symmetry

Article

Phase Diffusion Mitigation in the Truncated Mach-Zehnder

Interferometer

Quan Liao !

check for
updates

Citation: Liao, Q.; Ma, H.; Chen, L.;
Zhang, W.; Yuan, C.-H. Phase
Diffusion Mitigation in the Truncated
Mach-Zehnder Interferometer.
Symmetry 2024, 16, 187. https://
doi.org/10.3390/sym16020187

Academic Editors: Hongbo Zhang

and Aimin Yan

Received: 8 December 2023
Revised: 28 January 2024
Accepted: 1 February 2024
Published: 5 February 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

, Hongmei Ma 2, Liging Chen 13*{, Weiping Zhang 34>¢ and Chun-Hua Yuan 13*

State Key Laboratory of Precision Spectroscopy, Quantum Institute for Light and Atoms, East China Normal
University, Shanghai 200062, China; 51214700023@stu.ecnu.edu.cn

School of Communication and Electronic Engineering, East China Normal University, Shanghai 200062,
China; hmma@phy.ecnu.edu.cn

Shanghai Branch, Hefei National Laboratory, Shanghai 201315, China; wpz@sjtu.edu.cn

Department of Physics, Tsung-Dao Lee Institute, Shanghai Jiao Tong University, Shanghai 200240, China
Shanghai Research Center for Quantum Sciences, Shanghai 201315, China

Collaborative Innovation Center of Extreme Optics, Shanxi University, Taiyuan 030006, China

*  Correspondence: Iqchen@phy.ecnu.edu.cn (L.C.); chyuan@phy.ecnu.edu.cn (C.-H.Y.)

G e W

Abstract: The presence of phase diffusion noise may lead to the loss of quantum measurement
advantages, resulting in measurement results that cannot beat the standard quantum limit (SQL).
Squeezing is considered an effective method for reducing the detrimental effect of phase diffusion on
a measurement. Reasonable use of squeezing can make a measurement exceed the SQL. The Mach-
Zehnder (MZ) interferometer has been exploited as a generic tool for precise phase measurement.
Describing the reduction in quantum advantage caused by phase diffusion in an MZ interferometer
that can be mitigated by squeezing is not easy to handle analytically because the input state changes
from a pure state to a mixed state after experiencing the diffusion noise in the MZ interferometer.
We introduce a truncated MZ interferometer, a symmetrical structure that can achieve the same
potential phase sensitivity as the conventional MZ interferometer. This scheme can theoretically
explain how phase diffusion reduces phase estimation and why squeezing counteracts the presence
of phase diffusion. Using the Gaussian property of the input state and the characteristic of Gaussian
operation in the squeezing, the two orthogonal field quantities of the quantum state are squeezed
and anti-squeezed to different degrees, and the analytic results are obtained. This result can beat the
SQL and provide reliable theoretical guidance for the experiment. The truncated MZ interferometer
is more straightforward to build and operate than the conventional MZ interferometer. Moreover, it
mitigates the phase diffusion noise via the squeezing operation, thus making it useful for applications
in quantum metrology.

Keywords: phase diffusion; truncated Mach-Zehnder interferometer; squeezing operation; noise
mitigation; symmetrical optimization

1. Introduction

Quantum metrology is fundamental in physics and invaluable for a wide range of
applications, attracting the attention of many researchers [1-3]. Sometimes, the parameters
cannot be measured directly in the quantum light field, so the phase of the light field is often
chosen as an ideal parameter for measurement [4-6], and the scheme of phase estimation
is theoretically proposed [7-9], comprising mainly optical interferometry and homodyne
measurements [10,11]. Interferometers can provide the most precise measurements. Re-
cently, physicists with the advanced Laser Interferometer Gravitational-Wave Observatory
(LIGO) observed the gravitational waves [12]. The Mach-Zehnder (MZ) interferometer
and its variants have been used as a generic model to realize precise measurement of a
phase [13]. However, the light field will inevitably interact with the environment in the
dynamic process and be disturbed by noise, such as photon loss and the most damaging
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phase diffusion noise, which have been studied by many researchers [14-26]. How to
improve the phase sensitivity in the presence of photon loss and phase diffusion noise or
how to mitigate the disadvantageous effect is crucial for the practical application of the MZ
interferometer and its variants.

For interferometers, the photon loss is a typical decoherence process that should be
taken into account. The general frame for estimating the ultimate precision limit in the
presence of photon loss has been analyzed [14-17], where this decoherence process can be
described by a set of Kraus operators, and the corresponding lower bounds in quantum
metrology are given by the quantum Cramér-Rao bound (QCRB) usage of quantum Fisher
information (QFI) [27]. It establishes the best precision that can be attained with a given
quantum probe [28-39]. Phase diffusion represents stochastic fluctuations of the estimated
phase shift. Such an effect may be caused by any process that stochastically varies the
effective optical lengths traveled by the photons, such as thermal deformations or the
micro-motions of the optical elements. The role of phase-diffusive noise in phase estimation
has been investigated for qubit [22,40,41], condensate systems [42,43], continuous-variable
systems [24], and quantum communication systems [44]. The study of the the behavior of
the QFI within the phase diffusion model was, for the first time, carried out by the Paris
group [24], where they considered indefinite-photon-number Gaussian input states and
studied numerically the achievable precision and the structure of optimal input states. This
noise is considered the most detrimental because it destroys the off-diagonal elements of
the density matrix. If this input quantum state is not affected by phase diffusion, its phase
shift will not change, but this quantum state is utterly useless for phase estimation [24]. Yet,
the fundamental analytical bounds on precision have not been verified. Escher et al. [45]
presented a variational approach to show an analytical bound based on purification tech-
niques, which explicitly depends on the mathematical description of the noise. The weak
measurements and joint estimation were used to deal with the phase and phase diffusion
simultaneously for quantum metrology [46,47]. For fixed-particle number probe states, the
analytical bounds associated with the simultaneous local estimation of phase and phase
diffusion were derived [48]. Using the minimization over the purifications method of
Ref. [15], Hu et al. showed an analytical bound of the SU(1,1) interferometer in the presence
of phase diffusion and photon losses for an arbitrary input pure state [49]. The collective
measurements offered an avenue to multi-parameter quantum-enhanced sensing even in
the presence of large amounts of decoherence [50].

The optimizations of phase estimation with photon losses have been discussed [51].
According to the QCRB, the first beam splitter should be unbalanced to improve the preci-
sion when photon losses are unbalanced, regardless of the detection method. Unbalanced
losses are unavoidable for multipass interferometry, such as, in the laser interferometer
space antenna (LISA) proposal [52,53], where the signal interference arm suffering signifi-
cant propagation loss is designed to return and interfere with the lossless local reference
arm. The optimization of the splitting ratio is helpful for applications with significant unbal-
anced loss, which is realized in experiments [54,55]. On the other hand, how to counteract
the adverse effects caused by phase diffusion was also studied. In recent years, the scheme
of using an optical parametric oscillator (OPO) to counteract phase diffusion has attracted
attention and has been implemented experimentally [56,57]. Inspired by this, injecting
squeezing directly after encoding is also considered an ideal solution. Squeezing has been
theoretically explained as an effective means of reducing phase diffusion, consistent with
existing experimental phenomena [58], thus providing a basis for subsequent loss research
and new ideas. However, due to the emergence of phase noise, we will not be able to
obtain the upper bound of the QFI that can be analyzed [59], which makes the result not
look so clear. Therefore, it is worth studying whether the disadvantageous effect of phase
diffusion can be mitigated in the MZ interferometer and whether its working principle can
be explained analytically.

In this paper, we introduce a truncated MZ interferometer, similar to the truncated
SU(1,1) interferometer (called the SU(1,1) interferometer because it is described by the
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SU(1,1) group [60]) [61], which not only achieves the same potential phase sensitivity as
the traditional MZ interferometer but also simplifies the theoretical treatment of phase
diffusion noise. In this truncated MZ interferometer, combined with the relevant char-
acteristics of the Gaussian state [62], the Gaussian state is injected, and then a model is
theoretically constructed to counteract the phase noise. The phase uncertainty is selected
as an appropriate parameter for the measurement results. Mixed states caused by phase
noise are challenging to theoretically handle in conventional interferometers. However, a
truncated MZ interferometer can solve this problem.

2. Truncated MZ Interferometer
2.1. Model

In the traditional MZ interferometer, the light field is divided into two beams after
passing through the first beam splitter and entering the interferometer’s two arms. After
experiencing different physical processes, the light field is combined in the second beam
splitter. Then, it is output to the detector to measure the quantity we want to measure.
However, the feasibility of the above scheme has certain limitations. When there is phase
diffusion noise in one or both arms of the interferometer, the light field will become a mixed
state before combining, making it difficult to obtain a suitable and convenient expression
method that is used to describe the output state of the light field after passing through
the interferometer. According to Ref. [61], we introduced a truncated MZ interferometer
as an ideal measurement tool, in which the upper arm is the detection arm and the lower
arm is the conjugate arm, as shown in Figure 1. After the first beam splitter splits the light
field, it then suffers a phase shift. It finally enters the detectors behind the two arms of the
interferometer, respectively, avoiding the process of combining beams.
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Figure 1. Schematic of the truncated Mach-Zehnder interferometer. a and b denote two light modes

in the interferometer. The phase diffusion corresponds to the application of a random, Gaussian-
distributed phase shift ¢ with variance 0%, and the mean is equal to the estimated parameter ¢. The
squeezing operation $(¢&) is introduced after the phase noise. BS: beam splitter; ¢: phase shift; HD:
homodyne detection; and LO: local oscillator.

Since the upper and lower arms of the interferometer are symmetrical, they can be
described by the same theoretical equations but with different subscripts. For homodyne
detection, we define the quadrature operators of the probe and conjugate the arms, which
are given by

R 1 ‘ .
fp = \ﬁ(e—z%p + el%a;), (1)
. 1 ‘ .

Jo = —=(e¥a.+e%a)), (2)

V2

where ¢, and ¢, are the local oscillator phases at the homodyne detectors. The joint
quadrature operator is

f: fp"‘fc- (3)
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We estimate the phase by two measurements performed on the state after phase encoding.
In particular, we measure the two results of | in Equation (3) by changing ¢p and ¢ to be
orthogonal. We call the two results X and Y. Then, the phase to be estimated is [56,57]

A

Y
¢ = éffi : (4)
Then, according to the law of variance propagation, we can obtain
2 )2
A2 — (¥)?Var(X) + (X)*Var(¥) 5)

()2 + (X)2)2 '

where Var(0) = (0?) — (0)2 (O = X, Y). The phase uncertainty is a significant physical
quantity. The smaller it is, the more accurate our measurement is.

2.2. Phase Estimation

In the truncated MZ interferometer, we input the coherent state [v/2a) into one arm
(arm a) and the vacuum state |0) into the other arm (arm b). After passing through the
beam splitter, there is a coherent state |a) and |ae'Z ). Since the truncated interferometer has
symmetrical properties, we choose to encode symmetric ¢ and —¢ in both arms to facilitate
our measurement of the phase uncertainty, as shown in Figure 2.
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Figure 2. Phase-space representation of a coherent state |«) (red) and its phase-diffused counterpart
(blue). (a) Probe arm and (b) Conjugate arm. Parameters: & = 2.5, 0 = 1.2. The effect of phase noise
on the uncertainty of the X, (X,) and Y, (Y;) quadratures is clear.

In order to obtain a set of suitable orthogonal field quantities, we symmetrically choose
¢p =0, ¢ = 5 for the X, and ¢p = 5, ¢c = 0 for the Y. Now, let us look at the results of
the measurement. When ¢, = 0 and ¢, = 7, we obtain

(X,) = V2xcos(pp+ ¢) = V2acos(p), (6)
(X) = V2asin(¢p. —¢) = V2acos(¢), (7)

and
Var(R,) = Var(X) = % ®)

then
(X) = (Xp) + (Xo) = 2v2a cos(¢), )

Var(X) = Var(X,) + Var(X) = 1. (10)
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Similarly, when ¢, = 7 and ¢, = 0, we have
(Y,) = V2acos(¢pp+¢) = —v2asin(¢), (11)
(Y.) = V2asin(¢. — ¢) = —V2asin(¢), (12)
and 1
Var(Y,) = Var(Y:) = 5 (13)
then
(V) = (Yp) + (Vo) = —2v2asin(9), (14)
Var(Y) = Var(Yy) + Var(Y,) = 1. (15)

Using Equation (5), we can therefore obtain the phase uncertainty in the lossless case

1
20
AP = 82 (16)

This is the SQL of the truncated MZ interferometer for the coherent state [v/2a) input. If the
injected coherent state is |a), the SQL is 1/4a?, which is exactly the same as the conclusion
in Ref. [56].

2.3. Phase Estimation with Phase Diffusion

Decoherence is the result of the interaction between the quantum system and the
environment during its evolution. Three typical decoherence modes are phase diffusion,
photon loss, and detection loss. The photon losses in the interferometer are modeled by
adding fictitious beam splitters, which have been studied [15].

Here, this scheme mainly studies phase diffusion, which represents the phase noise of
collective dephasing. Assume that the phase diffusion corresponds to applying a random,
Gaussian-distributed phase shift ¢ with variance ¢? and the mean is equal to the estimated
parameter ¢. The evolution of the initial state p;,, is expressed as

+o0 R N
pr = /_oo dopy(9)Uyoin Uy, (17)

_(e=g? . -
where py(@) = 22 /V2m0?, U, = e~ '?" and the symbol ¢ represents the amplitude
of phase diffusion. Considering the initial input state |¢);, = Y\_ cq|n), then the evolved
state may be written as

o0 N R
pr = [ N dopy(9)Uypin s,
_ 2 elep(nfm)ef%az(nfm)zpnlm

n,m

n) (ml, (18)

where p;,;n = cnC,. The density matrix of the output mixed state is obtained when the phase
noise is Gaussian noise. From the form of the above matrix, we can see that when phase
diffusion exists, the matrix elements on the diagonal of the matrix are not affected by noise,
indicating energy conservation, but the off-diagonal items of the matrix are suppressed
exponentially, indicating that the phase information carried by the state is destroyed.

We assume that the amplitude of phase diffusion in the probe arm and conjugate arm
are 07 and oy, respectively. When noise appears, the light field in the two arms will change
from a pure state to a mixed state. When ¢, = 0 and ¢, = 7, we obtain

(X)p = (Xp)p + (Xe)p = V2u(e ™2 + ¢ 2%) cos(¢), (19)
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and
Var(X)]p = [Var(Xp)lp + [Var(Xo)]p
= 14222+ (%7 +¢727%) cos(2¢)
—2(e™% + ) cos?(¢)]. (20)
Similarly, when ¢, = 7 and ¢. = 0, we obtain
(V)b = (Yo + (Ye)p = —v2a(e 2T + ¢ 2%) sin(gp), (21)
and
[Var(Y)]lp = [Var(Yp)lp + [Var(Yc)lp
= 1+a%2- (672012 + 672‘75) cos(2¢)
—2(e™ + ¢~ %) sin?(g)). (22)

In the presence of phase diffusion in the truncated MZ interferometer, we obtain the
phase uncertainty

(%37%712 + 73_%‘722)*2

(A%*¢)p = 82 +[2(e 2% 4 o232
_(6—2012 + 6—2‘722)(3_%‘712 + e_%%z)_z COSZ(24))
—(e72% ¢ 2%) (e + %) sin?(29)] /2. (23)

Define a physical quantity A{TWZ = ¢I7 4 ¢ (j = 1/2,1, 2) related to the loss of the
two arms. Then, the above Equation (23) can be simplified to

2 (308,0,)7% 1 2 T \—2_..2
(A (P)D = 82 + E[_Aal,(fz (Atfhffz) cos (2¢)
T o\=2 Al 3 o\=2.:2
+2(AG,0,) " = Mgy 0y (NG 0y) 7 8IN°(29)]. (24)

From the above calculation results, we can see that when phase diffusion noise appears,
the orthogonal field quantities of the quantum states in the two arms will be expanded to
varying degrees, thus making the phase uncertainty even greater. Moreover, due to the
beam-splitting effect of the MZ interferometer, there is an initial phase difference between
the two arms, so the quantum states in the detection arm and the conjugate arm will change
in different directions in the phase space, as shown in Figure 2. At the optimal point ¢ = 0,
the phase uncertainty is given by

1 1,1
2 -2
A% = ¢5(500.0)
1 1
2 -2 2 2 -2
Z(Ag'l,(TQ) - A (Ag'l,(fz)

01,02

* 2

(25)

When 07 = 02 = 0, the above Equation (24) becomes

1 1
(A2¢)p = @e"2 + 5 sinh(e?). (26)

Comparing Equation (16) with Equation (26), we can see that when there is no loss
in the interferometer, the square of the phase uncertainty is inversely proportional to
the average number of photons, reaching the SQL A%¢ = ﬁ. In the presence of phase

diffusion, the phase uncertainty will increase by a factor and an additional noise term. Next,



Symmetry 2024, 16, 187

7 of 12

we use a method that injects squeezing in opposite directions into each arm to counteract
this detrimental effect.

3. Phase Noise Optimization

In order to reduce the impact of this noise as much as possible, as shown in Figure 1,
after the phase diffusion noise, a squeezed operation is applied, which is given by

PN

(@) = e (2~ 1), @)

where { = re'l is the squeezed parameter, r is the squeezed amplitude, and 7 is the
squeezed angle. When we take 1 = 71, it means that we adopt the anti-squeezed scheme,
and the above equation is $(r) = exp[4(ra? — ra'?)].

In any arm of the truncated interferometer, when losses are not present, we can obtain

the measurement results for any detection reference phase

>

(J) = v2a[coshrcos(¢in + @) + sinhrcos(¢in — ¢)],
Var(f,) = % + cos 2¢, sinh r cosh 7 + sinh? 7. (28)

Especially, when ¢ = 0 or ¢, = /2, we have

. A 1
(J)g,—0 = V2ae" cos gy, [Var(J;)]g,—0 = 562’ (29)
or )
<fr> =1 = —\@xe”sin@n, [Var(fr)] =7 = 5372’. (30)

The coherent state is a Gaussian state commonly used in measurement schemes. After
defining a set of orthogonal field operators X and Y, we will be able to obtain two crucial
physical quantities of the Gaussian state: the one-dimensional moment vector R

_ <A>> _ (aCOS(—me))
R = ] =V2
<< ) V2 asin(—¢iy )

_ 47out

B 2( 47out > (31)
and the covariance matrix (CM)

[ (VarX) 0
M= < 0 (VarY) > (32)

The squeezed operation is also a Gaussian operation, affecting the evolution of the one-
dimensional moment vector R and CM of the Gaussian state in the dynamic process. Since
the phase noise model we established here is a Gaussian noise model, the effect of squeezing
on the evolution of Gaussian states in the phase space will not be destroyed by noise.

The phase diagrams of the two arms are different due to the existence of an initial
phase difference. We add a symmetrically squeezed operation in the opposite direction
in the two arms. The probe arm injects reverse squeezing, and the conjugate arm injects
positive squeezing. Therefore, in the presence of phase diffusion, by adding the squeezed
operation, we can obtain

1 2

(Xys = f 20" (e 2% +¢72%) cos(9),
WVar(X)]s = ¢ + (ae")2[2+ (727 +¢727%)
><COS(2<P) 2(e~7% +¢7%) cos?(9)], (33)
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and
(V)s = —vawe™ (e 2% +e72% ) sin(¢),
Var(V)ls = e+ (ae™ 22— (e +¢72%)
x cos(29) — 2(e T + =) sin*(9)], (34)

Substituting the above results into Equation (5), the optimized phase uncertainty is given by

1 L
[(627 4 6721’) Sinz(¢)) + 627]2 8a2

5 2(AD) 2 - A2(A) 2 eos?(29)

(AZ‘P)out =

3\-2 ;2
—Ag(AF) P sin®(29)]}- (35)
At the optimal point ¢ = 0, the above Equation (35) becomes

74r[ 1 1 %

(A2¢)out = e &7(2 0’],(72)72

01,02

1 1
2(A02'1,0'2)_2 - A2 (A02'1,0'2)_2
+ 2

). (36)

When the squeezed intensity r > 0, the squeezing operation can always slow down
the impact of noise on the measurement results. In particular, when the loss coefficient
01 = 03 = 0, Equation (36) becomes

(9)ous = e[ 7" + 3 sinh(0?)]. @)

The result shows that squeezing can be used as a powerful tool in quantum measure-
ments to reduce the negative effects of phase diffusion. The numerical results are shown
in Figures 3 and 4. Because of the symmetry expression in both arms, we can use the
optimization of one arm to represent our optimization effect. In Figure 3, we can see how a
phase-diffused coherent state is modified by the evolution through the squeezing operation,
and the phase diffusion noise is reduced as the squeezed degree r increases.

From the results in Figure 4, we can see that the effect of squeezing to counteract phase
diffusion noise seems perfect and can even reach the shot noise limit in the presence of
noise. However, there are still several issues that need further elaboration. Firstly, we have
established a Gaussian noise model to describe the phase noise during the measurement
process to know the effect of this noise on the measurement accurately. However, in actual
measurements, the physical model of phase diffusion noise does not evolve precisely as we
wanted, leading to a decrease in the ability of squeezing optimization. Secondly, during the
experimental operation, to add the squeezing operation, some unavoidable adverse effects
may be brought, which will also decrease the optimization effect. However, it is undeniable
that even if the above practical operation problems exist, the squeezing operation can still
reduce diffusion noise.
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r=0.6 r=0.99 r=1.2
10 10 10
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Figure 3. Phase-space representation of a coherent state |a) (red), its phase-diffused counterpart
with squeeze counteraction (blue) and without squeeze counteraction (black) for « =2.5and o = 1.2.
Fluctuations of the Y quadrature are reduced after the squeezing operation.

0.7

0.6‘ --------------------------------------- *

--©---without diffusion

05F —-o—-after diffusion without squeezing |
— after diffusion with squeezing
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Figure 4. The phase uncertainty (solid line) versus the normalized squeezed degree r/c, where
« = 2.5and o = 0.8. The dotted line denotes the SQL and the dot-dashed line denotes the phase
uncertainty affected by the phase diffusion.

4. Conclusions

In the presence of phase diffusion, the accuracy of the measurement will be worse than
the SQL. To counteract the adverse effects, we introduced a truncated MZ interferometer
model and studied its phase uncertainty in the presence of phase diffusion. In this truncated
MZ interferometer, combined with the relevant characteristics of the Gaussian state, we find
that the squeezing operation can counteract this effect of phase diffusion and a theoretical
explanation is given. Using this result, we can obtain the exact squeezing strength to
optimize the loss (in the case of Figure 4, when r = In[e”" + 4a2 sinh(02)] /4, the squeezing
just offsets the adverse effects of the loss). Although the structure of the interferometer is
symmetrical, the beam splitter in the truncated MZ interferometer brings a phase difference
to the two arms, causing the phase of the two arms to rotate 90 degrees. To optimize the
phase diffusion noise, we anti-symmetrically add squeezing and anti-squeezing in the two
symmetrical arms. This strategy is beneficial to quantum precision measurement in lossy
environments and will bring reliable theoretical guidance to the experimental application.

In schemes that use interferometers for phase measurements, the phase diffusion
noise will reduce measurement accuracy. Using squeezing operation can combat phase
diffusion and improve measurement accuracy. We study phase diffusion countermeasures
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for truncated MZ interferometers and give corresponding analytical expressions. The same
noise environment exists in the nonlinear interferometers [13,61]. Although the nonlinear
interferometers can maximize the advantages of quantum measurement, for measurement
methods that use the phase information carried by light as the measurement medium,
the impact of phase diffusion noise on measurement is also fatal. The measurement
strategy used here is expected to be used in lossy nonlinear interferometers to bring out the
measurement advantages of nonlinear interferometers. The current phase diffusion noise
is Gaussian distribution. For non-Gaussian noise, further theoretical research is needed.
Finally, considering the loss and optimizing the beam splitting ratio of the beam splitter [55]
are also aspects that require further detailed research in the future.
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Abbreviations

The following abbreviations are used in this manuscript:

SQL Standard quantum limit
MZ Mach-Zehnder
LISA Laser interferometer space antenna

BS Beam splitter
HD Homodyne detection
LO Local oscillator

OPO  Optical parametric oscillator

LIGO Laser interferometer gravitational-wave observatory
QCRB  Quantum Cramér-Rao bound

QFI Quantum Fisher information

CM Covariance matrix
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