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1. Introduction

Symmetric functions on finite-dimensional vector spaces are standard objects in com-
binatorics and classical invariant theory (see, e.g., [1,2]). For infinite-dimensional spaces,
investigations of symmetric polynomials were started by Nemirovski and Semenov in [3].
In particular, in [3], the authors constructed algebraic bases of algebras of symmetric real-
valued polynomials on real Banach spaces Kp and Lp[O,l] for1 < p < co. In [4], these
results were generalized to separable sequence real Banach spaces with symmetric bases
and to separable rearrangement invariant real Banach spaces, respectively. The cases of
l~ and L were considered in [5,6]. Since then, symmetric structures and mappings in
infinite-dimensional Banach spaces have been studied by many authors (see, e.g., [7] and
references therein).

In [8], Jawad and Zagorodnyuk considered supersymmetric polynomials and analytic
functions on the space ¢1(Z) of absolutely summable sequences (x,,), n € Zy = Z\ {0}.
Supersymmetric polynomial generalizations for more general sequence spaces were con-
sidered in [9]. Applications of algebraic bases of supersymmetric polynomials to models of
ideal gases in quantum physics were proposed in [10]. Supersymmetric polynomials over fi-
nite fields and their applications in cryptography were considered in [11]. Supersymmetric
polynomials on finite-dimensional vector spaces were studied in [12,13].

Block-symmetric or MacMahon polynomials are natural generalizations of sym-
metric polynomials and can be considered symmetric polynomials on linear spaces of
vector sequences.

Combinatorial properties of such polynomials are described in [14]. An algebraic
basis of the algebra of all symmetric continuous complex-valued polynomials on the
Cartesian power of the complex Banach space /;, for some fixed 1 < p < oo was constructed
in [15] (see also [16] for more details on the real case). Algebras of symmetric continuous
polynomials on Cartesian products £, x - - x £, for different py, ..., ps were considered
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in [17]. Some generalizations of the Newton formulas for algebraic bases of block-symmetric
polynomials were obtained in [18]. Spectra of algebras of block-symmetric polynomials and
holomorphic functions and algebraic structures on the spectra were considered in [19,20].
Zeros of block-symmetric polynomials were investigated in [21].

In this paper, we consider algebras of polynomials that are both block-symmetric and
supersymmetric on infinite-dimensional Banach spaces of absolutely summable sequences
of vectors in C°. The main goal of this research is to construct algebraic bases in these
algebras and find some Newton-type relations between different bases. Furthermore, we
propose some consequences for algebras of block-symmetric and supersymmetric analytic
functions that are bounded on all bounded subsets and for derivatives on these algebras.

In Section 2, we provide a basic review of known preliminary results on supersym-
metric and block-symmetric polynomials in £,-spaces. In Section 3, we introduce block-
supersymmetric polynomials in corresponding Banach spaces and find analogs of classical
algebraic bases of such polynomials and Newton-type relations between these bases. In
addition, we discuss the finite-dimensional case and show some algebraic dependencies
between generating elements. In Section 4, we consider algebras of block-supersymmetric
analytic functions of bounded type and apply the obtained results on block-supersymmetric
polynomials to their spectra. In Section 5, we consider some derivatives on the algebras of
polynomials and analytic functions and construct related Appell-type polynomials.

2. Symmetric, Supersymmetric and Block-Symmetric Polynomials
2.1. Symmetric and Supersymmetric Polynomials

Let X be a complex Banach space with a symmetric basis (ey,). Let us recall that a
Schauder basis (e;) is symmetric if for every permutation (one-to-one map) ¢ € Sy, and the
basis (ey(n)) is equivalent to (en), where Sy is the semigroup of all permutations on the set
of all natural numbers N. Therefore, we can uniquely represent every x € X as

o0
x=(x1,x,...) = ) Xney.
n=1

A mapping F on X is said to be symmetric if

F(x1, X2, .. ) = F(xg(l),xa@),. . )

for each o € Sy. A function P: X — Cis a polynomial of degree m if the restriction of P to
any finite-dimensional subspace of X is a polynomial of several variables of degree < m
and there is a finite-dimensional subspace V of X such that the restriction of P to V is
a polynomial of degree m. We denote by Ps(X) the algebra of all continuous symmetric
polynomials on X.

In the case X = /1, polynomials

F(x) = Z xk, keN,
n=1

form an algebraic basis of Ps(¢1) [4]. That is, for any polynomial P € Ps({1), there
is a unique polynomial of several complex variables Q(#y,...,ty), such that P(x) =
Q(Fi(x),...,Ex(x)). The algebraic basis is not unique, of course, and we will also use
bases

and
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These bases are connected by known Newton formulas, which remains true for the infinite-
dimensional case:

m
mGu = Y_(-1)¥71G, _F, mEeN, (1)
k=1
m
mBy =Y By_yF, meN. (2)
k=1

For these basis polynomials, there are the following generating functions:
Fx)(t) = ) " F(x),
n=1
G(x)(H) = ) t"Galx), Go=1,
n=0

m@m_ifmm,%_L

It is well-known in combinatorics (see e.g., [22]) that

90 = By
and
G(x)(t) =exp ( Ztlt”F”(n_x)) 3)

Let Zo = Z\ 0 and /1 (Zg) be the Banach space of all sequences of complex numbers
that are absolutely summing and indexed by numbers in Zj. Any element z in ¢1(Z) has
the representation

Z2=(ee,Zp, e 21,21, 20y )

that can be written as

z=lx)=C...Yn,-- o y1lx1,- - X, .- )

with
(e}
2l =} lzil = llxll + llyll,

i=—o0

where z, = x4, z_, = Yu, and elements x = (x1,...,Xn,...), ¥y = (Y1,.--,Yn,...), n € N
are in ¢1. Note that x — (0|x) and y — (y|0) are isometric embeddings of the copies of /1
into ¢1(Zy). A polynomial P on ¢1(Zy) is said to be supersymmetric if it is a finite algebraic
combination of polynomials T, k € N,

Te(ylx) = Fe(x) = Fe(y) = Y xf = Y vk
i=1 i=1
In [8], it was shown that the following polynomials on ¢1(Zy),
n
Wa(ylx) = ) Ge(x)By k(—y), neN,
k=1

form another basis in the algebra of supersymmetric polynomials. Moreover, in [10], it was
observed that

W (y]x) = kz By(x)Guk(—y), nEN
=1
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also forms an algebraic basis in the algebra of supersymmetric polynomials on /1(Zg) and
produes some relations between W, (y|x) and Wy, (y|x).

Remark 1. We can consider the space £y, as the space of functions x,, = x(n) on the set of positive
integers N with values in C. Hence, {, is a short notation for £,(N,C), and {1(Zy) is a short
notation for ¢1(Zo, C). In the general case, if Y is a normed space and 2 is a set of indexes, the
notation £,(A,Y), 1 < p < oo means the normed space of Y-valued functions x, = x(n),n € A

such that
1/p
[|x|l = (Z Ixnl”> :
ne

It is easy to see that if a polynomial P(y|x) on ¢1(Z) is supersymmetric, then it is
invariant with respect to a semigroup of mappings on ¢1(Z) consisting of all permutations
of coordinates separately for x and for y, and affine operators of the form

wx)=0G..,yn,cc,y1lx, oo xn, o) = (o Yn, oo y1,ala, xq, .. x,...), a€C. (4)

The following examples show each condition itself does not imply supersymmetry.

Example 1. Let
Pl = (B2 - (R = (£ 55) - (L)’

for some k € N. Then, P(y|x) is invariant with respect to all permutations of coordinates separately
for x and for y, but fora =1,

P(y|x) = (Fe(x) — Fe(y)) (Fe(x) + Fe(y)) # (Fe(x) — Fe(y)) (Fe(x) + Fe(y) +2)
=P(..,Yn, -y, 1L, x1,..0, X, ...

Thus, P is not supersymmetric.

Example 2. Let

[e9)

P(y|x) = Z(xn _yn)k

n=1

for some natural k > 1. Then, P(y|x) is invariant with respect to the action of (4) but not invariant
with respect to all permutations of coordinates separately for x and for y. Therefore, it is not
supersymmetric. Note that P(y|x) is invariant with respect to all simultaneous permutations of
coordinates of x and y but it is not enough.

2.2. Block-Symmetric Polynomials
We denote by £,(C°) = £,(N,C®),1 < p < oo the linear space of all sequences

X = (xl,xz,...,xj,...), (5)
such that x; = (x](l), o ,x](s)) € C° for j € N, and the series ]El ré x;r) ! converges. We
also use the representation

SV (E) [
Lo X , Xy o X; ,
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for x. Vectors x; in (5) are called vector coordinates of x. The linear space £,(C*) is endowed
with the norm

(r)
X

Il = (,il 21 ”)w

which is a Banach space. A polynomial P on the space £, (C®) is called block-symmetric (or
vector-symmetric) if:

P(xl,xz,...,xm,...) = P(xg(l),x‘,@),...,xg(m),...)

for every permutation ¢ € Sy and x,, € C°. Let us denote by Pys(¢,(C?)) the algebra of all
block-symmetric polynomials on £,(C?).

More information about algebra Py (¢ p (C?)) can be found in [15,17] and references
therein. In the paper, we concentrate on the case p = 1 because in this case, we have explicit
representations of different algebraic bases. Furthermore, the case p = 1 has a physical
meaning in applications for modeling quantum ideal gases [10]. Note that in combinatorics,
block-symmetric polynomials on finite-dimension spaces are called MacMahon symmetric
polynomials (see [14]).

Throughout this paper, we consider multi-indexes k = (kq,kz,...,ks) with non-
negative integer entries kq,k», ..., ks, and we will use the standard notations |k| = k; +
k2 +--- +ks, and k! = kl'kz' c kS'

According to [15], polynomials

H¥(x) = HF1kaks () — i 11 (x](r))k,

form an algebraic basis in va(ép(Cs)), 1<p<oo,wherex = (x1,...,%Xp,...)arein €p(Cs),
(1)

and x; = (xj

sum MacMahon symmetric functions. For example, H"%0(x) = (xgl))” + (xél))” +-

In the case of the space /1 (C?), there is another important algebraic basis (see [1,14,20]):

e, x](S)) € C°. According to [14], these polynomials are called the power

RE(x) = Rivkeki() = 3 12020,
]

'<~~~<i{;_]':1 g 'K, (6)
j

51

1<j<s

In [14], these polynomials are called the elementary MacMahon symmetric functions.
For example,

RU20-0(x) = Z xl(l)x](f)x](f)‘
i,j]<j2

Let H(x)(t) and R(x)(t) be a formal series

[ S
k;
H(x)(t) = Y [t H (%),
k[=1i=1
T ki ok 0
ti’R (x), R=1,
0i=1

agk

R(x)(t) =
K

which are also called generating functions (see [14]). From [14,20], we know that

R(x)(t) = |kTi0 f[l 1R (x) = f[l(l +x Wt 42y, )
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g(tle) +tpx@ 44 tsx(s)) = exp( Z /\”

From [14], it follows that there is one more algebraic basis of homogeneous polynomi-
als EX(x), which can be defined from the generating function

@) = Y [THE* ) =[] ——

[k|=0i=1 i=11—x;

E®=1. (8)

These polynomials are called the complete homogeneous MacMahon symmetric functions.
From (7) and (8), we have

RX)() = =577 ©)

Proposition 1. For the generating function R(x)(t), we have the following relation:

R(x><t>=exp< - [T K= >), (10

k|=1i=1
where x = (x), ..., x6)) € (,(C¥) and t = (t,...,t;).

Proof. For polynomials F(t;x(V) + tox®) 4. 4 t,x0)), Ge(t72) + £x@) - 4 £x(9)),
by Formula (3), we have

—(txD 4 £,x@ +~~~+tsx<s)))> an

n

where A € C.
The generating functions G (t;x™1) 4 £x®) + ... 4 t,x(5))(A) in the case A = 1 can be
rewritten as

[e9)

On the other hand, each of polynomials Fm(tlx(l) +tx@ 4 4 tsx(s)) and Gm(tlx(l) +
tox@ .. 4 tsx(s)) have a representation as a linear combination of block-symmetric
polynomials H¥(x) and R¥(x), respectively. Indeed, from direct calculations,

Gu(tixW + 1px® o x®y = Y R () 13)
|k|=n
and
(1) 4 452 (s) K1 ko ko gk
Fu(tix™) 4+ tpx® oo 1)) = ) it H (x), (14)
k|=n

where x = (x(1), ..., x(9)). From (12) and (13), we have that

G(hx® 4+ 1x® 1 x ) (1) = Y Gu(tx® + @ - 4 1x ()

[l
gk
-
—_
%
2
o
o
=
S
)
N—

(15)
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In the case A = 1, from (11), (14) and (15) we obtain

R(x)<t) = g(tlx(l) + tzx(Z) et tsx(s))(l)
- — (1) () ... (s)
:exp(_ ZlnFn( (tlx +t2x —+ +tsx )))
n=1

n

—exp| - Y K
n=1 n
co s _1\y1gk(
(= 5 e (D)
k|=1i=1 k

O

Let us consider more examples of block-symmetric polynomials.

Example 3. Let P be a symmetric polynomial on £y. Then P(ajxV) + - 4 a;x%)) is a block
symmetric polynomial on £1(C?), where xUV) € £1 and aj are some nonzero numbers. Formulas (13)
and (14) show that the block-symmetric polynomials of such type are important. In particular,
polynomial in Example 2 is block-symmetric for s = 2, x(1) = x, and x(2) = y.

Example 4. Let M, be the linear space of r X r matrices for some integer v > 1. Denote by ¢1(M,)
the space of absolutely summing sequences of matrices u = (uq,uy,...), uy € M,. Clearly, {1(M;)
is isomorphic to £1(C?) for s = r2. Then,

P(u) = f:ldet(un)

is a block-symmetric polynomial on 1 (M, ).

2.3. Newton-Type Formulas for Block-Symmetric Polynomials

Let w be the isomorphism of Py (¢1(C?)) to itself, defined so that w(H*) = —HX for
every multi-index k. In other words, if P € Pys(¢1(C?)) is of the form

P(x) = Q(H,H™,..., HY)
for some polynomial Q of several variables, then
w(P)(x) = Q(w(H®), w(H™),...,w(HY)).
It is clear that w(H¥)(x) = (—1)/KI*1(H¥)(—x) for every multi-index k, and w?(P) = P
for every P € Pys(¢1(C?)). The following result generalizes a well-known fact in the case

of symmetric polynomials (see p. 4, [22]).

Proposition 2. For every multi-index k,

w(R¥) = EX and w(E*) = Rk,
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Proof. According to relations (9) and (10), we have

R(x)(t) =exp| — T t’fi(|k| - 1)!Hk(—x)
(x)(t) = exp “(‘2:1111 l -
=ex T ki (k| — 1)!(_1)‘k‘+1Hk(x)
’ |k|2:1i11’ k!
e T T UK = Dt (HY) (2)
exp |k|2:lgtl - )
= w(&)(x)(1).

By the definition of EX, (8) we can see that w(EX) = R¥. Thus, E¥ = w?(E¥) = w(R¥). O

For given multi-indexes k and q, we denote by k — q = (k1 — g1, k2 — g2, .. ., ks — gs).
In addition, we write k > q whenever ki > g1, ko > qa, ..., ks > gs. In [18], the following
generalization of Newton’s formula is proved (1).
Kk L j—1 q/! apk—q
nR* = Z(—l) Z‘?H R¥ 4, (16)
j=1 lal=j
k>q

Using Proposition 2 and Equation (16), we can prove an analog of Newton’s Formula (2).

Theorem 1. For every multi-index k,

k| '
k _ lq/! k—
nEk =Y Y MCHapka (17)
=a= T
k>q

Proof. Applying the isomorphism w to Equation (16), we have

nEX = nw(R¥) = %(—1)1‘—1 Y @w(Hqu—Q)

j=1 al= 1
k>q
<yt v lal! )
=Y (-1)/! Z —|(—1)‘q|+1H‘1E —-q
j=1 o= T
k>q
L 2j lq]! k
=Y (-1)% Z ﬁHqE -q
=1 o= 1
k>q
oy la!
=Y ¥ 9Chapka,
=a=i T
k>q

O

2.4. The Finite-Dimensional Case

Let us consider a more detailed case /' (C*) = ¢1 (N, C*), where N, = {1,...,m}.In
other words, /{"(C?) is an sm-dimensional complex space consisting of sequences of length
m of vectors in C°.
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Note that every function on /(C?) depends on sm independent variables. We say
mutations of these Varlables Clearly, every totally symmetric function is block-symmetric.
There are exactly sm totally symmetric algebraically independent polynomials ¢}'(C*). If
we restrict the basis (6) to ¢{"(C*), we obtain

2 (I+1)(+2)---(I4+s—1)
; (s—1)!

generators of Pys(¢1'(C®)). From classic results of invariant theory (see Lemma 5 of [1]),
there are at least N algebraic dependencies between these generators, where

N:i(l—f—l)(l—i—Z)---(l—t—s—l) B
= (s—1)!

Thus, in the finite-dimensional case, generating elements of the algebra of block-symmetric
polynomials on /{"(C®) are always algebraically dependent if s > 1.

We say that a system of generators Tys (/1" (C°)) of Pys (¢7'(C?)) is reasonable if it contains
sm totally symmetric algebraically independent polynomials. In [23], it is shown how to
find algebraic dependencies in a reasonable system of the generators for polynomials that
are not totally symmetric.

(1) 1)
Example 5. Let (( xb) ), ( x%z) >> € (3(C?). For the generating elements H¥(x), the
*1 *2

following identity holds (see [23]):

1 1
15 = 2 + 5115 + S1art — 13t =0,

where
m=HYW = 11) + xé ),
1 = HOl = ()+x£),
2 2
3 = H*Y = (x%”) + (xgl)) ,
2 2
pmima= (294 (2,
s = HY = x§1)x§2) + xél)xéz).
Let

vy = EW = xil) + xél),
vy, = EO1 = xiZ) + xéz),
vy = 20 = x4 (V)" (o),
= B2 = P22 1 (xD)' 1 ()],
_ gLl = xil)xg ) —|—x(1) (2) +2x( )x(Z) +2x£ )x§2).
Then, the following zdentzty holds:

— 3v1vv5 + 31/%1/3 + 31/%1/4 —4v3vy = 0.

3. Block-Supersymmetric Polynomials
3.1. Bases of Block-Supersymmetric Polynomials

We will use the following short notation {1 (C3, ) for the Banach space ¢1(Zo, C*). In
other words, /4 ((CSZO) is the space of sequences

2= (e, Zn,e e 221,21, Zns- - )
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=Wx)=(..,Yn -, y1lx1,- -, Xn,...)
with

(] e} S .
lzll = Y lzll= ¥ Y127,
j=—00 i=—o0j=1
whereboth x = (x1,...,%y,...) andy = (y1,...,Yn,...) arein {1(C%),and x; = (xlgl),...,xfs))

and y; = (yfl),...,yfs)) are in C° withz, = x,,z_, =y, forn € N.

Let us consider the next polynomials on ¢; ((CSZO ):

S S

() — W k= ki, k). (18)

r=1 j=1 r=1
Ik[=>1 [k[=1

T*(z) = H(x) — H (y) =

M
e

1

]

Definition 1. A polynomial P on ¢, (CSZO) is called block-supersymmetric if it is an algebraic combi-
nation of polynomials { T }Tli\zl' That is, P can be written as a finite sum of finite products of poly-

nomials in {Tk}rli‘:l and constants. We denote by Pysyp the algebra of all block-supersymmetric
polynomials on £1(C5, ).

Proposition 3. Polynomials T* are algebraically independent and so {Tk}ﬁ;':l is an algebraic
basis in Pysyp.

Proof. Let us suppose for a contradiction that there is a non-trivial polynomial Q of several
variables such that

Q(T (ylx), T™(ylx), ..., T"(ylx)) =0
for some finite sequence of multi-indexes (k, m, ..., r). This equality will still be true if
we restrict it to elements (0|x), x € £1(C%). But T*(0|x) = HX(x) for every multi-index
k. Thus,
Q(H*(x), H™(x),...,H*(x)) =0

which contradicts the algebraic independence of polynomials (H¥). [

Let us consider the following relation of equivalence: z ~ w, for z, w in ¢; ((CSZO) if and
only if T(z) = T¥(w) for every |k| > 1. The quotient set 61((:520) / ~ will be denoted
by M. Let [z] € M be the class of equivalence containing z € (1(Cj, ). Clearly, any
block-supersymmetric polynomial P is well-defined on M by P([z]) = P(z).

"1

As in [8,20], we can introduce an algebraic operation “e” of the “symmetric addition”
on 51 (CSZO) by

zoew = (yev|xeu)= (..., 0n,Yn, ..., 00, Y1|X1, U1, ..., Xn, Un,...),

where z = (y|x), w = (v|u). We denote by z~ = (y|x)” = (x,y) the “symmetric inverse”
element to z. It is easy to see that (z7)~ = zand zez~ ~ (0|0). These operations can be
extended to M by

[z]e[w] =[zew] and [z] " =[z7], zwe 6((C3,))- (19)

Similarly to in [8], some obvious basic properties of “e” can be formulated in the
following theorem.

Theorem 2. The following statements hold:

1. TX(zew) = T*(z) + T(w) for every k = (ky, ..., ks).
2. The algebraic operations on M, defined in (19), do not depend on the choice of representatives.
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3. The set M, together with operations in (19), form a commutative group, where 0 = (0|0) is
the zero element.

4.z~ 0ifand only if we can write z = (d|s) for some d,s € ¢1(C*) and H(d) = H¥(s) for
allk = (ky, ..., ks). In other words, the set of nonzero vector coordinates of d coincides with
the set of nonzero vector coordinates of s.

Other algebraic and topological structures on M in more general situations were
considered in [9].
Let us denote by A an algebraic isomorphism from Pys = Pys(£1(C?)) to Posup
such that
A: H — TX, k= (ki,..., k).

Since A is an algebraic isomorphism, we have the following proposition.

Proposition 4. If {P, }5, is an algebraic basis in Pys({1(C?)), then {A(Py)}$>_; is an algebraic
basis in Pysyp.

For a given y € ¢1(C®), we denote by A, (P)(x) = A(P)(y|x), P € Pus(£1(C%)). It is
easy to check that Ay(xey) = A(P)(y|xey) = A(P)(0[x) = P(x).

Theorem 3. Let A(R™) = W™. Then

Wh(ylx) =) RM(X)EMX(—y), n=(ny,...,n), (20)
k<n
" R(x)()
X K(yly Rx)(t)
W(y|x)(t) ‘k‘ZOZHt WX(y[x) = R)(D (21)

where the equality holds for all vectors t € C° in the common domains of convergence.
Proof. Due to [20], we know that

Rxey)(t) =R(x)(ORHY)(), xyebH(C). (22)

Hence, for any fixed y € ¢1(C?),

(Rk ) (y|x) Z Ht Rk

K|=0 1:1 |k|=0i=

= Y TTEwWeu) Y TTER )

K[=0i=1 K=0i=1

Ay(R(xey)(t))

i
g
:1

On the other hand,

Ay(R(xey)(t Z Ht iRK(x
|k|=0i=
Therefore,
o) S [ee] S [e9) S
Y TT6EwWewlo Y TTHR ) = Y TTER (). (23)
k|=0i=1 k[=0i=1 k|=0i=1

From (23), we have

W(ylx) (R (y)(£) = R(x) ()
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and so (21) holds. Using Formula (9), we obtain

[ee] S k (o] S k (o] S
Y TTEW o = Y TTHR ) ) TTHE -
k[=0i=1 k|=0i=1 k|=0i=1

:i sthRl VEXT (—y).

k|=0i=1 j<k
From here, (20) follows. O

Corollary 1. For the generating function W((y|x) e (d|b))(t), the following identity holds
W((ylx) e (d[b))(t) = W(y|x)()W(d[b)(t), x,y,d,b € H(T).
Proof. The equality follows from (22) and (21). O

Corollary 2. For every multi-index n = (ny,...,ns) and x,y,b,d € £1(C®) we have

"((ylx) e (d]p)) = Y WX(ylx)W"K(d|b),

k<n
"(xeb) = Y R*(x)R"*(b),
k<n

and
“yed) = ZEk VERTK(d).

k<n
Proof. From Corollary 1, we have

i fIf?W“((y\ o (d|b)) Z Ht WK (y|x) 2 Ht W(d|b).

In[=0i=1 k|=0i= 1[=0i=

S
Equating coefficients at the same monomials [] t!’, we have verified the first equality. The
i=1
second equality follows from the first one for the case W™ ((0|x) o (0|b)), and the third one
for the case W™ ((y|0) e (d]0)). O

In [20], it is observed that

R(x)(t) = ﬁ(l +xWh 42y (24)

i=

—_

and the product absolutely converges to an entire function on C°. From (21) and (24) it
follows that for every fixed u = (y|x), WW(u)(t) is a meromorphic function on C*® of the
form

A +2Vh 4+ x9)
W(u)(t) = 5 : (25)
I ey )
Proposition 5. For each u = [(y|x)] € M
_ = (K = D)IT*(—u)
W(u)(t) exp( |1(|Z:1Htl I , (26)

where —u = [(—y| — x)] and the equality holds on the common domain of convergence.
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Proof. In [8], it was proved that for the case s = 1,

Wiylx)(#) = exp( i pr Tn(—1) ) @)

From the straightforward computations, we have

Tn(—y(l)tl = (S)ts| — W — = x(s)ts) =
Kl
- ¥ %t’“ ) M) - os)
k|l=n
k|!
=y M
|k|=n
On the other hand,

GxWt + -+ x5 (1)

Wy -+ gD *t)(1) =
Wyt + +vy S|x 1+ + s)(1) g(y(l)t1+...+y(s)ts)(l)

(29)

Substituting (28) into (27), and taking into account that |k| = n and (29), we obtain (26). [

Theorem 4. Let u = (y|x) # (0|0). The equations T¥(v) = ATX(u) for all multi-indexes k and
a number A € C has a solution v € M if and only if A is an integer number.

Proof. Let A =ne€ Z.Ilf n =0,thenv =0.1f n > 0,thenv = ue...0u.If n <0, then
——
V=UuU e...el .
n
Now, let A ¢ Z. According to (26)

But (W(u)(t))" is not a meromorphic function if A ¢ Z. Thus, we have a contradiction the
representation (25) for W(v)(t). O

3.2. Newton-Type Formulas for Block-Supersymmetric Polynomials

To obtain some Newton-type formulas for block-supersymmetric polynomials, we
have to apply the isomorphism A to corresponding Newton-type formulas for block-
symmetric polynomials. Applying A to (16), we obtain

K| k

|k|
K _ Kk 1 |C1\ k— i1 lq|! k—
awWe = A@RY) = ¥ (- T A area) = -t 8 @0
=1 lal=j j=1 lq|=j
k>q k>q

We denote WX = A (EK). Then, applying A to (17), we have

K| !
vk _ a9l g k-
nWi =133y —TIWEa, (31)
=la= T
k>q

Thus, we have proven the following theorem.
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Theorem 5. The algebraic bases T*, WX and WX of Pysup are connected by Newton-type relations
(30) and (31).

Note that the isomorphism w defined in Section 2.3 can be extended to an isomorphism
Q of Pysyp setting ) = Aowo AL, In other words, Q(Tk) = —Tk for every multi-index
k. Furthermore, it is easy to check that Q(W¥) = Wk, ()2 is the identity operator, and
Q(P)(y|x) = P(x|y) for every P € Pysyp. Thus,

Wk = QW (ERCI x)ER-9(— ) Y E(x)R*9(—y).

q<k q<k

3.3. The Finite Dimensional Case for Block-Supersymmetric Polynomials

Let us denote by (61 ((CSZO)> the finite-dimensional Banach space of all sequences
P4

z=(z2p,- 221021, 29) = (W|x) = Wp, - 1 lx1, -0 xg).

Clearly, (61 (CSZO)> b is a subspace of £1(C3, ). There are

Fg (z+1)(z+(52)_.i.)!(z+s—1)
=1

homogeneous polynomials T* for [k| < p + g and s(p + q) independent variables. Thus,
the system of generators consisting of the restrictions of T* to ((1 ((CSZO)) must have
pAa

at least

PEa( s
N SJESTEC B R

algebraic dependencies. The same is true if we will take another algebraic basis instead
of Tk.

Example 6. Now let (61 ((C%O)> . be the space of all vectors

1) 1)
(v1) = (al) = << g )‘( h ))

Then, using rutin computations, we can obtain the following identity for the generating elements (18)

restricted to (51 ((C%O)) 11

G5t — 5030 — 535 =0,

where ) )
T7(10) _ x% ) _yg ) _ &,

T(01) — x§2) _ y§2) =&,
T = (1) - (1) = &
T7(02) — (x£2))2 — (y (2))2 — G,
T(11) _ x(l)xg ) 7y§ )yg ) = &
This identity can be checked by direct substitution of the generating elements.
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For the generating elements of the form (20) in Pysyp ((61 ((C%()) . 1) , we obtain the follow-

ing identity:
2 2
WsWwiwy — wiws — wrws = 0,

where

WO =24y ) =

4. Applications for Algebras of Block-Supersymmetric Analytic Functions

Let stup be the completion of Pys;, with respect to the topology of uniform conver-
gence on a bounded subset. This is a locally convex metrizable topology, generated by the
following countable family of norms

IPllr = sup |P(u)|, Pe vaupr

l[ull<r

where 7 belongs to the set of positive rational numbers. Elements of stup will be called
block-supersymmetric analytic (or entire) functions of bounded type on ¢; ((CSZO).

Let us denote by Mzs”p the spectrum of stup , that is, the set of all continuous nonzero
complex homomorphisms (characters) of #,"*". Clearly, for every point u = [(y|x)] € M
there is character &, € M,”"? such that 6, (f) = f(y|x), f € H,”"". Conversely, if u # v
as elements of M, then §,, # J,. Thus, we can consider M as a subset of MZS”p. Various
algebras of entire analytic functions on Banach spaces and their spectra have been investi-
gated by many authors. Investigations of spectra of algebras H;(X) of all entire functions
of bounded type on Banach spaces X were started by Aron, Cole, and Gamelin in [24],
where the authors observed that the spectrum of H;,(X) may have a complicated structure;
in particular, it contains extended point-evaluation functionals associated with points of
the second dual space X** (see also [25,26]). Subalgebras of H;(X) of symmetric analytic
functions with respect to permutations of basis vectors of X = ¢, and their spectra were
studied in [27,28] and others (see [29] and references therein), with respect to continual
permutations in symmetric structures of X = L, in [6,30,31] and others, and with respect
to abstract groups of operators in [7,32]. There are two important questions about the
spectrum of a subalgebra Hy of H;(X). The first one is related to the structure of point
evaluation functionals. It is clear that for two different points x,y € X point evaluation
functionals ¢, and J, are equal on H, if and only if f(x) = f(y) for every f € Hy (in
this case, we say that x ~ y). Thus, algebraic and topological structures of the set of
point evaluation functionals can be defined as the corresponding structures of the quotient
set X/ ~ . The second question is about the existence and some possible description of
characters that are not point evaluation functionals.

By the definition, #,”"" is the minimal closed subalgebra of H(¢; (C%,)), which

contains Pysyp. The set of point evaluation functionals of stup can be associated with M.
Algebraic and topological structures on such quotient sets for more general cases were
considered in [9]. On the other hand, it is well-known that if the subalgebra of polynomials
of a given algebra of entire functions of bounded type has an algebraic basis, then every
character is completely defined by its values on the basis polynomials (for details on
countably generated algebras, see, e.g., [33]). In particular, for the algebraic basis {W"}
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in H, 7, every character ¢ € M,”"" can be represented by the countable set {¢(W™)} or,
equivalently, by the function

o) S

oW(t) = Y Tt pWk).
k|=0i=1

If ¢ = 6, is a point evaluation functional, that is, 6, (f) = f(u), f € H,”"" for some
fixed u € M, then p(W(t)) = W(u)(t) is a meromorphic function of the form (25).
Therefore, we have a description of point evaluation functionals of ”HZS”p in terms of

meromorphic functions. Let us show that ,stup supports characters that are not point
evaluation functionals. Similar results for different algebras were obtained in [8,20,27,29,34].
Let u = (p1,...,p4s) and A = (Aq,..., As) be nonzero vectors in C°. Consider

0 0 a a
0 0 b e
A A
L AN 0
A IR
n n

- (o,...,o,”,...,”‘/\,...,/\,O,...,o).
n nin n

From the compactness reasons, it follows that the sequence of characters {J,, } must
have a cluster point ¢, , € Mzsup . Thus,

3 ﬁti.‘iRk()\/n,...,A/n,O,___,o)

. |k|=0i=1
V(D) = lim "o = .
Y I1t'RE(u/n,...,u/n,0,...,0)

K20 i=1

From [20], we know that

[ee] S S
: ki pk _
nlgrgo Z | |tl.R (A/n,...,/\/n,O,...,O)—exp<2/\iti>.

k|=0i=1 i=1

Hence,
lp/\,y(W(t)) = exp (;(/\i — ,’Lli)ti>.

Comparing this formula with (25), we can deduce that ¢, , is not a point evaluation
functional if A # u. Thus, we have proven the following result.

Theorem 6. There is a family of characters Y, ,, A, u € C°, A # p of stup that are not point
evaluation functionals, and ¥, ,,(W(t)) is defined by (25).

5. Derivatives and Appell-Type Polynomials

Let us recall that a sequence P, (t), n =0,1,2,... of polynomials of a complex variable
is an Appell sequence if P} (t) = nP,_1(t). There is a large number of studies on Appell-
type polynomial families in the literature (see, e.g., [35-37]). Appell-type polynomials of
several variables were considered in [38].

In [39], a specific derivative was introduced associated with the operation “e” on the
algebra of symmetric polynomials. This derivative was extended to supersymmetric poly-



Symmetry 2024, 16, 179

17 of 20

nomials in [40]. We consider it in the cases of block-symmetric and block-supersymmetric
polynomials and found corresponding Appell-type polynomials.
Let us denote by ]I]-, 1 < j < s the following element in /1 (C?),

0 0 0
]I]: 1 7 0 7 7 0 7 7
0 0 0

where 1 is on the jth place of the first vector coordinate, and the rest of the coordinates
are zeros.

Definition 2. Let P € Py (¢1(C?)). Forevery 1 < j < s, we define

Dj(P)(x) = lim P(x o t1j) — P(x)

, € ¢(C%), t;eC.

Using easy standard computations, we can check that the operator D; is linear on
Pus(£1(C?)) and for any polynomials P and Q in the domain of D;,

D;(PQ) = D;(P)Q + PDj(Q),

that is, D; is a derivative on the algebra Pys(¢1(C?)). Let n = (ny, ..., ns) be a multi-index.
Taking into account that H" (x e z) = H"(x) + H"(z), and

"
Hn(tjﬂ]) = l‘]-],

we have

"

! 1 ifnj=1
(H™)(x) = lim L — =
Dj(H?)(x) = fim, & {0 if nj # 1.

Since {H"} is an algebraic basis, D; is well-defined on the whole space of block
symmetric polynomials Pys(¢1(C?)). Moreover, the following theorem shows that it can be
extended to the space of block-symmetric analytic functions of bounded type. Denote by
H}®(£1(C?)) the algebra of all block-symmetric analytic functions of bounded type, that is,
Hp®(41(C?)) is the closure of Pys(£1(C?)) in Hy (£1(C?)).

Theorem 7. For every 1 < j <s, the derivative D; is continuous with respect to the topology of
M (£1(C?)), and so can be extended by continuity and linearity to H®(£1(C®)).

Proof. Let ® be the forward shift operator from ¢1(C?) to itself defined by

D(xy,..,x0,...) =(0,x1,. .., Xn,...),

where x;; € C° and 0 is the zero-vector in C°. ® is a continuous linear operator, and so, the
composition operator Co(f) = f o @ is continuous on H}*(¢1(C?)). The operator D; can
be represented as the composition of Ce with the Gateaux derivative in direction [;. Since
the Gateaux derivative in any direction is continuous on the space of analytic functions of
bounded type, the operator D; is continuous. [



Symmetry 2024, 16, 179

18 of 20

We can extend operator D; to block-supersymmetric analytic functions of bounded
type in two ways, setting

xeotili) — f(x
S

7

and

D= (f)(ylx) = lim f(yetl]x) —f(x)'
j

ti—0 t]'

The same argument as in Theorem 7 implies that both D;r and D" are well-defined and

continuous on the algebra of block-supersymmetric analytic functions of bounded type.
Let us compute the derivatives on different bases.

Example 7. Suppose that n = (ny, ..., ns) is such that n; # 0. Then,

RM XOt]]I Z Rk Rn k ) _ thnl,.‘.,njfl,‘..,ns (X)

k<n
because,
1 ifn=1(0,...,1,0...)
~——
R¥(Ij) = j
0 otherwise.
Thus,

D]'(Rn) _ %t]Rnl’ M 71 My Rnl,...,njfl,.‘.,ns'

Ifn; =0, then D;(R") = 0.
Proposition 6. It n; # 0, then D;(E") = Em M= Leets ifn; =0, then D;(E™) = 0.

Proof. The proof can be obtained from Example 7, the Newton-type Formula (17), and the
simple induction with respect ton;. U

Let us consider the case s = 1. Then j = 1, and we denote D = D;. Furthermore,
G, = R"Y% and B, = E"%Y% Thus, D(G,) = G,_1 and D(B,) = B,_;. In addition,
DT (W) = W,_1 and D~ (W,,) = W,,_1 (c.f. [40]). Using these equalities, we can construct
Appell-type symmetric and supersymmetric polynomials.

Corollary 3. For a given sequence of polynomials Py, let Q, = n!Py,.

1. If P, are symmetric polynomials on {1 of the form P, = G, or P, = By, then D(Q,) =
nanl-

2. If P, is a supersymmetric polynomial on ¢1(Zy) of the form P, = Wy, then DT (Q,) =
nQu—1,if Py = (—=1)"Wy, then D™ (Qu) = nQy_1.

6. Conclusions

Algebras of block-supersymmetric polynomials on /1 (C7, ) admit algebraic bases, and
we constructed some of them and found Newton-type relations between different bases.
We established some algebraic properties of block-supersymmetric polynomials and found
applications to the description of spectra of algebras of block-supersymmetric analytic
functions of bounded type. Furthermore, we considered a special derivative associated
with the “symmetric shift” operator x — x e 2 on the algebra of block-symmetric polyno-
mials and extended it to both algebras of block-symmetric and of block-supersymmetric
analytic functions of bounded type. Some related sequences of Appell-type symmetric and
supersymmetric polynomials are constructed.
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These results are at the intersection of combinatorics and functional analysis. On
the other hand, symmetric and supersymmetric polynomials are applicable in cryptogra-
phy [11] and quantum physics [10,41]. Therefore, we can expect that the obtained relations
will be useful for modeling quantum ideal gases and in the information theory.

Further investigations will consider analytic and algebraic structures on the spectrum
of the algebra of block-supersymmetric analytic functions of bounded type, in particu-
lar the question about the existence of an analytic manifold structure on the spectrum.
Furthermore, we will consider the case when the dimension s of blocks is infinite.
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