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Abstract: This manuscript contains several fixed point results for ar-F-fuzzy contractive mappings
in the framework of orthogonal fuzzy metric spaces. The symmetric property guarantees that the
distance function is consistent and does not favour any one direction in orthogonal fuzzy metric
spaces. No matter how the points are arranged, it enables a fair assessment of the separations between
all of them. In fixed point results, the symmetry condition is preserved for several types of contractive
self-mappings. Moreover, we provide several non-trivial examples to show the validity of our main
results. Furthermore, we solve non-linear fractional differential equations, the Atangana—Baleanu
fractional integral operator and Fredholm integral equations by utilizing our main results.

Keywords: fixed point; fuzzy metric spaces; integral equations; Atangana—Baleanu fractional integral
operator

1. Introduction

Fixed point theory plays an important role in the field of mathematics and has received
popularity due to its ability to deal with a wide range of mathematical equations in a straight
forward manner. As a result, the concrete solution of such equations is taken into account
in fixed point theory. Fixed point theory is currently one of the most attractive fields in the
area of nonlinear analysis and even in mathematics in general. Its results can be applied to
an extensive set of a distinct type of equations (integral, differential, matricial, etc.) in order
to prove the existence and uniqueness of several classes of nonlinear problems.

Zadeh [1] produced the idea of fuzzy sets. Then Schweizer and Sklar [2] produced
the idea of t-norm. This increased the range of mathematics. First of all, fuzzy metric
space was introduced by Karamosil and Michlek [3]. Then many researchers worked on
it and developed many ideas to do with fuzzy metric space. So fuzzy metric space is
very famous nowadays. The validity of fixed point theorem was proved by Gregory and
Sapena [4] in a fuzzy metric space. The fuzzy distance function in a fuzzy metric space
meets a number of criteria, including the symmetric property. With the symmetric property,
any two points in the fuzzy metric space can be separated from one another regardless of
their consideration order.

The classes of fuzzy contractive conditions were defined by Trade [5], Greogre and
Sapena [4] and Mihet [6]. Hung [7] introduced F-contraction in the framework of fuzzy
metric spaces. Zhou et al. [8] introduced some fixed point results for contraction mappings
in the context of fuzzy metric space. Hezarjaribi [9] introduced the notion of an orthogonal
fuzzy metric space and proved the validity of some fixed point theorems in it. Schweizer
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and Sklar [2] introduced the concept of statistical metric space and validated several fixed
point results with applications. Panda et al. [10] introduced an extended F-metric space
and validated related fixed point results. Some fixed point results were validated with a
new type of fuzzy contractive mapping, and also the I' function family was defined by
Patel et al. [11]. Nazam et al. [12] introduced (¥, @) orthogonal interpolative contraction
and validated fixed point results. Moreover, several related fixed point results were
validated in [13,14]. The authors in [15-17] worked on complex valued metric spaces
and complex valued fuzzy metric spaces, and utilized several generalized contraction
mappings to validate fixed point results.

Inspired by the work of [11], we introduce ar-F-orthogonal fuzzy contractive map-
pings and give examples to verify our main result. We divide this paper into four main
parts. In the first part, we present some basic definitions and in the second part we validate
main theorems and corollaries for fixed point results and also give an example to fulfill
the conditions of our main result. In the third part, we provide several applications of our
main results, in which we utilize the Atangana—Baleanu fractional integral operator and
Fredholm integral equations to show the validity of the main results, and we present the
conclusion in the fourth part of the paper.

2. Preliminaries

In this section, we provide several definitions that are helpful for readers with respect
to understanding the main section.

Definition 1 ([2]). A binary operation = : [0,1] x [0,1] — [0, 1] is called a continuous t-norm (in
short, ctn) if it satisfies the following axioms:

(T1)dxe=¢xd anddx (ex¢) = (Ax¢é)xCforalld,eé € [;

(T2) * is continuous;

(T3)d+1=idforalld e I;

Example 1. (i) 4 & = min{4, e}
(i) i x & = e
(iii) i x ¢ = max{0,d+ ¢ —1}.

Definition 2 ([8]). A mapping o : A x A x (0,+0c0) — [0,1] and * is ctn; then (A, o, ) is
called fuzzy metric space (in short, FMS) if it satisfies the following axioms for all j,0,w € A and
p,@>0:

Cl:o(j,0,p0) > 0;

C2:0(j,00) =1iff1= 0

C3:0(1,0,0) = 0(0/),0);

C4:0(j,w,p+ @) 2 0(1,0,p) 0(0,w,@);

C5: 0(j,v,.) : (0,400) — [0,1] is continuous.

If we replace (C4) by

C6: 0(j, w,max{p,@}) > 0 (j,0,0)x 0 (0w, @),

then (A, o, *) is said to be a non-Archimedean fuzzy metric space (in short, NAFMS). Note that,
Since (C6) implies (C4), each non-Archimedean fuzzy metric space is a fuzzy metric space.

Definition 3 ([9]). Suppose (A, 0, *) is an FMS and L€ A x A'is a binary relation. Assume
that there exists jo € As.t jo L j forall j € A. Then, it is called an orthogonal fuzzy metric space
(in short OFMS). We denote that OFMS is (A, o, x, L).

Definition 4 ([9]). Suppose (A, c, *, L) is an OFMS. A sequence {j;}, .y is called O-sequence if
Jr L jr1 forall v € N. Moreover, A : A — Ais L-continuous in j € A if for each O- sequence (in
short, OS) {Jr },en in Aiflimy s 100 0 (3,7, 0) = 1forall p > 0, thenlim, oo o(AJy, Aj,p) =1
forall p > 0. Furthermore, A is L-continuous if A is L-continuous in each j € A. Moreover, we
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say that A is L-preserving if Aj L Ao whence j L ¢. Finally, A is orthogonally complete (in brief,
OC) if every O Cauchy sequence (in short, OCS) is convergent.

Definition 5 ([11]). Suppose (A, o, *, L) is an OFMS and F€ Ap. The mapping A : A — Ais
said to be fuzzy F-contraction if there exists T € (0,1) such that

T.F(0(A1, A, p)) = F(o (), 0,0))-

Definition 6 ([11]). Let A: A — Aand o : A x A — [0,400) be a function. We say that A is
an a-admissible mapping if

€ Aua(j0) =21 = a(A],Ae) 2 1.

Definition 7 ([11]). Suppose A : A — A and two functions a, 17 : A x A — [0, +00). We say
that A is an a-admissible mapping with respect to 1 if

10 € Aa(),0) >n(,0) = a(A),Ae) > 1(Aj, Ae).

Definition 8 ([12]). The OFMS (A, 0, *, L) is called L-regular if for any orthogonal sequence
{jr} C A converging to j, we have either j, L j,orj L j, forallr € N.

Definition 9 ([12]). Let A : A — P(A) and L. C A x A be an orthogonal relation. The mapping
A is called L-preserving if for each 1 € Aand u € A(l) such that1 L woru L I, there is
w € A(u) satisfyingu L worw L u.

Definition 10 ([11]). Let (A, 0, *, L) be an OFMS and a mapping A : A — A. Suppose two
functions o,y : Ax A — [0,400). A A is called an ar-F-fuzzy contractive mapping, if for
7,0€ Aandn(;, A7) < a(j,0) and (A}, Ao, p) > 0, we have

n(c(, A, p), 00, Ne,p), (e, Ay, p))-F(o(A1, Ao, p)) > F(o(1,0,p)),

whereT € Avand F € Ap.

Definition 11 ([11]). Suppose (A,0,*, L) is an OFMS and « — 1 : A x A — [0, +0c0) and
A A — Aisa function. A is called an a—j-continuous mapping on an OFMS. If, for a given
1 € Aand O-sequence {j,}

im o (jr,1,p) = 1, aGrirea) 2 10 Jr1)

r—r+00
forallr € N, then lim,_, 400 0(AJr, A}, p) — 1.

3. Fixed Point Theorems for ar-F-Orthogonal Fuzzy Contraction

In this section, we prove several fixed point results for contraction mappings.
The set of all the continuous function ArisT : (RJF)4 — R satisfying the following;:
1. forall py,p2,p3, 04 € RT with max(p1, 02, 03,04) = 1, there exists T € (0,1) such

that I'(p1, p2,03,04) = T.
We have the following examples:

1".T(p1,p2,p3,p2) = T+ L.log, max(p1, p2, 03, 4), where L € RT.
2. T(01,02,03,04) = maxtorpmpops)”
, - er
3. T(p1,02,03,04) = omax(p1,02,03.01) °
Here, 7 € (0,1) and thenT € Arand F € Af.
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Definition 12. Let (A, o, %, L) be an OFMS and a mapping A : A — A. Furthermore, suppose
that a,17 : A x A — [0,+00). A mapping is called «; — F-OF contractive mapping on A, if for
j,0€ Awithy Looro L jand n(;, Ay) < a(y,0) and o(Aj, Ao, p) > 0, we have

n(e(, Ay, p),0(0,Ne,p), (0, A, 0))-F(o(A), Ao, p)) > F(o(1,0,0)), 1
where € Arand F € Ap.

Definition 13. Let (A, 0, %, L) bean OFMSand « — 17 : Ax A — [0,+0)and A: A — A
be a function. We say A is an a—j-continuous mapping on an OFMS. If, for a given | € A and
sequence {j, } such that j L jorj Ly,

lim o (jr,7,0) = La(r, jr+1) 2 10r Jr+1),

r——+o00

forallr € N, then lim, ;o 0(AJr, Aj,p) = 1.

Lemma 1. Let (A, 0, *, L) bean OFMS and {j, } be an O-sequence in A such that for eachr € N,
Jr L0t jrn L

lim o(jr, jr41,0) >0,

p—0"

and for any p > 0,
im o(jr,jr1,0) = 1.

r—+oo

If {Jr} is not an OCS in A, then there exists ¢ € (0,1), pg > 0 and two O-sequences of positive
integers {r}, {ux}, re > up >k, k € N, such that the following

{U(]uk/]rk/ PO) }/ {U(]llk/]rk+l/ PO) }/ {U(Jukfl/]rkrpo) }/
{U‘(]ukfl/]'r‘k#»l/po) }/ {U(]uk+11]rk+1/ PO) }

tendtol —eask — +oo.
Now, we are ready to validate our main results.

Theorem 1. Suppose (A, o, *, L) is an OFMS. A mapping A : A — A satisfies the following con-
ditions:

1. A is an a-admissible mapping with respect to 1;

2. Foreach jg € A, there is j1 = A(jo) such that j; L joor jo L j1;

3. Ais an ar — 1 — F-orthogonal fuzzy contractive mapping;

4. 3 jo € A such that a(jo, Ajo) > 11(jo, o),

5. N\ is an a—y-continuous map;

6. A is orthogonal preserving mapping.

Then, A has an FP. Moreover, A has a UFP whenever «(j,0) > #(},7) forall j,0 € Fix(A).

Proof. Suppose jo € A3Jj3 € Astjo L jyorj L josta(jo,Ap) > 7(jo,Ajo). Then
by using the L-preserving nature of A for each jp € A, we define the OS {};} such that
Jr Ly 0t 1 L by jp01 = A'(jo) = Ayy for all ¥ € N. Now, Since by (1) A,

a(j0,71) = a(jo, Ajo) > 1(j0, Ajo = 1(jo,71)),

by taking this process continuously, we have

1(r—1,7r) < a(jr—1,7r)

forallr € N.
Furthermore, suppose o € N such that j,, = Ay, then j,, is FP of A and there is
nothing to prove.
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Let us assume j; # J,41 or 0(Jr, Jr41,0) € (0,1) for all ¥ € N. With conditions (3)
and (1) where j, L j,_; orj,_1 L j;, we obtain,

L(o(r—1,Mr=1,0),7Grs A, 0), 0 (Jr—1, Ajrs ), 0 (rs AJr—1,P))-
F(o(Ajr—1,M,0)) = F(0(r-1,7,0)),

which implies
C(o(1r—1,7r0), 0 Grs 1r41,0), 0 (r—1, 1741, 0), O (Jrs 1, 0) )
F(o(jrjrr10)) = F(0(r—1,7r,0))-

Since max (o (J;—1,Jr,0), 0 (Jrs Jr+1,0), T Jr=1, Jr+1,£), 0 (Jr, Jr,p)) = 1, with the T'-function 3
T € (0,1) we have

C(o(1r—1,7r0), (s 1r41,0), T (Jr—1,1r41,0), T (Jrs 1, 0)) = T.

Therefore,
TF(0(r Jr+1,0)) 2 F(0(r=1,7r,0))-
We have
F(o(r jr+1,0)) > TE(0(rs Jr1,0)) = F(0(1r-1,1r,0))- 2

This is because F is a strictly increasing function (in short, SIF).
(e Jr+1,P) > O (Jr=1, 11, P)-

Thus, the sequence {c(jr,j;+1,0)} (0 > 0) is an SIF-bounded form as above, and thus
sequence {o(Jr, Jr+1,p)} (p > 0) is convergent. A is orthogonal preserving mapping. So,
there exists a(p) € I such that

im o (jr, jr41,0) = a(p), ®)

r—r—+o0

for any p > 0 and r € N. It follows that

(1 Jr+1,0) < a(p), 4)

by (3) and (4), for any p > 0; we have

lim F(o(jr,jr+1,0)) = F(a(p) —0). 5)

r—r+00

We have to show that a(p) = 1. Assume that a(p) < 1 for some p > 0 and r — 400 in (2);
using (5), we obtain

F(a(p) = 0) = 7.F(a(p) = 0) = F(a(p) —0).
This is a contradiction with F(a(p) — 0) > 0. Therefore,

lim o(jr, jr1,0) = 1. (6)

r—+00

Next, we have to show that {},} is an OCS. Let {j, } not be an OCS. By using the Lemma 1,
Je € (0,1),p0 > 0 and sequences {Jy, } and {Jy, } such that j,, L jr, or s, L ju,

Lim o (ju, jrp0) =1 —¢. 7)

k—r 00

Again, in (1) we have
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r (U(]uk/]uk+l/ P)/ U(]rk/]rk+1/ P)/ (7(]uk/]rk+1/ P)/ U(]rk/]uk+1))
FoGurvins10)) = F(0(uginep))-

Let the limit k — +o00; we have

limy s 4o [T (0 (s Juge+10) 1 (i Ir10) 0 (g Iri41,0), @ (s Jug 1)) ®)
F(0 (g1, Je11,0))] 2 s oo F(0 (Jugs 110 0) ) -

This implies

r (1/ ]-/ kll)rfoo U(]uk/]rk-i-l/ P)/ kll)rfoo U(]Fk/]uk-‘rl)) .

F@ (s mep)) 2 Em F (0 (g e p))-

Since max (1, 1,0 (uy, Jro+1,0), 7 (Jrys Jup 1)) = T-
Using (7) and (8),
TF((1—¢)—0) > F((1—¢)—0).

This is a contradiction with F((1 — &) —0) > 0. Thus, The sequence {},} is an OCS in A.
Since OFMS (A, 7, %, L) is complete, there exists j* € A such that j* L j, orj, L j*
Jim =
Suppose j* is an FP of A. With condition (5) and #(j,—1,}r) < a(jy—1,Jr) forallr € N,
limy 40 0(AJyr, AJ*, p) = 1implies o (7*, Aj*, p) = 1; that is, j* = Aj*.
Let},0 € Fix(A) such that; L goro L j; by (1),

L(e(r,1,0),0(00,0),0(1,0,0),0(0,7,0))-F(c(1,0,0)) = F(c(,0,0))

I'(1,1,0(7,00),0(01.0)-F(c(1,0,0)) = F(o(1,0,0))-

Since max(1,1,0(s,0,p),0(0,7,0)).F(c(7,0,0)) = 1, there exists T € (0,1) such that
I'(1,1,0(,00p),0(0,7,p0))-F(c(s,0,p)) = T. Hence we show that

T.F(0(5,0,0)) > F(o(3,0,0))-

This implies that
F(o(1,0.0)) > T.F(0(1,0,0)) =2 F(0(1.0,0)),
which is contradiction. Thus, A has a UFP. [

Corollary 1. Let (A, 0, %, L) bean OCFMS. Suppose a mapping A : A — A which satisfies the
following conditions:
1. A is an a-admissible mapping with respect to y;
2. Foreach jg € A, there is j1 = A(jo) such that j; L jporjo L j1;
3. Forj,0 € Asuchthatj L ooro L jwitha(j,0) > 1(,Aj) and o(Aj, Ag,p) > 0, we
have
TE(e(A), Ao, p)) 2 E(o(1,0,0))s

where ] # 0,7 € (0,1)and F € Ap;
4. There exists jg € A such that a(jo, Ajo) > 1(jo, AJo);
5. N\ is an a—jy-continuous map;
6. A is orthogonal preserving mapping.
Then, A has an FP. Moreover, A has a UFP whenever «(j,0) > #(},7) forall j,0 € Fix(A).
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Example 2. Suppose A = [0, +00) and t-norm is defined by p(d,e) = de for all 4,e € I. Define a
fuzzy set o : A x A x (0,1) — I such that

—lj—dl

o(j,0p)=e ?

forallj,0 € Aand forall p > 0.
Define the relation L C A? as
{1l wiffw < {£,w}.

Thus, (A, 0, %, L) is an OCFMS.
Define A : A — A such that

12
_ [ 27t e (0],
Al = { 37, if ] € (1,400).

Letj—a: A x A — [0, +o0] defined by j(j,0) = 1 forall j,0 € Aand

0.0 = { bifj0 € [0,1] }

g otherwise.

Let F(7) = log, j be any SIF and consider I function T": (]R*)4 — R defined by I'(p1, p2,03, 1)
= 1, where T € (0,1).

1. Let a(7,0) > #(j,0), then j,0 € [0,1]; on the other hand, A(;) € [0,1] for all
1,0 € [0,1], then a(Ay, Ag) > n(As,Ag) (or a(Ar,Ag) = a(3P1¢?) = > D). So,
condition (1) of Theorem 3.4 is satisfied.

2. dj9 € A, so condition (4) is also satisfied.

3. Letj, = % = 0,a(Jr, Jr+1) = w(%,ﬂ%l) = % > 17(%,“%) = %for all » € N. This

implies A(j;) = A ( %) — 0 = A(0). Thus, condition (5) is satisfied. Similarly, all other
conditions are satisfied.
Now, let j L g; then

T.F(c(Aj,Ao,p)) = T.F <e(21p|]2Q2>)

= T log{e(zlf’]ZQZD }

I N

= T, -

l1—el
o

li—el

= loge *
= F(e(1,0.0))

Vv

Hence, all the conditions of Theorem 1 hold. Thus, ; = 0 is an FP for the self map A.
Now, given ] = 2, 0 = 3and t € (0,1), the conditions of Theorem 1 are not satisfied
without orthogonality.

If welet57(j, 0) = 1, with respect to Theorem 1 and Corrolary 1, we have the following.

Definition 14. Suppose (A, 0, *, L) is an OFMS and a mapping A : A — A. Furthermore,
suppose two functions a, 1 : A x A — [0, 4+00). Then, a mapping A is called ar— F-orthogonal
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fuzzy contractive if for j,0 € Awith] L goro L jand a(j,0) > 1 and 0(Aj, Ao, p) > 0, we
have

L(o(1,Ar,0),0(0, M0, p),0(0, A1, p))-F(o(Ay, Ao, p)) > F(o(1,0,0)), )
where € Arand F € Ap.

Theorem 2. Suppose (A, 0, *, L) is an OCFMS. Suppose a mapping A : A — A satisfies the
following conditions:

1. A is an a-admissible mapping with respect to y;

2. Foreach jg € A, there is j1 = A(jo) such that j; L jporjo L j1;

3. Ais an ar—F-orthogonal fuzzy contractive mapping;

4. 319 € Asuch that a(jo, Ajo) > 1;

5. N\ is an a-continuous map;

6. A is orthogonal preserving mapping.

Then, A has an FP. Moreover, A has a UFP whenever «(j,0) > 1 forall j,0 € Fix(A).

Proof. Proceeding as in the proof of Theorem 1, we have the following. O

Corollary 2. Suppose (A, 0, *, L) is an OCFMS. Suppose a mapping A : A — A satisfies the
following conditions:

1. A is an a-admissible mapping with respect to §;

2. For each jg € A, thereis j1 = A(jo) such that ;1 L joorjo L 1;

3. Ifforj,0 € Asuchthatj L goro L jwitha(],0) > 1and c(Aj, Ao, p) > 0, we have

T.F(c(A, Ao, p)) > F(o(1,0,0)),

wherej # 0, T € (0,1) and F € AF;
4. 319 € Asuch that a(jo, Ajo) > 1;
5. A is an a-continuous map;
6. A is orthogonal preserving mapping.
Then, A has an FP. Moreover, A has a UFP whenever (], 0) > 1forall j, 0 € Fix(A).
If we take «(j, 0) = 1 in Corollary 2 for all j, 0 € A, we obtain the following result.

Corollary 3. Let (A, 0, *, L) be an OCFMS such that

li ,0,0) >0
pggy(J p)

forallj,0 € A If A : A — Aisa continuous OF F-contraction, then A has a UFP in A.

In the next theorem, if we omit condition (5) from theorem then, we have following
result.

Theorem 3. Suppose (A,0,*, L) is an OCFMS. Suppose a mapping A : A — A satisfies the
following conditions:

1. A is an a-admissible mapping with respect to j;

2. Foreach jg € A, there is j1 = A(jo) such that 11 L jgor jo L J1;

3. A is an ar— F-orthogonal fuzzy contractive mapping;

4. 330 € Asuch that a(jo, Ajo) > 1(jo, AJo);

5.If{j;} isan OS in A such that j» L j,4q 07 jpr1 L jrand a(jr, jr+1) > 171 (Jr, Jr+1) with
Jr — jasr — —+oo, then

J(A]r/ AZJr) < a(Ajr, ) or W(Aer/ A3]r> < “(Az]n])

holds for all r € N.
6. A is orthogonal preserving mapping.
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Then, A has an FP. Moreover, A has a UFP whenever (], 0) > 1forall j, 0 € Fix(A).

Proof. Let jp € A3 3 € Asuchthatjy L j; orj; L jo such that a(jo, Ajo) > 1(jo, AJo)-
Proceeding as in the proof of Theorem 1, we conclude that

a(rsJr+1) = 1(JrsJr+1) and j, — " asr — +o0

where, j,41 = Aj,. By assumption (5), either
1 (A A1) < @(Agr ) or g (A%, A%) < £6(A%, 1)

is satisfied for all r € N. Equivalently, 3 is a subsequence {j;, } of {};} such that j,, L j,, 1
or ]Vk-i-l €L ]T‘kr
77 (]rk/]rk+1) S 2 (]I’k/]*)/

and by (1), we obtain

L(0 (1 ANarer0), 0G5 AT 0), 0 (s AT 0), 0 (1) Al 0) ) -F (0 (Mg AT, 0))
Z F(U(]rk/]*/P))/

which implies for any p > 0,

F(o(Ajr A7 0)) > TE(0 (Mg, A7, 0)) 2 E(0 (17 0))-

Since F is SIF,
T(Ajr A 0) > (a1 0)-

lim o(Aj, AS*,p) > kETooa(]rk']*'p)

k—+oc0

then we obtain o (;*, Aj*,p) = 1, i.e, ;* = Aj*. The uniqueness of the FP is similar to
Theorem 1. O

Corollary 4. Let (A, 0, %, L) be an OCFMS. Suppose a mapping A : A — A satisfies the
following conditions:

1. A is an a-admissible mapping with respect to y;

2. Foreach jg € A, there is j1 = A(jo) such that j; L jpor jo L j1;

3. Ifforj,0 € Asuchthat ] L goro L jwitha(;,0) > 1and c(Aj, Ao, p) > 0, we have

T.F(0 (A1, Ao, p)) = F(o(),0,0)),

where ] # 0,7 € (0,1)and F € Ap;

4. 3 19 € A such that a(jo, Ajo) > 1(jo, No);

5.If{j;} isan OS in A such that j» L j,4q 01 o1 L jrand a(jy, jr+1) > 11 (Jr, Jr41) with
Jr — jasr — +oo, then

U(AJWA%) < a(Ajr,)) 0“7<A2]rr/\3]r> < w(AZJr,J)

holds for all r € N.
6. A is orthogonal preserving mapping.
Then, A has an FP. Moreover, A has a UFP whenever «(j,0) > 1forall j, 0 € Fix(A).
If we take 11(j, 0) = 1 in Theorem 3 and Corollary 4, then we obtain the following;

Theorem 4. Suppose (A, 0, *, L) is an OFCFMS. Suppose a mapping A : A — A satisfies the
following conditions:

1. A is an a-admissible mapping;

2. For each jg € A, thereis ;1 = A(jo) such that ;1 L joorjo L j1;
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3. A is an ar—F-orthogonal fuzzy contractive mapping;

4. 330 € Asuch that a(jo, Ajo) > 1;

5.1f {jr} is an OS in A such that j, L j,1q1 07 Jp41 L jr and a(jy, jp1) > 1 with j, — jas
r — 400, then

«(jr,3) 2 Lora(jra,g) 21

holds for all r € N.

6. A is orthogonal preserving mapping.

Then, A has an FP. Moreover, A has a UFP whenever (], 0) > 1forall j, 0 € Fix(A).

Proof. Suppose jp € A3 € As.tjp L jporj L josuchthata(jo, Ajg) > 1. Proceeding
as in the proof of theorem 1, we conclude that

a(jr,Jr41) > land jr — " asr — +oo

where, ;41 = AJr. By assumption 5, a(Ajy,7*) > 1 holds for all r € N. So, by Lemma 1
3 a subsequence {j,, } of {jr} such j,, L j; 41 0r jr 41 L Jp, by definition of ap—F-OF
contractive mapping; we obtain that

L(0 (res Nrs0), 0G5 AT 0), 0 (10 AT 0), 0 (77 A 0) ) -F (0 (A AT, 0))
Z F(U(]Tk/]*lp)>r

This implies for any p > 0,

F(o(Ajre, N, 0)) > T.F(0(Agr, A5, 0)) = F(0 (0 17500) ) -

Since F is SIF,
o(Njra AT p) > (s sp)-
lim o(Ajr, AS%,p) > kETOOU(]rk’]*’p)

k——+o0

then we obtain o(;*, Aj*,p) = 1, i.e, j* = Aj*. The uniqueness of the FP is similar to
Theorem 3. [

Corollary 5. Suppose (A, 0, *, L) is an OCFMS. Suppose a mapping A : A — A satisfies the
following conditions:

1. A is an a-admissible mapping;

2. Foreach jg € A, there is j1 = A(jo) such that j1 L jgor jo L J1;

3. Ifforj,0 € Asuchthatj L goro L jwitha(],0) > 1and c(Aj, Ao, p) > 0, we have

T.F(c(A, Ao, p)) > F(o(1,0,0)),

wherej # 0, T € (0,1) and F € AF;
4. 39 € Asuch that «(jo, Ajo) > 1;
5.1f {jr} is an OS in A such that j, L j,1q1 07 Jp41 L jr and a(jy, jp1) > 1 with j, — jas
r — o0, then
a(Ajy,g) > 1 oruc<A2]r,]) >1

holds for all ¥ € N.
6. A is orthogonal preserving mapping.
Then, A has an FP. Moreover, A has a UFP whenever (], 0) > 1forall j, 0 € Fix(A).
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4. Applications
4.1. Application to Nonlinear Differential Equation

For the existence and uniqueness of our solution, we validate an application of the
Corollary 5 for a nonlinear differential equation.

CHP(1(p)) = t(p, ) (p)) (10)

where (0 < p < 1,1 < B < 2) via the integral boundary conditions

10 =0, = [y@ide ©<j<1) a

where € HP denotes the Caputo fractional derivative of order  and a continous function
t: I xR — R. Here, (A .| +~) Letus consider the Banach space C(I,R) of all
continuous functions defined on a real interval I (where I = [0,1])

|7 lse0= sup | (o) | (12)
p€[01]

Suppose a complete OFMS (A, 0, *, L). The triple (A, 7, *p, L) is an OFMS where the
set o is defined by
—li—e
c(j,0p)=e ¢ (13)
where j L goro L jand j,0 € Aand p > 0. For a continuous function & : Rt — R,
the Caputo derivative of fractional order § is defined by

_ 1 p_ g(v)
CHBR(p) = F(r—,B)/o (p_v)ﬁ_r_ldv (14)

(r—1< B <r,r=][B]+1), where [f] denotes the integer part of the real number f.
Now, for the continuous function ¢ : R — R, the Reimann-Liouville fractional
derivative of order 8 is defined by

Crpo(p)— 1+ 4 (8@
Hgl0) = T =gy ap /0 (p_v)ﬁ_r_ldv (15)

r = [B] + 1; the right side is point-wise defined on (0, +00).
Theorem 5. Let 1. { : R x R — R be a function and T € (0,1) such that

| f(p.a) = f(p,b) |< T</55+1> | a;bl

forall p € Tand a,b € R with {(a,b) > 0;
2. 39 € Asuch that jo L Ajg or Ajo L jo and {(jo(p), Ajo(p)) > 0 forall p € [0,1],
where, A : A — A is defined by

(16)

M) = g5 [ =0 00— gt [71 -0 (o (o))

B L (Y Ay ,
it [ ([0 im0 o € fo,1);
3. Foreachp € Iand j,0 € Asuchthat) L ooro L j, C(j(p),0(p)) > 0 implies

G(AJ(p), Aalp)) > 0;
4. If {jr} is an orthogonal sequence in A such that j, — jin Aand j, L j,4q 07 Jppq L Jr

and {(Jr, jr+1) > Oforallr € N, then {(j;,7) > 0 forall v € N.
5. A is orthogonal preserving mapping.
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Then, (10) has at least one solution.

Proof. Suppose ; € A satisfies (10) if and only if it satisfies the equation
— )1
o) = rﬁ/ =) (o )0 — s [ (v)do

2 Fﬁ/ (/ fu, g )du)>dv

Then problem (10) is equivalent to finding ;* € A, which is an FP of A.

Now, let 7,0 € Asuchthat; L goro L jand {(j(p),0(p)) > Oforall p € I. By (1),
we find

| Aj(p) — Nelp) |=
15 /op“’ 0 (@)~ e [ 0) o (o))

F,B </ —u)P7lf ](u)du)>dv
1 /P

5 (p—v)ﬁ’lf(vfe(v))dwr i ) 19 e

Fﬁ/</ (0—u)f Q(M)du)>dv|.

< i/p = \ﬁ*\ £(0,1(0))
~f(o00)) |

05 Jy (10 (@)

—f(ve(v)) | 1"/8/ \/ (u)du) — f(u,0(u)))du | do.

G L T(B+1) | o) — (o) | 2
S'ﬁ/o el o T re

P T(B+1) | e(w) —j(o) | 2p
/0(1—7])13 1 5 pe do + (2—;72)1"[5
e 1 T(B+1) [o(u) —j(u) |
/()(/0 (v—u)f! 5 - du)dv.
rp+1)1
S == [ —Q||+oopzuop1 I’[&/ (1—0)fdv

I R LR S B -
+(2—772)Fﬁ/0(1 v) dv+(2—172)Tﬁ/()./() |0 —u |P~1 dudo).

el
T

Thus, for each 7,0 € Awith {(j(p) —o(p)) > 0 for all p € [0,1], we have

1A A s 11 =2l

A7 =Nt _ 7 =04
Y - o.T
=elee o IA = A0l
P 0
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_ =l O 1Y FP
log,e ° < log,e P

_li—ell+e _ A —Adll oo
log,e ¢ < Tt.log,e P

Now, suppose F : RT — R* defined by F(p) = log, p for each p > 0 such that F € F. Thus,
we obtain

F(o(1,0,0)) < T.F(c(A), Ao, p))

forall j,0 € Awith o(Aj, Ag,p) > 0. Therefore, A is an ar—F OF contractive mapping.

Next, by assumption 3 of Theorem 5, (7, 0) > 1 implies {(j(p), 0(p)) > 0, which im-
plies C(Aj(p), Ao(p)) > 0, which implies a(Aj, Ag) > 1forallj, 0 € A. Hence, condition (1)
of Theorem 5 holds.

From condition (2) of Theorem 5, there exists jo € A such that jo L Ajp a(jo, Ajo) > 1.

Finally, from condition 4 of Theorem 5, if {},} is an OS in A such that j, L j, 41 or
Jr+1 L jr a(jr, Jr+1) > 1 for all r € N implies {(j;, J,+1) > O forallr € N, then {(j;,7) > 0
forall r € N=a(j;,7) > 1 forall r € N. Therefore, condition 4 of Corollary 5 holds.

By this application, we satisfy the result of Corollary 5; moreover, we show the
existence of uniqueness j* € A such that j* = Aj* which satisfies Equation (10). O

4.2. Atangana—Baleanu Fractional Integral Operator

The fractional integral of Atangana—Baleanu-type order « of a function z(p) is satis-

fied as:
_ 1— « IS

IIL0) = 1 S0+ Brariag fo SO0 p) (12)

where 0 <«x< 1,0 < p < v and it is worth mentioning that (0) and (1) are equal to 1.
Let H = C(I,R) be the set of all continuous functions from I into R. Consider

_1—o< o~

10) = 5250+ Beria /OPJ(P)(P —p)lap (18)

where j(p) € A.
To find the existence and uniqueness solution (18), define A : A — A as

_1—o< «

(3 _
Aj(p) = ﬁ(a)](P) + W/O 1(p)(p— p)* dp. (19)
Definee: A x A — Rt as

e((7(p),elp)) = sup |1(p) —elp) |
0€(0,1)

Now we will prove that the fractional integral of the Atangana-Baleanu type has a
unique solution.
11—« v

Bla)

< uwhereu € (0,1)

Consider
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< twe)

T
Thus, for each 7,0 € A with {(j(p) —o(p)) > O forall p € I, we have

e(A(0), Aolp) < U@
e(A1(p), Nolp)) < £(7,0)

P TP
_e00) &) Aelp))
p P
_ o) _ 7 &Ay(p)Ae(p)
log,e ¢ < log,e P
_ o) _ &(A)(p)Ae(p)
log,e ¢ < Tt.log,e P

Hence, the remaining proof of application is similar to the proof of Theorem 5. Therefore,
A is an ar-F OF contractive mapping.

Hence, the conditions of Theorem 5 and Corollary 5 are satisfied, which yields that the
fractional integral of the Atangana—Baleanu type of order o has a unique solution.

4.3. Existence of LP-Type Solution Pertinent to the Fredholm Integral Equation

Let A = LP(0,+00),(1 < p < +o). Definee : Ax A — Rby e(j(p),olp)) =l
7(p) —o(p) ||Lr- So, it is easy to check that A is an ar-F orthogonal fuzzy contractive

mapping.
We consider the L? solutions (1 < p < +c0) of the linear Fredholm integral equation
of the second kind.

oo
1(p) =¥(p)+ /0 G(p,p)i(p)dp; (20)

where j,9 € LP(0,+0).
Forl<p< +oo,% + ﬁ = 1. The integral Kernal G(p,p) = G(p, p) is symmetric and

non-negative almost on (0, +o0) x (0, +00).
Given Z € LP(0,+o00) and H € L? (0, +c0), one obtains

—+o0
kZ(p) =/O G(p,p)Z(p)dp;p € (0, +00),
and e
xH(p) =/O G(p,p)H(p)dp; p € (0, +0),
for any € > 0 and p > 0; we define

1+e
I3

+oo = ,
Ge(r,p) = /O G(p,p) (Z) do;r=porp
and

+o00 p % ’
Go(w):/O G(p,p)<p) do;r=porp

(c1): If Go(p) = xo(1, p), (r =por p/> is independent of p > 0, then « : L”(0, +00) —
LP(0,4o0) is a continuous linear operator and || « ||r—1r < Ko (p).
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(c2): If Ge(p) = ke(1,7), (r =por p/) is independent of j > 0, then x¢(p) = x,(p) +

o(1), (e = 0™) is a continuous linear operator and || & ||y r= o (p).

(c3): Moreover, if the conditions in (cy) are fulfilled, for any Z € LP(0,4o0) and
| Z [[p> 0, then || x || r<[| & || rr|| Z [|Lrholds.

Define an operator & L7 (0, +00) as,

—+00
«jo) = ¥l(p)+ = [ Glp.)(p)dp.

Consider,

o< 7(p)— < a(p) l|zv

400

.
=l ¢(o)+ o [ Glpoup)dp— (o)== [ Glp.)a(p)dp s -

+oo
=l [ Glp.0)0(p) — e(p))dp s -
<le<| %o (p) II 7(p) — @(p) lI1r -
=l % (p)2(1, 0)-
By assuming || x,(p) < 1, we obtain

{(e< g, 0) <[] 50 (p)E(1, 0)-

For the linear Fredholm integral Equation (20) if the Kernal of G(p, p) is symmetric and
almost every time (0, +o0) X (0, +c0) and it fulfils the conditions (c1), (cz) and (c3), then for
the linear Fredholm integral Equation (20) there exists a solution as long as || x,(p) < %

1
Glxgg) < =600

T = 800
{(xj,x0) 1
(PRASMELASE. VAR G A
) < pC(] 0)
1 {(x,x0)
—={(0) < -—TZ—E
5 (7,0) o
loge_%g(]’g) < loge.

Hence, the remaining proof is similar to the above application. Therefore, A is an ar-F
orthogonal fuzzy contractive mapping.

5. Conclusions

We introduced a new contractive condition called ar-F orthogonal fuzzy contractive
mapping on A. We validated some fixed point results and a corollary and proved the
existence and uniqueness of our results. As an example, we validated all the conditions for
our main result and showed the existence and uniqueness of fixed points. We presented an
application of the Atangana-Baleanu fractional integral operator and the Fredholm integral
equations, in which we proved the uniqueness and existence of a solution. This work is
extendable with respect to the existing literature [15-17].
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