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Ck,l,m,j/ dk,l,m,r € C( [0/ oo), ci (R) )/

0< aJ}z]dk,l,m,r <B,

P1
ax Ck,l,m,j

on [0,00) X R,j = 1,...,N5,1’ = 1,...,N6, pP1 = l,...,Nl, P, Nl,Nz,N3,N4,N5,N6 c N,
q = max{Ny,2N; + 1, N3,2N; + 1}.

Kondo and Pes [1] proved the local well-posedness of this system in analytic Gevrey
spaces G7*(R) with s > 2N +1/2, N = max{N,, Ny }.

The range of the type of equations that this model encompasses is obviously broad
and can represent many physical phenomena. As examples, we can consider the nonlinear

case
Ny Ny—k  (Nj—k
y ¥ a’;{ Y 3w Py g (aﬁz)}.
k=0 (=0 m

=0
When N; = 1, we have

pr0,0,0 (Z) + axw”PO,m (Z) + ZUPPO,LO (axZ) + awaPO,Ll (axz)

()
+0x[wF Py go(z) + 0xwP Py (2)].

When Ni =N, =1 and p = 1, taking P()/0,0 = PO,l,O = PO,O,l = PO,l,l = P1,0,1 =
0, P100(x) = x%,a; = 1 and taking the same choices to Qy y,, with N3 = Ny = land b; = 1,
we have a coupled system of modified KdV equations (see [2,3]):

0iz 4 93z + 0y (zw?) =0,

{ drw + Bw + 9y (wz?) =0,
w(x,0) = wo(x),z(x,0) = zo(x).

Considering in (2) the case when p = g € Nand P go(x) = x7t1, since Ny = N, =
N3 = Ny = 1, we obtain a more general system, treated in [4] as

Orw + 3w + 9y (wiz111) =0,
0tz 4+ 03z + 0y (21w™1) =0,
w(x,0) = wo(x),z(x,0) = zo(x).

In order to find a more general and more complicated systems, we can consider Nj = 2
and p = 1; then, we notice that the term nonlinear is more general:

wPy0,0(z) + dxwPyg1(z) + d2wPyg2(z)
+ WPy 1 0(0x2) + xwPy 1 1(9x2) + 92wPy 1 (3x2)
+wPop0 (a;zcz) + 0xwPop (3?(2) + 3wPy 2 (a,%z)
+ Oy {wPLO,O(z) + 9,wP; 0,1 (2) + 92wPy 2(2)
+wP; 10(0x2) + 0xwPy1,1(9xz) + aiwpl,l,z(axZ)]

+03 [WPZ,O,O(Z) + 9xwPs01(2) + 02wPa (Z)} .

If we change z by w, and consider again all identical null polynomials, except Py 1(x) =

k we obtain the Kawahara system [5]

X
Osu + 3u + 2u + 1uFou = 0.

The study of nonlinear partial differential equations (PDEs) has garnered significant
attention in recent years due to their wide-ranging applications in various fields such as
fluid dynamics, plasma physics, and optical communications [6-8]. In particular, fractional-
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order PDEs, which generalize classical PDEs by incorporating nonlocal effects, have been
the subject of extensive research, including the analysis of the Kaup-Kupershmidt equation
and Korteweg—De Vries (KdV)-type equations within different operators [6,7]. Additionally,
the investigation of nonlinear wave phenomena in plasma and fluid systems has led to
the development of analytical solutions for various nonlinear PDEs, such as the nonlinear
Schrodinger equation with a detuning term [8].

Shah et al. [6] conducted a comparative analysis of the fractional-order Kaup—Kupershmidt
equation using different operators, offering valuable insights into the behavior of the
equation and its solutions. Similarly, Shah et al. [7] explored the analytical investigation
of fractional-order KdV-type equations under the Atangana—-Baleanu—-Caputo operator,
focusing on the modeling of nonlinear waves in plasma and fluid systems. Furthermore,
Shah et al. [8] analyzed optical solitons for the nonlinear Schrodinger equation with a
detuning term using the iterative transform method, which has important implications for
the understanding and control of optical communication systems.

Building on these foundational studies, our research aims to further advance the
understanding of nonlinear PDEs by applying a novel topological approach to the gen-
eralized Kawahara-KdV system. We seek to demonstrate the existence of classical and
non-negative solutions, thus contributing to the broader knowledge of nonlinear PDEs and
their applications in various scientific and engineering contexts.

Theorem 1. We suppose that Hypothesis 1 holds. Then, the initial value problem (1) has at least
one solution

(1,0) € (Cl([O,oo),Cq(R)))z.

Theorem 2. We suppose that Hypothesis 1 holds. Then, the initial value problem (1) has at least
two non-negative solutions

(1, 01), (112, 9) € (cl([o,oo),cq(uza)))z.

We organized the paper as follows. In the second section, we introduce and state
some auxiliary results related the to our system and its symmetrical problem. In the next
Section 3, we prove Theorem 1 for the existence of at least one solution. In Section 4, we
show the existence of at least two non-negative solutions in in Theorem 2. In Section 5, we
introduce an example illustrating the main results.

2. Preliminary Results

In order to prove the existence of the solution, we shall use the following fixed-point
Theorem.

Theorem 3. Let 0 < € > 0, B > 0, & be a Banach space and
W={xef&:|x|| <B}

Let also Tx = —ex, x € W, S : W — & be a continuous function, (I — S) (W) reside in a
compact subset of €, and

{xe&:x=AI-S)x, |x|=B}=0,Vr¢e (0,1). ©)]

Then, there exists x* € W such that

Tx*+Sx* =0.
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Proof. Define
—Lly, if Be>||x|

1 €
r(ex) =
‘%“, if Be < |x]|.
Then,
r(HFQ»W%W

e
is compact and continuous. Thus, owing to the Schauder fixed-point theorem, it follows
that there exists x* € W such that

r(i(l - S)x*) = x*.

Assume that —%(I —S)x* ¢ W. Thus,

1
Be<HUfSM*, Bl(1-8)x"| " < <,
and
¥ = B[(I=8)x| NI - 8)x*
1 *
= r(e(IS)x >
Then, ||x*|| = B contradicts (3). Thus, —%(I —S)x* € Wand
* 1 x\ _1 _ *
x —r( E(I S)x ) = e(I S)x*,
or
—ex® + Sx* = x¥,
or

Tx* + Sx* = x*,
which completes our proof. O

Let W be a real Banach space.

Definition 1. A mapping KC: W — W is said to be completely continuous if it is continuous and
maps bounded sets into relatively compact sets.

The definition of [-set contraction is related to the Kuratowski measure of noncom-
pactness, which we recall for completeness.

Definition 2. Let I'yy be the class of all bounded sets of W. The Kuratowski measure of noncom-
pactness
13 FW — [O, OO)

is defined by

m
a(g)—inf{5>O:Q—UQj and  diam(g;) < 6, j—l,...,m},
j=1

where
diam(o;) = sup{|lx —yllw : x,y € ¢j},
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is the diameter of gj, j = 1,...,m.

We refer the reader to [9] for the main symmetrical properties of the measure of
noncompactness.

Definition 3. A mapping A : W — W is said to be an I-set contraction if it is continuous,
bounded, and there exists a constant 0 < [ such that

B(A(2)) <IB(Z)

for any bounded set Z C V. The mapping A is said to be a strict set contraction if 1 > I.

If A: W — W is a completely continuous mapping, then A is 0-set contraction
(see [10] (p. 264)).

Definition 4. Let W and Z be real Banach spaces. A mapping A : W — Z is said to be expansive
if there exists a constant & > 1 such that

| Ax — Az|| z > a||x — z||w, Vx,z € W.

Definition 5. A closed, convex set @ in ¢ is said to be cone if

1. By € @ forany B > 0and foranyy € @;
2. y,—y € @impliesy = 0.

Let us denote @* = @\ {0}.

Lemma 1. Let ¢ be a convex closed subset of a Banach space £ and X C ¢ be a bounded open
subset where 0 € X. For small enough values of ¢ > 0, let A : X — ¢ be a strict k-set contraction
that satisfies

Ay & {y, Ay}, Vy € 09X, A > 1+

Thus, i (A, X,0) = 1.
Proof. Let the homotopic deformation be
H:[0,1] x X — o,
defined by
Hty) = — 5 tAy

For each y, the operator  is continuous and uniformly continuous in ¢, where #(,.)
is a strict set contraction for each t € [0,1]. Notice that (¢, .) has no fixed point on 0X. On
the contrary,

e Ift=0,dyg € dX such that yg = 0, contradicting yy € X.

e Ift € (0,1], 3yo € PNIX such that sJ%l tAyo = yo; then, Ayg = %yo with % >
1 + ¢, contradicting the assumption. From the invariance under homotopy and the
normalization symmetrical properties of the index, we deduce

i(s#l—l A,X,0)=1i(0,X,0) =1.
We show that
i(A,X,Q):i(HLlA,X,Q).
Then,
! Ay #y, Vy € 0X. 4)

e+1
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Thus, 3 > 0 so that

— >
Iy 8+1«4y|| T, VY € 0X.

We have eHAy — Ayase — 0, forx € X.
So, for small enough ¢,

1 gt
Let us define the convex deformation F : [0,1] x X — ¢ by
Flt,y) = tAy + (1 - £)—— A
) =AY er17 7

For all x, F is continuous, and uniformly continuous in t. The mapping F(t,.) is a
strict set contraction V¢t € [0,1]. We mention that F(¢, .) has no fixed point on d.X'. We have
Vx € 0X, and thus we have

ly—F(ty)| ly — tAy — (1—t)g%1«4y|\
ly — SHAyH tl Ay — 5 Ayl

7_7>2/

VIVl

According to the invariance properties, the homotopy of the index ensures the claim. [

3. Proof of Theorem 1
Let Wy = C!([0,),C7(R)) be a space endowed with

[ul2 = max{ sup [ul, sup  [dsul,
te[0,00),xeR te[0,00),x€R

sup |9ul, je{1,....q}},
te[0,00),x€R

provided it exists. Define W = W; x W; with
[[(u, 0)[| = max{]ull2, [v[l2}-

We define for (u,v) € W

m=0

N; Ni— Ni—k
Qi(w,v) = Z Z ax{ Y OV uP Py (a;v) },

53—k

Qa(u,v) = %Ni a"{ ) amv”lem(a u)} t €]0,00),x € R.

m=0

Then, the IVP (1) can be rewritten as

Ny
atu+Q1(ulv) + Z(Zk(t,x) —l—a)ZCkJrlu = 0,

k=1

! 241 ®)
00 + Q2(u,0) + 2 b (t,x)9% o = 0, te[0,00),x€eR,

u(0,x) = up(x), v(0,x) = ou(x), xeR
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o - (LB L (V) e-remis B (] )oris,

j=0i=0

i(f)((k1’+m 'BVZZ( ) 'B]+1}

j=0i=0
Lemma 2. Suppose ((Hypl). If (u,v) € Wand ||(u,v)| < B, then
Qi(w,v)], |Qa(u,0)| <Cy, te[0,00),x R

Proof. We have

—k

N
ax{ Y. OVuP Py (aiv) }

m=0
= Y (P (dko))
m=0
—k
= 2 Z( )a]chmMP 92 Pl 1, m (aiv)
m=0 r=0
—k N5 i
= Z Z( )a]fc_ﬂrm“pa;ch,z,m,j(agcv)
m=0 r=0 j=0
— k—r+m, p r—i j
2: }: k=rmy, }: Z: o cklm]ax(a v)
m=0 r=0 j=0i=0

ke N,0 <k < Nj.Since B > 1, we have
|0 u"2| < (r!)*r!B™,
forany rq,72 € N, r; < gq. Then,

ax{ Y. OVuP Py (aécv) H

m=0

< E5(0 ) ’*’"u”\22< )

j=0i=0

a;(a;v)j
EE( oo B o

j=0i=0

oy 'Crlm,j )

on [0,00) x R, 0 < k < Ny, and then
Ni Ni—k N k k
Qi1(u,0)] < ZZ 22( )( —r+m)! 'BPZZ< ) )21t
I=0 m=0r=0 r j=0i=0
< G,

on [0,00) x R. As above,
|Q2(u/v)| S Cl/

on [0, c0) x R. The proof is now completed. [
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For (u,v) € W, we define the operators

St(u,v) = u—up(x)

t N,
—1—/0 (Ql(u, 0)(s,x) + Y ax(s, x)aik“u(s,x))ds,
k=1

S2(u,v) = v—uvy(x)

Ny
/(Qzuv s, X) +2bksx82k+l (s, x))ds

S(u,v) = (S%(u, v),S%(u,U)),
€ [0,00),x € R.
Lemma 3. Suppose ((Hypl). If (u,v) € W satisfies
S1(u,v) =0, te€0,0),x€R,
then (u,v) is a solution to (1).

Proof. We have
0 = u—up(x)

.+ N
+ /0 <Q1(u,v)(s, x)+ Y a (s, x)afckﬂu(s,x)) ds,

k=1
(6)
0 = v—1v9(x)

/(Qzuv S, X) —l—ZbksxGZkH (s, x))ds

t € [0,0),x € R, where we differentiate with respect to ¢ to have (5). Let t = 0 in (6). We
thus obtain

0 = u(0,x)—up(x)

0 = v(0,x)—v(x), xeR
Thus, (u,v) is a solution to (1). The proof is now completed. [

Let
By = max{2B,C; + N,B%, C; + N, B?}.

Lemma 4. Suppose ((Hypl). If (u,v) € Wand ||(u,v)|| < B; then,

ISt(w,0)| < Bi(l+1),

1S3(u,0)] < Bi(l+t), te[0,00),x€cR
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Proof. We have

St(w,0)] = |u—up(x)
t N
+/0 Q1(u,0)(s,x) + Y_ ax(s, x)0% lu(s, x) | ds
k=1
< ful+ Juo(x)]
t N,
+ [ {1Qi0e o)) + 3 laels, )12 u(s, )] ) ds
k=1
t
< ZB+/0 (C1 4 NoBB?)ds
< By(1+t), tel0,00),xeR
As above,

1S2(u,v)| < By(1+1t), te€[0,00),xER,
which completes the proof. [

Let

Hypothesis 2. There exists a function § € C(]0,00) x R), ¢ > 0 on (0,00) x (R\{0}),
2(0,x) =¢g(t,0) =0,t € [0,00),x € R, and A > 0 such that

t X
q!-2q+1(1+t+t2)(1+|x|+--~+yx\q)/0 ‘/O (o, x0)dxp|dty < A,

t €10,00),x € R

We will give some examples for ¢ and A that satisfy Hypothesis 2. For (u,v) € W,
define the operators

Swo) = [ [0 20— (2, 22810 0) (12, x2) sty
R(u,v) = /Ot /Ox(t—tz)(x—xz)qg(tz,xz)S%(u,v)(tzxz)dxzdtL
So(u,v) = (Si(u,v),83(u,v)), tec0,0),xcR.

Lemma 5. Suppose Hypothesis 1 and Hypothesis 2. If (u,v) € W satisfies
So(u,v) =0, te€[0,0),x€R,
then (u,v) is a solution to (1).
Proof. Differentiating the Equation (5) two times in t and g + 1 times in x, we have
g(t,x)St(u,v) = g(t,x)S3(u,v) =0, tec[0,00),xcR.

Hence,
Si(u,v) = S3(u,0) =0, t,&(0,0),x € (R\{0}).
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Since S1(u,v)(-,-) and S3(u,v)(-, -) are continuous functions on [0, ) x R, we have

0 = Si(u,v)(0,x) = S3(u,v)(0,x)
_ 1. 1 — 1. 2
e S1(u,0) o S1(u,0)

= lim S} = lim §?
lim 1(w,0) lim 1(u,0)

= SH(u,v)(t,0) = S?(u,0)(t,0), te€[0,00),x€R.

Therefore,
St(u,v) = S3(u,0) =0, te[0,00),x€R.

Using Lemma 3, we obtain the main result. [J
Lemma 6. Suppose Hypothesis 1 and Hypothesis 2. If (u,v) € W, |[(u,v)|| < B, then
1S2(u, 0) || < AB;.

Proof. The inequality (z 4+ w)" < 2"(z" +w"), w,z,q > 0 will be used. We have

t x
siwo)l = | [ [t =) = x2)g(t2,32)S}(0,0) (b2, 2) vty
ot X 1
< /0 /O(f—tz)\x—xz|q8(f2,x2)|51(”/U)(f2,x2)\dx2 dty
t X
< Bl/o /0 (t —t2) (14 t2)|x — x2|7g(t2, xp)dxp |ty
t x
< Blt(1+t)2qul|x]q/ ’/ g(tz,Xz)dXz dtz
0 0
< AB;, te0,0),x€R,
and
ot X
0:Sh(u,0)| = /0 /O (x — x2)7g (b2, x2) S (11, 0) (t2, %2)dxadlty
t X 1
< [ = el (ta, w215}, 0) k2 x2)
t x
< 61/0 ‘/0 (1+t2)|x—x2\qg(t2,x2)dx2 dty
t x
< 81(1+t)2‘7+1|x|‘7/ ’/ 2(ta, x2)dxa |dts
0 0
< AB;, te0,0),x€R,
and
t X
9.5 (1,0)] = ¢ /0 /O (t — £2)(x — x2)T 1 g(t2, %2) S} (1, 0) (£, 2 )dxadlty
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t
1),
t
0731/0

t X
< qslt(1+t)2ﬂxw*1/0 ’/O 2(ts, x2)dx2

IN

dty

X
|| (= t2)lx = g (12, 2) 5} (1,0 (12, )

IN

dt,

X
/o (t—t)(1+ t2)|x — 2|77 g (tp, x2) s

dty

< AB;, t€]0,00),x €R,
and so on. As above,

S3(1,0)] < ABy, [9:S3(n,0)| < ABy,

9:53(u,0)| < ABy, je{l,...,q}

t € [0,00),x € R. Thus,
[S2(u, v)|| < ABy,

which completes our proof. O

Suppose

Hypothesis 3. Let € € (0,1), A, B and By satisfy eB1(1+ A) < 1and B > AB.

Let ¢ denote the set of all equi-continuous in W with respect to the norm || - ||. Also let

5 = Ebe the closure of 5, where

0=2¢U{(uo,v0)},

and
o={(wov)eqg:(uv) =0, |[(u0)|<B}

Note that ¢ is a compact set in W. For (u,v) € W, we define

T(u,v) = —e(u,0),

S(u,v) = (u,v)+e(u,v)+eSy(u,v), tel0,00)xeckR

Owing to the Lemma 5, we have f (u,v) € ¢

II=5)(w o) = le(w,0)—eSa(u,0)]
< ell(w )l +ellS2(u,0)|
< eB;+eAB;
= eBi(1+A)

< B.
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Thus, S : ¢ — W is continuous, and (I — S)(¢) resides in a compact subset of W. One
can suppose that 3(u,v) € W such that ||(u,v)|| = B and

(u,v) = A(I—S)(u,v),

or
(u,v) = (I —8)(u,v) = —€(u,v) — €S2(u,v),

=] =

or

(/1\ + e) (u,v) = —€Sy(u,v),

for A € (o, g). Then, ||S2(1,v)|| < AB; < B,

eB< (3 +¢)B= (3 +¢) o)l = elsa(uol < b

This is a contradiction. By Theorem 3, we see that 7 + S has a fixed point (1*,v*) € o.
Then,

(u*,0*) = T(u"0*)+Su*0")

= —e*,v")+ (u*,0*) +e(u*,v*) + €Sy (u*,v*),
t € [0,00),x € R, whereupon
0=S5(u*,v"), tel0,0),xeR

Owing to the Lemma 5, we have (u*,v*) as a solution to (1), which completes the
proof.

4. Proof of Theorem 2

Let W be the space used in the previous section (see [11]).

Hypothesis 4. Let 0 < m be large enough and r, A, B, L, Ry > 0 satisfy
2
B>Ry>r, 0<e¢ R;> <+1)L,
5m

L
.ABl < g

Define B
P={(u,v) e W:0<(u,v) on [0,00)xR}.

We denote by @ the set of all equi-continuous families in P. For (1,v) € W, define

Ti(u,v) = (1+me)(u,v)< L L),

GE, €E
L L
S3(u,v) = —eSy(u,v) —me(u,v)— <€10,€10),

€ [0,00). We have any fixed point (u,v) € W of the operator 7; + S3 is a solution to (1).
Define

Xy = &or={(w,v)ew:||(u0)] <r},
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X, = opr={(u,v)€e@:|(u0)| <L}
Xy = wg, ={(wv)c@:|(u0)| <R},
A L
Ry = Ri+—-Bi+-,
m 5m
I' = @, ={(u,v) €@:|(u,0)| <R}

For (u1,v1), (up,v2) € T, we have

171 (w1, 01) = Ta(uz, 02)[| = (1 + me)|| (w1, 01) = (uz,02) |,

where 77 : I' = W is an expansive operator with a constant 1 < h = 1 4 me.
For (u,v) € @g,, we have

L
1Ss(, o)l = el|S2(u, 0)| +mel|(w, 0) || + e

IN

L
S(.AB1 + mRq + 10)

Then, S3(@g, ) is uniformly bounded. As S : @g, — W is continuous, we note that
S3(@g, ) is equi-continuous. Then, S3 : @g, — W is a O-set contraction.
Let (11,v1) € @g,. Set

1 L L
u— 75 [ PR .
(u2,02) = (uq,01) + - 2(u1,01) + <5m/5m>
We have 0 < Syuq + %, 0 < Syv1 + % on [0,00) x R. We have 0 < up,v; on [0,00) X R
and

1 L
< —
G2, 02)ll < [l (ur, o)l + lIS2 (1, 01) [ + &

L

A
< Ri+ =B+
m 5m

= Ry

Then, (up,v;) € T and
L L L L
—em(up,vp) = —em(uq,v1) — €Sp(u1,v1) — 8(10, 10) - 8(10, 10)

or

L L
(177’1)(”2102) = *87’1/1(1/{2,2)2) +g(10, 10)

= S3(u1,01).

Thus, S3(@g,) C (I - T7)(T).
V(up,v9) € @*, 30 < A and (u,v) € 9@, N (T 4+ A(ug,vg)) or v € dwg, N (I +
Aug, vg)) so that

S3(u,v) = (I = T1)((w,v) = Auo, v0))-
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Thus,
L L L L
—€Sy(u,0) —me(u,v) — e (10’ 10) = —me((u,v) — Muo, v9)) + 6(10, 10),
or -
_ A = ).
So(u,v) m(ug,vo) + <5,5>
Hence,

L L L
[|S20]| = H)\m(uozvo) + (5/5> H > 5

This contradicts our claim.
5. Ve; > 0small enough 3(u1,v1) € 0@ and Ay > 1+ €7 so that Ay (u1,v1) € @g, and

S3(u,v1) = (I —=T1) (A1 (ug,01)). )

In particular, for e; > %, we have (u1,v1) € 0@r, A(u1,v1) € @r,, A1 > 1+ €1 and
(7) holds. Since (u1,v1) € d@ and Aq(u1,v1) € @g,, then

2
( +1>L < ML = Ay||(u1,01)]| < Ry

5m
Moreover,
L L L L
_GSZ(ull Ul) - me(ull Ul) - e(lol 10) - —)\177’1€(1/l1, ?)1) + 6(10/ 10)/
or
L L
San,00) + (5.5 ) = (4 = Dl 1),
Then,
L L L
22 > |[Sa(un,00) + (55 ) || = (Aa = Dl o) = (g = D,
and
2
— + 1 Z )‘11
5m

which contradicts out claim.

Then, conditions of Theorem 2 hold, and (1) has at least two solutions (u1,v;) and
(up,v2) so that
[[(u1,01)|] = L < [[(uz,02)[| <Ry,

or
r < |[(ur, 0[] <L <[[(u2,02)] <Ry

5. Example
Let B=1and

1 1

1=10, 5 r=4 m=10" A=q5g. € 5B.(1+ A)’

N;=5,j€{1,...,4}, p = 10. Then,

1
ABy = 5 < B, eBi(1+4) <1,
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i.e., (Hypothesis 3) holds. Next,
2 L
r<L<Ry, €>0, Ri>(—+1]|L, AB; < -,
5m 5

i.e., (Hypothesis 4) holds. Take

1+ Sq+1\ﬁ + 52q+2 Sq—i—l\ﬁ

h(s) = log EpTTEY STEel I(s) = arctan 122 ® eR, s#+l1.
Then,
h/(s) _ 2\6@*1)5'7(1 752q+2)
(1 _ Sq+1ﬁ+ 52q+2)(1 _ Sq+1ﬁ+ 52q+2>’
ey = @+ 1D)V2sI(145M72)
I'(s) = T , sER, s#*l.
Therefore,
q+1 h(S)
. r e
Jm, L) = lim =5
= Yt
!
= lim 7:1 (5)
s—Eoo Yy_o(r+1)s”
(c)
2
2v2(q + 1)s(1 - 2+2) (T ")
= — lim
s—doco (2220(7 + l)s’) (1 — S‘H'l\@ + 52q+2)(1 — sq+1ﬁ + 52q+2)
# Hoo,
and
q+1 l(S)
. r L
Jm, L1 = tim
r=0 Zz;ré o
I'(s)
s—Eoo Z‘Z:O(r—i-l)sf
(2
2
(gt 1)v/257(1 + s29+2) (ZZ:é s’)
= — lim
TES (145t (D (r 1))
# Zoo.
Consequently,
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Hence, there exists C, > 0 such that

g+1 ( 14 s911y/2 4 529+2 1 s1+1,/2 ) _

r lo + arctan ————
Z' ‘ )\ﬁ g1—5q+1\ﬁ+52q+2 (2q+2)\/§ 1_52q+2

s € R. Note that acccording to 11m I(s) = 7 and [12] (p. 707, Integral 79), we have

s—+
dz 1 o 1+zﬁ+zz+ arctan zV2
T+28 42 P1-z/2+22 22 1—2%
Let
Q(S)—m, s e,

and

g1(t,x,y) = Q(H)Q(x), te€[0,0), xeR
Then, 9C > 0 such that

G,

X
27 g+ )11+t + £2) (Z |x|r> ; 1(t, x2)dxp|dty < C, t€[0,00),x €R.
Let A
g(t,x) = Egl(t,x), t €[0,00),x € R.
Then,

dip <A, te0,0),x€R,

t x
2q+lq 1—|—t—|—t2 <Z|x|r>/0 ’/O g(fz,Xz)dXz

i.e., (Hypothesis 3) holds. Therefore, for the IVP

k=0i=0 (m=0
S Y > 1 2k+1

00 + 0 v oL u o v = 0,
PIPILAPILE T L oGy

1
= e v(0,x) = 314

all conditions of Theorems 1 and 2 are fulfilled.
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