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Abstract: A wide range of reaction—diffusion systems with constant diffusivities that are
invariant under ()-conditional operators is found. Using the symmetries obtained, the
reductions of the corresponding systems to the systems of ODEs are conducted in order
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obtained. An biological interpretation is presented in order to show that two different types

of interaction between biological species can be described.
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1. Introduction

In 1952, Alan Turing published his prominent paper [1]. In this paper he proposed the Turing
hypothesis of pattern formation. He used reaction—diffusion equations of the form

Muy = (Dy(u)ug), + F(u,v),

1
)\gvt = (D2<U)Ux>x + G(u> ’U) ( )

which are central to the field of pattern formation.

In system (1), F' and G are arbitrary smooth functions, v = u(t,z) and v = v(¢,x) are unknown
functions of the variables ¢ and x, while the subscripts ¢ and x denote differentiation with respect to
this variable. Nonlinear system (1) generalizes many well-known nonlinear second-order models used

to describe various processes in physics [2], biology [3—5] and ecology [6].
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Here we concentrate ourselves on the most important subclass of RD systems with the form of (1),
namely that with constant coefficients of diffusivity

MUy = Uy + F(u,v),

()
AUy = Vg + G(u, v)

System (2) has been intensely studied using different mathematical methods (see, e.g., [3,4,7] and papers
cited therein). All possible Lie symmetries of system (2) have been found, in [8—11]. In particular,
(2-conditional symmetries of (2) were found in [12]. Reference [13] also contains some results related
with system (2).

System (1) is a natural generalization of the well-known RD equation
up = [D(u)ug) + F(u) 3)

There are many papers devoted to the construction of ()-conditional symmetries for this
equation [14-21], starting from the pioneering work in [22]. There is also a non-trivial generalization of
these results for the case of the reaction—diffusion—convection equation ([21] and papers cited therein).

In contrast to (3), there are not many results for searching ()-conditional symmetries of system (2).
Construction of the ()-conditional symmetries (non-classical symmetries) of such systems is a very
difficult task. Only a few papers have been devoted to the search of such symmetries. In [23] the
(2-conditional symmetries of the system

uy = (uFuy), + F(u,v),
v = (V'ug)e + G(u,v), 2+ Kk #£0,

have been obtained; in [24] the ()-conditional symmetries of the Lotka—Volterra system

AUy = Uz + u(a + byu + ),

“4)
AU = Ugy + v(ag + bou + cov)

were obtained.

The paper is organized as follows. In Section 2 three theorems are presented which contain the main
result for ()-conditional symmetries of system (2). In Section 3, ansitze for all systems and solutions
for one of the systems are derived. In Section 4, the solutions for a generalization of the Lotka—Volterra
system are obtained and analyzed. Some graphs of the exact solutions are also presented. Finally, we

present some conclusions.

2. Main Result

Let us consider the reaction—diffusion system with constant diffusivities: (2). We want to find
(2-conditional operators of the form

Q=0+ &(t, m,u,v)0, + n' (¢, x,u,v)0, + 0 (t, z, u, )0, (5)

under which system (2) is invariant.
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The most general form of the ()-conditional operators is
Q = 50(t7 ‘(L" u? /U)at _|_ 51(t7 ‘T7 u? /U)ax + T]l(t7 x? u’ U)au _|_ /'72 (t7 z? u? fU)aU‘

In the case £°(t, z,u,v) # 0, this operator can be reduced to that with £°(¢, z,u,v) = 1 [25]. So we
investigate operator (5).
We write down system (2) in the following form:
Upe = My + CHu,v), A\ #0,
Vaz = Moy + C?(u,v), Ay #0
where C'(u,v) = —F(u,v), C?*(u,v) = —G(u,v).

The determining equations for finding coefficients of operator (5) and functions C*(u,v), C?(u,v)

(6)

from system (6) have the form
1) &uu = oo = &uw = 0,
2) 1y, =0,
3) M = 0,

4) 2] 88w + Mgy — 260w = 0,

5) 2088y + 15, — 2640 = 0,

)
)
)
)
6) (A1 + A2)€&, + 2n, — 2640 = 0,
)
)
)

7) (A1 + A2)€&u + 202, — 264, = 0, (7)
8) (M1 — A2)émy + 21y, — 26,01 = 206" =0

9) (A — )\1)5773 +2n2, — 26,C% =206, =0

10) /\1(2§u77 — & — & — 286,) + Xabun® + 36.CN + §,C% = 2y, + & = 0,

11) A2(260m — &t — 2660) + M&unt +36,C% + §,.C1 — 22, + Euw = 0,

12) Mi(ng +nPny +26m") = Aann, + 0 Cy + 7°Cy — 0, C1 4 26,CF — 0, C? — 1, = 0,

13) Ao (nf +n'ni + 26m?) — Mt + ' CF + *Ch — n2Ch + 26,07 — n3C? — 07, = 0.

System (7) is an over-determined system of partial differential equations and there are no any general
method for solving of such systems [26,27]. Thus, we were not able to find the general solution of
system (7), hence we have solved it with conditions

E=¢(u,v), n' =n'(u,v), i=1,2 (8)

Solving Equations 1)-3) of system (7), we obtain

E=au+bv+c, 0 =p'(wv+q (u), ¥ =p*(v)u+¢(v) 9)

where a, b, c are arbitrary constants, p*, p*, ¢!, ¢? are arbitrary smooth functions. Substituting (9) into
6), 7) from (7) and splitting the obtained equations with respect to the powers of u and v, we arrive at
the system

a®(A1 +X2) =0, B*( A\ + A2) =0,

10
(A 4+ Ada(b + )+ 202 = 0, (A + Ag)b(au + ¢) + 2pL = 0 (10)
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Obviously, that solutions of first pair of equations of (10) will be Ay = —\;, ora = b = 0.
Let us consider the case Ay = —A\; (the case a = b = 0 will be considered later). In this case we
obtain p! = const = ay, p* = const = ay. Substituting (9) p' = a;, p? = a» into Equations 4) and 5)

of system (7) and splitting with respect to the powers of u and v, we arrive at
2M\ab =0, gL, + 2 \a(au+c) =0, ¢Z, — 2\b(bv +¢) =0 (11)

Since A\; # 0, we conclude that ab = 0. Consider the case a = 0, b # 0 (the case b = 0,
a # 0 is symmetrical). From Equation 8), we obtain ap, = 0. Substituting (9) with the specified
coefficients, namely

E=bten =av+q, 0’ =¢,
into Equations 10), 11) of system (7), we arrive at

b(C* —201¢%) =0, b(3C* — 2)\,1¢*) =0 (12)

Substituting ¢* = 0, obtained from (12), into the third equation of system (11), we obtain A\;b(bv+c) = 0,
that is A1b = 0, but that contradicts the above restrictions.
Thus, in the case A\ = —\; we do not obtain any ()-conditional operator of the form (5).

Consider the case a = b = 0. In this case, from Equations 4), 5), 6) and 7) of system (7), we obtain
p' = const = a;, i =1,2, ¢ = fru+ 71, ¢ = Pav +
where ;,7;, 1 = 1, 2 are the arbitrary constants. Thus, expressions (9) take the form
E=c¢, 0" =aw+ i+, n° = axu+ Bv + 7 (13)
Substituting (13) into Equations 8) and 9) of system (7), we arrive at
car(Ag — A1) =0, caz(Ag— X)) =0 (14)

Solving the system of algebraic Equations (14), we obtain three solutions \s = A\, a; = a3 = 0 and

c = 0, therefore we obtain three cases. Let us consider all these cases.

Theorem 1. In the cases Ny = A or nt = n?> = 0 with conditions (8), the system of determining
equations for finding of the (Q-conditional operators of the form (5) for system (6) coincide with the

system of determining equations for finding Lie operators.

Proof. Substituting (13), with Ay = Ay, into system (7) we find that Equations 1) — 11) are transformed
into identities, and Equations 12) and 13) take the form

n'Cr +n?Cl —niC' —nlC? =0, 7'C2+n*C% —n2C' —n2C? =0 (15)

In [11] the determining equations for finding of Lie symmetries with condition Ay = \; are written down
in explicit form. Substituting conditions (8) into these equations, we see that the result is completely
identical to Equations (15).
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Substituting (13), with ; = ay = 0 into system (7), we see that Equations 1) — 11) also transform

into identities, and equations 12) and 13) take the form
0N Cy+1°Cy —n,Ct =0, 7'Ch+1°CF = n;C* = 0. (16)

Comparing equations (16) with equations for finding of Lie symmetries of system (6) with conditions

(8) from [9], we see that they are completely identical. [

Thus, in the following we assume that A\; # o, o2 + a3 # 0.
Let us consider the case ¢ = 0, which is on the one hand the most interesting and on the other the
most difficult. In this case, (13) takes the form

£=0,n" =+ fiu+m, n° = au+ fov+ 7 (17)
Equations 1) — 11) satisfy expressions (17) and Equations 12), 13) take the form

(a1v + Bru+ 71)CL + (agu + Bov + 72)CL — B1CY — ay C?

= a1(>\2 — >\1)(042U+52U+72), (18)
(a1v + Bru+ 71)C? + (agu + Bov + 72)C? — auCt — B,C?

= aa(A — Ao)(aqv + fru+ )

Thus, we can formulate the following theorem.

Theorem 2. The nonlinear reaction—diffusion system (6) is ()-conditionally invariant under operator (5)

with coefficients (17) if and only if the nonlinearities C*, C? are the solutions of linear system (18).

To find the general solution of system (18), one need to analyze two cases as = 0 and s # 0. In the

case ap = 0, system (18) takes the form

(v + Bru+1)Cp + (Bav + 72)C 5101+06102+Oé1(/\2 =) (Bav+72),

19
(10 + Bru+71)C? + (Bav + 72)C? = B,C? (19)

Since a; # 0, renaming C' — o,C', v — oqu and y; — «;71, and taking into account that with
any coefficients 1, 2 we can remove the parameter v; using linear substitutions of u, v, system (19)
reduces to the form

(v 4 Biu)CL + (B2v + 72)Cp = B1CH + C? + (A2 — M) (Bav + 72),

20
(04 Bru)C2 + (B +72) 02 = BoC? .

One notes a particular solution of system (20), of the form
C;art 9 (>\2 - >\1><U + 51’&) Cp?art - 9 (/\1 - AQ)(BQU + 72) (21

Now to construct the general solution of (20), we need to solve the corresponding homogeneous system,

that is
(v + f1u)CL + (Byv + 72)CL = B CT 4 C2,

(v + Bru)C2 4 (B2 4 72)CF = BoC?

As a result, the following statement was proved.

(22)
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Theorem 3. Reaction—diffusion system (6) is Q-conditionally invariant under operator (5) with
conditions (8), and n? = 0, if and only if the system and corresponding operator have one of the seven

Sfollowing forms (moreover Ay # \1):

Uze = My + g(w)vIn(v) + h(w)v + (A2 — Ap) (v + Bru),
Ve = Aoy + Srg(w)v + %(/\1 — A2)B1v,

(23)
Q = at + (U + ﬁﬂi)@u + ﬁlvaw
w=v"texp(ZY), B #0
e = Mty + ()07 + g@) + 2 = M) + Bru),
Vpx = )\2Ut + (ﬁQ - ﬁl)g(W)U + %()\1 - )\2)52/07 (24)
Q - at + (U + ﬁlu)au + BQUava
B1
w=1v 7 ((f1— B2)u+v), Bifa(B1 — P2) #0
Ugy = /\1ut + Ug(U) + h(’l]),
Vaz = Aoty + vg(v), (25)
Q = at + Uau
Uzp = MUy + g(w)v + h(w) + 5(Ae — A\,
Vg = /\2'Ut + g(w) + %()\1 - )‘Q)a (26)
Q:at+vau+av7
w = 2u — v?
Upe = MUt + g(w)v + h(w) + 2 (A — M),
Vze = AoV + Pag(w) (v + 7o) + %52()\1 — X)) (v + ), 7

Q = 0y + vy + [a2(v + 72)0,,
w=/puu—v+nn(v+mn), f#0

Ugpy = Alut + (U + U)h(U) - g(U),
Vex = )\gvt + g(U), (28)
Q=0+ Bi(v+u)dy, S #0

e = Mty + h(w) exp(5o) — g(w) + (A2 = M)(v + Bru),
Vaw = Moy + B19(w) + 572(M — A2),

Q=0+ (v+ Bi1u)0y + 720,

W= exp(—f—;v) (Biu+ Brv+72), Py #0

(29)

Proof. To prove this theorem, it is necessary and sufficient to construct the general solution of
system (22) for all possible ratios between parameters (31, (2, 2. To do this we need to investigate
the following seven cases:

L. f1B2 # 0, 1 = o

2. BiP2 # 0, 1 # Do

3.20=0, 1 =0, 72 =05

4. 62 =0, p1 =0, 72 #0;

5.8 #0, B =0.
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6. 52=0, 51 #0, 72 =0;

7.8 =0, By #0, 72 # 0.

These cases take into account all possibilities that arise when we solve system (22). Let us consider
these cases.

Case 1. Solving the second equation of (22), we get C? = B,vg(w) and w = v~ exp (24). So the
first equation of (22) reduces to an ODE for finding of the function C':

Cl

v

C, 9(w).
Solving it, we get that C' = g(w)vIn(v) + vh(w). Taking into account the expressions for C*, C?, w,
02

: 1
obtained above, C part

parts from Formulas (21) and restrictions (obtained above), finally we arrive at

the reaction—diffusion system and the ()-conditional operator listed in (23) of Theorem 3.
Cases 2—7. Considering similarly these cases and using simple renamings, we arrive at systems and
operators (24)—(29) of Theorem 3. [

In the case as # 0 we should also assume that oy # 0, otherwise we obtain the case as, = 0 up to
renaming. We seek a solution of system (18) of the form

Cl' = riu+rov + 13, C% = squ + 590 + 3 (30)
Substituting (30) into (18), we obtain the system of algebraic equations

QoTy — 181 + aqap (A — Ag) = 0,

arry + (B2 — B1) ra — a0 4+ a1 B2 (M — A2) =0,

M1+ Yore — Pirs — aisz + ayvs (A — Ag) = 0, 3D
agry + (B2 — B1) 51— S22 + 51 (A1 — A2) =0,

QT3 — Y151 — Y252 + P23 + @y (A — A2) =0

Solving system (31), we arrive at two possibilities depending on A = oy — 51 5s:
DA =0,
ry = &S1+51 (A2 = A1), 12 = S5y 4+ ag (A2 — Ap)
ag ) (D) 9

a2 +2ﬁ2’72

rs = a2

81 — 5—233 +71 (A= A1), 82 = 2—281-
A #0,

ry = (51_62)31 + 89 + 51 ()\2 — )\1), o = g_;sl + aq ()\2 - )‘1) )

a2
A+B2)y1—a1B272 _ _ _
( 2) s+ aszﬂz“ﬂ So+ ()\2 _ )\1) . 53 = amzAﬂz’YlSl + Oz2’)/1A61’Y2 So.

3 = as A

In Case I) s; = s3 = 0, we obtain the solution of system (18)

2

Cpare = (M2 = M) (? (0 + Brv) + vl) + Cpart =0 (32)
In Case II) s; = s5 = 0 we obtain the solution of system (18)

Cloe = (A2 = M) (a1v + Bru+m), Copy =0 (33)

p
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Furthermore, we must solve the homogeneous system

(10 + Bru+ 71)CL + (agu + Bov + 72)CL = B,C + a,C?,

(34)
(Oél’U + 5116 + ")/1)03 (Oégu + ﬁQU + ’}/2)0 = 01201 + 5202
Let us consider Case I). Using the condition A = 0 for system (34), we get
(g—g(agu + Bov) + 1) CL + (agu + Bov + 72)CL = B2 L(anCh + B2 C?), 39)
B

(5

Multiplying the second equation of (35) by ——;, adding to the first and renaming u — u — 12

sz’

L (agu + Bav) + 11)C? + (ot + Bav + 72)C? = a201 + [,

Biye
Y1 — 7+ oy 0 WE arrive at

(i; (o + Pov) + 71) ((Jl _ ﬁ@)u + (u + 621))( — %CQ>U =0 (36)
Using the substitution
Ch = 5(u,v) + b e (37)
we obtain the equation
B -
(a—(agu + Bov) + 71> Sy + (agu + (ov)S, =0 (38)
2

Solving Equation (38), we arrive at three subcases:
D By=~=01, n=0,8=8Ww), w=au— piv;
2) By =—P1, m#0, S =S(W), w=(agu— Hv)* = 209m;

3) oA~ S = S(w), w = aou— frv - 22 n|agu + By + 225

Substituting (37) together with the function S from subcase 1) into the second equation of (35),

we obtain
(gu — Brv) (2C? + $1C%) = a3 f(w) (39)
Solving (39), using (37), (32) and renaming u — [1u, v — asv We obtain the system
Uze = My + f(w)u + B1(g(w) — A1) (u—0),
Ve = A0y + f(w)v + Bi(g(w) — A2) (u —v), w=u—w,

(2-conditionally invariant under the operator
Q=0+ Bi(u —v)(0y + 0,).
Similarly, for subcase 2), we arrive at the system

e = vt + (f(w) = M) (B (u = v) + ) + 9(w),
Urw = datn + Bu(F(w) = Ae) (1= v) + g(w), @ = (u—v)? — 230, 31 # 0

and the operator

Q=0+ (Bi(u—2v) +7)0u + Br(u — v)0,.
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In the subcase 3), we obtain the system

Uzz = AUt — k(f(w> - /\2> + 62<g(w) - )‘2) (U + U) )
w=LPou— fv—klnlu+v|, k=2

1
B1+B27

and the operator
Q=0+ (Li(u+v)+ k)0, + (Bo(u+v) —k)O,.

Examination of Case II) is highly nontrivial and will be reported in another paper.

3. Ansiitze and Exact Solutions of the Reaction—Diffusion System

Using standard procedures, we obtain ansitze for all operators of Theorem 3. Substituting these
anzétze in the corresponding reaction—diffusion systems, we obtain the reduction systems of equations.
All anzitze and reduction systems are presented in Table 1.

Table 1. Ansétze and reduction systems of Theorem 3.

No. Ansiitze Systems of ODEs
(23) u=(t+)ehtte @+ (@) =B (g (PVe) + 2d22) =0
v=ehtte Y420 + g (P1Y79) (B19h — ) — h (eP1¥—¢) — 2tr2 =
@4) w=1p (P1H9) T — G ()2 4 g (B — ) W) (By — o) — Badig2 = 0
v=eltte W B+ B (B = 1) ) ((¢)2 = Bag (B — B2) ) — h (1 — Bo) v) =
25) u=@t+ ¢" —pg(p) =0
v=¢ w”—g( ¥ — h(p) — AlsO—O
(26) u=1it2+pt+ o —g(2¢— @2) A
v=t+gp V=g (20— ¢?) - h(2w w)—%wﬂ)
Q27 u= ﬁflzeﬁ”w —Tot + "+ (@)% = Ba g (T2 + 1) + foyp) — 2F228, = 0
v =eftte 7, " = h (1o + 1) + Bat)) + Tag (120 + 1) + Bat)) + 252275 = 0
28) u=gelt —p ¢ —g(p) =0
V=1 V" = (h(p) + fr ) ¥ =
(@9) u=wpehi =B -2 B o —g (s w)ﬁf“Lz”)w:O
v="t+ @ " —eﬁvljh(ﬂlz/ze Wz)—ﬂl%wzo

It is impossible to find the general solution of the systems from Table 1 for arbitrary functions g and
h. However, if we correctly specify these functions we can find the solutions of these systems.

System (27) is the most interesting one from the point of view of applicability. Let us consider
system (27) with 72 = 0, g(w) = bw + by — 252 h(w) = asw? + a;w + ao. In this case, the reduction

system has the form

"+ (') = Ba(br1fath + bo) = (40)
V' — axB30° — a1 fath — ag =0 41

The solution of Equation (41) has the form

Vv =k = const (42)
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Substituting (42) into (40), we arrive at
P+ ()= A, A= B (bifok + Do) (43)

The solutions of Equation (43) depend on the parameter A. Solving Equation (43) we get three
different solutions (up to transformations x — x + C, C = const)
In|Cz|, A=0;
¢ =< In|C cosh(v/Az)|, A > 0;
In |C cos(v—Azx)|, A <O0.

Substituting ¢ and (42) into corresponding ansatz from Table 1, and renaming C' — (3,C', we arrive at
the exact solutions
u=Ce"'z +k, v=Cpe™x,

u = Ce”! cosh (\/Zx> + k, v = CBre! cosh (\/Z:L‘)

u = Ce cos <\/—_Aas> +k v= C’ﬁgeﬁﬁ cos (ﬂx) (44)

of the reaction—diffusion system

Upy = AU + (U - Uﬂ2) (—@1 + asv — Gzﬁzu) + (bo — Al —bv+ blﬁzu) v + aop,

(45)
Ve = AoVt + B2 (bo — A3 — b1v + b1 fou) v
where £ is the solution of the equation ay33k* + a; B2k + ag = 0.
4. Solutions and Their Properties of Some Generalization of the Lotka—Volterra System
Let us consider in detail the cazse A < 0. Renaming B = —g—;, by = —%, by = %*232’\2,
ap = —eg, a1 = A}sz, 9 = —B;S?, we obtain the exact solution
2
_By B,C' B2
u=Ce O cos (\/ —Ax) +k, v=— 5 e %" cos (\/ —Ax) (46)
2
where A = — kBQCQJ“ACQfﬁBQAQ, and k is the solution of B k? + Ak + ey = 0, of the reaction—diffusion
system
MU = Ugy + u (A; + Biu + C1v) + ev? + e1v + e, 47

AoVt = Vg + v (A2 + Bau + Cyv)

_ 2 _
WhereC’1 = (%-1) CQ, €y = %, €1 = %—F)\T—)\;
System (47) is the generalized Lotka—Volterra system. With e; = e; = ey = 0 system (47) becomes

the classical Lotka—Volterra system

MUy = Uge +u (A + Biu + Ciov),

(48)
AoVt = VUgz + v (Az + Byu + Cov)

Note that exact solutions of the form (46) for the classical Lotka—Volterra system (48) have been
found in [24].
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Figure 1. Exact solution to (51).

A2Ca+(A\5—A7) Bo

System (48) can be obtained from system (47) with ey = 0, By = By, A; = G . Also,
the coefficients of (46) and (48) must satisfy the equation % (k + %; + )‘QC—_;“) =0.

It is well known [3] that three main kinds of interactions between two biological species are simulated
by system (48):

(i) predator u—prey v interaction,

(ii) competition of the species,

(iii) mutualism or symbiosis.

It turns out that solution (46) can describe the predator-prey interaction on the space interval [—[, [],

(here | = 2\/’T_—A) provided that

By, <0,Cy<0,C<0, k> |C| (49)

One can easily check that solution (46) is non-negative, bounded in the domain Q = {(¢,z) €
(0,+00) x (—1,1)} and satisfies the given Dirichlet boundary conditions, i.e.,

u|m:—l = k; U|m:—l = O; ulm:l = k; U|m:l =0 (50)
Choosing the coefficients \y =2, Ay =1, Ay =1, By=—1,Cy=—3, B1 =0, C=—1, ¢ =1,
gives that A; = —2, C} = 3, k = 1. Thus, from solution (46) we obtain the solution
L1 \f s [T
- - _Z _ — z 1
u=g e " cos( 21}), v=e " cos( 2:10) (51)

of the system
2y = Upy +u (=24 2) + % + 1,
vt:vm—i-v(l—u—g)
which can describe predator u—prey v interaction, as its coefficients satisfy the conditions for this type of
the interaction [3]. System (52) is some generalization of the Lotka—Volterra system (48) with additional

nonlinearity % + 1 in the first equation.

(52)
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Figure 2. Exact solution of (55).

Solution (51) satisfies Dirichlet boundary conditions (50) with [ = \/Lﬁ, k= %

As an example, we present solution (51) in Figure 1. This solution can describe the predator u—prey
v interaction between the species v and v when population of predator u becomes % and prey eventually
dies, i.e., (u,v) — (3,0) as t — +o0.

Choosing coefficients \; = 2, \y =2, Ay =1, By =—4, C, = —3, Bi=1,C=—1, ¢ =0,
weget Ay =—1, C; = %, k = 1. Renaming t — it, from solution (46) we obtain the solution
1
u=1-— Ze_% coS (ﬁx) , v =2e " cos (ﬁx) (53)

of the system
6ty = tgp +u (—1+u+ 3v) + 0%, 54)
5vt:vm—|—v(1—4u—§)
which can also describe the predator u—prey v interaction, as its coefficients satisfy conditions for this
type of interaction [3]. System (52) is some generalization of Lotka—Volterra system (48) with additional
nonlinearity 56%42 in the first equation.

Solution (53) satisfies Dirichlet boundary conditions (50) with [ = QLﬁ and k = 1. This solution can
describe the predator u—prey v interaction between the species u and v when population of predator u
becomes 1 and prey eventually die, i.e., (u,v) — (1,0) as t — +o0.

If we consider system (48) with solution (46), then we obtain the solution that can describe
competition of the species. Such a solution is presented in [24].

Also, system (47) can describe mutualism—or symbiosis—of two species. Choosing the coefficients
M=2A=1 A =5 B, =2 0 =—3, Bp=—15, k=0, C =1, ¢ =0, we obtain
A =9, C = %. So, from solution (46) we obtain the solution

u = e*cos (z), v =4e" cos (z) (55)
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of the system

_ _u o llv) _ 2w
2“t_uw+“(9 10+20) 160

56
Utzvm—l—v(5—§+2u) (56)

which is a generalization of Lotka—Volterra system (48) with additional nonlinearity —1%1)2 in the
first equation.

Solution (55) satisfies Dirichlet boundary conditions (50) with [ = 7, k = 0. As an example, we
present solution (55) in Figure 2. Solution (55) can describe the type of the interaction between the

species u and v when both populations grow unboundedly, i.e., (u, v) — (400, +00) if t = 400.

5. Conclusions

In this paper, the nonlinear RD system (2) was examined in order to find the ()-conditional operators
under which this system is invariant and to construct exact solutions. Because the system of differential
equations (7) is too complicated, we were unable (and believe it is not possible) to find all the solutions
of the determining system (7) and thence to find all possible ()-conditional operators. We have found the
(Q—conditional operators with restrictions (8) (in the case > = 0 we have found all possible systems
and operators, in the case n> # 0 we have presented some examples) with respect to which the
reaction—diffusion system of equations with constant diffusion (2) is invariant. All these operators are
given in Theorem 3 of Section 2. In Section 3 the ansétze for all ()-conditional operators of Theorem 3
and the reduction systems are constructed. Section 4 contains the solutions of some generalization of
the Lotka—Volterra system. These solutions are analyzed in order to present of biological interpretation.
Some graphs of obtained solutions are also presented. It is shown that the obtained solutions satisfy
Dirichlet boundary conditions, which are typical for biological interpretation.
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