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Abstract: We show that in long-time the heat semi-group on a path group associated to a

Bilaplacian on the group tends to the Haar distribution on a path group.
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1. Introduction

Let us consider a compact connected Lie group G of dimension d endowed with its normalized
biinvariant Haar measure dg. Let us consider the Laplacian A on it. It is equal to > _(9.,)? where ¢;
is an orthonormal basis of the Lie algebra of GG. It generates a Markov semi-group F;:

0
aptf = ARf (1)
if f is smooth. Moreover there is a strictly positive heat kernel
PI@) = [ mla0. 1160 = [ mle.s™d) 10 @
when ¢t — oo
Pif(g) = /G fg)dg 3)

Let us consider a Bilaplacian on G, this means a power A* k > 1. It generates still a semi-group
PF. PF is not a Markovian semi-group. This means that the heat kernel pf(g, ¢’) associated to PF can
change sign. We have still when ¢ — oo

PEf(g) /G £(9)dg @
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In the first case, the heat semi-group is represented by the Brownian motion on G. In the second case,
there is until now no stochastic process associated to it. In the case of R?, the path integral involved with
the semi-group PF is defined as a distribution in [1].

We are motivated in this work by an extension in infinite dimension of these results, by considering
the case of the path-group C'([0, 1], G) from continuous path from [0, 1] into G starting from e.

Let us recall that the Haar measure dg on a topological group G exists as a full measure if and only
if the group is locally compact. Haar measure means that for all bounded measurable function £
| Faads = | Fag 5)

G G

The difficult requirement to satisfy is the Lebesgue dominated convergence: Let F, be a bounded
increasing sequence of measurable functions tending almost surely to . Then

/ E,dj — / Fdg (6)
G G

Haar measures in infinite dimension were studied by Pickrell [2] and Asada [3]. We have defined
the Haar distribution on a path group by using the Hida-Streit approach of path integrals as distribution
[4-7]. We refer to the review of Albeverio for various rigorous approaches to path integrals [8] and our
review on geometrical path integrals [4,9].

In the case of a path group, we can consider the Wiener process on a path-group t — {s — ¢s:}
starting from the unit path (See the work of Airault-Malliavin ([10]), the work of Baxendale [11] and the
review paper of Léandre on that topic [12]). We have shown that

E[F(g.0)] — /C o1y Flatan )

when ¢ — oo where dD is the Haar distribution on the path group and F' is a test functional of
Hida type [7].

Recently we are motivated by extending stochastic analysis tools in the non-Markovian
context ([13—17]). Especially in [1], we are interested in constructing the sheet and martingales problem
in distributional sense for a big-order differential operator on R%. We consider for that the Connes
test algebra.

Let us recall what is the main difference between the Hida test algebra and the Connes test algebra.

(1) Hida considers Fock spaces and tensor product of Hilbert spaces.

(2) Connes, motivated by his work on entire cyclic cohomology, considers Banach spaces. Tensor
product of Banach spaces whose theory (mainly due to Grothendieck) is much more complicated than
the theory of tensor product of Hilbert spaces.

In [1], we are motivated by the generalization of martingale problems in the non-Markovian context.
We consider Connes spaces in [1]. In the present context, we are not motivated by that and we return in
the original framework of [7].

We consider the heat semi-group on a path group associated to a bilaplacian on the group in the
manner of [1]. In [1], we look at the case of R?. Here we consider the case of the compact Lie group G.

The analysis is similar because we have analog estimates of the heat-kernel [18-20].
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In order to resume, we consider an element o of an Hida Fock space, we associate a functional
U(o) on the path group. The heat-semi group (in the distributional sense) QF satisfies the three next
properties:

(1) Q¥ (o) is still in the considered space

@) Qo Qb = Qk,y

(3) Whent — oo

Qi (o) (g) / o D ®)

Q¥ is not a Markovian semi-group on C([0, 1], G). Especially, Q¥ is not represented by a stochastic

process. However we expect to extend in this context (7).
2. A Brief Review on the Haar Distribution on a Path Group

Let us recall what is the Brownian motion ¢ — B; on R. We consider the set of continuous path
t — By issued from 0 from R" into R. We consider the sigma-algebra I, spanned by B, s < t. The
Brownian motion probability measure dP is characterized as the solution of the following martingale

problem: if f is any bounded smooth function on R,

t f(B) - / AS(B,)ds ©)

0

is a martingale associated to the filtration [;. This means that

Bl - [ ' AF(B.)ds)G) = EI(f(By) — / " AF(B)ds)C (10)

where G is a bounded functional F;; measurable (¢’ < ).

The Brownian motion is only continuous. However we can define stochastic integrals (as it was done
by It6). Let s — h, be a bounded continuous process. We suppose that h, is F; measurable. Then the
Itd integral is defined as follows:

1
/ he0B, = lim h(i)(B(m) — B)) (11)
0

l
k—o0 & k
1<k

Moreover we have the It6 isometry

Bl( hdB.) = / nds) (12)

Associated to the Brownian motion is classically associated the Bosonic Fock space.
Let H, be the Hilbert space of L? functions A(.) from R* into R. We consider the symmetric tensor
product H?n of H,. It can be realized as the set of symmetric maps 2" from (R*)" into R such that

/ B (51, .. ) [2dsy.dsn = [|B"]2 < o0 (13)
R

The symmetric Fock space W N, coincides with the set of formal series ¢ = ) A" such that
S™nl||h"||? < oo. To each h™ we associate the n'" Wiener chaos

V(") = / h™(s1, .., 8n)0Bs,...0 B, (14)
(RF)™
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if B, is the standard R-valued Brownian motion. The definition of the Wiener chaos ¥ (h™) is a small
improvement of the stochastic integral fol h(s)0Bs. By using the symmetry of h™, we have:

vy =t [ W (51501581 5B, as)
0<s1<852<...<8n,

Moreover Ep[|¥(h™)[?] = n!||h"™||? and ¥ (k") and ¥(h™) are orthogonal in L?(dP). The L? of the
Brownian motion can be realized as the symmetric Fock space through the isometry W.

We introduce the Laplacian A* on (R)* and we consider the Sobolev space H associated to
(AT + I)k. On the set of formal series ¢ = > h", we choose a slightly different Hilbert structure:

lolie =) nlC™|h"3, < oo (16)

n=0

We get another symmetric Fock space denoted W Ny, . We remark that if &' > k,C' > C

lolle.cr > llollkc (17)

The Hida test function space W.N._ is the intersection of W.N, - k > 1, C' > 1 endowed with the
projective topology. A sequence o,, of the Hida Fock space converges to ¢ for the topology of the Hida
Fock space if o, converges to o in all W. N, . The map Wiener chaos W realized a map from W. N, _
into the set of continuous Brownian functional dense in LQ(dP). We refer to the books [21] and [22] for
an extensive study between the Fock space and the L? of the Wiener measure.

In infinite dimensional analysis, there are basically 3 objects:

(i) An algebraic model.

(i1) A mapping space and a map ¥ from the algebraic model into the space of functionals on this
mapping space.

(ii1) A path integral 1 which is an element of the topological dual of the algebraic model.

In the standard case of the Brownian motion, x is the vacuum expectation:
pl¥ ()] = h° (18)

A distribution on the Hida Fock space is a linear map p from W. N _ into R which satisfies the following
requirement: there exists k, C'; K such that for all 0 € W.N,_

(o) < Cllo||kc (19)

Getzler in his seminal paper [23] is the first author who considered another map than the map Wiener
chaos. Getzler is motivated by the heuristic considerations of Atiyah-Bismut-Witten relating the structure
of the free loop space of a manifold and the Index theorem on a compact spin manifold. Getzler used as
algebraic space a Connes space and as map W the map Chen iterated integrals.

Getzler’s idea was developed by Léandre ([9]) to study various path integrals in the Hida-Streit
approach with a geometrical meaning. Especially Léandre ([5—6]) succeeded to define the Haar measure
dD as a distribution on a current group. Let us recall quickly the definition on it. We consider a compact
Riemannian manifold M (S € M) and a compact Lie group G (¢ € G). We consider the current
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group C'(M, G) of continuous maps S — ¢(5) from M into G. We consider the cylindrical functional
h(g(S1), .., g(S,)) on the current group. We have

/ h(g(S1), o g(S)AD = [ Blg, . g)dgn..dg, 20)
C(M,G) Gr

We would like to close this operation consistently. It is the object of [5-6].
(1) Construction of the algebraic model. We consider the positive self-adjoint Laplacian on M x G
AMX*G We consider the Sobolev space Hj, of maps from o M x G into R such that

/ (AM*C 4 2)*h)2dSdg = A2 1)
MxG

We consider the tensor product H>" associated to it and we consider the natural Hilbert norm on it (d.S
and dg are normalized Riemannian measures on M and G respectively). W.N; ¢ is the set of formal
series o = Y h"™ such that

Y Ctntli = loliie < o (22)

The Hida test functional space is the space W.No,_ = NW.N;, ¢ endowed with the projective topology.

(2) Construction of the map V. To h™ we associate

\P(h”)(g(.)):/[om h"(g(S1),..,9(Sn), S1, .., Sn)dSi...dS, (23)

We putif o = > A"
V(o) = W(h") (24)
n=0

The map W realizes a continuous map from W.N,_ into the set of continuous functional on C(G, M).

(3) Construction of the path integral. We put if h™ belongs to all the Sobolev Hilbert spaces Hy,
/ U (h™)dD = h™ (g1, -+, Gn, S1, -, Sn)dg1..dg,d S ..dS, (25)
G,M) M7 xGn

This map can be extended into a linear continuous application from W.N,,_ (We say it is a Hida
distribution) into R. This realizes our definition ([5-7]) of the Haar distribution on the current group
C(M,G).

Let I € [0, 1]™. We consider the normalized Lebesgue measure dv" on [0, 1]™. Let L; be the i*" partial

Laplacian on G". We consider the total operator

n n 2

L= H<Li+2>H(—%+2) (26)

i=1 =1 t

which operates on function 2™ on G™ x [0, 1]" and we consider its power (L), Let h*(g", I) be a
function on G™ x [0, 1]™. We put

|2, = O /G @ g @7
7 x|0,1]™

(dg™ is the normalized Haar measure on G" and dv" the normalized Lebesgue measure on [0, 1]™).
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We put

o= Z % (28)

lolic =D In"llEc (29)
Definition 1: The Hida Fock space W.N,_ is the space constituted of the o defined above such that

forallk € N,C >0 |lo|f; o < o0
If o belongs to W.N,,_, we associate

and we consider the Hilbert norm

U(o)g() =3 / B (g(1). - g(sa) DA™ (1) (30)

where s — ¢(s) belongs to C([0, 1], G).
Theorem 2: If 0 € W.N,_, V(o) is a continuous bounded function on C([0, 1], G).
We put

/ U (h"™)dD = R™ (g1, -y Gns S1, o Sn)dg1..dgndsy..ds, 31)
C([0,1],G) [0,1]"xG™

Let us recall three of the main theorems of [7]:
Theorem 3: dD can be extended as a distribution on the Hida Fock space. This means that there
exists k, C, K such that for all 0 € W.N4_

| U(o)dD| < K||o||xc (32)
C([0.1,6)

Theorem 4: If ¥(o) > 0, fo([o 1:6) U(o)dD > 0.
Theorem 5: If ¥ (0) = 0, [0 ¥(0)dD = 0.

3. A Non-Markovian Semi-group on a Path Group

In the sequel, we will suppose that 4k > d. In such a case ( [20]), we have

, C d(g,9')
P (9:9)] < a7 Gona(—75) (33)

where G,,..(u) = exp[—au®™/?"=1]. pF(g, ¢') is the heat-kernel associated to the heat semi-group PF
and d is the biinvariant Riemannian distance on G.

Pif(g) = /G pi(9.9)f(g')dg (34)
Moreover, since A” is biinvariant
pi(99'9'9") = pi(9'9.9'9) = (9.9 (35)
Since it is an heat kernel associated to a semi-group, it satisfies the Kolmogorov equation:

P9, 9) = / P (g9, 9" )0k (g", g dgt (36)
G
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This shows that if ¢ € [0, 1] that
1P Flloo < Cllflloe (37)

and that
|PF|[|d(e, .)[P)(e) < Cthr) (38)

Remark: We could get in the sequel more general convolution semi-groups [20] with generators of
degree 2k whose associated heat-kernels satisfied still (33).
Let us divide the interval time [0, 1] into in time intervals [t;, ¢;,1] of length 1/m. Let F" be a cylindrical

functional (g, , g1,, g1, ). Let us introduce

P (g, s gr,,) = / (902915 - Gt Gm) | [ Py (91, 93) s (39)

" i=1

(go = e). This defines a semi-group on G™. Let us show this statement. We remark

pEmpEmpmg ) =
m—1 m—1

/ h(gtlglgla L) gtmgmgm> H pf/m(Qla gi+1> H Plz/m(527 §z+1)dgld§z (40)
GmxGm i=0 i=0

We do the change of variable g; = g,9; ; 9; = ¢g;- We recognize in the last expression

m—1 m—1

/ h<gt1§17 ey gtmgm) H pf/m(gla gi+1) H pf/m(.&zgz_lv glJrlgz_Jrll)dgldgl (41)
Gmxam i=0 i=0
But
m—1 m—1
/ LI 290 gi0) T1 25 Gigi " G195 ) dgs =
G™ =0 i=0

m—1
/ H pf/m(Qia 9¢+1)Pl§/m(9~i7 §z‘+19;r119z‘)d9i =
G™ =0

m—1 m

1
/ LI 25 (569008 (@ Giv1)dg; = [ ] Phee (G2 Givn) - (42)
G™ =0

m

=0

We have used the semi-group property (36) of P¥ and the fact that PF is biinvariant (35).
We would like to extend by continuity this formula for functionals which depend on an infinite number
of variables V(o) of the previous type. We put for h™:

u[w ()] =

n—1

/ hn(glﬂ’9’)’07517’Sn)Hp];;_;'_l—sl(g'“gl+1)dg’ldyn(8177Sn) (43)
Gnx[0,1] o
(so = 0). We order s < s9 < .. < s, without to loose generality.

We extend p by linearity.

Theorem 6: 1 is a Hida distribution . Moreover if V(o) = 0, u[¥ (o] = 0.
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Proof: By the property of the cylindrical semi-group listed in the beginning of this part, we have

n—1

|t s TL I g < O o @
i=0
where |||« is the uniform norm of A". This uniform norm can be estimated by Sobolev imbedding
theorem by ||h" || for some big k£ and C' independent of n. It follows clearly from that x is an Hida
distribution.
Let us give some details in order to estimate || h"||~. We introduce the ordered set of eigenvalues \; of
A. Let (o) = (i1, ..,1,). Let ¢; be the normalized eigenvectors associated to \;. We consider C-valued
functions to do that. We introduce ¢(o)(g1, -, gn) = [ ¢4,(g;). We get

W= Moy *3)
(o)
Therefore
||hn||oo < Z ||)‘(a)||oo||¢(a)||oo (46)
(o)

By Garding and Sobolev inequality, the right-hand side of the previous inequality is smaller than

" 3" K @Ik lollke @7
(o)

for some big k, some big C' and some big /.

Ky = H 24+ N\) (48)
i€(a)
Let us recall that A\; > 0 and that \; > C7"for some m ([24]). We apply Cauchy-Schwartz inequality
in (47). We deduce that

17" leo < C" KD M@l cllé@liie (49)
(a) (@)

But
> @l clléwllie = 11" e (50)
(@)
Moreover, by [8], A; > C47™ for some i¢. Therefore if [ is big enough, Z(a) K (o l) is finite bounded
independently of n.
Let us consider the polygonal approximation of mesh 1/1 ¢' of g.. If ¥(c) = 0, we get ¥()(g') = 0.
But ¥(0)(g') is a cylindrical functional which depends only of g;,, .., g;, = x1. We use the properties

listed in the beginning of this part. We get

P % (0)(gh)](e) =0 (51)
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by the property listed of the beginning of the cylindrical semi-group Ptk’l. It remains to show that when
| — oo that P [¥(a)(g")] is very close from ;[¥(c)(g.)]. This follows from the next consideration. Let

h"™ be an elementary tensor product. We get clearly

(@ (h")(gh)] = p[T (") (g)]] < C™{IR" [0

> /[ N (e D1+ I 9D (51,5 (52
i=0 0,1]™x

where [s]— denotes the supremum of the time of the subdivision smaller to s and [s], denotes the
infimum of the time of the subdivision larger to s. ||2"||1 o is the uniform C"' norm of A™. This norm can
be estimated by the Sobolev imbedding theorem by ||h"||;1 ¢, for k' and C* independent of n as in (50).

It remains to use the inequality (35) to conclude.{)

Definition 7: 1 is called the Wiener distribution issued from the unit path associated to A*.

Let 2™ be a smooth function from G™ x [0, 1]” into R. We suppose that 0 < s; < sg.. < s, in order
to simplify the exposition. We put

k.n n _
Pt F (gla"agnasla“asn)*
n—1

/ W(G1Y1s s Gm¥ns 515 5n) | [ Plissor oy Wir is )dys (53)

1=0

Ptk’" is the cylindrical semi-group on cylindrical functional associated to g, , .., gs,, -
lemma 8: There exist a C' bounded when t is bounded and which depend not of n, a k' which depend
only of k and not on n such that
IBE" B e < A"l (54)

Proof: If we take derivative in g;, the result comes by taking derivative under the sign integral in (43).
The result arises then from (37). Let us take first of all derivative in s;. Either we take derivative of
h™ and the result goes by the same way. Or we take derivative in s;; or s; of the heat kernel p*. We
represent in the way (43) the integral, we remark that the heat kernel satisfies the heat-equation and we
integrate by parts in order to conclude.$»

Let us suppose that the time subdivision is fixed. Clearly

Py o Pl =P, (55)

Let h™ be a function from G™ x [O, 1]" into R. We put
Q[T (h™)](g.) = /[ | PE (o ooy Gons 815 o5 5n)dV" (51, 50) (56)
0,1)

Theorem 9: Q¥ can be extended by linearity as a continuous linear operator on the Hida Fock space.
IfU(0)(g) =0, QF[¥(0)](g.) = 0 and we get the semi-group property

QY [T(0))(9) = Qi [¥(0)](9.) (57)

if o belong to W.N_.
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Proof: The fact that Q¥ can be extended by linearity follows from the previous lemma.
QF[Y(o)](x) = 0if ¥(o) = 0 holds exactly as in the proof of Theorem 6. For a simple element
h" of the Hida Fock space, we have clearly:

QrIQE Y (h™))(g.) = QF [ (R™)(g.) (58)

This result can be extended by continuity.{>
4. Long Time Behaviour

The main theorem of this paper is the following:
Theorem 10: If o belong to W.N,_, then whent — oo

QN (0))(e) — / U(0)dD (59)
C([0,1};G)

where e_is the unit path.

Proof: Let us decompose L?(G) in an orthonormal basis of eigenvectors ¢; of A associated to the
eigenvalues ;. Classically [24], sup, lpi(g)] < Ci™ and \; > Ci™ for some positive mq and m;.
Classically the heat kernel is given by

pi(g.g) =1+ exp[-Aei(9)i(g) (60)
1>0

>From the previous bound, we deduce if t > 1

sup |p}(g,9')| < C < 00 (61)
9.9

Ptk’" is associated if s; < s < .. < s, < 1 to a invariant elliptic operator on G™. It has therefore the
unique invariant measure ®dg;. This shows that if A" is an element of the Hida Fock space that

Pf’”h"(e,..,e,sl,sn) — h”(gl,..,gn,sl,..,sn)ndgi (62)
Gn i=1

provided all s; are different.
By the previous estimates, if t > 1

sup [P/ R < O™ R | (63)

where ||h" || is the supremum norm of A" which can be estimated by Sobolev imbedding theorem by
||h"™||cr & for some C’, some k" independent of n. Therefore

QF[T(0))(e) =) / PE[A™ (e, .., e, 51, ..5,)ds1..dsy, (64)

n=0 [0,1}"

By the dominated Lebesgue convergence, this tends when ¢ — oo to

o

h"(gl,..,gn,sl,..,sn) dgl dSi = / \IJ(O')dD (65)
Z% /an[o,m E g C([0,1];G)

n=
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5. Conclusions

We define a non-Markovian semi-group on a path group which acts on a Hida type test algebra on the

path group and we study its long time behaviour related to the Haar distribution on the path group.

References

1. Léandre, R. Stochastic analysis without probability: Study of some basical tools. J. Pseudo. Differ.
Oper. Appl. 2010, 1, 389-400.

2. Pickrell, D. Invariant Measures for Unitary Groups Associated to Kac-Moody Algebras; AM.S.:
Providence, RI, USA, 2000; Volume 693.

3. Asada, A. Regularized calculus: An application of zeta regularization to infinite dimensional
geometry and analysis. Int. J. Geometry. Mod. Phys. 2004, 1, 107-157.

4. Léandre, R. Path integrals in noncommutative geometry. In Encyclopedia of Mathematical Physics;
Naber, G., Ed.; Elsevier: Oxford, UK, 2006; pp. 8-12.

5. Léandre, R. Lebesgue measure in infinite dimension an an infinite distribution. J. Math. Sci. 2009,
159, 833-836.

6. Léandre, R. Infinite Lebesgue distribution on a current group as an invariant distribution. In
Foundations of Probability and Physics 1V, Vaxjoe, Sweden, 2006; Khrennikov, A, Ed.; A.L.P.:
Melville, NY, USA, 2007; Volume 889, pp. 332-337.

7. Léandre, R. Long time behaviour of the Wiener process on a path group. In Group Theory: Classes,
Representations and Connections and Applications; Danellis, C.H., Ed.; Nova Publisher: New
York, NY, USA, 2010; pp. 313-323.

8. Albeverio, S. Wiener and Feynman path integrals and their applications. Proc. Symp. Appl. Math.,
1997, 52, 163-194.

9. Léandre, R. Connes-Hida Calculus in index theory. In [4th International Congress on
Mathematical Physics; Lisboa, Portugal, 2003; Zambrini, J.C., Ed.; World Scientific: Singapore,
2003; pp. 493-498.

10. Airault, H.; Malliavin, P. Analysis Over Loop Groups; University Paris VI: Paris, France, 1991.

11. Baxendale, P. Wiener processes on manifolds of maps. Proc. Roy. Soc. Edimburg. A 1980, 87,
127-52.

12. Léandre, R. The geometry of Brownian surfaces. Probab. Surv. 2006, 3, 37-88.

13. Léandre, R. It6-Stratonovitch formula for a four order operator on a torus. Acta Phys. Debrecina.
2008, 42, 133-138.

14. Léandre, R. Ito-Stratonovitch formula for the Schroedinger equation associated to a big order
operator on a torus. Phys. Scr. 2009, 136, 014028.

15. Léandre, R. Itd-Stratonovitch formula for the wave equation on a torus. In Computations of
Stochastic Systems; El Tawil, M.A., Ed.; Springer: Heidelberg, Germany, 2010; pp. 68-75.

16. Léandre, R. 1t6 formula for an integro differential operator without a stochastic process. In ISAAC
2009; London, UK, 2010; Wirth, J., Ed.; World Scientific: Singapore, 2011; pp. 226-232.

17. Léandre, R. The It6 transform for a general class of pseudo-differential operators. Stochastic

Models and Data Analysis; Skiadas, C., Ed.; Chania, Greece, 2010.



Symmetry 2011, 3 83

18.

19.

20.

21.

22.
23.

24.

Auscher, P.; Tchamitchian P. Square Root Problem for Divergence Operators and Related Topics.;
S.M.S.: Paris, France, 1998; Volume 249.

Davies, E.B. Uniformly elliptic operators with measurable coefficients. J. Funct. Ana. 1995, 132,
141-169.

Ter Elst, A.; Robinson, D.W. Subcoercive and Subelliptic Operators on Lie Groups: Variable
Coefficients. Publ. Inst. Math. Sci. 1993, 29, 745-801.

Hida, T.; Kuo, H.H.; Potthoff J.; Streit L. White Noise: An Infinite Dimensional Calculus; Kluwer:
Dordrecht, The Netherlands, 1993.

Meyer, P.A. Quantum Probability for Probabilists; Springer: Heidelberg, Germany, 1993.

Getzler, E. Cyclic homology and the path integral of the Dirac operator, 1988,
Unpublished Preprint.

Gilkey, P. Invariance Theory, the Heat Equation and the Atiyah-Singer Index Theorem, 2nd ed.;
C.R.C. Press: Boca Raton, FL, USA, 1995.

(© 2011 by the author; licensee MDPI, Basel, Switzerland. This article is an open access article

distributed under the terms and conditions of the Creative Commons Attribution license

(http://creativecommons.org/licenses/by/3.0/.)



	Introduction
	A Brief Review on the Haar Distribution on a Path Group
	A Non-Markovian Semi-group on a Path Group
	Long Time Behaviour
	Conclusions

