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Abstract: By numerically solving the time-dependent Schrödinger equation, we study high-order har-
monic generation from the asymmetric diatomic molecule HeH2+ in a corotating two-color circularly
polarized laser field. Our results reveal a strong correlation between the molecule orientation and
the harmonic yield. The harmonics in the plateau region can achieve an intensity modulation of one
to two orders of magnitude with the change in the orientation angle. Through the time-dependent
evolution of ionized electron wave packets combined with the analysis of the transition dipole
moment between the continuum and bound states, the modulation of the harmonic strength may be
attributed to the difference in the recollision angle of ionized electron wave packets relative to the
molecules. In addition, the harmonic ellipticity is also affected by the molecular orientation. Notably,
we found that the harmonic with greater ellipticity and higher intensity can be obtained with an
orientation angle of 147°. These findings open up new avenues for achieving enhanced efficiency, the
near-circular polarization of harmonics, and precise control over harmonic polarization states.

Keywords: orientation dependence; high-order harmonic; ellipticity; transition dipole

1. Introduction

High-order harmonic generation (HHG) is an interesting nonlinear phenomenon
observed in the interaction of intense laser pulses with atoms, molecules, and solids [1–7].
The semiclassical three-step model can well describe the mechanism of HHG [8]. The first
step is that the bound electrons have a certain probability of ionization from the ground
state under the influence of the laser field. In the second step, the liberated electrons
undergo oscillatory motion in the laser field. Finally, when the laser field is reversed,
part of the electron wave packets has the opportunity to return to the nuclear region to
recombine with the parent ion and emit high-energy photons [9,10]. Owing to the spectral
coverage ranging from ultraviolet to soft X-ray, HHG is an efficient means of obtaining
attosecond pulses, which can detect and track the ultrafast dynamics of intramolecular
electrons. Therefore, it has gradually been attracting more attention [11–16].

Compared with atoms, molecules with more complex structures will produce richer
physical phenomena in the HHG process, such as orientation effects [17,18], two-center
interference effects [19,20], multiorbital effects [21,22], and so on. For asymmetric molecules
with permanent dipole moments, such as CO [23], HeH2+ [24], and LiH3+ [25], the charges
are mainly located on the heavier nuclei, which is different from symmetric molecules. The
laws and mechanisms of HHG are more complex, so the study of asymmetric molecules is
also of great significance. Asymmetric molecules have been studied in depth, and it has
been found that molecular orientation has a great impact on HHG [26–28]. In 2011, Bian
and Bandrauk studied the interaction of monochromatic linearly polarized laser pulses
with HeH2+. Their results show that when the molecular axis is along the laser polarization
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direction, the obtained harmonic intensity is the largest, surpassing the harmonic intensity
obtained when the molecular axis is perpendicular to the laser polarization direction by
more than two orders of magnitude. This phenomenon is attributed to the role of the
molecular structure and excited states [29]. In 2017, based on time-dependent density
functional theory, Hu et al. reported the HHG of CO molecules in a linearly polarized laser
field and confirmed that even pure harmonics were generated when the molecular axis
was perpendicular to the laser polarization direction [30].

It is well known that the generation efficiency of HHG is very sensitive to the depen-
dence of the ellipticity of the driving laser [31–34]. The current research mainly uses a
linearly polarized driving field. Under this driving laser, the intensity of HHG is the highest.
Owing to the wide application of circularly polarized HHG in magnetic materials, chiral
materials [35–37], and so on, the obtaining of circularly polarized harmonics with high
efficiency is the focus of current research. Therefore, the regulation of HHG polarization
characteristics with two-color circular polarization has attracted more and more attention.
In the past few years, it has been observed experimentally that when the counter-rotating
two-color circularly polarized laser pulses interact with atoms and molecules, a strong
circularly polarized harmonic radiation can be generated, because the ionized electrons
driven by this pulse can return to the parent ion at different angles [38]. Theoretically,
Qiao et al. observed a certain intensity of harmonic radiation by using the interaction
between the corotating two-color circular polarization (CRTCCP) laser field and the H+

2
molecule and found that the ellipticity of the specific harmonic order changes with the
molecule orientation angle [39]. In order to further explore the complex dynamics of asym-
metric molecules in strong laser fields, whether the harmonics generated by the CRTCCP
laser pulse will depend on the molecular orientation and the influence of molecular orien-
tation on harmonic efficiency and ellipticity is the focus of this work.

In this paper, we investigate the orientation dependence of HHG from HeH2+ ir-
radiated by the CRTCCP laser pulse through numerical simulations based on the time-
dependent Schrödinger equation (TDSE). In the second part of this paper, the theoretical
method for calculating the harmonic spectrum is introduced, and the third part shows the
results and related discussion and analysis. We summarize our research work in the last
part, and atomic units are used throughout this article unless specified otherwise.

2. Model and Methods

Under electric dipole approximation and length gauge, we numerically calculate a
two-dimensional TDSE of the HeH2+ driven by a CRTCCP laser field:

i
∂

∂t
ψ(⃗r, t) = [−1

2
∇2 + V (⃗r) + E⃗(t) · r⃗]ψ(⃗r, t). (1)

The soft-core Coulomb potential of the nucleus perceived by the electron is

V (⃗r) = − Q1√
r1 + A

− Q2√
r2 + A

, (2)

here, r1 = (x − R1 cos θ)2 + (y − R1 sin θ)2, r2 = (x + R2 cos θ)2 + (y + R2 sin θ)2,
R1 = Q2R/(Q1 + Q2), and R2 = Q1R/(Q1 + Q2) represent the position of the He and the
H nuclei and Q1 = 2 and Q2 = 1 are the charges for the He and H nuclei. R = 4 a.u. is
the nuclear distance. θ is the angle between the molecular axis and x axis. A = 0.65 is the
soft-core parameter. The Ip =1.03 a.u. is for 2pσ orbitals in HeH2+ [40,41]. The electric field
vector of the CRTCCP pulse E⃗(t) = E⃗1(t) + E⃗2(t) is the superposition of two circularly
polarized laser beams, which can be expressed as

E⃗1 = E0 f (t)
[
cos(ω0t)êx + sin(ω0t)êy

]
,

E⃗2 = E0 f (t)
[
cos(2ω0t)êx + sin(2ω0t)êy

]
, (3)
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êx (êy) is the unit vector along the x (y) axis, the f (t) is a trapezoidal envelope function
with the total duration of eight optical cycles (o.c.), the time scales of the rising and falling
edges are each one cycle of the fundamental frequency, ω0 is the angular frequency of the
fundamental laser pulse, and E0 is the amplitude of the laser field.

The time-dependent wave function ψ(⃗r, t) at any instant is obtained by solving
Equation (1) with the splitting operator method [42]. In order to prevent unphysical
reflection from the wave packet boundary, the wave function is multiplied by the mask
function cos1/8 at each time grid point [43]. By using the time-dependent wave function,
the dipole accelerations are written as

a⃗(t) = ⟨ψ(⃗r, t)| − ∇⃗V (⃗r)− E⃗(t)|ψ(⃗r, t)⟩

= ax(t)êx + ay(t)êy. (4)

Through the Fourier transform, the harmonic spectral components corresponding to
the polarization in the x and y directions can be obtained:

Px(ω) =

∣∣∣∣ 1
ω2(tn − t0)

∫ tn

t0

ax(t)e−iωtdt
∣∣∣∣2,

Py(ω) =

∣∣∣∣ 1
ω2(tn − t0)

∫ tn

t0

ay(t)e−iωtdt
∣∣∣∣2. (5)

The ellipticity of the HHG is expressed as

ε = (|a+| − |a−|)/(|a+|+ |a−|), (6)

where a± = 1√
2

(
ãx ± iãy

)
; ãx,y =

∫ ∞
−∞ ax,y(t)e−iωtdt; and ãx and ãy are the components of

the dipole acceleration x and y in the frequency domain, respectively [44].
The time-frequency distributions of HHG can be obtained by using the wavelet

transformation:

Aω(t0, ω) =
∫ t f

tts

a(t)wt0,ω(t)dt, (7)

wt0,ω(t) =
√

ωW[ω(t − t0)] represents the kernel of the wavelet transform, where
W(x) = (1/

√
τ)eixe−x2/2τ2

is the Morlet’s wavelet [45].

3. Results and Discussion

Figure 1 presents the HHG of the HeH2+ molecular irradiated by the CRTCCP laser
field. The fundamental frequency of the laser pulse is ω0 = 0.043 a.u., corresponding to
a laser wavelength of 1064 nm, and the laser field peak amplitude E0 is 0.03 a.u. (cor-
responding to the intensity of 3.16 × 1013 W/cm2). The HeH2+ molecular is in the x-y
plane, and the angle (orientation angle) between the molecular axis and the x axis is θ.
The angular relationship between the HeH2+ molecule and the driving field is shown in
Figure 1a. When the orientation angle range varies from 0° to 180°, the variation in the
harmonic intensity with the orientation angle is illustrated in Figure 1b. It can be observed
that there is a noticeable modulation in the harmonic intensity in the high−energy region
as the orientation angle varies. Specifically, within the range of 25th to 35th harmonics, the
harmonic intensity at orientation angles between 90° and 120° is significantly stronger than
that of other orientation angles. In order to obtain a clearer rule of change, Figure 1c shows
the change in single-order harmonics in the plateau with the orientation angle. Both odd
and even harmonics appear in the harmonic spectrum, and it can be seen from the figure
that the harmonic intensity gradually increases when the orientation angle changes from 0°
to 105°, and it does not show a regular trend after θ = 105°. Overall, the harmonic intensity
is strongest near θ = 105°, which is about two orders of magnitude higher than the harmonic
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intensity at θ = 0°. The previous results demonstrated that the HHG yield of the CRTCCP
field is significantly lower than that of the counter−rotating field [46]. Figure 1d shows the
harmonic spectra of the counter−rotating (solid black line) and corotating (dash−dotted
red line) two-color circularly polarized laser pulses with the same laser parameters and
θ = 105°. It can be observed that the harmonic yield is comparable up to the 32nd order.

Figure 1. The harmonic spectra of HeH2+ in a CRTCCP laser field. (a) Schematic diagram of the laser
in relation to the angle of the molecule. (b) The harmonic intensity changes in HeH2+ with different
orientation angles. (c) Variation in single−order harmonics at different orientation angles of HeH2+.
(d) θ = 105°, harmonic spectra of HeH2+ by the counter−rotating (solid black line) and corotating
(dash−dotted red line) two-color circularly polarized laser pulses.

In order to understand the reason for the variation in the harmonic intensity with
the molecular orientation angle, we provide the time−frequency analysis of the harmonic
emission at two orientation angles of 60° and 105°, as shown in Figure 2a and Figure 2b,
respectively. It can be seen that there is a main harmonic emission trajectory in each
fundamental frequency optical cycle when the harmonic order is higher than 25th. This
phenomenon is different from the electron trajectory of harmonic emission in HeH2+ under
the case of a linearly polarized field [24]. With a linear polarization pulse, there is a major
harmonic emission trajectory every 0.5 optical cycles. In contrast, the harmonic emission
with time peaks around t = (n + 0.7) o.c. (n = 1, 2, 3, 4, 5, and 6) by a CRTCCP, and there
is a significant difference in the time−frequency characteristics at different orientation
angles. A gradual enhancement of the harmonic emission intensity per optical cycle can be
observed in Figure 2a. Figure 2b shows that the emission trajectories near t = (n + 0.7) o.c.
(n = 2, 3, and 4) are stronger than those in other optical cycles. Furthermore, the harmonic
emission in the high−energy region is more intensive at the orientation angle of 105° than
at the orientation angle of 60°.

In order to further investigate the harmonic emission behavior and understand the
reason for the higher harmonic efficiency of HeH2+ at the orientation angle of 105° in a
CRTCCP laser pulse, we present the time evolution of electron wave packets at orientation
angles of 60° and 105° in Figure 3a and Figure 3b, respectively. To facilitate the analysis of
the motion behavior of the wave packet and to better track the phenomenon of electrons
returning to the nuclear region, we select a small ionization moment in the case of two
orientation angles when each of them can return to the nuclear region and have the highest
returning probability. When θ = 60°, we select a small cluster of wave packets that ionized
within the time interval from t = 1.04 o.c. to t = 1.10 o.c. for the evolution, and when θ = 105°,
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we chose to evolve the ionized wave packets at t = 0.98 o.c. to t = 1.04 o.c. The time interval
of ionization under the two orientation angles is the same, both of which are 0.06 o.c. In
Figure 3a,b, we give the evolution time period of 1.06 o.c. to 1.69 o.c with an interval of
0.09 o.c. and electric fields at eight corresponding instants t1 − t8, which are depicted in
Figure 3(a1). In addition to the wave packets evolution, in order to follow the motion
behavior of the ionized electrons more clearly, the spatial distribution of the electron
probability flow velocity was calculated as j⃗ = − i

2

[
ψ∗∇⃗ψ − ψ∇⃗ψ∗

]
, where ∇⃗ = ∂

∂x i⃗ + ∂
∂y j⃗,

indicated by the arrows in Figure 3. The length of the arrows represents the magnitude
of the electron wave packet flow rate, and the direction represents the motion direction
of the ionized electron wave packet. Considering that there will be charge migration
processes around the nuclear region (shown by the gray circle is the He nuclei, and the
red circle is the H nuclei) affecting the observation of the ionized electron wave packet, we
removed the electron probability stream in the nuclear region. It can be seen in Figure 3a,b,
driven by the CRTCCP laser pulse, that the ionized electron wave packets under the two
orientation angles gradually leave the nuclear region and diffuse over time and then follow
a counterclockwise direction of motion. Eventually, a portion of the wave packet at θ = 60°
returns to the nuclear region at t = 1.69 o.c. And when θ = 105°, some of the wave packets
have a tendency to return to the nuclear region at t = 1.60 o.c., and most of the wave packets
return to the nuclear region at t = 1.69 o.c. By comparing the ionized electron wave packet
evolution at these two orientation angles, we can see that their electron wave packet returns
to the nuclear region at significantly different times. In the case of θ = 105°, the ionized
electron wave packet returns to the nuclear region with a longer duration. However, when
t = 1.69 o.c., the electron wave packet at both orientation angles returns to the nuclear
region at the upper left. The recollision direction of the electron wave packet closest to
the nuclear region is at an angle of −75° to the x axis. As depicted in Figure 3(b8), the
electron wave packet returning to the nuclear region is close to parallel to the molecular
axis. Therefore, we conclude that it may be more favorable for the ionized electron wave
packet to complex with the bound state when the recollision direction of the electron wave
packet is parallel to the oriented molecule, which results in a higher harmonic efficiency at
θ = 105°.

Figure 2. Time−frequency analysis of the harmonic emission when (a) θ = 60° and (b) θ = 105°.

Based on the above conclusion, the angular relationship between the direction of the
electron wave packet back to the nuclear region and the molecular axis is shown in Figure 4a.
Here, e⃗ is the recollision direction of the electron wave packet , and α is the recollision angle.
When θ = 0°, α = 105°, and as the orientation angle changes, α changes accordingly. We
calculated the transition dipole moment with respect to the direction of electron recombi-
nation, which can be expressed as d⃗(p, α) = d⃗(p, 105◦ − θ) = ⟨ψ(⃗r, θ)|⃗e · r⃗| exp(i p⃗ · r⃗)⟩ [44],
where ψ(⃗r, θ) is the time-dependent wave function and exp(i p⃗ · r⃗) is the continuum state.
p⃗ =

√
2(ω − IP) is the momentum of the electron in the recollision direction. Here, Ip

is the ionization potential of the system. Figure 4b,c give the variation in the relative
dipole strength and harmonic intensity at different orientation angles, respectively. The
comparison reveals that the variation in the harmonic yield and the corresponding dipole
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intensity are basically the same. The harmonic intensity is stronger when θ = 105° and the
corresponding dipole intensity is also strongest. In Figure 4d,e, the harmonic intensity
and corresponding dipole of the 31st and 34th harmonics at different orientation angles
are further compared, and it can be seen that the trends of the harmonic intensity and the
relative dipole are in good agreement. In summary, the harmonic intensity shows a strong
intensity modulation with the molecular orientation angle under the effect of the CRTCCP
used in this paper. This is due to the different recollision angles of the molecule. The
transition dipole between the continuum state and the bound state is different at different
recollision angles. The transition probability is greatest near α = 0° and smallest near α = 90°.

Figure 3. Evolution of the electronic wave packet of HeH2+ in a CRTCCP laser pulse for (a) θ = 60°
and (b) θ = 105°. The corresponding momentary electric field is given in the inset of Figure (a1).

After understanding the reason for the stronger harmonic generated at an orientation
angle of 105°, we analyze the variation in the harmonic ellipticity with the orientation angle
in the plateau region, as shown in Figure 5a, where the color indicates the ellipticity. A
0 indicates linear polarization. The right circular polarization is +1, and the left circular
polarization is −1. In Figure 5a, it can be seen that the harmonic ellipticity obviously
has a large difference at different orientation angles, and the generated harmonics can be
converted between different rotations and ellipticities. For the left CRTCCP pulse, it is
possible for the direction of the electron to change as the recollision electron is subjected to
the force of one of the nuclei, leading to the generation of right circular polarized harmonics.
The variation in ellipticity with an orientation angle for the 29th harmonic (blue circular
curve) is given in Figure 5b. When the orientation angle is 60°, the ellipticity is −0.71. The
ellipticity goes up to 0.92 when the orientation angle is 147°. This means that by changing
the orientation angle, we may obtain near−circularly polarized high−order harmonics
with higher efficiency. To be able to see more intuitively the polarization properties and
rotation of the harmonics at these two orientation angles, we further give the evolution of
the harmonic electric field of the 29th harmonic from the HeH2+ molecule under a CRTCCP
laser field, as shown in Figure 5c,d, where different colors indicate different moments,
and we select a small period of optical cycles. The black arrow in the figure points to the
rotation direction of the harmonic electric field. We can observe that at θ = 60°, the harmonic
electric field is left elliptical polarization. When θ = 147°, the harmonic electric field is right
near−circular polarization.
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Figure 4. (a) Schematic diagram of the electron recombination direction in relation to the molecular ori-
entation angle. (b) Relative transition dipole intensity and (c) harmonic intensity in the high−energy
region change with the orientation angle. (d) Variation in harmonic yield (black squares) and corre-
sponding transition dipole (red circles) for 31st harmonic at different orientation angles. (e) Variation
in the harmonic yield (blue diamond) and the corresponding transition dipole (purple circle) for the
34th harmonic at different orientation angles.

Figure 5. (a) Harmonic ellipticity modulation in the plateau region at different orientation angles.
(b) Harmonic ellipticity variations in 25th (purple circular curve) at different orientation angles.
(c) θ = 60° and (d) θ = 147°, the harmonic electric field of 29th harmonic generated by HeH2+

molecules irradiated by CRTCCP fields.
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4. Conclusions

In summary, we investigated the harmonic generated by the interaction of a CRTCCP
laser pulse with HeH2+ molecules. It is observed that the harmonic intensity is very
sensitive to the angle between the incident light field and the molecular axis, which is
similar to our previous findings for symmetric molecular H+

2 [39]. However, HHG of the
asymmetric molecule HeH2+ showed an obvious orientation dependence. The harmonic
intensity of θ = 105° is about two orders of magnitude higher than that of θ = 0°. Through
the analysis of time-dependent wave packets, the enhancement is due to the molecular axis
at θ = 105°, which is close to parallel to the recollision direction of the ionized electrons,
which is more favorable for the electrons to return to the nuclear region. This conclusion has
important implications for exploring the structure and dynamics of asymmetric molecules.
More importantly, the harmonic polarization state varies with the molecular orientation
angle. It is found that harmonic polarization with high ellipticity can be generated at
specific orders with orientation angles of 60° and 147°, which could potentially be utilized
to generate harmonics with controllable polarization.
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