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Abstract: The main purpose of this paper is to define multiple alternative g-harmonic numbers,
H, (k; q) and multi-generalized g-hyperharmonic numbers of order r, H}, (k; ) by using g-multiple
zeta star values (3-MZSVs). We obtain some finite sum identities and give some applications of
them for certain combinations of g-multiple polylogarithms Ligx, &, .k, (t1,t2, ..., tg) with the help
of generating functions. Additionally, one of the applications is the sum involving g-Stirling numbers
and g-Bernoulli numbers.

Keywords: g-multiple zeta values; g-analogue of multiple polylogaritms; multi-generalized
g-hyperharmonic numbers of order r; g-series

1. Introduction
The Riemann zeta function is defined for a complex variable k € C with Re(k) > 1 by

This function appears in mathematics and physics in many different contexts. It plays an
important role in analytic number theory and has applications in physics, engineering and
applied statistics.

For k = 2, the well-known constant [1] is

1 1 1 72
g(2):1f2+2f2+3f2+...:7

and for k = 3, Apéry’s constant is

1 1 1

3 ~ 1.202056903 - - - .

Generally, more is known for even zeta values ¢(2m). For example, the closed representation
is given by
(—=1)" " By (2)*"
2(2m)! ’
where the Bernoulli numbers B,, are defined as the coefficients of the generating function of

t o By ik
a1 Z ﬁt :
k=0

¢(2m) =
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In the 1990s, Zagier [2] and Hoffman [3] introduced the multi-variable variant of
the Riemann zeta function. By virtue of appearing in the study of many branches of
mathematics and theoretical physics, these special values have attracted a lot of attention
and interest [4-10].

The Euler—Zagier sums or multiple zeta values are given by for the multi-index

k= (kik,...,kg) € (Z*) withk; > Tand k; > 1for2 < j < d,

d
o) =gk ko k)= Y [+

0<ny<---<ngi=1 ni

The multiple zeta function is a generalization of the Riemann zeta function to a k-tuple of
arguments, but for number theoretic reasons, we are mainly interested in the case where
the arguments are positive integers. For d = 1, they are the values of the Riemann zeta
function at positive integers.
In [11,12], the authors defined generalized of Lii(t) that for (kq, ko, ..., k;) € (Z*)d,
thd

Liky gy (£) = )y o ke <L
0<ny<np<---<ng Ny Ny~ ... nd

where d is an integer with a value greater than one. In particular,
: 1 r - n—r t"
Liys,. 1(t) = ﬁ(—log(l —1)" =) (-1 Sl(n,r)a,

n=r

where 51 (1, r) stands for the Stirling numbers of the first kind.
Throughout this paper, we assume that g is a real number with 0 < g < 1.
The g-Pochhammer symbol is given by
n—1 &
(x;9)g = 1and (x;9), = H(l —xq )

k=0

For any m,n € N, the g-binomial coefficients are defined by

ifn > m, and if n < m, then [;’Z]q = 0. Itis clear that

im o, = ()
qg—1|m q m

where () is the usual binomial coefficient.
In [10,13,14], the g-analogue of the multiple polylogarithms are defined by

R
Ligi, kooky (b1 2, - tg) = o ool <1,i=12,...4d, 1)
0<ny<ny<---<ny [Tll]q [le]q . [nd]q
where [n], = (1 —4")/(1 — q) is the g-analogue of the positive integer n. In a special case,

for d = 1, g-polylogarithms are given by

Liga(t) = il [:k.
n= q
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There are various different versions of g-analogues of multiple zeta values in the literature.
We consider the most common version that was first independently studied by Bradley
and Zhao [4,10].

For the multi-index k = (ky,ky, ..., kg) € (Z+)d withk; > Tand k; > 1for2 <j<d,
the multiple g-zeta function [4,7] is the nested infinite series

(ki=1ny ka1 —1)ngglka—1)ng
S(@ik) = cl@kke k)= Y T
0<ny<---<ny [nl]q [nd—l]q [nd]q

where the sum is over all positive integers 7; satisfying the indicated inequalities, When
d = 0, the argument list in (2) is empty, and shows g[.] := 1. If the arguments in (2) are
positive integers (with k; > 1 for convergence), it is refered to (2) as a multiple g-zeta value
(g-MZV). Note that lim,_,;- ¢(q;k) = ¢(k). For MZVs, there are many linear relations and
algebraic ones over Q. For example, these relations are the cyclic sum formula, the Ohno
relation and the Ohno-Zagier relation [15-17]. Okuda et al. [7] gave the g-analogue of the
Ohno-Zagier relation for the multiple zeta values (MZV’s).
Clearly,

6(q:k) = Lig, ky,.. ks (qklfl,qkz’l,-.-, qkdfl).

Kentaro et al. [18] defined the g-multiple zeta star value (3-MZSV) given by

(ki=Dny g(kg1—1)ng 5(kg—1)ng
(@K = anlgikdo k)= Yy, T T
0<m<—<mg<n [yt [na-a]y" ! nalg

It is clearly seen that
Jim ¢, (q;k) = ¢(q;k)-
Using Rothe’s formula [19], it is obtained that

n N .
0[] £ = wa, @
i=0 r
and also it is known that
1 o [n+1i— 1] ;
— = . t. )
(t/ q)n 1§) |: 1 q
The g-extension of the exponential function [20,21] is defined as follows
o0 tn
eq(t) = Z—v t € Cwith |t] < 1. (6)
o [n] g

In [22], the g-Stirling numbers of the second kind are given by

ti’l

1 i ad
—(eg(t) = 1) =Y Spq(n1) ) )
[1,! b Rl ]!
In [23], Koparal et al. showed that for n > 0,
n+1 P _ _
Z q(lfl)(mft) t+ l' m 2 _ qn(m,t) n—+t m ) (8)
= i—1 q n q

where m and t are positive integers such that 0 < m <t —1.
Recently, there have been works involving some identities of symmetry for special
numbers [24-29]. Bernoulli numbers and polynomials have received much considerable at-
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tention throughout mathematical literature [27,30-32]. These numbers are rational numbers.
Carlitz first studied g-analogues of Bernoulli numbers [33,34].
In [35], the g-analogues of Bernoulli numbers are defined by the generating function

to be
t th

_t _yp, 9
eq(t) —1 ngo ’q[n]q! ©

The first few terms of them are 1, —1/[2], 7>/ [2],3]g/ - -

2. Some Sums Involving Multi-Generalized g-Hyperharmonic Numbers of Order r

In this section, first, we will define multiple alternative g-harmonic numbers, H, (k; q)
and multi-generalized g-hyperharmonic numbers of the order r, H},(k;q) and then give
applications of them.

Definition 1. Forn € Z" and the multi-index k = (kq,ka, ..., k) € (Z*)d, multiple alternative
g-harmonic numbers are defined by

d_(ki—1)j;

g
) o 1k
0<jp<--<jg<ji=1 []l}q

noo noo
Ho(k;q) := 0and Hy(k;q) :== ) q'ci(q;k) = ) ¢
=1 =1

Now, we will define multi-generalized g-hyperharmonic numbers of order r using
H,(k; q) as follows

Definition 2. For the multi-index k = (ky,k,..., k;) € (Z*)d, whenr < 0orn < 0,
H} (k;q) = 0, and when n > 1, multi-generalized q-hyperharmonic numbers of order r, H},(k; q
are defined by

n .
Hy(k;q) = Hy(ky, ka, ... kg 9) = Zq'Hir*l(k;q), r>1,
i—1

1
where HY(k; q) = ¢n(q;k).
When r = 1, H}(k;q) = Hy(k; ). It is clearly seen that
H;(k:q) = q"H;, 7 (ki q) + Hy, (ki ). (10)

Lemma 1. For the multi-index k = (kq,ko, ..., k;) € (Z*)d and n,r € Zt, we have
r . .
Y " HL (kq) = H(k:q) — 4" cu(q k).
i=1

Proof. For the proof of this sum, we will use double inductiononn and r. Forn =r =1,
by Definition 1, it is clear. Suppose that for n > 1, the claim is true. In that

Hyu(k;q) = Hy—1(k; q) + q"n(q; k).

For n + 1, using induction hypothesis and Definition 1, we have

Hu(k;q) + 9" i (q:k)
= Hy1(kq) +q"cn(q:k) + 4" guia(g:k)
= Hyo(kq)+ 9" ¢u1(q:%) +9"cn(q;k) + 7" i1 (q;k)
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= Ho(k:q) +4951(q;k) + 0°c2(q;k) + . + 4" cn(q: k) + 4" gin (9 k)
n+l

= 7'6j(q;k) = Hpy1(k; q).
=1

]

Finally, let r > 1, and suppose that the claim is true for r — 1. In that forall n > 1,

r—1 X .
Y " VHL (k) = Hy Mk g) — 4" Veu(q;k).
i=1

We will show that the claim is true for r. Using the induction hypothesis and (10), we write

’ ' 4 r—1 . .
YT, (kg) = Hya(kg)+q" Y q" TV H, L (kg)
i=1 i=1

= H_y(kq)+q"(H; ' (ki) — 4" Veu(a;k)
= H,_1(k;q)+q"Hy  (k;q) — " 6u(q;k)
= Hy(kq) — 4" cn(q;k).

By the principle of double induction, for all 7 > 1 and r > 1, the desired result is true. This
completes the proof. O

Theorem 1. For the multi-index k = (ky,ka, ..., kg) € (Z)" and n,r € Z, we have

. oim—itr—1
H,(k; q) = ZQ”{ 1 } ci(g;k).
i=1 q

Proof. By double induction on # and r, we will start the proof. Forn =r =1and forn =1
and r > 1, by Definition 2, it is clear. Let n > 1, and suppose that the claim is true for n — 1.
In that, forallr > 1,

. nl om—itr—2
Hn—l(k;q): Zq [ r—1 ] Qz(q/k)
q

i=1
We will show that the claim is true for n. Using Lemma 1 and the induction hypothesis,

we write

r .

Hy(kq) = q"¢u(g:k)+ Y q""H,  (kq)

j=1
T 7'7171 n4+i—i—2

= "enlgik) + " ”Zq”{ }_1 ]gi(q;k)
j=1 i=1 q

ur nrn_l r i N4 i—i—2
= 4"cn(q:k) +q" Y 6i(g;k) ) ' ){ ]7_1 ]
i=1 j=1 q

From (8), we have
. b o im—itr—1
Hy(kq) = q’”gn(q;kHqu[ r1 }Qi(q;k)
i=1 q
= fq”{n_iﬂ_l} 6i(q;k)
= r—1 ql ’

By the principle of double induction, for all # > 1 and r > 1, the desired result is true. This
completes the proof. [
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Lemma 2. For the multi-index k = (ky,ky, ..., kg) € (Z*)d and r € 7", we have

e 1 . -
L " en(@ R = 1 Ligia o (49 gt it ). (11)
n=1

Proof. By (3), consider that

nq(kl_l)nl . _q(kd—l_l)”d—lq(kd_l)”d

o] [ee] n
qrngn(q;k)tn — Z Z Z qr tn
n=1 n=1ng=10<n < <ny [m]',;l ["d—l]l,;d’l [”d}zd
_ i y gki=Dm | gkaa=Dna1g(ka=T)ng i 7
ng=10<ny<---<ny [nl]gl cee [nd—l]lq(d71 [nd]][;d n=ngq
.. ki—1 ko— kg+r—
= 1_7qrtqu;kllk2/'“/kd (q 1 l/q 2 1/ cee ,q atr 1t)l

as claimed. O

Theorem 2. For the multi-index k = (ky,ka, ..., kg) € (Z)" and r € Z+, we have

(e} 1
T (1. n P ki—1 _ko—1 kg+r—1
L Hika)t" = oLl ot (gt b, (12)

Proof. From (5) and (11), using Theorem 1, we have

: ki—1 ko—1 kg+r—1
)y hkarka (4 g g
H)r

1 1 . _ _ _
= — qrtqu,-kl,kz,_..,kd (qkl 1,qk2 1,...,qkf’+r 1t)

r—1 ioo m . n
T Lt Y 4"n(q; k)t

~—~
~
<
)
TN
—

I
-
3

n=1

Il
o

[
gk

ri n—i+r—1 n - r
Y 9 [ . ] ci(q; k)" =) Hy(kq)t",
1i=1 q n=1

2
Il

as claimed. O

Theorem 3. For the multi-index k = (kq,ka, ..., k;) € (Z*)d and n,r € Z*, we have

u —i ("= _m r r
31| i) = calaib)
= n—if,
Proof. From (4), (11) and (12), we have
- m n 1 ; — - r—
q gn(q;k)t = 1_7qrtl‘lq;k1,k2,...,kd(qkl l,qkz 1,...,6]k"’+ 1t>
n=1
= (tg), L H(kq)t
i=1
- i O[] v i
= Y (1)ig®) H £ H (ks q)t
i=0 q i=1
o N n—i n—i r
= Yy "] Hwer
n=1i=1 q

This completes the proof. [
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Theorem 4. For the multi-index k = (ky,ka, ..., kg) € (Z*)" and n,r € Z, we have

n - ' n—m m 1 : 1
LV, kst = BT Yy,
i=1 m=1 j=0 i= J q q
XSZ,q( _m/])SZ,q(mrl)Gi(q;k)-
Proof. By (7) and (12), we have
Liq;kl,kz,...,kd (qkl_lr qkz_ll tety qkd—H_l (1 - 3q(*t)))
(1 _eq(_t);q)rﬂ
= Yk a0y (13)
i=1 [1],! i

n

(- 1)”&@(”:0#

7

Mg

(—1)'[i],*H] (k; q)

Il
agk

n

[
072 L
gl

( 1)n+iHr(k. S : iq!tn
1) H] (k)2 (1, 1) L

Il
A
-

14

3
Il

and by (5), (7) and (11), then

Liq;kl,k2,...,kd (qklil’ qk271/ e /qdeFT*l (1 - e‘i(_t)))
(1- eq(—t)ﬂ)wrl

A P S—

Il
agk
=
—
~ +
| =
—_
=
&.—.
S
Mz

(—1)"52,q(n,j)W
K

3
Il
-

(—1)"S30(n, z‘)ﬁ, (14)

g

X
e
—

—_
SN—
=
§
)
—
)
=
[1e

1

- Ly jﬁ] 1} []q,sz,qmj)t"

- vy i(_mmﬂ{jt:1L[2L[i][i]z}!q!

Thus, by comparing the coefficients on the right sides of (13) and (14), this completes the
proof. O

For example, for d =1, we write ky = and g — 17; then
n—m

(—1) 1 H! (1) Sy (n, i) = izi lﬂw(“; )<m>52(n—m,j)52(m,i)Hi,z,

1=

I
—

n
where H,; = )} ll is harmonic number of order .
j=1
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Theorem 5. For the multi-index k = (ky,ka, ..., kg) € (Z)" and n € Z+, we have

) g6 1(q;K)S2q(n, i) [i + 1],

L
oy

_ 1L
_ ; i m]+[l]1q] { LBn_m,qgi(q;k)sz,q(er1,z').
Proof. By (1), we have
(1—61(—1')) il[] Gz(q k)q (17617(71-))1
o B i—1
= ;gz(q kgl (oal D) [fq_(”t))
= lfogzﬂ(q k)q “*”[iﬂlq!w (15)
= el 1 ) Sag(m)
1= n=i q
Y YU (g5K) S (1) " 1],q! ",
n=0i=0 [”]q-
and by (9),
m i[i]qgi(q;k)q”(l —eg(—t))’
oo n+l,;; oo . ) A i
EZ L.tX)(—l)’[i]q[i]q!@;i(q;kM”M
t = !t = [i],!
1 > 1)n+1tn 0 it . 0 , o
n ; T;(_D [i],[1],'5i(a:k)q E_i(—l) Sa,q(n,0) ], (16)

Ly AR
) Z 2 n+z+1qrzgl(q;k)s2q(n+1,l) qtq #h

; q' n=0 i= ' [1’l+1}q!
o

LR n+z ri [i]ﬂ[i]‘l! Bn— mq
L 2 T AL o] 1070 S24 (4 L)

lg*

Thus, by combining the coefficients on the right sides of (15) and (16), this finishes the
proof. O

Theorem 6. For the multi-index k = (ky,ka, ..., kg) € (Z)" and n,r € Z, we have
] i+jps n T ;s
Y ) (=)™, i| Hi (k;9)S2,4(j, )
j=11i q
Ly Fmt b rf
n-+m 1 . .
Y Y1)

T 6050080, ) Sag(n — ).
HRMARaeY

r

Proof. From (6) and (12), we have
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[l
gk
—
|
—_
=
T
3
i
ton
-3
N—
—

I
—

(17)

|
™8

Il
—_

(1Y i, O50) Y (~1)"S24 ()

( 1)n+inr(k;q)52,q(n’1)H]qtn i()[ ] |
n= q°

il [
f[].LH (5018240,

I
[7e
M:

3
Il
-
I
—
~.

I
[1e
™=
M

3
Il
—_

=
Il
Il

and by (1), (5) and (7), then

~—
N———

Liq;kl,kz,...,kd (qkl_l/ qkz_l, ey qkd+r_1 (1 — eq(—t>
(1 - e‘i(_t)' CI),H

2 [r—14+i 4
= Z{ .1 Ll—eq Zg]q k)q 1—eq ]Z

} So4(n,i)t" (18)
q

=1
i i(_l)n+m+j+t+iqrj mq!mq!

1i=0 m=1j=1 [n]'i!

n| [t] |i+r-1 ‘ ’
) } ] { r—1 } 6j(q;k)S2,q(m, j)Sa,q(n — t,i)t".
q q

Thus, by comparing the coefficients on the right sides of (17) and (18), this completes
the proof. O

3. Conclusions

In this paper, we defined multiple alternative g-harmonic numbers and multi-genera-
lized g-hyperharmonic numbers of order r. We derived the generating functions of g-
hyperharmonic numbers of order r. We gave the closed form of g-hyperharmonic numbers
of order r in Theorem 1 and some sums involving g-hyperharmonic numbers of order r and
the g-Stirling numbers of the second kind in Theorems 4-6. As one of our next thoughts,
we would like to examine some applications of matrices with entries made up of these
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numbers. For example, we can derive explicit formulae for their LU—decompositions
and inverses.
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