxu. Let Ug = R x U be the product vector space such that Uy is endowed with the norm || - ||u,
or the product norm || - ||r <y, which can also induce the norm topology ty;, or the product norm topology
TR« y. In this case, the mapping f1 : (U x U, ty) — (U, ) or f1: (U x U, tuxu) — (U, Ty) defined by
(x,y) — x + y and the ampping f> : (R x U, Ty,) — (U, Tu) or fo : (R x U, Tryxyr) — (U, ) defined by
(A, x) — Ax are not necessarily continuous unless the inclusions in Equations (12) and (13) are satisfied.

Theorem 15. Let (U, || - ||i1) be a normed space and let the product vector space U = U x U be endowed with
anorm || - ||y such that the inclusions in Equations (12), (13), (22) and (23) are satisfied. Then, the following
statements hold true.

(i) Suppose that conditions (b), (c) and (d) for W, are satisfied. Then,

(Fe(U), tr)) = (Fo(U), Tryu))

is a fuzzy topological vector space over R.
(ii) Suppose that conditions (b), (c), (d) and (e) for Wy are satisfied. Then, (Fec(U), Tr, () is a fuzzy
topological vector space over R.

If the product vector space U is endowed with the product norm || - ||yxy such that the inclusions in
Equations (12), (13), (22) and (23) are satisfied, then we also have the same results. The assumptions satisfying
the inclusions Equations (12) and (13) are not needed when we say that the function f : Uy x --- x Uy = V'is
continuous directly in topological sense without considering the norm || - ||y and the product norm || - ||uxu-

Proof. To prove part (i), using part (ii) of Proposition 10, it follows that F.(U) = Fo(U) is a fuzzy
vector space over R. From Remark 8, Proposition 13 and Theorem 9, we see that the mappings of
fuzzy addition:

(Fe(U) x Fe(U), Truyxrou) = (Fe(U), Trwy) by (,b) — a @b,

and scalar multiplication:
(R X fc(u),TRx]:c(u)) by ()\, d) — Ad

are continuous, where A € R is regarded as the crisp number 1 A}

To prove part (ii), we consider the mapping f; : U x U — U defined by (x1,x3) — x1 + x and
the mapping f, : R x U — U defined by (A, x) — Ax. From the arguments of Proposition 9, we see
that, for any convex subsets A1, A, of U and any convex subset A3 of R, f1(A1, Ap) and f,(A3, Aq) are
also convex subsets of U. Therefore, the result follows immediately from Remark 8, Proposition 13 and
Theorem 13. This completes the proof. [

Corollary 1. Let (U, || - ||u) be a normed space and let the product vector space U = U x U be endowed with
anorm || - ||y such that, given any € > 0, || (uy,u2) ||u< € if and only if || u; ||y, < € fori = 1,2. Then,
the following statements hold true.

(i) Suppose that conditions (b), (c) and (d) for Wy, are satisfied. Then,

(Fe(U), tr)) = (Fo(U), Tryu))

is a fuzzy topological vector space over R.
(ii) Suppose that conditions (b), (c), (d) and (e) for Wy, are satisfied. Then (Fec(U), T, () 8 a fuzzy
topological vector space over R.

Proof. The results follow immediately from Remark 8, part (i) of Proposition 2 part (i) of Proposition 14
and Theorem 15. [
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Corollary 2. Let (U, || - ||u) be a normed space and let the product vector space U = U x U be endowed with
a product norm || - ||y xy that is defined by (11) such that, given any € > 0, h(x1, x2) < € ifand only if x; < €
fori=1,2. Then, the following statements hold true.

(i) Suppose that conditions (b), (c) and (d) for Wy, are satisfied. Then:

(Fe(U), tr.)) = (Fo(U), Tryu))

is a fuzzy topological vector space over R.
(ii) Suppose that conditions (b), (c), (d) and (e) for Wy are satisfied. Then, (Fec(U), Tr, (1)) is a fuzzy
topological vector space over R.

Proof. The results follow immediately from Remark 8, part (ii) of Proposition 2 (ii), part (ii) of
Proposition 14 and Theorem 15. O

In the sequel, we consider the case of fuzzy scalar multiplication.

Definition 5. Let U be a vector space over R. Let F be a subset of F (U) and let Fg be a subset of F(R).
We say that (F,Tr) is a fuzzy topological vector space over Fp if and only if the following conditions
are satisfied:

o Fisafuzzy vector space over Fy;

e the mapping of fuzzy addition (F x F,Tr«r) — (F,Tr) defined by (4,b) — @ ® b is continuous, where
Trx F 18 the product topology for F x F; and

e the mapping of fuzzy scalar multiplication (Fr X F,Tryxr) — (F,TF) defined by (A,a) — Ad is
continuous, where Tr, « F is the product topology for Fr x F.

Theorem 16. Let (U, || - ||i7) be a normed space and let the product vector space U = U x U be endowed
with a norm || - ||y such that the inclusions in Equations (12), (13), (22) and (23) are satisfied. Suppose that
conditions (b), (c) and (d) for W, are satisfied. If the fuzzy scalar multiplication is defined as A\d = A ® &, then

(Fe(U), tr. ) = (Fo(U), Tryu))

is a fuzzy topological vector space over F.(R) = Fo(R). If the product vector space U is endowed with the
product norm || - ||uxu such that the inclusions in Equations (12), (13), (22) and (23) are satisfied, then we
also have the same results. The assumptions satisfying the inclusions Equations (12) and (13) are not needed
when the normed space (U, || - ||i) is directly regarded as a Hausdorff topological vector space over R without
considering the norm || - ||y and the product norm || - ||uxu-

Proof. Proposition 11 says that F.(U) = Fo(U) is a fuzzy vector space over F.(R) = Fy(R).
From Remark 8, Proposition 13 and Theorem 9, we see that the mappings of fuzzy addition:

(Fe(U) x Fe(U), Tr,uyx Fo(u)) = (Fe(U), Tr,(u)) defined by (@,b) — a®b,
and fuzzy scalar multiplication:
(Fe(R) x Fe(U), T, (r)x . (u)) defined by (A,d) — Ad = A®a
are continuous. This completes the proof. [

Corollary 3. Let (U, || - ||u) be a normed space and let U = U x U be the product vector space such that one
of the following conditions is satisfied:

e the product vector space U is endowed with a norm || - ||y such that, given any € > 0, || (uq,up) |Ju< €
ifand only if | u; ||y, < € fori =1,2; and
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e the product vector space U is endowed with a product norm || - ||y that is defined by Equation (11) such
that, given any € > 0, h(x1,x2) < e ifand only if x; < € fori =1,2.

If the fuzzy scalar multiplication is defined as Ad = A ® @, then:

(Fe(U), 7)) = (Fo(U), Tryu))
is a fuzzy topological vector space over F.(R) = Fy(R).
Proof. The results follow immediately from Remark 8, Propositions 2, 14 and Theorem 16. [

Theorem 17. Let (U, || - ||u) be a normed space and let the product vector space U = U x U be endowed
with a norm || - ||y such that the inclusions in Equations (12), (13), (22) and (23) are satisfied. Suppose that
conditions (b), (c), (d) and (e) for Wy, are satisfied. Then, the following statements hold true.

(i) If the fuzzy scalar multiplication is defined by Aa = A @ &, then (Fec(U), Tr, (1)) is a fuzzy topological
vector space over Fit (R).
(ii) If the fuzzy scalar multiplication is defined by:

15— A®d ifA € FE(R)
T (Aread) e (A ®a) ifde Fo(R)\ FE(R),

where A = AT © A~ then (Foe(U), Tx, (1)) is a fuzzy topological vector space over Fec(R).

If the product vector space U is endowed with the product norm || - ||yxy such that the inclusions in
Equations (12), (13), (22) and (23) are satisfied, then we also have the same results. The assumptions satisfying
the inclusions Equations (12) and (13) are not needed when the normed space (U, || - ||i) is directly regarded
as a Hausdorff topological vector space over R without considering the norm || - ||y and the product norm

H : ||U><u-

Proof. Part (i) of Proposition 12 says that F,.(U) is a fuzzy vector space over F::(R). We consider
the mapping fi : U x U — U defined by (x1,x) — x1 + x2 and the mapping f, : Rx U — U
defined by (A, x) — Ax. From the arguments of Proposition 9, we see that, for any convex subsets
Ajq, A of U and any convex subset A3 of R, f1(A1, Ap) and f,(Ajz, A1) are also convex subsets of
U. Therefore, the result follows immediately from Remark 8, Proposition 13 and Theorem 13. This
completes the proof. [

Corollary 4. Let (U, || - ||u) be a normed space and let U = U x U be the product vector space such that one
of the following conditions is satisfied:

e the product vector space U is endowed with a norm || - ||y such that, given any € > 0, || (uq,uz) |[u< €
ifand only if | u; ||y, < € fori =1,2; and
e the product vector space U is endowed with a product norm || - ||i1xy that is defined by Equation (11) such

that, given any € > 0, h(x1,x2) < € ifand only if x; < € fori =1,2.
Then, the following statements hold true.

(i) If the fuzzy scalar multiplication is defined by Ad = A ® &, then (F.(U), Tr,.(u)) 18 a fuzzy topological
vector space over Fi£(R).
(ii) If the fuzzy scalar multiplication is defined by:

f A®a if A € FL(R)
T (Gtea) e (A-®a) ifle Fu(®)\FE(R),

where A = AT @ A~ then (Fee(U), Tr..(u)) is a fuzzy topological vector space over Fec(R).
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Proof. The results follow immediately from Remark 8, Propositions 2, 14 and Theorem 17. [
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