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Abstract: In 1979, Apéry proved the irrationality of {(2) and {(3). Since then, there has been much
research interest in investigating the Apéry-like series for values of Riemann zeta function, Ramanujan-
like series for 7t and other infinite series involving central binomial coefficients. The purpose of this work
is to present the first 20 results related to the Apéry-like series in the form of 4 lemmas, each containing
5 results. The Sherman’s results are applied to attain this. Thereafter, these 20 results are further used to
establish up to 104 results pertaining to the Apéry-like series in the form of 4 theorems, with 26 results
each. These findings are finally been described in terms of the generalized hypergeometric functions.
Symmetry occurs naturally in the generalized hypergeometric functions.

Keywords: central binomail coefficients; reciprocals; Apéry-like series; combinatorics; pochhammer
symbol; gamma function; generalized hypergeometyric function
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1. Introduction

The generalized hypergeometric function ,F; with p numerator 4 denominator pa-
rameters is defined by [1-5]

N1, .., Qp 0
qu ,31, ., ,Bs a mZ::o(,Bl)m cee (,Bs)m m!

where (a),, is well-known Pochhammer’s symbol defined by

("‘)m:{ zx(oc—i—l)...l(oc—i—m—l) ,’Zil(\\)l

In terms of gamma function, we have

_ T(a+m)
="y

As usual, r and s are non-negative integers; a; (j=12,...,r)and ,8](] =1,2,...,9)
can take arbitrary complex values with one exception: B;(j = 1,2,...,s) should not be zero
or a negative integer. The series converges for all |z| < co whenever r < s. It also converges
when r = s+ 1, provided that |z| < 1 and |z| = 1 whenr = s+ 1 and Re(d) > 0, where

5= B 2“]'
f=

=1
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It is appropriate to note that the generalized hypergeometric function and its many
special and limiting cases, including Gauss’s hypergeometric function »F; and confluent
hypergeometric function 1 Fj, occur in a variety of theoretical and real-world circumstances
in applied mathematics, theoretical physics, engineering, and statistics.

One might refer to [1-5] for more information on the generalized hypergeometric
function , F;.

However, for non-negative integers m and k, the binomial coefficient is defined
as follows:

m!

N
(’Z) — ! km—wy ™=k
0; m<k

The central binomial coefficient is defined by

<m) - (2m)21, (m=0,1,2,...).

2m

It is interesting to note that the central binomial coefficients and reciprocal of the central
binomial coefficients, which have been extensively researched, play a key role in numerous
branches of mathematics, including number theory, combinatorics, probability theory, and
statistics. The books by Koshy [6] and Riordan [7] are also good resources and contain
many details regarding these coefficients. Gould [8] contains many identities concerning
central binomial coefficients and their reciprocals. Many intriguing and practical identities
can occasionally be seen in the research papers published by notable researchers, such as
Lehmer [9] and Leshchiner [10], Mansour [11], Pla [12], Sprugnoli [13,14], Sury [15], Sury
et al. [16], Trif [17], Wheelon [18], Zhao and Wang [19], Kumar et al. [20], Zhang and Ji [21],
and references therein. In addition to this, for a new asymptotic series and estimates related
to the well-known Euler-Mascheroni constant, we also refer to an interesting research
paper by Cristea [22].

In a very interesting and useful research paper, Apéry [23], in 1979, proved the
irrationality of {(3) by making use of the identity viz.

_5 ¢ (=) (my)?
6B) = 2 mZ::l (2m)!m3
and the irrationality {(2) by making use of the identity viz.
gy (m)?
¢2) =3 m; (2m)! m2

In addition to this, following Apéry proof, a large number of a similar series

§ 2 5 f)
m=0 (Zm)! m=0 (2m) I
m
which were frequently referred to in the literature as Apéry-like series have been examined
by eminent scholars including Van der Poorten [24], and Borwein et al. [25]. Berndt and
Joshi [26] and Zucker [27] have also documented a large number of simila formulas in their
analysis of Chapter 9 of Ramanujan’s second notebook.
In 2000, Sherman [28] established a large number of Apéry-like series, the following of

which will be used in our investigations:
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© ()2 (—1)" 34756 120464
S In2 . 21
mgo(zm)!zm(zm+7) 15 (n2)+—75 @1
00 12 _1\m
5 (m? ()" 2204364, ) 53963072 )
L 2m) 27(2m+9) 105 3675

The remaining sections of the paper are arranged as follows. Twenty results will be
established in Section 2 as four lemmas, with five results each. This is accomplished by
the findings provided by Sherman [28], as well as 104 results connected to the Apéry-like
series in the form of 4 theorems, each comprising 26 results. These findings are presented in
Section 3 as generalized hypergeometric functions that could be beneficial for applications.
The generalized hypergeometric function ,F; exhibits symmetry in the numerator param-
eters a1, ay, ..., ap, as well as in the denominator parameters 1, 3, ..., Bg. This means
that every arrangement of the numerator parameters for the generalized hypergeometric
function, a1, a2, ..., ap, and every arrangement of the denominator parameters By, 2, ...,
B4, produces the same function. The paper ends with a concluding remark.

2. Main Results

In this section, we first establish 20 results related to the Apéry-like series in the form
of 4 lemmas containing 5 results each. These are:

Lemma 1. For m € N, the following results are true.

> (mh)?2 m2™ gt oo

Lomimin) 8 212 @)
> (mh)2 m2™  37* 9

Lomimiy 4 28 @)

[1e

= -+ (25)

(
(
m:O(
0 12 m 2
5 (m.)' m2" _35m* 3297 781 26)
= (2m)! (m +4) 4 6 9
) 12 m 2
5 (m)' m2™ 15757 3097 n % 27)
2 (2m)! (m +5) 64 2 1

Lemma 2. For m € N, the following results are true.

mio EZ;))Z' ZS”(m)+ 7y ~ 2 n2)* — glanr g. 28)
mio Ezm;))z' zz(n(m)+ 7) = ~48(In2)*+ @z 2 29@ 9
miogn?; ((1) 3 = 720(In2)?* — @l - 31913 -
mio gn'i))z' 2’(”(m)+ gy — —8960(In 2)% + 332?21712 - %_ (1)
m)io gn?; zf(n( Lo T8 " 100800(1n2)2 — 27729 5 17433:43' .
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Lemma 3. For m € N, the following results are true.
> (m!)?  m2"
— =1 33
mZ:;O(Zm)! (2m+1) (33)
> (m!)2  m2m
=2 +7. 34
L m)i @m +3) G4
> (mh)2 m2m 287 269
mgo(zm)! (2m+5) 3 Tt (35
> (m!)? m2m —1587 | 7481
yo e m2 158w 7481 (36)
= 2m)! (2m +7) 5 75
0 1)2 m _
5 (m.)| m2" 32567 358513 7
= (2m)! (2m+9) 35 1225
Lemma 4. For m € N, the following results are true.
e (mh)? (=1)"m  —20 4
m; amiam+1) - 27 Pty (38)
> (m!)? (=1)"m 916 212
—l 2—— 39
mZ:;O(Zm)'Zm(Zm—f—S) 9" (39
= (m!)? (=1)"m —16292 3764
= In2 . 4
Eo(zm)'zm(zmw) 27 "ty (40)
00 12 _1\m
5 (m)? (=1)"m __ 1094804 1264772 )
= (2m)1 2 (2m + 7) 135 225
© (m)2 (=1)"m _ —90086812 728506372
24— 42
mgo(zm)vzm am+9) - 95 " o (42)

Proof. In the above 4 lemmas, the 20 Apéry-like series were derived in a rather simple
manner. Therefore, we chose to establish just one result, for example, (33), and the other
results can be established in a similar manner. To establish result (33), we proceeded as
follows. Denoting the left-hand side of (33) by S, we have

Evaluating the first and second sums with the help of results (1) and (2), we could
easily arrive at the right hand side of (33). This completes the proof of the result (33)
asserted in Lemma 3. O

Now, we establish as many as 104 results related to the Apéry-like series in the form
of 4 theorems containing 26 results each, with the help of the 4 Lemmas presented above.
These are as follows.
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Theorem 1. The following 26 Apéry-like series hold true:

yomy  m2 ST
=@m)! (m+1)(m+2) 8 ’
i (m!)? m2"m _ 437 17 105
=@m)! (m+1)(m+3) 32 2 8’
i (m!)? m2" 2372 | 163r 763
=@em)t (m4+1)(m+4) 8 9 27
i (m!)? m2" _15677% | 77m 965
= @m)t (m+1)(m+5) 256 2 16
) 12 m 2
5 (m!) m2 _ 337 —1—1371—%.
=0 (2m)! (m +2)(m + 3) 16 4
i (m!)? m2"m _ a2y 1517 709
= @m)! (m+2)(m +4) 16 18 °
&, (m!)? 2m 2 41
Z:(m) m _ 5097 +507T_97‘
= (@2m)! (m+2)(m+5) 64 12
i (m!)? m2" 9% | 12w 2107
=@m) (m+3)(m+4) 16 3 36
i (m!)? m2m _13957* 137w 215
= (2m)! (m+3)(m+5) 128 2 2
i (m!)? m2"m _ 10157 N 2997t 5633
= @m)! (m+4)(m+5) 64 3 36

nm. m 7T 7T
i H? 2m _ B2 9m 57
=@m)! (m4+1)(m+2)(m+3) 32 2 '8
i (m!)? m2" 97 127m L 601
=@m)t (m4+1)(m+2)(m+4) 8 18 54 °
i (m!)? m2" _ 4697 237 L 869
= @2m) (m+1)(m+2)(m+5) 256 2 48
i (m!)> m2" _ 497 173m | 3269
=@m)! (m4+1)(m+3)(m+4) 32 18 216 °
> (m!)? m2m 1461772 755
Y =— — 151+ ——.
= (2m)! (m +1)(m + 3)(m +5) 512 32
i (m!)? m2m _ 8317*  367m N 13847
= @2m)! (m+1)(m+4)(m+5) 256 18 432 °
i (m!)? m2" _ 317 7B L 689
=@m) (m+2)(m+3)(m+4) 16 6 36
i (m!)? m2" _377n* 37 N 349
=@m)! (m+2)(m+3)(m+5) 128 2 12°
i (m!)? m2M _ 2537 1497 N 1405
=@m)! (m+2)(m+4)(m+5) 64 6 36
i (m!)? m2" _ 6357°  187m | 1763
= (@2m)! (m+3)(m+4)(m+5) 128 6 36
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"gog”?; (m+1)<m+;2<jn+3)<m+4> - _1?212 25~ 5 (63)
"io g"?; (m +1) (m + 1;)2(21 +3)(m+5) _Ziizz * 7771 - % (64)
’”io E;n"?;' (m +1) (m + ;n)z(n’;1 +4)(m+5) 15;76@ 407” B % (65)
"i) Ezm"?)z' (1) m o+ ?)2(”; +4)(m+5) 4@2;2 T S (66)
”io g"?; (m+2)(m + ?)2(:1 +a)(m+5) 1?322 31? B % (67)
rrio E;nn;))z' (m+1)(m + 2)(nTim3)(m vy b 75717;2 3 211421 N 1826%13- -
Theorem 2. The following 26 Apéry-like series hold true:
;O EZ:/,); om (m(lll))"zz oy 50(In2)? — %ﬁ(ln 2) +24. )
mio ((Zinl);u 27 (m Si )171)1?:,1 3y = ~3%9(n 2)% ¢ %(m 2) - % . )
ni:o E;n";))z' Zm(m(+1l))1zz T4) 89362 (In2)* — %(mz) + %- 1)
;;0 ((;nr;); zm(m(lll))"zz = 1004798 (n2)? + 41307 n2) + 581;37. -
;0 ((Z%Z. zm(m(;g))”(’:z 5= —768(In2)2 + %,94(1112) - 29%, 73)
rio ((;271"‘1))2' Zm(m(llz))nzzz Ty = H56(n2) - %2 1n2) + 2164 )
nio gﬂ?)z' Zm(m(llz))nzz +5) ~33616(In2)* + 1393805 (In2) — 432969_ 75)
mio ((Z:q);. 2m(m(113);;1 o 9680(In2)? — @(ln 2) + @, 76)
,,{i ((;111'1))2! zm(m(fg));(lz 5 —50040(In 2)? + 4166221 (In2) — 57;9197. o
r'io E;n”?;' 2m (m + 1()_(;1)12) 3y = 7(In2)" +409(In2) + % 79)
mio Ezm"?;' 2 (m + 1()(111)112) (m+4) _44354 (in2)* - 3%8(1“ 2) - ﬁ. (80)
nio ((Z"l);' 2 (m + 1()_(;1)1”;)(7;1 5 16233 (In2)* — #(ln 2) + 581242489. (81)
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o (m!)? (=1)"m 10016, ., 86819
,,go(Zm)!2m(Tn+1)(m+3)(m+4) = ——— (In2)” + 4639(In2) — = —. (82)
> (m!)? (—=1)"m 49681 , 137745 572857
r;o(zm)!zm(m+1)(m+3)(m+5) -2 (In2)" — (In2) + 9% (83)
®, (m!)2 (=1)"m _ 169121, ., 156301 . 575617
Lemimmrmromes 6 "2 (n2)+ =5 69
> (m!)? (—=1)"m B 9 22589
ngo(Zm)!Zm(m+2)(m+3)(m+4) = —5224(In2)* +7242(In2) — . (85)
2 (m!)? (—=1)"m B , 45537 1716875
mgo em) 27 (s 2)(m + 3)m +5) — L0424(In2)7— ——=(In2) + = (86)
® (m!)2 (=1)"™m B ) 1510763
m;() T T T D3 38072(In2)? — 522779(In2) + 5 = (87)
& (m!)? —1)™ 165579 2065847
L E;nm))! 2m(m+3()(m)+rZ)(m+5) =59720(n2)" = == (In2) + =2 —. (89)
m=0
< (m!)? (=1)"m 5633, ., 48715
Eo(zm)!2m(m+1)(m+2)(m+3)(m+4) = 2 (In2)? ~2603(In2) + == (89)
© (1m!)> (=1)™m 17455, ., 1306681 553993
L ami 2 m 2 m = mTs 4 "2 aig Y g 0
® (m!)2 (=1)"m 59311 , 54815 2051699
Lo T i Dt )m i m s 6 2t (2= =g 1)
© (m!)> (=1)"m 189199 , 174857 164311
mZ:;o(zm)!Zm(m+l)(m+3)(m+4)(m+5) 12 (In2)" + 8 (In2) - 108 ° (92)
® (m!)2 (=1)"™m B , 60021 748853
L i m D m a3 m s Hmrs) 08I+ = (In2) - = (98)
= (m!)? (=1)"m 70577 , 65227 2441419
mgo(zm)!2’"<'”+1)(m+2)(M+3)(M+4)(M+5) =g 27— (n2)+ = (%4)
Theorem 3. The following 26 Apéry-like series hold true:
> (m!)? m2"™ 152«
Lamianinenss 4 T2 " (95)
> (m!)? m2m _7m 65
mgo(zm)! Cm+1)(2m+5) 3 9 (%)
> (m!)? m2"m _ 7971 3703
mgo(z;n)! CmiDemt7) 15 225 ©7)
> (m!)? m2" 4077 44661
,EO(Zm)! @m+1)2m+9) 35 1225 (98)
> (m!)? m2Mm 11z 103
mZ::O(Zm)! Qm+3)em+5 3 9 (99)
i Em!)z m2" _ 37m 1739 (100)

2m)! 2m+3)2m+7) 5 75 °
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Theorem 4. The following 26 Apéry-like series hold true:

> (m!)? (—=1)"m 52
=-"In2+12.
mZ::O(Zm)!Zm(Zm—Fl)(vaL?)) 3 et
> (m!)? (1)"m 45 940
) —~In2—-"—
=(@m)!2m(2m +1)(2m +5) 9
> (m!)? (=1)"m 210812 20276
Z = In2 — .
=0 (2m)! 2m(2m +1)(2m +7) 225 15
& (m!)? (—=1)"m 5 241883501
Y =——In2+——717—
=0 (2m)1 2 (2m + 1) (2m + 9) 54 66150
i (m!)? (—=1)"m _ 956, , 1988
=0 (2m)! 2M(2m + 3)(2m + 5) 3 9
> (m!)? (—=1)"m 30284 104956
Z = — In2+ .
=0 (2m)! 2m(2m + 3)(2m + 7) 15 75
i (m!)? (—=1)"m _ 1668868 13495668
=0(@2m)t2m(2m+3)(2m+9) 105 1225
> (m!)? (—=1)"m 65348 679436
Z = — In2+ .
=0 (2m)! 2m(2m +5)(2m + 7) 15 225
i (m!)? (—=1)"m _ 2486572, 180973868
= (2m)'2m(2m+5)(2m+9) 105 11025
i (m!)? (—=1)"m _ 1086116, 5269868
= (2m)2m (2m +7) (2m +9) 21 147
0 1 2
y (mt) (=1)"m — _84n24 22,
=0 (2m)! 2m(2m +1)(2m + 3)(2m +5) 9
> (m!)? (—1)"m 1668 52028
Z = In2 — .
=0 (2m)! 2 (2m + 1) (2m + 3) (2m + 7) 5 225
= (m!)? (—=1)"m 69612 1688796
) =— In2+———
=0 (2m)1 2 (2m + 1) (2m + 3) (2m +9) 35 1225
> (m!)? (—=1)"m 3756 39052
Z p = In2 — .
=0 (2m)! 2M(2m +1)(2m + 5)(2m + 7) 5 75
& (m!)? (—=1)"m 102948 22477796
Y = - In2+=———.
=0 (2m)! 2 (2m + 1) (2m +5) (2m +9) 35 11025
& (m!)? (—1)"m 232188 50696236
Yy = - In2 4+ —_———
=0 (2m)! 2 (2m + 1) (2m +7) (2m +9) 35 11025
& (m!)? (—1)"m 5844 182284
Z = In2 — .
=0 (2m)! 2m(2m + 3) (2m +5) (2m +7) 5 225
> (m!)? (—1)"m 136284 29756428
Yo = 2 =
=0 (2m)t2m(2m + 3)(2m 4 5) (2m +9) 35 11025
> (m!)? (—=1)"m 313476 22814924
Y = - In2+=—_—"—
= (@m)! 2m(2m +3) (2m +7) (2m +9) 35 3675
> (m!)? (—1)"m 490668 107133116
Y = - In2 4+ —————
=0 (2m)! 2 (2m +5)(2m +7) (2m +9) 35 11025

(121)

(122)

(123)

(124)

(125)

(126)

(127)

(128)

(129)

(130)

(131)

(132)

(133)

(134)

(135)

(136)

(137)

(138)

(139)

(140)
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> (m!)? (—=1)"m 1044 32564
=2 . 141
mgo(zm)!2M(2m+1)(2m+3)(2m+5)(2m+7) 5 "°T o5 (141)
) N2 _1\m
5 (m!) (—1)"m _ 16668, 3639316 1)
= 2m)! 2 (2m + 1) (2m + 3)(2m +5)(2m +9) 35 11025
) 1\2 _1\m
5 (m!) (—1)"m _ 40644 8874268 143)
= 2m)! 2" (2m + 1) 2m +3)2m +7)(2m +9) 35 11025
00 12 _1\m
5 (m!) (—1)"m _ 12924 2821844 (144)
=0 (2m)!1 2" (2m +1)(2m + 5)(2m +7)(2m +9) 7 2205
00 12 _1\m
5 (m!) (—1)"m 8896, 1932
= (2m)! 2"(2m + 3)(2m + 5)(2m + 7)(2m +9) 35 11025
= (—1)"m 11988 872492
—_— In2 + 22272, 146
m§0 tzm (2m + 1) (2m + 3) (2m + 5) (2m +7) (2m +9) 35 " 3675 (146)

Proof. In the above 4 theorems, the 104 Apéry-like series were derived in a rather simple
manner. Because of this, we chose to establish just one result, say (146), and the other
results can be established in a similar manner. Thus, in order to establish result (146), we
proceeded as follows. Denoting the left-hand side of (146) by S, we have

o )2 (—=1)"m
Z:: m)!2m(2m +1)(2m +3)(2m +5)(2m+7)(2m +9)

Using partial fraction technique, we have

> (m!)?(—1)"m 1 1 1

5= (2m)12m {384(2m 1) 9%(@m+3)  64(2m 15)

m=0

1 1
- 96(2m +7) + 384(2m +9) }
Now, separating this into five series, we have

o (—1)mm
)» Zm 'zm m+5)

m:O

o (—1)"1m 1 & (m!)? (—1)mm 1
; 2m vzm 2m+1) 96 = (2m)12m (2m t e

1 & (m)? (-1)"m 1 & (m)? (-1)"m
96,4~ (2m)12m (2m +7) + @mzo (2m)12" (2m +9)

Finally, using the results (38)—(42), we easily arrive, after some simplification, at the
desired right-hand side of (146). This completes the derivation of result (146). We conclude
this section by noting that the derivations of rest of the results are fairly straight-forward
and are left as an exercise for interested readers. [

3. Results (43)—(146) in Terms of the Generalized Hypergeometric Functions

In this section, we shall express results (43)—(146) in terms of the generalized hyper-
geometric functions, which may be useful from an applications perspective. These are as
follows:

2, 2, 2.1)_ 15,

F ;= = 24 36. 147

32{ 34 2} —g Tt (147)
{2, 2, 2, 4 1] 8B,

4B 5 =

- 47 687 — 105, (148)
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L 2

Proof. The derivation of these mentioned results is quite straightforward, so we chose
to establish only one of the results, say (156). To establish result (156), we proceeded as
follows. We start with result (52), viz.

)2 m2"m —10157* | 2997 5633

= (m!
mgo(2m>!<m+4)(m+5) 64 3 36

(251)

Denoting the left-hand side of (251) by S, we obtain

& (m!)? m2"m
5= mgo(Zm)! (m+4)(m+5)

Now, using m = N + 1, convert all expressions in terms of the Pochhammer’s symbol;
after some simplification, we obtained

. 2, 2, 5
=530 3P2 ;% (252)

Finally, equating (251) and (252), we obtained result (156). Other results can be
established in a similar way. Therefore, we prefer to omit the details. [
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4. Concluding Remark

In this paper, we first developed 20 results in the form of 4 lemmas with 5 results
each. This was accomplished using the findings provided by Sherman. By applying the
results given in the 4 lemmas, we obtained 104 results related to the Apéry-like series in
the form of 4 theorems containing 26 results each. These findings are finally described
in terms of generalized hypergeometric functions and we believe that this study is novel
to the literature and could make significant contributions to the theories of generalized
hypergeometric functions and combinatorics. The findings presented in the research are
straightforward, intriguing, and simple to verify.

We conclude this paper by noting that all the results given in this paper have been
verified numerically by Mathematica.
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