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1. Introduction

The invariant subspace method is an effective one to perform reductions of nonlinear partial
differential equations (PDEs) to finite-dimensional dynamical systems. In [1], Galaktionov and
Svirshchevskii provide a systematic account of this approach and its various applications for a
large variety of nonlinear PDEs. They also addressed some fundamental and open questions on the
invariant subspaces of nonlinear PDEs. Many interesting results were obtained in this book. In [2-20],
the extensions of the invariant subspace method and various applications to other nonlinear PDEs
were also discussed. It is noticed that a large number of exact solutions, such as N-solitons of integrable
equations, similarity solutions of nonlinear evolution equations and the generalized functional
separable solutions to nonlinear PDEs, can be recovered by the invariant subspace methods [1,21-31].
In the one-dimensional space case, the invariant subspace method can be implemented by the
conditional Lie-Backlund symmetry introduced independently by Zhdanov [32] and Fokas-Liu [33].
A key point for the invariant subspace approach is the estimate of maximal dimension of the invariant
subspaces [1,5,6,15,16]. It was shown in [1,5] that for k-th order one-dimensional nonlinear operator of
the form:

Flu] = F(x,u, 1y, ,u'%)

where u(®) = 91 /9x*, the dimension of their invariant subspaces is bounded by 2k + 1. Such an
estimate can be extended to the k-th order m-component nonlinear vector operators:

E[if] = F(x, i, ily, - - -, 7%). 1)
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In [15], we proved that the maximal dimension of the invariant subspaces for operator (1) is
bounded by 2mk + 1. This enables us to determine the maximal dimension preliminarily of the
invariant subspaces of the nonlinear evolution equations. In contrast with the one-dimensional
space case, only very limited results on the invariant subspaces of multi-dimensional PDEs were
obtained. These results were obtained mostly by the ansatz-based method, and there are no
systematic approaches to obtain these results. As mentioned in [1], the general problem of finding
invariant subspaces for a wide class of nonlinear differential operators in the multi-dimensional
case is not completely solved. A open question still remains: what is the maximal dimension of the
two-dimensional k-th order scalar nonlinear operators of the form:

F[l/l] - F(x/y/ u, Uy, My, Uxx, ”xyr uyy/ e ru(k))r

where u%) = 8"+51/9x"9y*, r + s = k denotes all k-th order derivatives with respect to x and y?

It is of great interest to develop the invariant subspace method to study the multi-dimensional
nonlinear evolution equations. Indeed, there are a number of examples whose exact solutions can
be derived from the invariant subspace method; please refer to [1,2] for more examples on invariant
subspaces of the 2 + 1-dimensional nonlinear evolution equations. For instance, it is discovered that
the operators:

J[u] = ubou — |Vu?, (x,y) € R?
and:
Qlu] = ub3u — (Mu)* + 27 uy Mu, (x,y) € R?
with Ay = 92 + 85 admit the following invariant subspaces:
We = L{1,x,y, xz,yz, xy},
Ws = L{1, cosh x, cos y, cosh(2x), cos(2y), cosh x cos i},

Wo1 = L{1,x,y, X+ yz, Xy, xrz,yrz, r4}, 2 =x24+ yz,
Wy, = L£{1, cosh(2x), sinh(2x), cos(2y), sin(2y), cosh x cos y, sinh x cos y, cosh x sin y, sinh x sin i }.

It was proven in [1] that the quadratic operator defined in RV:
K[u] = a(Angu)? + pubju +v|Vul>, xRN
admits the invariant subspaces:
Wi = L{1,[x%,},

2 .2 2
WIZ]+1 — E{l,xl,xZ, st ,XN},

N(N +1
W= L{1,xx;,1<ij<N}, n= %H,

WIl\i[n = E{xl,xz, e ,XN}
and the direct sum of subspaces:
Wi P wl.

The purpose of this paper is to develop symmetry-related method to study invariant subspaces
of nonlinear evolution equations in the two- or multi-dimensional case. The outline of this paper is
as follows. In Section 2, we first give two direct extensions of the concept of invariant subspace in
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R2. Then, the algorithm of this approach will be shown by looking for the invariant subspaces of
the operator:

Alu] = a(Mu)? + yubou + 6| Vu|* + eu®> in R?,

where «,y, 6 and ¢ are constants, and a? + > + 6% + €% # 0. In Section 3, the general description of
the changes of variables for the two-dimensional invariant subspace method is given, which can be
regarded as an extension to the invariant subspace method in the one-dimensional case. Since the
two-dimensional nonlinear evolution equations can be reduced to one-dimensional equations by the
Lie symmetry method, this fact combined with the invariant subspace method in the one-dimensional
case will be used to obtain invariant subspaces of the corresponding two-dimensional nonlinear
operators, which will be discussed in Section 4. As an example, we obtain many new invariant
subspaces admitted by a quadratic differential operator J[u]. Section 5 is the concluding remarks on
this work.

2. Direct Extensions of Invariant Subspaces
2.1. Direct Extensions in R?

Let us first give a brief account of the invariant subspace method as presented in [1]. Consider the
general evolution equation:

ut:F(x,u,ux,uxx,~~~,u(k))EF[u], xeR (2)

where F is a k-th-order ordinary differential operator with respect to the variable x and F(-) is a given
sufficiently smooth function of the indicated variables. Let {fj(x), i = 1,---,n} be a finite set of
n > 1 linearly independent functions, and W, denotes their linear span W)\ = L{f1(x),---, fu(x)}.
The subspace Wj is said to be invariant under the given operator F, if F[W;{] C W}, and then operator
F is said to preserve or admit W;;, which means:

n

Pi;munzzﬂwy~xwﬂw

i=1

for any C(t) = (C1(t),---,Cn(t)) € R", where ¥; are the expansion coefficients of F[u] € W, in the
basis {f;}. It follows that if the linear subspace W;! is invariant with respect to F, then Equation (2) has
solutions of the form:

u(tx) = Y. GO fi(x),

i=1

where C;(t) satisfy the n-dimensional dynamical system:
Cz/ = ‘i’i(C1,~ .. ,Cn), 1= 1,~ R (N

Moreover, assume that the invariant subspace W;; is defined as the space of solutions of the linear
n-th-order ODE:

d"v a1y dv
T + an_l(x)W + - 4a1(x)— +ag(x)v=0. (3)

Ly[v] = I

If the operator F[u] admits the invariant subspace Wy, then the invariant condition with respect
to F takes the form:

Ly[Flul]|jm =0, 4)
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where [H] denotes the equation Ly[u] = 0 and its differential consequences with respect to x.
The invariant condition leads to the following theorem on the maximal dimension of an invariant
subspace preserved by the operator F.

Theorem 1. [1] If a linear subspace W determined by the space of solutions of linear Equation (3) is invariant
under a nonlinear differential operator F of order k, then:

n < 2k+ 1.

It is inferred from Equation (4) and the invariant criteria for conditional Lie-Backlund
symmetry [32,33] that Equation (2) admits the conditional Lie-Backlund symmetry:

0 = Ly[u].
To look for the exact solutions of the form:

u(t,x,y) = ZCz] )fi(x)8j(y) ®)

of the two-dimensional nonlinear evolution equations:
up = Flu] = F(X, Y, U, thy, thy, Uyy, ey, thyy, - -, u®), 6)

we now introduce the linear subspace:

m:cvu><>~~ﬁw>om~»ﬁwmmw~nﬁwwﬂw}
= {ch]fl ) (Clll “Cunrrr Gty /Cnm) € an}

as an extension to W;i. Assume that F[u] = F(x,y, u, tly, Uy, Uxx, Uxy, Uyy, -, u(k)) is a k-th-order
differential operator with respect to the variables x and y, and {g;(y), j = 1,---,m} is a finite
set of m > 1 linearly independent functions of variable y. It is easy to see that the space
{filx)gjly), i=1,---,n, j =1,---,m} is also a set of linearly independent functions. Let Wy,
denote the linear span of the set {g;(y), j=1,--- ,m},ie, Wy = L{g1(y),- - - ,gm(y)}. Similarly, the
space Wi, is defined as the space of solutions of the linear m-th-order ODE:

dMw dm—lgy dw

Ly[w] E@74‘5;14—1(}/)%+"'+b1(y)@+bo(]/) =0. (7)

If u € Wy, then there exists a vector (Cyi(t), -, Cim(t), -, Cui(t), -+, Cum(t)) € R"™™,
such that:

u =Y Cit)fi(0)8;(y). ®)
L]

We rewrite u as:

(2 (Cij (D& W)) filx) = ) (2 (Cij(1) fi(x))g;(w),

Il
=
‘MS
1=
M:

Il
—
-
I
—
-
I
—
Il
—_

which means that:
Ly[u] =0, and L,[u] =0. )
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On the other hand, if the function u = u(t, x, y) satisfies the condition (9), then u has the form (8).
Indeed, Ly[u] = 0 means that there exists a vector function (C1(t,y), -+ ,Cn(t,y)), such that:

n
u=Y Ci(ty)fi(x),
i=1
while Ly [u] = 0 means that:
n n
Ly[u] = Ly[}_ Ci(t,y) fi(x)] = }_ fi(x)Ly[Ci(t,y)] = 0.
i=1 i=1
Since f;(x) (i =1,--- ,n) are linearly independent, the above equation leads to:

Ly[Ci(ty)] =0, i=1,--- ,n.

Hence, there exists a set of vectors (Cj (), -+, Cin(t)) € R™, such that:
m
Ci(ty) =), Cij(gi(y), i=1,--- ,n.
j=1

As above, we are able to obtain the invariance condition of the subspace W;;, with respect to
F,ie. F[Wpi] € Wi, which takes the form:

Ly [Flu]]l{p)nm,) = 0, and Ly [Flul}|(g,)n, = 0, (10)

where [H,] N [Hy] denotes Ly[u] = 0, L,[u] = 0, and their differential consequences with respect to
x and y. If F[u] admits the invariant subspace Wy, then Equation (6) has solutions (5) and can be
reduced to an nm-dimensional dynamic system.

We next consider a special case of the function (5). If 1 € W;i N Wy, then a0(x) = 01in (3) and
bo(y) = 0in (7). Without loss of generality, we assume f;(x) = 1 and g;(y) = 1. Note that the function

of the form:
n m

u(t,x,y) = Ci(t) + ) Ci(t) filx) + ) Bi(t)g;(y) (11)

i=2 j=2

is a special case of (5), which is a separable function with respect to spacial variables x and y. We denote:
Wil = L{L fa(x), - (%), 82(), -, gm(¥)}

= {Q(t) + Xn:Ci(t)fi(x) + f:sz(t)gj(y)} ,
f

i=2

which is a linear span of the set {1, f;(x),gj(y),i =2,--- ,n,j =2,--- ,m}. Clearly, if u € WY then:

n+m—17/
Ly[u] =0, Ly[u] =0, and uy, = 0. (12)
On the other hand, if 1,y = 0, then the function u has the form:

u=f(t,x)+gty).

From Ly [u] = 0 (notice that ag(x) = 0), we obtain:

L[f(£,x) + 8(t,y)] = Lx[f(t,x)] = 0,
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which means that there exists a vector (A1(t), Ca(t), -+, Cu(t)), such that:
f(t,x) = Ar(t) + ) Gi(1) fi(x).

Similarly, L, [u] = 0 leads to:

g(t,y) = Bi(t) + ) Bj(t)gi(y),
j=2
where B; ( j=1,---,m) are functions of t. We denote C; = A; + B;. Hence, u € Wnim ; if and only if

u satlsﬁes the condltlon (12). Then, we can obtain the invariance condition of the subspace Wn el

with respect to F, i.e., F [Wn Y1) C Wﬂ n—1- Which takes the form:
Ly[Fu]l[iz) =0, Ly[Fu]]|j =0, and (Flu])xy|jm = 0. (13)

where [H] denotes the set {Ly[u] = 0} N {L,[u] = 0} N {uy, = 0}, and their differential consequences
with respect to x and y. In this case, Equation (6) has the solution of the form (11) and can be reduced
to an (n 4+ m — 1)-dimensional dynamic system.

Assume that the k-th- order differential operator F[u], including the term 9 u/dx¥, admits the
invariant subspace W;;, (or W.” +m—1), and note that the operator F[u] can also be regarded as a
differential operator only with respect to x; the first identity in the condition (10) (or (13)) leads to the
estimate n < 2k + 1. The same estimate is also true for m.

Remark 1. It is noted that the W), and Wﬂnkl demonstrate two special forms of invariant subspaces of the
operator Fu]. The general form can be introduced as below, which will be used in the following sections.

Let {fi(x,y), i=1,---,n} be a finite set of n > 1 linearly independent functions, and W, denote
their linear span W,, = L{f1(x,y),-- -, fu(x,y)}. The subspace Wj is said to be invariant under the
given operator F[u], if F[W,] C W, and then, operator F[u] is said to preserve or admit W,,.

2.2. Invariant Subspaces of a Quadratic Operator in R?

Consider the quadratic operator:
Alu] = a(Agu)? + yubgu + 5| Vul* + eu?.

We will look for the invariant subspaces W, ” em—1 and Wi, of Alu]. Note that the operator Alu]
is symmetric with respect to x and y; we assume that n = m. The cases of n = 2, 3, 4, 5 will be
considered respectively. In the rest of this paper, the following notations will be used:

o'u u o' Sy

3’ uOs:TW/ urs:W, r,s=12---.

U =
2.2.1. The Space Wn_yHZ 1

We first consider the case of n = 3. In this case, we look for the invariant subspaces W 1371 of the
operator A[u], which are determined by the following ODEs:

d3 dzv dv d3 d2 dw
3 _ 3
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Here and hereafter, g;, b; are constants. The invariant conditions take the form:
G = L} [A[ullz =0, Go = Ly[Aful]|j =0, and Gs = (A[u])ayl(sr) =0, (15)

where [H] denotes the set {L3[u] = 0} N {L; [u] = 0} N {uyy = 0} and their differential consequences
with respect to x and y.
Substituting A[u] into (15), we obtain:

Gy =(—4a6 — 4agoc —3ayy + 6u1aa2)u%0

+ (6e — 6a1y — 8a3aay + a3y + 6ata — 6a10)urgtizg + (2ae + axyay — daraa?)ud,,
Gy =(—4byd — 4b5a — 3byy + 6byaby)ud,

+ (6¢ — 6byy — 8baaby + b3y + 6b%rx — 6D10)ugiugy + (2bye — 4bzrxb% + bzfybl)ugl,
Gs =2abyazuqpuiog + (2abyaz — yaz)ugytizg + (—yba + 2abaay Juqouon

+ (—yby — yay + 2abiay + 2¢)ug .

In view of the coefficients in G; (i = 1,2,3), we deduce a system of a;,b;,a,,0 and ¢, which
includes ten equations. Solving the resulting system, we arrive at the following results.

Proposition 1. Assume that the subspaces W;f 1371 are determined by the system (14). Then, the quadratic
operators Alu] in R? preserving the invariant subspaces W;:y_g)_l determined by uy, = 0 and the following
constraints are presented as below, where w, 7, 8, ¢, a;,b;(i = 1,2) are arbitrary constants.

(1) Alu] = y[ubyu — |Vul?], with:

d3v dov dBw dw
3 — _ — 3 = —_— — =
Lx [v] - dx3 ldx 0’ Ly [W} dy3 + 1 dy 0/
(2)  Alu] = a[(Au)? — b3|Vul?], with:
d3v dBw 2w
3 _ _ 3 _ —0N-
Lx [U] - dx3 - 0/ Ly [w] - dy3 + b2 dyz O/
3)  Alu] = a[(Au)* — Sb3urou + é—?bguz], with:
PBo 4 dv Bw 2w 2 ,dw
301 _ 3000 3r,1 aw Z.o,dw
Lilel = dx3 9 %dx 0, Lyle] dy3 02 dy? 9b2 dy 0

(4) A[u] = 7[(&1 + bl)(Agu)Z + 4a1byudru + (a1 — b1)2|Vu|2 + a1y (Ell + b1)1/l2}, with:

4o do 3, dw dw

3 — - — —_— — = U
LJC [v} - dx3 + ﬂl dx 0/ y[ZU] dy3 + 1 d]/ 0/
(5)  Alu] = a[(Du)? + by |Vul|?), with:
d3v Pw dw
3 _ _ 3 _ —_0N-
Lx[v] = @ = O, Ly[W] = @ 1d7 O,
(6)  Alu] = a(Dgu)? + yubou + (vby — ab?)u?, with:
3o dv d°w dw
31 av _ oy y3p _0
Ly[v] = I + b T 0, Ly[w} T3 + b ay 0;
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(7)  Alu] = a(Dyu)? + yubdou + 5|Vul?, with:

Solving the systems (14) yields the corresponding invariant subspaces. Here, we just present the
invariant subspaces in the fourth case. The invariant subspaces for the other cases can be obtained in a
similar manner. In the fourth case, we get the following invariant subspaces:

L£{1, cos(/arx),sin(/arx), cos(v/bry),sin(v/b1y)}, ap >0,b; >0,

L£{1, cos(y/arx),sin(,/arx), cosh(y/=b1y),sinh(v/—b1y)}, a1 >0,b; <0,

WY L{1,cos(y/arx),sin(y/a1x),y,y%)}, a1 >0,bp =0,
3+3-1 7\ £{1,cosh(/=a1x),sinh(y/—arx), cosh(yv/—bry), sinh(—v/—bry)}, a3 < 0,by <0,
L£{1,cosh(y/—ayx),sinh(y/—a1x),y,y%)}, a1 <0,b; =0,
L£{1,x,x%,y,y*}, a1 =0,b; =0.

In the case of 1 = 2, we assume that the subspace W, Jyrzfl is determined by the system:

d>w dw

—7"‘“1%:0/ Lz[w] a2 +b1@

= 0. (16)

By the similar calculation, we obtain the following results.

Proposition 2. Any operators Alu| that admit the subspaces W;y-z—l determined by the system (16)
are presented as follows:

(1) Alu] = v[(a3 + b2)(Aau)? — 4a3b3ubou — (a3 — b3)2|Vu|? + a2b? (a3 + b?3)u?), with:

d%v dv 2w dw
217 4av _ 27,00 .
Lx[v} - dxz +ﬂ1 dx 0I Ly [w] dy + 175 d]/ O/
(2) Alu] = zx[(Azu)z — b%\Vu\z], with:
d%y dw dw
2 = — = 2 = — _—= M
Li[v] = 2 0, Ly[w] e + by dy 0;
(3)  Alu] = a(Dgu)? + yubou — (ab? + v)b3u?, with:
d%v dov d2w dw
2 = — _—= 2 = — _—= M
L [7)] =2 + by i 0, Ly[w} dy2 by dy 0;
(4)  Alu] = a(Dgu)? + yubou — (ab? + v)b3u?, with:
d%v dov d2w dw
201 L 20,00 _qn
LX [v] - dx2 1 dx 0/ Ly [ZU} dy2 1 dy 0/

(5)  Alu] = a(Dyu)? + yubdou + 5|Vul?, with:
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In the case of n = 4, we consider the invariant subspaces Wﬁ_ 41 admitted by the operator A[u],
which are determined by the following ODEs:

d*v v d%v dv

4

Ly[o] = T Tl TRyt = 0, -
)= P04 5,20 g, 00y d0

y dF Ay TP Ty

By the similar calculation as that in the case of n = 3, the invariant condition:
(A[u])xy| () = 2au03u30 + Y1010 + Yiko1Uz0 + 2eurotior = 0

leads to « = v = ¢ = 0, where [H] denotes the set {L}[u] = 0} N {Lﬁ[u} = 0} N {uy, = 0}, and their
differential consequences with respect to x and y. The invariant condition:

Ly[A[u]| =0, Ly[Afu]]| g =0

yields 6 = 0, which shows that there are no operators A[u] preserving the invariant subspaces
determined by (17). Similarly, we are able to show that there are no operators A[u| to preserve the
subspace Wg 1571 defined by the following ODEs:

50 dv d*v d>v d*v do
Lx['()] = @ +ﬂ4ﬁ +ﬂ3ﬁ +ﬂ2ﬁ +ﬂ1a = O,
5 4 dw d*w dBw d>w dw

Ly[w] = d7y5+b4 d]/4 +b3— dy3 +by— dy2 +b1— dy =0.

2.2.2. The Space W,/

From the invariant condition (10), a similar calculation as above leads to the following results.

Proposition 3. There are no operators A[u) admitting the invariant subspaces Wiy, determined by the systen:

d*v a1 dv
o] = S 4y gt o+ @+ ago =0,

dx dx" dx

d"w dnflw (18)
n — —
Ly[ﬂﬂ zw"‘bnflw‘i“i‘bl@—f—b(ﬂU—O,

for n = 3,4,5. The operators Alu], which preserve the invariant subspaces W,y determined by the system (18)
for n = 2, are given as follows:

(1) Alu] = a(Ayu)? + yudyu — (ag + bo)[a(ag + bo) — ¥|u?, with:

20 24

2 2 —
L[] dz—i—llov 0, L[ ] dyz-i-b(ﬂ) 0;
(2) Alu] = a[(Aqu)? — b3 (2uldou + |Vul?) + 2bju?], with:
d v do dZ'U dw
21, _ 2 av aw _ ..
(3)  Alu] = a(Mu)? — b2(2ubpu + |Vu|?) + 2bu?|, with:
d?v dv d2v dw

=0, LZ[ | =

U= h ay
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The invariant spaces of the following two nonlinear equations can be constructed in a similar manner.
Example 1. Consider the Jacobian:
J (1, Au) = uy Doty — iy Aoty = Uy (thxny + tyyy) — thy (Uxxx + txyy)
which is the nonlinear term in two-dimensional Rossby waves equation [34]:
Aug + J(u, Au) + Buy = 0.

It preserves the following invariant subspaces:

(1) W2 21, determined by the system:

d*v dv 2 d*w dw

[2[v] = Tt =0, Liw] = a7 +b1@ =0, withab (a3 —b3) =0;

) Wﬂ:«%—lf determined by any of the following systems:

d®v dv dPw dw
311 — av _ 3,01 — -0
Ll = gatmg, =0 Ll P
d3v do dBw d?
311 _ 280 _ 3 )
LX[ ] - dx3 b2 dx 0I y[ } dy3 bz dyz Or
d3v d*v dPw d*w
3 _ _ 3 _
Lx[v] T 4 iadez =0, y[ ] d 1.3 +a Zd b} 0;
3 W4 141, determined by the system:
d*v d*v d*w d?w
4 = — —_— 4 = — _—= M
Lx [U] - dxt +az dx2 0, Ly[ ] dy4 +az dyz 0;
(4) W,3, determined by any of the following systems:
d*v d>w dw
2 = —_— = 2 = — _—= M
Lx[ ] dx2 0, Ly[w} dy2 +b1 dy 0;
d2 dZ
L3[o] = 55 +aw =0, Ljw] = + bow = 0.

dx? dy?
Example 2. The invariant subspaces Wy = L{1,x?,y?} and Ws = L{1,x2,y?,x*y?,x*,y*} admitted by
Monge-Ampere operator M[u] = tyxtyy — uiy were given in [1]. Here, we are looking for more invariant
subspaces of this operator. Indeed, it still admits the following invariant subspaces:

(1) W2 o1, determined by the system:

d*v dv 5 d*w dw

2 = — _— = = — _
Lx[v] - dx2 +aldx 0/ y[w} dyz =+ ldy

= O, with lllbl = O,’

(2) W3 “3_1, determined by any of the following systems:

d3v 3, dw d>w dw

dy3 +b2dy2 +b1@ :0,
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(3) W,y , determined by any of the following systems:

d*v d*w dw
200 _ _ 201 _ : — 0
Li[v] = e 0, Ly[w]= i +b ay +byw =0, withbyby =0;
d*v dw
201 _ _ 200 _ —0
Li[v] = 12 +apv =0, Lylw|= ay + bow = 0;

4) Wi = £{1,x,x2,y, xy, x%y, xy?, x2y?}, determined by the system:

d>v
L3[v] = 73=0 Lylw] = =— =0.
3. Invariant Subspaces under the General Change of Variables

In King’s papers [2,12], the formal solution of two-dimensional nonlinear diffusion equations:
Ci(t) + Ca(t)x + Ca(t)y + Ca(t)a® + Cs(t)ay + Co(1)y? (19)

was proposed as a non-group-invariant exact solution, which belongs to the subspace
W = L{1,x,y, x2, xy, yz}. The solution:

U =Cy(t) + Co(t)x + C3(£)x® + C4(t)y + Cs(t)y? + Co(t)xy

+ Cr(H)x (6 4+ %) + C(H)y (6 + 1?) + Co(t) (2% + 12)? @0)

of the equation:
Uy = UNU — VU = J[U], (x,y) € R, (21)

was presented as a generalization of solution (19). The derivation was based on the change of variables.
King [2] discovered that Equation (21) was invariant under the following change of variables:

B X
Ut = 2+ 2, G = sy = s Y =, (22)

which means that:
U= Ju) — U =Jju®, ie, U=+ U

Hence, J[U] = (x2 +y?)?J[UM)]. On the other hand, since the operator J[U())] preserves the
invariant subspace:

wé(l) = £{1, 20, ()2 4O (D)2 D)D)}

_ )X X2 y Y xy
= 2 (2 2 (2 (242’

then the operator J[U] preserves the corresponding subspace:
Wo = L{x?,y%, 2y, x( + ), y(2® + %), (2 + )},

In [1], Galaktionov and Svirshchevskii used the Lie symmetry of Equation (21) to give the invariant
transformations of variables as (21). Then, they applied the invariant transformations and invariant
subspaces of the corresponding one-dimensional equation of (21), i.e., U; = Ul — U2, to obtain the
invariant subspaces Wy and Wy,. In general, we have the following result.



Symmetry 2016, 8, 128 12 of 23

Proposition 4. Given a two-dimensional nonlinear differential operator F[u] with respect to the variables x
and y, if the nonlinear evolution Equation (6) is invariant under the transformation:

1) _

ud =r(,y)u, xV =pxy), yV=qxy), V=t (23)

and operator Flu] admits the linear space W, = L{fi(x,y), -+, fa(x,y)}, then Flu] also admits the
linear space:

Wi = L{fi(p(x,y),q(x,y))/1(x,y), -+, fa(p(x,y),9(x,y)) /7(x,y) }.

Proof: Equation (6) is invariant under the transformation (23), which means uf(ll)) =F [u(l)]. On the

other hand, uf(lg = r(x,y)us. Hence, F[u)] = r(x,y)F[u]. Assume that:

n
=Y Cifi(x), M)y,
i=1
where C;(i =1, - - ,n) are arbitrary functions of . Correspondingly,
0= gy L O 4)
iy 2O )

F[u™M] admits the subspace W = L{fi(xW,yM),..., £,(xD,yM)}, which means that there
exist functions ¥;(i =1, - - ,n), such that:

— F[Z Cifi(x(l),y(l))] — Z‘E(Qw .. ,Cn)fi(x(l),y(l)),
i=1 j

ie.,
n

x(l y(l ZTZ Clr , )ﬂ(x(l)’y(l>)
i=1

r(x,y)Flu] = r(x,y)F
Then, F[u] admits the subspace:
W = LU (p(xy) (e y) /1@ y) - fa(p(x,9), 406 ) /1(x,9) )
This completes the proof of the proposition. O
Example 3. In Proposition 1, we find that the operator J[U| admits the invariant subspaces:
Ws1 = L£{1, cos(byx),sin(byx), cosh(byy),sinh(b1y)} and.
Hence, by the changes of variables (22), the following subspace:

. X '
Wg%l = C{(xz +12)%, (22 4 y?)? cos(by PR ), (¥* +y?)?sin(b;

x2+y2),

2 .2\2 y 2 2\2 Y
x°+ cosh(by (x4 sinh(b; }
(24P coshlbn 323, (7 sim(bn )
is invariant under J[U].
Note that the transformation (22) is a special one, under which Equation (21) is invariant. We can
introduce a general transformation. As for the one-dimensional case [1]; two two-dimensional
operators F[u] and F[i] are said to be equivalent, if there exists the change of variables:

u=r(x,y)u, x=pxy), ¥=qxy)
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such that: B
Flu] = Flu]/r(x,y).

It implies that if the operator F[u] preserves the invariant subspace Wy = Ly y) - fa(xy)},
then the equivalent operator F[ii] preserves the invariant subspace Wu = L{AGETY), -, faZ)},

where fi(%,5) = fi(x(%,7),y(%9))/r(x(Z7), yE§)(E =1, ,n).

4. Invariant Subspace in R and Lie’s Classical Symmetries

The Lie theory of the symmetry group plays an important role for differential equations, which
is a useful method to explore various properties and obtain exact solutions of nonlinear PDEs.
The approach and its several extensions are illustrated in the books [35,36] and the papers [32,33,37,38].
One of the multiple applications of the Lie symmetry method is the similarity reduction of PDEs
to ones with fewer variables. As usual, if an n-dimensional PDE admits one symmetry, then it
can be reduced to an n — 1-dimensional PDE equation and even to a ODE. It has been known that
the invariant subspaces of one-dimensional differential operator were used to construct solutions
of multi-dimensional nonlinear evolution equations of the radially symmetry form, which are
one-dimensional evolution equations. For the two-dimensional case, the radially-symmetric solution
can be regarded as the rotational-invariant solution. Accordingly, more invariant subspaces of
two-dimensional operators can be obtained by combining the Lie symmetry method with the invariant
subspaces of one-dimensional operators.

Example 4. Consider the invariant subspaces preserved by the quadratic operator J[U|. The equation:
=V x (u'Vu) = (u uy)y + (u uy),y

can be changed into Equation (21) by the transformation u = 1/U. Indeed, for u > 0, the above equation can be
rewritten as:
= Alnuy, (24)

which is a well-known equation for describing the Ricci flow in a two-dimensional space [39]. Lie’s classical
symmetries of Equation (24) were computed in [40—45]. Indeed, Equation (24) admits the Lie group of symmetry
with infinitesimal generator:

X = {0y + 10y + TOt + P9y,

where T = ky +kaot, & = E(x,y), 1 = n(x,y) and &, y and ¢ satisfy the following constraints:
¢ = (2kp =28 )u, Gx—1y =0, nx+¢y =0. (25)
Clearly, the function § = {(x,y) satisfies the two-dimensional Laplace equation:

é’xx ‘|— gyy - 0.

Solving Equation (25), we obtain the following infinitesimal generators admitted by Equation (24):
X1 =0x+9y, Xo=ydy—x9dy, X3 = x0y+ ydy — 2udy

1 1
Xy = xyox + = (y —x%) y — 2yudy, X5 = §(x2 — y2)ax + xydy — 2xudy,

2
Xe = sinh(ax) sin(ay)dy — cosh(ax) cos(ay)d, — 2a cosh(ax) sin(ay)ud,,
Xy = sinh(ax) cos(ay)dy + cosh(ax) si
(ay)
(ay)

)

n(ay)dy — 2a cosh(ax) cos(ay)ud,,
) ) cos(ax)udy,
) )

n(
Xg = sinh(ay) sin(ax)dy 4 cosh(ay) cos(ax)d, — 2asinh(ay
( ay) sin(ax)uody, etc.

(
(

Xg = sinh(ay) cos(ax)dy — cosh(ay) sin(ax)d, + 2asinh
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Here, a is a non-zero arbitrary constant. On the other hand, the corresponding infinitesimal

generators admitted by the Equation (21) can be obtained by the transformation u = 1/U, i.e.,

u—s %, o — —U%9y,

which reduce Equation (21) to one-dimensional equations. We denote themby X; (i =1,- - - ,9).

1)

)

©)

(4)

(5)
(6)
(7)

(8)

©)

X;. For X, its invariants are U = U and z = x + . The corresponding invariant solutions of (21)
are U = U(z,t), where U(z, t) satisfies:

0r = 2({lL, — 02) = [0
X,. For Xy, its invariants are U = U and z = x + y?. The corresponding invariant solutions
of (21) are v = U(z,t), where U(z, t) satisfies:

Oy = 4201(L, — 4202 + 400 = ().

X3. For X3, its invariants are U = Ux~2 and z = y/x. The corresponding invariant solutions
of 21) are U = xzfl(z, t), where l~I(Z, t) satisfies:

Uy = (14 22)UU,, — (1 +22)U2? + 2zUU, — 2U?* = P[U).

Xj. For Xy, its invariants are U = vx 2 and z = x + y?/x. The corresponding invariant solutions
of (21) are U = x2U(z, t), where U (z, t) satisfies:

O = 2ULL, — 202 + 2200, — 202 = [0

Xs. For Xs, its invariants are U = y~2U and z = y + x?/y. The invariant solutions of (21) are
U = y?U(z,t), where Uz, t) satisfies U; = J*[U].

Xs. For Xg, its invariants are U = sinh~2(ax)U and z = cos(ay)/ sinh(ax). The invariant solutions
of (21) are U = sinh?(ax)U(z, t), where U(z, t) satisfies U; = a?J?[U].

X7. For X7, its invariants are U = sinh 2 (ax)U and z = sin(ay)/ sinh(ax). The invariant solutions
of (21) are U = sinh®(ax)3(z, t), where U(z, t) satisfies U; = a2J3[U].

Xg. For Xg, its invariants are U = cosh ™2 (ay)U and z = sin(ax)/ cosh(ay). The invariant solutions
of (21) are U = cosh?(ay)U(z, t), where U(z, t) satisfies:

U = a®(1 — 22) U, + a* (2% — 1)U? — 2a%zUU, + 22*U° = P[U).

Xo. For Xy, its invariants are U = Ucosh ?(ay) and z = cos(ax)/ cosh(ay). The invariant
solutions of (21) are U = cosh?(ay)U(z, t), where U(z, t) satisfies U; = J°[U].

Using the invariant subspace method for the one-dimensional case, we find that the nonlinear

operators J'[U](i = 1,-- - ,5) only admit two- and three-dimensional subspaces determined by spaces
of solutions of linear ODE:s as:

d"w a1y

gon Ton1(z) g+ (2w =0,

We concentrate on the three-dimensional invariant subspaces, which are listed as below:
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(1) The operator J'[U] admits the invariant subspaces:

B £{1,z,2%}, b=0,
W3 =< L£{1,cos(cz),sin(cz)}, b=c?,
L{1,exp(cz),exp(—cz)}, b= —c?,

determined by the spaces of solutions of the ODE:

Bw dw

il

(2) The operator T2[U] admits the invariant subspaces:

L£{z,zInz,z(Inz)?}, b=-1,
Wi =< L{z,z'7¢ 2z}, b=—1+¢c,
L{z,zsin(cInz),zcos(clnz)}, b= —1-c?,

determined by the spaces of solutions of the ODE:

Bw bdw b

20, 280 _ Jy=o
dz3+22dz 2

(3) The operator J°[U] admits the invariant subspaces:

L{(1+22), (1 + z?) arctan z, (1 + z?)(arctan z)?}, b=—4,
~ ) £{(1+2?),(1+22)sin(carctanz), (14 z?) cos(carctanz)}, b=—4+c
7 £{(1+22),(1+ %) exp(carctanz), (1 + z2) exp(—carctanz)}, b= —4—c2,
£{1,z,2%}, b=0,

determined by the spaces of solutions of the ODE:

fo b dw 2%
dz3  (1+4z22)2dz (1+42?)

3w:O.

(4) The operator 74[ﬁ] admits the invariant subspaces:

L{z%, 22 exp(—5),22exp(£)}, b=2c?

Wy =< L{z222 sin(£),z% cos(£)}, b= -2,

£{1,z,zz}, b=0,
determined by the spaces of solutions of the ODE:

dBw b dw b

SRR
(5) The operator I [ﬁ] admits the invariant subspaces:
L{(z> —1),(Z* = 1)In(Z7), (2> - )(In(£7))*}, b=38,

2
L{(z*> — 1), (z* — 1) exp(carctanhz), (z* — 1) exp(—carctanhz)}, b= —8 +8c?,
L£{(z* — 1), (z* — 1) sin(carctanhz), (z* — 1) cos(carctanhz)}, b= —8—8c,
£{1,z,2%}, b=0,

W3 =
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determined by the spaces of solutions of the ODE:

where and hereafter b is an arbitrary constant, and c is a non-zero arbitrary constant.

PBw b dw bz

B d @l

16 of 23

Then, we can obtain the corresponding invariant subspaces preserved by J[U], which are presented

as below:

Wz =L{l,x+y, (x+y
W3 = L{1, cos(c(x +v)
W3 = C{lfcosh c(x+y)),sinh(c(x +y))},

= L{x*+v

(x" +
(2" +
(x" +
W3:£{x + 2, (¥ +
(2" +
(x" +

Ws

= L£{(sin® ax — cosh’ a ,(sin® ax — cosh? ay) In
Y Y

)%},
), sin(c(x +y))},
x2

x2

x2

n(x? + %), (2 + %) (In(x® + 1)),

?)1
= L{x*+¢, D (),
)sin
)

= L{x*+¢, ?)sin(cIn(x? + %)), (% +y?) cos(cIn(x? + %))},

2 arctan( ), (x —O—yz)(arctan(%))z},

2

= L{?+ 17 (x

y
y
y
y
y?) sin(c arctan(%)), (x2 4 y?) cos(c arctan( ))}
y

= L{x* + %, (x* + y*) cosh(c arctan(%)), (x? 4+ y?) sinh(c arctan(%))},

= L{x%, xy,y*},

Wi = L{(x2+ 2% (2 +y2)? COSh(ﬁxyz)f (2 + )2 sinh (= o O
Wi = L{(x* +y*), («* + %) sin(xzcij_cyz)r (X +y7)? COS(xZCij_CyZ)},
Wa = L1 x(2 4 92), (2 + ),
W3 = L{(cos ay + sinh” ax), (cos” ay + sinh” ax) arctan sii;aa]ic'
(cos® ay + sinh? ax) (arctan sm;aayx )2},
= L{(cos” ay + sinh? ax), (cos” ay + sinh? ax) sin(c arctan sig;i}ic ),
(cos? ay + sinh? ax) cos(c arctan mhayx )},
= L{(cos” ay + sinh® ax), (cos” ay + sinh® ax) cosh(c arctan :;;aayx )s
(cos? ay + sinh? ax) sinh(c arctan Sciijjlyx )},

= L{sinh? ax, cos ay sinh ax, cos? ay},

sinax + cosh ay

sinax — coshay’
sinax + cosh ay
sinax — coshay

2

(sin? ax — cosh? ay) (In >}
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W3 = .2 _ hZ ) . hz . tnhSinax
5 = L{(sin” ax — cosh” ay), (sin” ax — cosh” ay) sin(carcta - ay)
(sin? ax — cosh? ay) cos(carctanh Ci?ha;y )}
W3 = L{(sin® ax — cosh” ay), (sin” ax — cosh” ay) cosh(carctanh sinax
coshay

sin ax

(sin” ax — cosh? ay) sinh(carctanh

)}

coshay

Since the operator J[U] is symmetric with respect to the variables x and y, the following invariant
subspaces can also be obtained from the above invariant subspaces:

Ws = L{cos?(ax), sinh(ay) cos(ax),sinh?(ay)},
Ws = L{sin?(ay), cosh(ax) sin(ay), cosh?(ax)}.

Example 5. Consider the two-dimensional porous medium equation:
ur = (upux)x + (upuy)yi p 7é 0/ _1/ (26)

which can be changed into the equation:
1
Up = U(Uyx + Uyy) + ;(uﬁ +Uup) = Jp (U] (27)

by the transformation U = uP. Equation (27) admits the scaling invariance with the infinitesimal generator:
X3 = x9x + ydy, +2Udy, (28)

which possesses the invariants:

1
u= ;U(z,t), z=

SRS
-
I
-

4

Under the Lie symmetry X3, this equation is reduced to:

at_(1+Zz>ggzz+;(sz)gzz_W}jrz)zggﬁz(l’;jz)azzp[ﬁ].

The operator Tp [U] admits invariant subspace W3 = £{1,z,2z2} determined by ODE dw/dz> = 0.
Hence, the operator J,[U] admits the invariant subspaces W5 = £{x?,xy,*}. On the other hand,
for p = —4/3, the operator J,[U] admits another invariant subspace W3 = £{1,2% +1,vz% + 1}
determined by the ODE:

dPw 3 dw 3 dw

P20 d2 20+ dz

Therefore, the corresponding invariant subspace admitted by the operator | 4 [uj is:

Wy = L{x%,x® + 9%, x\ /22 + 12} = L{2, 1%, x\ /22 + 2}

Accordingly, some invariant subspaces of J[U] can be obtained from the invariant subspace
£{1,z,2z*} admitted by the operator J[U], which is the polynomial subspace. The polynomial
subspaces of nonlinear operators are studied in many papers, which were used to construct exact
solutions of nonlinear evolution equations, including porous medium equations, thin film equations
and Euler equations [1-3,12-14,28,29,46-49]. Using the Lie symmetry method, we may obtain
polynomial invariant subspaces of some two-dimensional nonlinear operators. Note that in Examples 4
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and 5, the invariant subspace W3 = £{x?, xy,y*} can be obtained from the one-dimensional invariant
subspace W3 = £{1,z,2%} and the Lie group of symmetry (28). The subspace £{1,z,22} is determined
by the space of solutions of linear ODE U, = 0, which can be explained by the conditional
Lie-Backlund symmetry with character flzzz [1,32,33]). Besides those, the nonlinear evolution equation
U; = (UUy)y also admits the Lie group of transformation with the infinitesimal generator (28).
By the similar calculations as above, we find that the operator (UU, ), admits the invariant subspace
L{x?,xy,y*}. In [10], the operators preserving a given invariant subspace were discussed, for instance
the space M = {x2, xy,y?}, which was regarded as a “simple” problem for the affine annihilator.

Example 6. Consider the evolution Monge—Ampere equation:
Ut = Uyxllyy — uiy. (29)

It is easy to verify that this equation admits the Lie groups of transformations with
infinitesimal operators:

X1 =ydx £ xdy, Xp=yodx=* %ay, X3 = xdy £ %ax.

We find that X has invariants # = u(z,t), z = x> + y* and f = t. With respect to this Lie symmetry,
Equation (29) is reduced to:
Uy = 4 (—821l, 1, + 4112) = My [1].

The operator M. [if] admits the invariant subspace W5 = £{1,/z,2%} determined by the ODE:

ABw 1 d2w 1 dw

dz3 " 2zd2 2224z
and the invariant subspace V~\/3 = L{1,z 22} determined by ODE Bw/dz® = 0. Hence, the
Monge-Ampere operator M[u]| = tyyity, — uiy admits the invariant subspaces:
Ws = £{1,\/2 £ 12 (£ P2}, and Ws = £{1,2 2, (2 £ 7))

Similarly, under the Lie symmetries X; 3, we obtain the following invariant subspaces preserved
by the Monge-Ampere operator:

W= L{1, (x £17)3, (x £}, Wa=L{1, (x £7), (x £ 122 (x £ 7)),

In general, assume that nonlinear evolution Equation (6) admits the Lie group of transformation
with infinitesimal generator X, which has invariants:

z=p(xy), u= " t=t
p /]// r(x,y)/ 7

and reduces it to the one-dimensional nonlinear evolution equation:

ty = F(z, 1,0z, Uy, - -+ ) = Flu).
We then obtain the following proposition.

Proposition 5. If the nonlinear differential —operator F admits the invariant subspaces
Wy, = L{f1(2),- -+, fu(z)}, then two-dimensional nonlinear differential operator F preserves the invariant

subspaces Wy, = L{r(x,y) f1(p(x,y)), -, r(x,y) fa(p(x,y)) }.
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The proof is similar to that of Proposition 4. Clearly, in this approach, the estimate on the
dimension of invariant subspace obeys Theorem 1.

5. Concluding Remarks

In this paper, several approaches are developed to obtain invariant subspaces of the
two-dimensional nonlinear operators, including two direct extensions to the invariant subspace
method in R, the method of the general change of variables and the one-dimensional invariant subspace
method combined with the Lie symmetry method. In particular, we find that the subspaces W,
and Wfﬂm7
subspaces for one-dimensional nonlinear differential operators, which are determined by the spaces of
solutions of ODEs completely. In R?, the invariant subspaces admitted by the quadratic operator Alu]
and their applications are considered. In general, the extensions of the concept of invariant subspaces

in RN could be introduced. Assume that { fin(xj), -+, fim; (xj)} is a finite set of linearly independent

, of the two-dimensional nonlinear differential operators are extensions of the invariant

functions, and W% denotes their linear span W,),ij/. = L{fn(x;), -  fim; (xj)}, where j = 1,--- ,N.
The (my----- my )-dimensional subspace:

can be introduced as an extension to the subspace W2 in RN. Consider the N-dimensional
nonlinear operator:
F[u] = F(u, Du, D3u,- - - ,Dku),

where Du = (iy,, -+ ,Uxy), D%y = (Uxyxys o+ o Uy s apxas =+ * o Uxgxygs ** +  Uxyay ), €tC. Assume that
the subspace W::[]. is the space of solutions of the ODE:

dij]' dm]—l ;
Ly[o]] = dx + a1 ()~ + -+ aplg)yy =0, j=1,--- N
x]‘ dX]

Then, the invariance condition of the subspace W preserved by the operator F[u] (i.e.,
F[W] C W) is:
Ly ]l =0, j =1+,
where [FI] denotes ij [u] = 0, and their differential consequences with respect to x;,7,j = 1,--- ,N.
Similarly, we assume that {1, f;1(x;),- -, fim; (xj)} is a set of basis of solutions of the ODE system:

T o] d’”/'vj N ( )dmj*lvj bt )dvj 0 ie1 N
0| = —== a; 1 X — PN al X;)— = , ]: PR .
XjL¥] dx;ﬂ, Jm; ] dx;n] 1 TN dx]-

Let W;jj = L{1, fu(xj), -, fim; (xj)} denote the space of solutions of this ODE, where
j=1,---,N. We can introduce the (m; + - - - + my — N + 1)-dimensional subspace:

W =L{1, fo(x1), - fimy (¥1), - -+ N2 (XN), o vy (28) }

as an extension of Wﬁm_l in RN, Then, the invariance condition of the subspace w preserved by the

operator F[u] (i.e., F[W] C W) is:

Ly [Flulllig = 0, (Flu])xl s =0,
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where [H] denotes Ly;[u] = 0, uyy;, = 0, and their differential consequences with respect to x;,
i,j =1,---,N,i # j. The invariant subspaces obtained by this method can be regarded as original
subspaces and used to obtain new ones by the general changes of variables in Section 3.

To obtain more invariant subspaces of nonlinear differential operators, we adopt the direct sum of
invariant subspaces, which was used by Galaktionov and Svirshchevskii [1] to obtain the new invariant
subspaces preserved by a given operator. For example, in Proposition 6.1 of [1], it was shown that the
direct sum of the subspaces Wil = L41, xxj, 1 <i<j< N} and W}l\}n = L{x1,--- ,xN} is preserved
by the operator K[u]. It is expected that the formulation of the direct sum can be used to obtain the
invariant subspaces Wy and Wy, of J[U] by them. Indeed, the following result is always true.

Proposition 6. Given a nonlinear differential operator F. If the linear subspaces Wy, and Wy, are preserved by
the operator F and Wy, N W, = {0}, then the direct sum of Wy, and Wy, i.e., Wy, & Wy, is invariant or partially
invariant under the operator F.

Clearly, for the “nonlinear property” of the nonlinear operator, F[W, & Wy,] C W,, & Wy, is not
always true. However, in the case of F[W, & Wy,| € W,, & W,,, it is said to be partially invariant
under the operator F (see [1]). The linear space Wj, is partially invariant under the operator F, i.e.,
F[Wy] € Wy, but for some part M of W,,, F[M] C W,,. If the subspace Wj, is partially invariant under
a given operator, then the corresponding evolution equation can be reduced to an over-determined
system of ODEs. One can verify whether the direct sum of two invariant subspaces is invariant under
the given operator by a direct computation.

The following result is a further extension to Proposition 6.

Proposition 7. Let F be a given nonlinear differential operator. If the linear subspaces W,}], -, Wit are
preserved by the operator F, then the subspace W%l U---UWy is invariant or partially invariant under the
operator F.

Let us return to the invariant subspaces Wy and Wy,. We can express:
Woy = Wi UW2 U W5 UWS,
where:
Wi = L{Lxy}, W;=L{x*xyy*),
W3 = L{x,x(+y7), (P + )%, Wi =L{Py( +17), (2 + 7))
and express:
_ il 2 3 4 5
where:
W51 = L{1, cos 2y, sin 2y, cosh 2x, sinh 2x },
W32 = E{cos2 y,cosh x cosy, cosh? x}, Wg’ = E{cos2 y,sinh x cosy, sinh? x},
Wy = L{siny, cosh xsiny,cosh® x}, W3 = L{sin?y, sinh x sin , sinh® x}.
Note that2cos?y —1 = —2sin? y 41 = cos 2y, sinh? x = (sinh2x — 1) /2, cosh? x = (cosh2x +1)/2,
and every component of Wg; and Wy, can be obtained by the knowledge of algebra and ODEs

= x)f _
(see Sections 2 and 4). The following invariant subspace W3, 3_; of J[U] can be obtained from Wg_yhﬁj_l
by the discrete symmetry x — y, ¥ — x. Indeed, we have:
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1) W7, | = Wi UWZ, with:

13—
1 2 2\2 /.2 2\2 X 2 2\2 - X
Wi = L{(x*+y°)", (x"+y") cos(b1x2+y2),(x +vy) sm(blixz_i_yz)},
2 _ 2, 2\2 (2 | L 2\2 y 2, 232 Y .
Wi = L{(x"+y°)% (x"+y°) eXP(b1x2+y2)/(x +v) eXP(*blm)}'

XY

) W3+3,1 = Wg’ U Wél, with:

3 2 2\2 (.2 2\2 Y 2 2\2 Y

W3 = L{(2 47 (4 2 coslbr ), (2 40P simln ),
4 2 2\2 /.2 2\2 x 2 212 X

Wa = L{+y)% 4y exp(b g7 a), (5 + ) exp(=b g 5)

Here, Wé(i =1,---,4) can be obtained by the method in Section 4. Similarly, we can check that
both the operator (Ully), and ],[U] admit the invariant subspace £{1,x,y, x?,xy,*} = £{1,x,y} U
L{x?,xy,y*}. Hence, the porous medium Equation (26) has the exact solution of the more general form:

==

u = (c1(t) + c2(£)x + c3(t)y + ca(t)x® + cs(t)xy + co(t)y*) .

On the other hand, it was shown that the operator | 4 [U] admits the following invariant subspaces
(see Example 5):

W3 = L{xy, 7}, W = L{ 0% 0/ +y2), W5 = L{x% 2y /2 + )

By direct calculation, one can check that the operator | . [U] admits another invariant subspace:
3

Ws = L£{x?, xy,yz,x\/x2 +y2,y\/x2 + 2} = WIUWZU WS,

Hence, for p = —4/3, the porous medium Equation (26) has another solution of the form:

1 = (c1 ()22 + ca(B)xy + c3(D2 + ca()x /32 + 12 + es(B)yy /22 +2) 5.

Finally, we would like to address some open questions. Firstly, although we have several operable
approaches to obtain the invariant subspaces of two-dimensional nonlinear operators, we do not
have a systematic approach to obtain the invariant subspaces of J[U] as Wy, and Wy, and those of the
Monge-Ampere operator as:

Wis = £{1,x,, 2, xy, yzl 3, xzy, xyz, y3, x4 xzyz, y4}~
Secondly, as mentioned in the Introduction, what is the maximal dimension of the certain types

of invariant subspaces of multi-dimensional k-th order nonlinear differential operators? All of these
questions will be the content of our future research.
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