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1. Introduction

Harmonic maps play a central role in geometry; they are critical points of the energy functional
E(p) = 3 [\, |de|* vy for smooth maps ¢ of (M, g) into (N,h). The Euler-Lagrange equations are
given by the vanishing of the tension field 7(¢). In 1983, J. Eells and L. Lemaire extended [1] the notion

of harmonic maps to biharmonic maps, which are, by definition, critical points of the bienergy functional:

Bale) = [ TP, m

After G.Y. Jiang studied [2] the first and second variation formulas of £, extensive studies in this
area have been done (for instance, see [3—42]). Notice that harmonic maps are always biharmonic
by definition.

The outline of this survey is the following:

(1) Preliminaries.
(2) Chen’s conjecture and the generalized Chen’s conjecture.
(3) Outline of the proofs of Theorems 3-5.

(4) Harmonic maps and biharmonic maps into compact Lie groups or compact symmetric spaces.
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(5) The CR analogue of harmonic maps and biharmonic maps.
(6) Biharmonic hypersurfaces of compact symmetric spaces.

2. Preliminaries

In this section, we prepare materials for the first and second variational formulas for the bienergy
functional and biharmonic maps. Let us recall the definition of a harmonic map ¢ : (M, g) — (N, h), of
a compact Riemannian manifold (M, g) into another Riemannian manifold (N, ), which is an extremal

of the energy functional defined by:
B(e) = | elo)u,
M
1

where e(¢) := 3|dyp|? is called the energy density of . That is, for any variation {;} of ¢ with ¢y = ¢,

4
dt

Ble) =~ [ hrle) Vo, =0 @)

where V' € I'(¢ !TN) is a variation vector field along ¢, which is given by V(z) = 4|,_o¢,(z) €
Ty N, (x € M), and the tension field is given by 7(p) = >.I*, B(¢)(ei, e;) € T'(¢ 'TN), where
{e;}1*, is a locally-defined frame field on (M, g), and B(yp) is the second fundamental form of ¢
defined by:

B(p)(X,Y) = (Vdg)(X,Y)
= (ﬁxd@(y)
= Vx(dp(Y)) = dp(VxY) 3)

for all vector fields X,Y € X(M). Here, V and V" are connections on TM, TN of (M, g),
(N, h), respectively, and V and V are the induced ones on @ 'TN and T*M ® o 'TN, respectively.
By Equation (2), ¢ is harmonic if and only if 7() = 0.
The second variation formula is given as follows. Assume that ¢ is harmonic. Then,
pe
dt?

mmzéﬂwmwm )

t=0

where J is an elliptic differential operator, called the Jacobi operator acting on I'(¢~'T'N) given by:
J(V)=AV = R(V) (5)

where AV =V'VV = -3 (V. V..V - Vv..e,V} is the rough Laplacian and R is a linear operator
on ['(p™'TN) givenby R(V) = 7", RN(V,dg(e;))do(e;), and RY is the curvature tensor of (N, h)
givenby RN (U, V) = V¥, VN, — VNV, VY, — VN[UM for U, V € X(N).

J. Eells and L. Lemaire [1] proposed polyharmonic (k-harmonic) maps, and Jiang [2] studied the first
and second variation formulas of biharmonic maps. Let us consider the bienergy functional defined by:

Bale) = 5 [ 1), ©

where |V |> = h(V, V),V € T(¢'TN).
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Then, the first variation formula of the bienergy functional is given (the first variation formula) by:

RS RCERPE a)
Here,
() := J(1()) = A(7(p)) — R(7()) (8)

which is called the bitension field of ¢, and J is given in Equation (5).
A smooth map ¢ of (M, g) into (N, h) is said to be biharmonic if 75(¢p) = 0.

3. Chen’s Conjecture and the Generalized Chen’s Conjecture

Recall the famous Chen’s conjecture on biharmonic submanifold of the Euclidean space:

Chen’s conjecture: A biharmonic submanifold in the Euclidean space must be minimal.

One can consider biharmonic submanifolds of a Riemannian manifold of non-positive curvature, and
the generalized Chen’s conjecture is the following (cf., R. Caddeo, S. Montaldo, P. Piu [7] and also
S. Montaldo, C. Oniciuc [20], etc.):

The generalized Chen’s conjecture: A biharmonic submanifold in a Riemannian manifold of
non-positive curvature must be minimal.

Notice that the generalized Chen’s conjecture was solved negatively by giving a counter example by
Ou and Tang [27,41]. We first give several comments on Chen’s conjecture. It should be emphasized
that Chen’s conjecture has been still unsolved until now.

Second, we will treat the generalized Chen’s conjecture. K. Akutagawa and S. Maeta [3] gave a
remarkable breakthrough to Chen’s conjecture, by giving the following answer to this conjecture in the
case of properly-immersed submanifolds of the Euclidean space:

If we do not assume the properness condition, N. Koiso and myself [43] gave recently a partial answer
in the case of generic hypersurfaces of the Euclidean space. Namely, we obtained the following:

Theorem 1. Let « : (M™, g) C E™ be an isometrically-immersed biharmonic hypersurface of the
Euclidean space. Assume that (1) every principal curvature \; has multiplicity one, i.e., \; # \j (i # j),
and (2) the principal curvature vector fields v; (i = 1,--- ,n) along ¢ satisfy that g(V,,v;,v;,) # 0 for

all distinct triplets of integers i, j, k = 1,--- ,n. Then, it is minimal.

For harmonic maps, it is well known that:

If a domain manifold (M, g) is complete and has non-negative Ricci curvature and the sectional
curvature of a target manifold (IV, h) is non-positive, then every energy finite harmonic map is a constant
map (cf., [44]).

See [15,45-49] for recent works on harmonic maps. Therefore, it is a natural question to consider
biharmonic maps into a Riemannian manifold of non-positive curvature. In this connection, Baird,
Fardoun and Ouakkas (cf., [4]) showed that:

If a non-compact Riemannian manifold (A, g) is complete and has non-negative Ricci curvature and
(N, h) has non-positive sectional curvature, then every bienergy finite biharmonic map of (M, g) into

(N, h) is harmonic.
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In our paper [21-23], we showed that:

Theorem 2. Assume that (M, g) is complete and (N, h) has non-positive sectional curvature.

(1) Every biharmonic map ¢ : (M,g) — (N, h) with finite energy E(p) < oo and finite bienergy
Es(p) < o0, is harmonic.

(2) In the case Vol(M, g) = oo, every biharmonic map ¢ : (M,g) — (N, h) with finite bienergy

Es(p) < o0, is harmonic.

We do not need any assumption on the Ricci curvature of (M, g) in Theorem 3. If (M,g)
is a non-compact complete Riemannian manifold whose Ricci curvature is non-negative, then
Vol(M, g) = oo (cf., Theorem 7, p. 667, [50]). Thus, Theorem 3, Equation (2), recovers the result
of Baird, Fardoun and Ouakkas. Theorem 3 is sharp, since one cannot weaken the assumptions. Indeed,
the generalized Chen’s conjecture does not hold if (M, g) is not complete (cf., the counter examples
of Ou and Tang [27]). The two assumptions of finiteness of the energy and bienergy are necessary.
Indeed, there exists a biharmonic map ¢, which is not harmonic, but the energy and bienergy are infinite.
For example, f(z) = r(z)* = Y.I" (z:)*,© = (21, -+ ,x,) € R™ is biharmonic, but not harmonic,
and has infinite energy and bienergy.

As the first bi-product of our method, we obtained (cf., [21,22]):

Theorem 3. Assume that (M, g) is a complete Riemannian manifold, and let ¢ : (M, g) — (N, h) be
an isometric immersion; the sectional curvature of (N, h) is non-positive. If ¢ : (M,g) — (N, h) is
biharmonic and | IValS |2 v, < oo, then it is minimal. Here, & is the mean curvature normal vector field of

the isometric immersion .

Theorem 4 gave an affirmative answer to the generalized B.Y. Chen’s conjecture (cf., [7]) under some
natural conditions.

For the second bi-product, we can apply Theorem 3 to a horizontally-conformal submersion
(cf., [51,52]). Then, we obtain:

Theorem 4. Let (M™,g) be a non-compact complete Riemannian manifold (m > 2) and (N?,h),
a Riemannian surface with non-positive curvature. Let \ be a positive function on M belonging to
C®(M)NL*(M), and ¢ : (M,g) — (N?, h), a horizontally-conformal submersion with a dilation \.
If p is biharmonic and \ |ﬂ\g € L*(M), then ¢ is a harmonic morphism. Here, H is trace of the second
Sfundamental form of each fiber of .

4. Outline of the Proofs of Theorems 3-5

In this section, we first give a sketch of the proof of Theorem 3.
The first step: For a fixed point xq € M, and for every 0 < r < oo, we first take a cut-off C'*° function
1 on M satisfying that:

0<n(z)<1 (xe M), nlx)=1 (z€ B.(x))

C))
(@) =0 (2 Bu(z), Vil <> (zeM)

r
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For a biharmonic map ¢ : (M, g) — (N, h), the bitension field is given as:

m

() = A((p)) — Zl RN(7(), dp(e;))dp(e;) = 0 (10)
so we have: 7
[ @e@nirenn=[ 2 i o), died)dg(en), (@)
<0 (11)
since the sectional curvature of (V, h) is non-positive.
The second step: Therefore, by Equation (11) and noticing that A = V' V, we obtain:
02 [ @),
~ [ @016 o) v
-/ iﬁ (). V07 ()
-/ fj {17 (9r(0). Tt + ) Tur) 70 b
[ i 2 /M S (o), eal) 7)) 0y (12)

=1

where we used e;(1?) = 2ne;(n) at the last equality. By moving the second term in the last equality of
Equation (12) to the left-hand side, we have:

[t <=2 [ Y 0¥rto.atonn
_ /M > WV Wi e, (13)

where we put V; := n V. 7(p) and W; := e;(n) 7(¢) G =1 --- ,m).
Now, recall the following Cauchy—Schwartz inequality:

1
+2(Vi, Wi) < eVil* + - |Wif? (14)

for all positive ¢ > 0 because of the inequality 0 < |\/eV; £ ﬁ W;|?. Therefore, for Equation (14),
we obtain:

—2/ZW,W <e/Z\V!2vg /Z!W!Qvg (15)
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If we put e = % we obtain, by Equations (13) and (15),

/ Z|V 7( / Zn Ve, (0

+2/Jw2ei< 2 (), (16)

Thus, by Equations (12) and (16), we obtain:

/M 7Y Ve, () v / IV | (¢ vgs— / 17(p (17)
=1

The third step: Since (M, g) is complete and non-compact, we can tend r to infinity. By the
assumption Es(¢) = 3 [, [7(¢)[> vy < oo, the right-hand side goes to zero. Furthermore, if 7 — oo, the
left-hand side of Equation (17) goes to [,, >°1", [V.,7(¢)|* v, since n = 1 on B, (o). Thus, we obtain:

/ > Ver(@)v,=0 (18)
M
Therefore, we obtain, for every vector field X in M,

Vx7(p) =0 (19)

Then, we have, in particular, |7(y)| is constant, say c. Because, for every vector field X on M, at
each point in M,

X|r(@)] =2(Vxr(p). 7(9)) =0 (20)
Therefore, if Vol(M, g) = oo and ¢ # 0, then:
/ |7 (p = —VOI(M g) = (21)

which yields a contradiction. Thus, we have |7(p)| = ¢ = 0, i.e., ¢ is harmonic. We have Equation (2).

The fourth step: For Equation (1), assume both F(y) < oo and E5(p) < oco. Then, let us consider a

one-form o on M defined by:
a(X) = (dp(X), (), (X €X(M)) (22)

Note here that:

[ talw = [ (ia(ein?)m w< [ ldellrole

=1

<(/ ,W%)m (/ !T(so)\%g)mﬂ Bp) Balp) < oo 3



Symmetry 2015, 7 657

Moreover, the divergent 0o := — 1" (V. a)(e;) € C°°(M) turns out (cf,, [1], p. 9) as:

—da =|7(0)]* + (do, V7 () = ()" (24)

Indeed, we have:

m m

—da = Z ei{do(e;), T(¢)) — Z<d@(vei€i>a 7())

Z ng 61 dgo(Veiei)) 77—(90» + Z<d¢<ei)vvei7(§0)>

= (1(), 7(9)) + (dp, V()

which is equal to |7(¢)| since V7 () = 0.

By Equation (24) and E»(¢) = 1 [}, [7(¢)[? vy < oo, the function —d« is also integrable over M.
Thus, together with Equation (23), we can apply Gaftney’s theorem (see Theorem 6, below) for the
one-form «. By integrating Equation (24) over M and by Gaffney’s theorem, we have:

0= [ (=sye, = [ 1) (25)

which yields that 7(p) = 0. We have Theorem 3. [J

Theorem 5. (Gaffney [53]) Let (M, g) be a complete Riemannian manifold. If a C* 1-form « satisfies
that [, |a| vy < oo and [, (6cr) vy < 00 or, equivalently, a C* vector field X defined by a(Y') = (X,Y)
(V'Y € X(M)) satisfies that [,,|X|v, < 0o and [, div(X) v, < oo, then:

/M(—(S(x) Vg = /MdiV(X) vy =0 (26)

Our method can be applied to an isometric immersion ¢ : (M, g) — (N, h). In this case, the one-form
« defined by Equation (22) in the proof of Theorem 3 vanishes automatically without using Gatfney’s
theorem, since 7(p) = m ¢ belongs to the normal component of T,y N (x € M), where £ is the mean
curvature normal vector field and m = dim (M ). Thus, Equation (24) turns out as:

0= —da = |T(p)° + (de, VT(p)) = I7(¢)? (27)

which implies that 7(¢) = m§ = 0, i.e., ¢ is minimal. Thus, we obtain Theorem 4. [

We also apply Theorem 3 to a horizontally-conformal submersion ¢ : (M™,g) — (N", h) (m >
n > 2) (cf., [52,54]). In the case that a Riemannian submersion from a space form of constant sectional
curvature into a Riemann surface (N 2 h), Wang and Ou (cf., [19,28]) showed that it is biharmonic if
and only if it is harmonic. We treat with a submersion from a higher dimensional Riemannian manifold
(M, g) (cf., [51]). Namely, let ¢ : M — N be a submersion, and each tangent space T, M (x € M)
is decomposed into the orthogonal direct sum of the vertical space V, = Ker(dy,) and the horizontal
space H,:
T.M=V,®H, (28)
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and we assume that there exists a positive C'* function A on M, called the dilation, such that, for each
z e M,
h(dpa(X), dpo(Y)) = N(2) g(X,Y), (X,Y €H,) (29)

The map ¢ is said to be horizontally homothetic if the dilation )\ is constant along horizontally curves
in M.

Ifo: (M™ g) — (N" h) (m > n > 2)is a horizontally-conformal submersion, then, the tension
field 7(¢p) is given (cf, [51,52]) by:

n —

T(p) = 5 2 A2 dgo(gradﬂ(%)) — (m — n)dgp(ﬂ) (30)

where grad,, (55 ) is the #-component of the decomposition according to Equation (28) of grad(sz)
and H is the trace of the second fundamental form of each fiber, which is given by H =
LS i1 H(Ve,ex), where a local orthonormal frame field {e; }7, on M is taken in such a way that
{€iz]i =1,--- ,n} belong to H, and {e;,|j =n+1,--- ,m} belong to V, where x is in a neighborhood

in M. Then, due to Theorems 3 and Equation (29), we have immediately:

Theorem 6. Let (M™, g) be a complete non-compact Riemannian manifold and (N™, h) a Riemannian
manifold with the non-positive sectional curvature (m > n > 2). Let ¢ : (M,g) — (N,h) be a

horizontally-conformal submersion with the dilation \ satisfying that:

J¥
M

Assume that, either [, \>vy < 0o or Vol(M,g) = [,, vy = oo. Then, if p : (M,g) — (N, h) is

biharmonic, then it is a harmonic morphism.

1 2
A gradﬂ(p) —(m—n)H| v, <o0 (31)

g

n— 2

Due to Theorem 7, we have:

Corollary 7. Let (M™, g) be a complete non-compact Riemannian manifold and (N?, h) a Riemannian
surface with the non-positive sectional curvature (m > n = 2). Let ¢ : (M,g) — (N,h) be a

horizontally-conformal submersion with the dilation \ satisfying that:

J¥
M

Assume that either [, N> v, < 0o or Vol(M,g) = [,, vy = oo. Then, if ¢ : (M,g) — (N, h) is
biharmonic, then it is a harmonic morphism.

~

a 2
g

vy < 00 (32)

Corollary 8 implies Theorem 5, immediately. []

Remark 1. (1) Notice that in Theorem 5, there is no restriction to the dilation \ because of dim N = 2.
This implies that for every positive C* function \ in C*°(M) N L*(M) satisfying Equations (31) or
(32), we have a harmonic morphism o : (M™, g) — (N2, h).
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(2) For a biharmonic map of (M, g) into (N, h), the non-positivity of (N, h) implies that:

m

(T(9), AT(p)) = > _(RY(r(¢), d(es))dp(es), (1)) < 0 (33)

=1

which is stronger than the Bochner-type formula |1 ()| A|T(¢)| > 0. However, we can prove Theorem 3
in an alternative way by using the latter one. Here, A =Y (e;> —V,e;) denotes the negative Laplace

operator acting on C>(M).

5. Harmonic Maps and Biharmonic Maps into Compact Lie Groups or Symmetric Spaces

In this section, we treat with harmonic maps and biharmonic maps into compact Lie groups or

symmetric spaces of the compact type.

5.1. Biharmonic Maps into Compact Lie Groups

We first treat with harmonic maps and biharmonic maps into compact Lie groups. Let 6 be the
Maurer—Cartan form on G, i.e., a g-valued left invariant one-form on GG, which is defined by 6, (Z,) = Z,
(y € G, Z € g). For every C* map ¢ of (M, g) into (G, h), let us consider a g-valued one-form « on
M given by av = 1*6. Then, it is well known (see for example, [55]) that:

Lemma 8. For every C® map ) : (M, g) — (G, h),
0((y)) = —da (34)

where o = *0 and 0 is the Maurer—Cartan form of G.
Thus, ¥ : (M, g) — (G, h) is harmonic if and only if 6o = 0.

Furthermore, let { X;}”_, be an orthonormal basis of g with respect to the inner product (, ). Then, for
every V e T(v1TG),

V(@) = hyw(V(2), Xep@) Xev@) € TowC
i=1
OV)(@) =Y hu)(V(2), Xouw) Xs € 9 (35)
s=1
for all z € M. Then, for every X € X(M),

O(VxV) = i h(VxV, X,) X, = i{x h(V, X,) — h(V, VxX,)} X,

= X)) - SRV, TRX)X, 36)

s=1

where we regarded a vector field Y € X(G) by Y (z) = Y (¢(x)) (x € M) to be an element in the space
[ ~HTGQ) of C* sections of ¥ 'TG.
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Here, let us recall that the Levi—Civita connection V" of (G, h) is given (cf., [56,57] Volume II, p. 201,
Theorem 3.3) by:

1
Vh X, = 5 [X X Z Ct X, (37)
where the structure constant Cf; of g is defined by [X;, X,] = Z v, Cf. Xy, and satisfies that:
Cio = (X0, X, Xo) = —(X,, [X0, X)) = =C (38)

Thus, we have by Equations (37) and (38),

Zh (V,Vx X)X Zh(VZh@DXXt)CfSXe) s

stl =

=3 Z WV, X,) h(1h. X, X;) C5, X

= __ Z h(V, X¢) h(. X, X3) [ Xy, X

tZl

t=1 /=1

=~ la(X),0(V) (39)
because we have:
0(X) = 8(6.X) = 3 h(B.X, X)X, 40)
and .
oV = Y h(V, X0) 6(X,) = i h(V, X0) X, @41)

=1
Substituting Equations (40) and (41) into the above, we have Equation (39).
Therefore, we obtain the following together with Equations (36) and (39).

Lemma 9. For every C* map ) : (M, g) — (G, h),

UTxV) = X(O(V)) + 5 [a(X),6(V)] @)
where V € T(b"\TG) and X € X(M).
Then, we see immediately due to this lemma:
Theorem 10. For every i € C* (M, G), we have:
0(ra(v)) = 0(J(7(¢)))
= —ddda — Trace,([a, ddar)) (43)

where o = 0.
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Here, let us recall the definition:

Definition 11. For two g-valued one-forms o and  on M, we define g-valued symmetric two-tensor
[a, B] on M by:

0, B, Y) = & {la(X), B0 +[a(V), BN}, (X,Y € %(M)) (@)

and its trace Trace,([c, (]) by:

Trace,([a, f]) = Z[a,ﬁ](ei, e;) (45)
We also use a g-valued two-form [ A\ ] on M by:

o A BIX V) = 5 {a(X), 50V)] ~ [aV), BXN}, - (X,Y € %(M)) 6)
Then, we have immediately by Theorem 11:

Corollary 12. Forevery ¢ € C*(M, G), we have:
(1) : (M,g) — (G, h) is harmonic if and only if:

daa =10 A7)
(2) ¢ : (M,g) — (G, h) is biharmonic if and only if:

dd oo+ Trace, ([, dda]) =0 (48)

5.2. Biharmonic Maps into Compact Symmetric Spaces

Now, let 6 be the Maurer—Cartan form on G, i.e., a g-valued left invariant one-form on G, which is
defined by 6,(Z,) = Z (y € G, Z € g). For every C*™ map ¢ of (M, g) into (G/K, h) with a lift
¥ : M — G, let us consider a g-valued one-form o on M given by o = ¢/*6 and the decomposition:

o= g + oy (49)
corresponding to the decomposition g = € @& m. Then, it is well known (see, for example, [55]) that:

Lemma 13. For every C* map ¢ : (M,g) — (G/K,h),

by 12T () = =0(am + Y _[ae(es), am(er)], (v € M) (50)
i=1
where o = p*0, 0 is the Maurer—Cartan form of G and §( oy, ) is the co-differentiation of the m-valued
one-form o, on (M, g).
Thus, ¢ : (M, g) — (G/K, h) is harmonic if and only if:

m

— 6(am) + Y _[on(e:), am(e:)] = 0 (51)

=1
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Furthermore, we obtain:

Theorem 14. We have:

Ly(a)-14T2(P)

I
>
Q
7
Sd
Q
2
+
INgE
B
5}
Q
3
5}
~_

m

2

s=1

[—5(am) + ) lon(er), om(es)] ,am(es)] ,am(es)] (52)

i=1

where A, is the (positive) Laplacian of (M, g) acting on C*™ functions on M, and {e;}", is a local
orthonormal frame field on (M, g).

Therefore, we obtain immediately the following two corollaries.

Corollary 15. Let (G/K, h) be a Riemannian symmetric space and ¢ : (M,g) — (G/K,h) a C*
mapping. Then, we have:
(1) Themap ¢ : (M,g) — (G/K, h) is harmonic if and only if:

m

— 0(om) + Y _ [on(e:), aum(es)] =0 (53)

i=1

(2) Themap ¢ : (M,g) — (G/K, h) is biharmonic if and only if:

[ + Z [aé(ei), ozm(ei)] ,O./m<65)] ,am(es)] =0 (54)

=1

Corollary 16. Let (G/K, h) be a Riemannian symmetric space and ¢ : (M,g) — (G/K,h) a C*
mapping with a horizontal lift ) : M — G, i.e., p = 7 0o ¥ and Yy (T, M) C Hy(y), which is equivalent
to o = 0.

Then, we have:

(1) The map ¢ : (M, g) — (G/K, h) is harmonic if and only if:

(o) =0 (55)

(2) and the map ¢ : (M, g) — (G/K, h) is biharmonic if and only if:

m

Sdd(am) + ) [[6(am), am(es)] s am(es)] = 0. (56)

s=1

For applications and examples, see [29,30].
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6. The C'R Analogue of Harmonic Maps and Biharmonic Maps

In the 1970s, Chern and Moser initiated [58] the geometry and analysis of strictly convex C'R
manifolds, and many mathematicians have worked on C'R manifolds (cf., [59]). Recently, Barletta,
Dragomir and Urakawa gave [60] the notion of the pseudo-harmonic map, and also Dragomir and
Montaldo settled [10] the one of the pseudo-biharmonic map.

6.1. Conjecture and Results

In this part, we raise:

The C'R analogue of the generalized Chen’s conjecture:

Let (M, gy) be a complete strictly pseudoconvex C'R manifold and assume that (/V, i) is a Riemannian
manifold of non-positive curvature.

Then, every pseudo-biharmonic isometric immersion ¢ : (M,g9) — (N,h) must be

pseudo-harmonic.

We will see that this conjecture holds under some L? condition on a complete strongly pseudoconvex
CR manifold (cf., Theorem 18) and will give characterization theorems on pseudo-biharmonic
immersions from C'R manifolds into the unit sphere or the complex projective space (cf., Theorems 19
and 20). More precisely, we will see:

Theorem 17. (cf., Theorem 21) Let ¢ be a pseudo-biharmonic map of a complete CR manifold
(M, gp) into a Riemannian manifold (N, h) of non-positive curvature. If the pseudo-energy and the

pseudo-bienergy of ¢ are finite, then o is pseudo-harmonic.
Then, we have:

Theorem 18. Let ¢ be an isometric immersion of a C R manifold (M*",gq) into the unit sphere
S +2(1) of curvature one. Assume that the pseudo-mean curvature is parallel, but not pseudo-harmonic.

Then, ¢ is pseudo-biharmonic if and only if the restriction of the second fundamental form B, to the
holomorphic subspace H,(M) of T,M (x € M) satisfies that:

| Bol o 1> = 2n

Furthermore, we have:

Theorem 19. Let ¢ be an isometric immersion of a CR manifold (M*", gy) into the complex
projective space (P"*1(c), h, J) of holomorphic sectional curvature ¢ > 0. Assume that the pseudo-mean
curvature is parallel, but not pseudo-harmonic. Then, o is pseudo-biharmonic if and only if one of the
following holds:
(1) J(de(T)) is tangent to (M) and:
I Belmanxaon I* = ;1(2” +3)
(2) J(dp(T)) is normal to p(M) and:

| Boluy<mon I = (2n) =
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Here, T is the characteristic vector field of (M, gs), Hy(M) ® RT, = T,(M) and By|uamyx () i
the restriction of the second fundamental form B, to H (M) (z € M).

Several examples of pseudo-biharmonic immersions of (M, gs) into the unit sphere or complex
projective space are given in [31].

6.2. Explanations of Notions and Proofs of the C' R Rigidity

We explain the terminologies in the above results following Dragomir and Montaldo [10] and also
Barletta, Dragomir and Urakawa [60]. We also prepare the materials on pseudo-harmonic maps and
pseudo-biharmonic maps (see also [61]).

Let M be a strictly pseudoconvex C'R manifold of (2n + 1)-dimension, 7" the characteristic vector
field on M, J the complex structure of the subspace H,(M) of T, (M) (x € M) and gy the
Webster—Riemannian metric on M defined for X, Y € H (M) by:

90(X,Y) = (dO)(X,JY), go(X,T) =0, go(T,T) =1

Let us recall for a C* map ¢ of (M, gy) into another Riemannian manifold (N, h); the pseudo-energy
Ey(y) is defined [60] by:

_ % / Z(go*h)(Xi,Xi)Q/\ (do)" (57)

where { X;}?", is an orthonormal frame field on (H (M), gg). Then, the first variational formula of Ej(p)
is as follows [60]. For every variation {¢; } of ¢ with g = ¢,

By = - /M W), V) d6 A (dB)" = (58)

dt |y
-1 - _ 4 -
where V' € I'(¢™'T'N) is defined by V(z) = Z|i—opi(®) € Ty N, (x € M). Here, () is the
pseudo-tension field, which is given by:

Z B, (X, X)) (59)

where B,(X,Y) (X, Y € X(M)) is the second fundamental form of Equation (3) for a ¢ map of
(M, gp) into (N, h). Then, ¢ is pseudo-harmonic if 7,(¢) = 0.

The second variational formula of £ is given as follows ([60], p.733):

d2

| Eon = [ ). V)0 (o) (60)

dt?|,_, M

where J, is a subelliptic operator acting on I'(o~'T'N) given by:
Jo(V) =Dy V = Ry(V) (61)
Here, for V € T'(¢"'TN)),
2n
AV ="y VV = =3 {Vx (Vi V) = Ve xV )

i=1 62)
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where V is the Tanaka—Webster connection, V the induced connection on ¢~'T'N induced from the
Levi-Civita connection V" and {X;}?", a local orthonormal frame field on (H (M), gy), respectively.
Here, (ﬁ )xV = VxuV (X € X(M),V € I'(¢~'TN)), corresponding to the decomposition
X =X 4+ go(X,T)T (X¥ € H(M)). Define 7 (X) = X (X € T,(M)), and (VH)* is the formal
adjoint of V' .

Dragomir and Montaldo [10] introduced the pseudo-bienergy given by:

Euale) = 5 [ hno). o)) 0 1 (@0)" 63

where 7,(¢) is the pseudo-tension field of ¢. They gave the first variational formula of Ej. as
follows ([10], p. 227):

d
dt{,_,

Eoaler) = — /M h(ra(9), V) 0 A (dO)" (64)

where 7, 5(¢) is called the pseudo-bitension field given by:

To2(p) = Ay (Ty(i0 ZR (15(i0), dep(X3)) dip(X5) (65)

Then, a smooth map ¢ of (M, gy) into (IV,h) is said to be pseudo-biharmonic if 7,5(¢) = 0.

By definition, a pseudo-harmonic map is always pseudo-biharmonic.

Theorem 20. (cf., Theorem 18) Assume that p is a pseudo-biharmonic map of a strictly pseudoconvex
complete C'R manifold (M, gy) into another Riemannian manifold (N, h) of non-positive curvature.
If v has finite pseudo-bienergy Ey,»(p) < oo and finite pseudo-energy Ey(¢) < oo, then it is

pseudo-harmonic, i.e., 7,(p) = 0.

(Proof of Theorem 21) The proof is divided into several steps.

The first step: For an arbitrarily fixed point g € M, let B.(z) = {z € M : r(z) < r} where r(z)

is a distance function on (MM, gy), and let us take a cut-off function n on (M, gy), i.e

0<n@)<1 (€M), nl@)=1 (z€B(x))
2 (66)
n(2) =0 (z & Ba(z0)), [Vl < (z€M)

where r is the distance function and V¥ is the Levi-Civita connection of (M, gy), respectively.
Assume that ¢ : (M, gg) — (N, h) is a pseudo-biharmonic map, i.e.,

Tb,2(¢) = Jo(To()) = Au(Te(p ZRh (T X;)) dp(X;) =0 (67)
The second step: Then, we have:

| @t aten o A sy

K Z (RN (m(), dp( X)) dip(X;), () 6 A (d6)" < 0 (68)
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since (N, h) has the non-positive sectional curvature. However, for the left-hand side of Equation (68),
it holds that:

/M (Bo(m()), 72 ()} 6 A (dB)"

- /M & (). T (P () 0 A (d6)"

2n
N / D (Vx,m(e), Vi, (7" 1(9) ) 6 A (d6)" (69)
¥
Here, let us recall, for V, W € T'(¢'TN)),
" = 2n+1 " " 2n
<v Mv W> = Z <veav7 veaI/V> = Z<vX1V7 szW>
a=1 j=1
where {e, }2" is a locally-defined orthonormal frame field of (M, gg), X;7", is an orthonormal frame

of H(M) and VaW (X € X(M), W € T(¢~'TN)) is defined by:

VW = Z {(XTf) Vi + [V xn V;}

J

for W = 37, f;V; (f; € C>(M) and V; € T'(¢~'TN). Here, X" is the H(M)-component of X
corresponding to the decomposition of T),(M) = H,(M) @ RT, (x € M), and V is the induced
connection of o !T'N from the Levi—Civita connection V" of (N, h).

Since

Vx, (1)) = 2n X;n () + 1° Vi, () (70)

the right-hand side of Equation (69) is equal to:
2n
p— 2 n
[ 3 ¥xme) [0 (@0
M T

2 [ SV mle), (X)) 0 A (@0)" 1)

Therefore, together with Equation (68), we have:
2n )
[ 31w ['0 n (aoy
M T
2n o
<=2 [ S Txmle) (Xm () oA (@)
M 5

2n
-2 [ S wwen @) 2)
Mo

where we define V;, W; € I'(p"'T'N) (j =1,---,2n) by:

V= nvxj n(p), W;:=(X;n)m(p)
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Then, since it holds that 0 < |\/E Vi + % Wif for every € > 0, we have,

RHSoquuat10n(72)<e/ Z‘V‘ O N (dO)" /Z‘W‘ O N (dO)" (73)

1
for every € > (. By taking ¢ = 2 we obtain:

| w32 |Vxnie) [ o oy

1 2n . 2n
< 5/ Zn2|vxjn(go)\2m(de)"+z/ ST Xl | n(e) |0 A (do) (74)
M j=1 M iy
Therefore, we obtain, due to the properties that 7 = 1 on B,.(x¢) and z Xgn? < [vee? < (%)2,
2n
/ ZW% )6 A (do)" / Z!Vxn, )6 A (d9)"
T(xo _
<4/ Z|Xm\ 7(0)|* 0 A ()" / |75()|? 0 A (d6)" (75)

The third step: If we let r — oo, then B,.(z¢) goes to M, and the right-hand side of Equation (75) goes
to zero due to our assumptions that £, 5(p) = 3 [;, [7(¢)|? 0 A (df)™ < oo and (M, ge) is complete.
Thus, we have:

2n
/ > 1 Vxm(e) "0 A (o) =0 (76)
M3

This implies that:

Vxn() =0 (for all X € H(M)) 77)

The fourth step: Let us take a one form « on M defined by:

{ (do(X) 1)), (X € H(M))

Then, we have:

< ([ oo <de>”); ([ miaron <de>")é
=24/ Ep(p) Ep2(p) < o0 (78)
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where we put dyp == 327" dp(X;) ® X,

2n 2n
dypl® =D 90(Xi, X5) hldip(X), dp(X;) = D hldp(Xy), dp( X))
ij=1 i=1
and
1
Bile) = 5 [ lduel 0 n (a0 19)
M
Furthermore, let us define a C'*° function d,cx on M by:
2n
o =—> (Vy,a) Z {Xi(a —a(Vx, X;)} (80)
j=1

where V is the Tanaka—Webster connection. Notice that:
2n

div(a) = Y (V¥ a)(X;) + (VE£a)(T)

— Z {X;(a o mp(X;)) —a o WH(VS)]?J-XJ)}
+T(a o my(T)) —a o myg(VET)

_Z{X )) — almu (VY X))} = Z{X i) —o(Vx, X;)}

_ _5ba (81)

where 7y : T,(M) — H,(M) is the natural projection. We used the facts that V#¥7T = 0 and
mu(VEY) = VXY (X,Y € H(M)) ([61], p. 37). Here, recall again that V% is the Levi-Civita
connection of gy and V is the Tanaka—Webster connection. Then, we have, for Equation (80),

dpor = — Z { X {do(X;), () = (deo(Vx, X;), () }

(Vx, (do( X)), () + (do(X;), Vx, ()
_Z{ (dp(Vx,X;), 1)) }

- <Z {Vx, (do(X))) — dp(Vx, X;) } ,Tb(¢)> = —|n(p)I” (82)
j=1
We used Equation (77) to derive the last second equality of Equation (82). Then, due to Equation (82),
we have for Ep»(¢p),
Eb2 / ‘Tb |2(9/\ d9 :——/ 51,0[9/\ d9
_ / div(a) 0 A (d6)" = 0 (83)
T2 M

In the last equality, we used Gaffney’s theorem (cf., Theorem 6, [23], p. 271, or [53]).
Therefore, we obtain 7,(¢) = 0, i.e., ¢ is pseudo-harmonic. [
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7. Biharmonic Hypersurfaces of Compact Symmetric Spaces

7.1. Characterization of Biharmonic Maps

In the first part of this section, we show a characterization theorem for an isometric immersion ¢ of
an m-dimensional Riemannian manifold (M, ¢) into a Riemannian manifold (N, h) whose tension field
7(¢p) satisfies that ViT(cp) = 0 (X € X(M)) is biharmonic. Let us recall the following theorem due
to [2]:

Theorem 21. Let p : (M™, g) — (N, h) be an isometric immersion. Assume that V)L(T(w) = 0 forall
X € X(M). Then, ¢ is biharmonic if and only if the following holds:

- Z h(7 (), R"(dip(e;), dp(ex))dp(er)) dip(e;)
]k 1
+ Z h(1(p), By(ej, ex)) By(e;, ex) Z ©),do(e;)) de(ej) =0 (84)

where R" is the curvature tensor field of (N, h) given by R"(U, V)W = V&(VLW) — VL (VW) —
V[UV W, (U, V,W € X(N)), B,(X,Y) (X,Y € X(M)) is the second fundamental form of the
immersion @ given by B,(X,Y) = VZ¢(X)dg0(Y) —dp(V%Y) and {e;} is a locally-defined orthonormal
frame field on (M, g).

We obtain:

Theorem 22. Let p : (M™, g) — (N, h) be an isometric immersion. Assume that ﬁ)ﬁr(@) = 0 for all
X € X(M). Then, @ is biharmonic if and only if the following equations hold:
(1) The tangential part:

(Z RM(7 (), dp( ek))dgo(ek))T =0 (85)

(2) The normal part:
i
<2Rh ), dp(ex)) dgo(ek)> = Z h(1(p), By(e;, ex)) By(e;, ex) (86)

As a corollary of Theorem 2, we obtain:

Corollary 23. Assume that the sectional curvature of the target space (N™, h) is non-positive.
Let p : (M™,g) — (N™, h) be an isometric immersion whose tension field satisfies v)L(T(gp) = 0 for
all X € X(M). Then, if ¢ is biharmonic, then it is harmonic.

Remark 2. Corollary 24 gives partial evidence to the generalized B.-Y. Chen’s conjecture: every
biharmonic isometric immersion into a non-positive curvature manifold must be harmonic. On the other
hand, notice that the generalized B.-Y. Chen’s conjecture was given by a counter example due to Y. Ou
and L. Tang [27].
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7.2. Biharmonic Submanifolds in Einstein Manifolds

In the second part of this section, we apply Theorem 23 to an isometric immersion into an Einstein
manifold (N™, h) whose Ricci transform is denoted by p", by definition, p"(u) := >""" | R"(u, €})e} (u €
T,N, y € N), where {e/}I, is a locally-defined orthonormal frame field on (N", h). Then, we obtain:

Theorem 24. Assume that ¢ : (M™, g) — (N, h) is an isometric immersion whose tension field T(p)
that satisfies that v)L(T(go) = 0, and the target space (N, h) is an Einstein, i.e., the Ricci transform p" of
(N, h) satisfies p" = c X for some constant c. Then, @ is biharmonic if and only if the following holds:

cT(p) — Z RMr(p), &) = Z h(7(¢), By(ej, ex)) By(ej, ex) (87)

where {&;}_, is a local orthonormal frame field of the normal bundle corresponding to the immersion
p: M — N.

In the following, we treat with a hypersurface ¢ : (M™,g9) — (N™h), ie., p = 1, and

m =dim M = dim N — 1 = n — 1. In this case, we obtain the following theorem:

Theorem 25. Assume that ¢ : (M™,g) — (N™, h) is an isometric immersion whose tension field
V)L(T(go) =0 (VY X € X(M)) and ¢ is a hypersurface, i.e., m =n — 1.
(1) If ¢ is not harmonic, then o is biharmonic if and only if:

p"(€) = [IBolI* €, (88)

where p"* is the Ricci transform of (N, h) and € is a unit normal vector field along .
(2) In particular, if (N, h) is an Einstein manifold, i.e., ph = cld and ¢ is not harmonic, then ¢ is

biharmonic if and only if || B,||* = c.

Furthermore, we have:

Theorem 26. Assume that o : (M, g) — (N, h) is an isometric immersion into a Riemannian manifold
(N, h) whose Ricci curvature is non-positive, dim M = dim N — 1, and v;T(go) = 0 for all C* vector

field X on M. Then, if ¢ is biharmonic, it is harmonic.

Finally in this section, we give a criterion for which the condition v§7(¢) =0 (VX €
X(M)) holds:

Proposition 27. Assume that ¢ : (M™,g) — (N", h) is an isometric immersion with m = dim M =
dim N — 1 = n — 1. Then, the following equivalence holds: The condition that vﬁ(T(go) =0(VXe¢
X(M) holds if and only if the mean curvature H = = %"" H;; is constant on M. Here, By(e;, e;) =
H;; & and € is a unit normal vector field along .

Summarizing Theorems 26 and 27 and Proposition 28, we obtain:
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Corollary 28. Let ¢ : (M™,g) — (N", h) be an isometric immersion. Assume that m = dim M =
dim N — 1 = n — 1 and the mean curvature of ¢, H = =3~ H;; = L7(¢), is constant. Then, the
Jfollowing hold:

(1) Assume that H # 0, i.e., ¢ is not harmonic. Then, it holds that ¢ is biharmonic if and only if
p"(&) = ||B,lI* & where p" is the Ricci transform of (N, h), € is a unit normal vector field along ¢ and
B, is the second fundamental form of .

(2) Assume that H # 0 and (N, h) is Einstein, i.e., p" = cU for some constant c. Then, ¢ is
biharmonic if and only if | B,||* = c.

(3) Assume that H # 0 and the Ricci curvature of (N, h) is non-positive. Then, if ¢ biharmonic, it
is harmonic.

Due to the above, we have a classification of homogeneous hypersurfaces in compact symmetric
spaces. Refer to our recent paper [32]. Finally, we raise a problem related to this topic (cf., [32]):

Problem29. Let (N™, h) be an Einstein manifold with the Ricci transform p* = c U for some constant
¢ > 0 and admitting a low cohomogeneity action of some compact Lie group H. Determine all of the

H-orbits, which are harmonic or biharmonic.

8. Conclusions

We have given a survey on recent progresses on Chen’s conjecture and the generalized Chen’s
conjecture, the outlines of the proofs on the L? rigidity theorems of biharmonic maps due to N. Nakauchi
and myself, and also its C'R analogue. Then, we have given a survey on constructions and classification
of harmonic maps and biharmonic maps into compact Lie groups or compact symmetric spaces. Finally,
we have explained how to construct biharmonic hypersurfaces of compact symmetric spaces. We hope
for young geometers to read this survey, and to give new results by extending our results, and to attack
and obtain answers of the above problem 29.
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