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Abstract: Fractional calculus (FC) is an important mathematical tool in modeling many dynamical
processes. Therefore, some analytical and numerical methods have been proposed, namely, those
based on symmetry and spline schemes. This paper proposed a numerical approach for finding
the solution to the time-fractional modified equal-width wave (TFMEW) equation. The fractional
derivative is described in the Caputo sense. Indeed, the B-spline Galerkin scheme combined with
functions with different weights was employed to discretize TFMEW. The L2 and L∞ error norm
values and the three invariants I1, I2, and I3 of the numerical example were calculated and tabulated.
A comparison of these errors and invariants was provided to confirm the efficiency and accuracy of
the proposed method.

Keywords: time-fractional modified equal-width wave model; cubic Galerkin finite element method;
Caputo derivative

1. Introduction

The study of fractional calculus has become increasingly suitable for the formulation
of natural phenomena [1,2]. This is because fractional differential equations rather than
integer-order differential equations can better model natural physics processes and dynamic
system processes. Numerous scientific fields such as control and electromagnetism, dy-
namical systems, computer and electrical engineering, biological tissues, physical systems,
electrical networks, computer vision, and signal processing rely heavily on fractional calcu-
lus, which has been successfully formulated by nonlinear or linear non-integer differential
equations [3–10]. Fractional differential equations (FDEs) represent the whole function in a
weighted form, unlike integer differential equations, which depend exclusively on the local
function’s behavior [11–14].

Nonlinear partial differential equations (NPDEs) have a large effect on the investiga-
tion of nonlinear physical processes. Therefore, developing efficient numerical approaches
for these equations is important [15–22]. The modified equal-width wave (MEW) model
is based on the equal-width wave (EW) model developed by Morrison et al. [23]. This
equation can be formulated as a PDE (partial differential equation) used to simulate one-
dimensional (1D) wave propagation through nonlinear media when dispersion is present.
This model is based on the modified Korteweg-de Vries (MKdV) model [24] and the modi-
fied regularized long-wave (MRLW) equation [25]. These modified equations have cubic
nonlinearities, and all have soliton wave solutions in the form of pulses or packets of waves.
In nonlinear media, these waves propagate by maintaining their waveform and velocity
even after interaction with other waves. There are only a few analytic solutions to the
MEW equation. Therefore, approximate solutions to the MEW equation can be useful and
can be compared with analytical solutions. Using the Petrov–Galerkin finite element (FE)
technique with cubic B-spline element shape functions and quadratic weight functions,
Geyikli and Battal Gazi Karakoc ([26,27]) addressed the MEW equation using a collocation
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technique with septic B-spline finite elements and cubic B-spline finite elements. The
MEW and EW equations were solved using a lumped Galerkin technique implemented by
quadratic B-spline FE applied by Esen ([28,29]). The tanh and sine–cosine methods were
used by Wazwaz to study the MEW equation and two of its related variants [30]. The MEW
equation was solved using a variational iteration method described in [31]. Moreover,
solving the MEW equation with linearized implicit finite differences was studied by Esen
and Kutluay [32]. According to [33], the regularized long-wave (RLW) equation and the EW
equation have only three such conditions, and this is likely to apply to the MEW equation
as well. Through a Fourier analysis based on linear stability, it can be demonstrated that
the numerical scheme formed by exponentially traveling waves is unconditionally stable.

In this work, we investigated the approximated solution of the time-fractional modified
equal-width wave (TFMEW) equation [23] with the interval [a, b] as

∂γU(x, t)
∂tγ

+ 3U2(x, t)Ux(x, t)− µUxxt(x, t) = 0. (1)

The following boundary conditions (BCs) and the initial condition (IC) are pre-
scribed as

U (a, t) = 0, U(b, t) = 0
Ux(a, t) = 0, Ux(b, t) = 0,

Uxx(a, t) = Uxx(b, t) = 0, t > 0,
(2)

U(x, 0) = f (x), a ≤ x ≤ b, (3)

where the parameter µ denotes a positive constant and f (x) stands for localized disturbance
inside domain [a, b] with physical BC U → 0 as x → ±∞.

Definition 1.1: Letting m be the smallest integer exceeding γ, the Caputo time fractional derivative
operator of order γ > 0 is defined as follows [34]:

CDγ
0,tu(x, t) =

{
∂mu(x,t)

∂tm γ = m ∈ N
1

Γ(m−γ)

∫ t
0 (t−ω)m−γ−1 ∂mu(x,ω)

∂ωm dω, m− 1 < γ < m, m ∈ N,
(4)

where u(x, t) is the unknown function that is continuously differentiable (m− 1) times and Γ(.)
denotes the usual gamma function.

Symmetry plays a crucial role in computational science, and symmetry analysis can
lead to the systematic determination of exact solutions. Numerical methods are adopted
either when no analytic solution can be found, or as a computationally efficient alternative
to find an approximate solution. In what follows, we use the quadratic B-spline Galerkin
method with linear B-spline as a weight to approximate TFMEW.

This paper is organized as follows. Section 2 provides an overview of the quadratic
B-spline base functions and then uses the B-spline Galerkin scheme combined with the
functions with different weights to discretize TFMEW. Numerical results are provided
in Section 3 to clarify the numerical accuracy and performance of the proposed method.
Furthermore, it is shown that the results of numerical test problems are in excellent agree-
ment with other methods accessible in the literature. Finally, Section 4 is devoted to a
brief conclusion.

2. Implementation of the Proposed Method for TFMEW Model

For TFMEW, we first define the quadratic B-spline base functions. To do this, let the
interval [a, b] be the solution domain to Equation (1), and it is divided into M uniformly
spaced nodes xm so that a = x0 < x1 < · · · < xN−1 < xM = b and h = (xm+1 − xm); then,
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the quadratic B-spline Qm(x), at the nodal point xm, which is a form based on the solution
interval [a, b], is defined as follows [35]:

Qm(x) =
1
h2


(xm+2 − x)2 − 3(xm+1 − x)2 + 3(xm − x)2, if x ∈ [xm−1, xm],
(xm+2 − x)2 − 3(xm+1 − x)2, if x ∈ [xm, xm+1],
(xm+2 − x)2, if x ∈ [xm+1, xm+2],
0, otherwise,

(5)

where splines (Q−1(x), Q0(x), . . . , QM(x)) represent the basis for functions introduced
on the interval [a, b] and the approximate solution is

UM(x, t) =
M

∑
m=−1

δm(t)Qm(x), (6)

where δm are unknown time-dependent parameters to be determined from the initial,
boundary, and weighted residual conditions. The value of U and its first derivative U′ at
the knot xm is determined in terms of δm by

Um = δm−1 + δm,
U′m = 2

h (δm−1 − δm),
(7)

Based on local coordinate transformation [36],

ξh = x− xm, 0 ≤ ξ ≤ 1 (8)

the quadratic B-spline shape functions will be

Qm−1 = (1− ξ)2

Qm = 1 + 2ξ − 2ξ2

Qm+1 = ξ2
(9)

and the variation of U(ξ, t) on each element [xm, xm+1] can be represented by

UM(ξ, t) =
m+1

∑
j=m−1

δj(t)Q(ξ), (10)

where B-splines Qm−1(ξ), Qm(ξ) and Qm+1(ξ) are the element shape functions while
δm−1(t), δm(t) and δm+1(t) act as element parameters. The Galerkin formulation in spatial
and temporal directions for Equation (1) can be described as

b∫
a

W(Ut + 3U2Ux − µUxxt)dx = 0, (11)

where W(x) > 0 is a weight function, by (8), we obtain

1∫
0

W(Ut +
3
h
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௕

௔

𝑈௧ ൅ 3𝑈ଶ𝑈௫ െ 𝜇𝑈௫௫௧ሻ𝑑𝑥 ൌ 0,  (11)

where 𝑊ሺ𝑥ሻ ൐ 0 is a weight function, by (8), we obtain 

න𝑊ሺ

ଵ

଴

𝑈௧ ൅
3
ℎ
Աଶ𝑈క െ

𝜇
ℎଶ
𝑈కక௧ሻ𝑑𝜉 ൌ 0,  (12)
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2Uξ −
µ

h2 Uξξt)dξ = 0, (12)
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න𝑊ሺ

ଵ

଴

𝑈௧ ൅
3
ℎ
Աଶ𝑈క െ

𝜇
ℎଶ
𝑈కక௧ሻ𝑑𝜉 ൌ 0,  (12)

where Ա ൌ ሺ𝜉, 𝑡ሻ is taken to be a constant to simplify the integral [37], we apply partial 

integration to obtain 

= (ξ, t) is taken to be a constant to simplify the integral [37], we apply partial
integration to obtain

1∫
0

(WUt + λWUξ +UWξUξt)dη = UWUξt |10, (13)
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where,

λ =
3
h
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௕
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where 𝑊ሺ𝑥ሻ ൐ 0 is a weight function, by (8), we obtain 

න𝑊ሺ

ଵ

଴

𝑈௧ ൅
3
ℎ
Աଶ𝑈క െ

𝜇
ℎଶ
𝑈కక௧ሻ𝑑𝜉 ൌ 0,  (12)

where Ա ൌ ሺ𝜉, 𝑡ሻ is taken to be a constant to simplify the integral [37], we apply partial 

integration to obtain 

2 and U = µ/h2

By taking linear B-spline Lm(x), m = 0, . . . , M as a substitute for the weight function
W at the node xm can be defined as follows [35]:

Lm(x) =
1
h


(x− xm−1), if x ∈ [xm−1, xm],
(xm+1 − x), if x ∈ [xm, xm+1],
0, otherwise.

(14)

where Lm(x), forms the basis on the interval [a, b]. The approximate solution UM(x, t) can
be illustrated by

UN(x, t) =
M

∑
m=0

Lm(x)ωm(t), (15)

where using local coordinate Equation (8), a linear B-spline shape functions in terms of η
on the element [xm, xm+1] can be defined as

Lm = 1− ξ, Lm+1 = ξ (16)

the variation of the function U(ξ, t) on the sub-domain [xm, xm+1] can be expanded by

UM(ξ, t) =
m+1

∑
i=m

Li(ξ)ωi(t), (17)

where ωm(t) and ωm+1(t), and B-splines Lm(ξ) and Lm+1(ξ) act as element parameters
and element shape functions, respectively.

Now, we can write Equation (13) as follows:

m+1

∑
j=m−1

[(

1∫
0

LiQj +UL′iQ
′
j)dξ −ULiQ′j |10]δ·ej +

m+1

∑
j=m−1

(λ

1∫
0

LiQ′jdξ)δe
j = 0, i = m, m + 1

where
.
δ denotes the δth fractional derivative concerning time, which in matrix form is

as follows: [
Xe

ij +U
(

Ye
ij − Re

ij

)]
δe + λQe

ijδ
e = 0 (18)

where δe = (δm−1, δm, δm+1)
T are the element parameters. The element matrices Xe

ij, Ye
ij, Qe

ij
and Re

ij are rectangular 2× 3 and are given by the following integrals:

Xe
ij =

1∫
0

AiQjdη = 1
12

[
3 8 1
1 8 3

]
,

Ye
ij =

1∫
0

A′ iQ′jdη =

[
1 0 −1
−1 0 1

]
,

Qe
ij =

1∫
0

AiQ′jdη = 1
3

[
−2 1 1
−1 −1 2

]
.

Re
ij = AiQ′j |10=

[
2 −2 0
0 −2 2

]
,

The lumped value of λ can be obtained as

λ =
3

4h
(δm−1 + 2δm + δm+1)

2
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Assembling all contributions from all elements, we obtain the matrix equation as

[X +U(Y− R)]δ· + λQδ = 0 (19)

where δ = (δ−1, δ0, δ1, . . . , δN)
T represents a global element parameter. The matrices

X, Y, and λQ denote rectangular and penta-diagonal, and row m of each contains the
following form:

X = 1
12 (1, 11, 11, 1, 0)

Y = (−1 , 1, 1,−1, 0)
λQ = (−λ1,−λ1 − 2λ2, 2λ1 + λ2, λ2, 0)

where
λ1 = 3

4h (δm−2 + 2δm−1 + δm)
2

λ2 = 3
4h (δm−1 + 2δm + δm+1)

2

Following [38], the Caputo derivative is approximated with the help of the L1 formula:

dγ f (t)
dtγ

|t f =
(∆t)−γ

Γ(2− γ)

m−1

∑
k=0

bγ
k [ f (tm−k − f (tm−1k)] + O(∆t)2−γ,

where bγ
k = (k + 1)1−γ − k1−γ, ∆t =

t f−0
N , t f = n(∆t), n = 0, 1, . . . N, N is a positive

integer and uses the following lemma:

Lemma 2.1: ([39]) Assume that 0 < γ < 1 and bγ
k = (k + 1)1−γ − k1−γ, k = 0, 1, . . . Then, we

have the following:
1 = bγ

0 > bγ
1 > · · · > bγ

k → 0, as k→ ∞ ;

We can write the parameter δ
·
m as

δ
·
m =

dγσ

dtγ
=

(∆t)−γ

Γ(2− γ)

m−1

∑
k=0

bγ
k [
(

δn−k+1
m−1 − δn−k

m−1

)
+
(

δn−k+1
m − δn−k

m

)
] + O(∆t)2−γ,

bγ
k = (k + 1)1−γ − k1−γ,

and the parameter δ is based on the Crank–Nicolson scheme:

δm =
1
2

(
δn

m + δn+1
m

)
Substituting both parameters above into Equation (18), we have[
[X +U(Y− R)] +

[
(∆t)−γ Γ(2−γ)+λ Q7

2

]]
δn+1

=
[
[X +U(Y− R)]−

[
(∆t)−γ Γ(2−γ)+λ Q7

2

]]
δn

−[X +U(Y− R)]
n
∑

k=1
bγ

k

[(
δn−k+1

m−1 − δn−k
m−1

)
+
(

δn−k+1
m − δn−k

m

)]
,

(20)

where δ = (δm−2 + δm−1 + δm + δm+1 + δm+1 + δm+2)
T . Equation (20) contains M + 2 linear equations

that contain M + 2 unknown parameters. To obtain a unique solution, we require two extra restrictions. These
are computed from the BCs to eliminate δ−1 and δN from the system to make (20) a M×M solvable system
of equations.

The initial vector δ0 = ( δ0,, δ1,, . . . , δM−1,)
T can be calculated by the IC and BCs. Therefore,

Equation (6) can be restated over the interval [a, b] as

UM(x, 0) =
M

∑
m=−1

δm(0)Qm(x),
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where the δm(0)’s denote unknown parameters. UM(x, 0) is implemented to fulfill the following expressions at
the nodes xm:

UM(x, 0) = U(xm, 0), m = 0, . . . , M,

U′M(x0, 0) = U′(x0, 0) = 0,

So, we will obtain the following matrix system:

Zδ0 = b,

where

Z =



2
h

−2
h

1 1
1 1

. . .
1 1
1 1


and b = (U′(x0, 0), U(x0, 0), U(x1, 0), . . . , U(xM−2, 0), U(xM−1, 0))T .

3. Numerical Example
In the TFMEW Equation (1), there is a solitary wave solution [40] with the form

U(x, t) =
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=
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and 𝑏 ൌ ሺ𝑈ᇱሺ𝑥଴, 0ሻ,𝑈ሺ𝑥଴, 0ሻ,𝑈ሺ𝑥ଵ, 0ሻ, … ,𝑈ሺ𝑥ெିଶ, 0ሻ,𝑈ሺ𝑥ெିଵ, 0ሻሻ். 

3. Numerical Example 

In the TFMEW Equation (1), there is a solitary wave solution [40] with the form 

𝑈ሺ𝑥, 𝑡ሻ ൌ Ʈ sechሺ𝒦ሾ𝑥 െ 𝑥଴ െ ʋ𝑡ሿሻ.  (21)

In  this  equation, 𝒦ଶ ൌ 1/ 𝜇,  and  the wave  velocity ʋ  equals  ʋ ൌ Ʈమ

ଶ
. Based  on  the 

equation, the amplitude Ʈ represents one solitary wave with an initial center of   𝑥଴. We 

consider the IC to be 

𝑈ሺ𝑥, 0ሻ ൌ Ʈ sechሺ𝒦ሾ𝑥 െ 𝑥଴ሿሻ 

The magnitude of the solitary waves may be positive or negative, but their velocity 

is proportional to the square of the wave amplitude. Moreover, in the RLW equation, all 

solitary waves have the same wave number 𝒦 ൌ ඥሺ1/𝜇ሻ, so the width of all of them is the 

same  too. Unlike  the RLW  equation,  the TFMEW  equation does not prohibit positive 

velocities.  As  TFMEW  Equation  (1)  is  defined  with  BCs,  there  are  three  invariant 

conditions given as follows [40]: 

𝐼ଵ ൌ න 𝑈𝑑𝑥,

ାஶ

ିஶ

 

𝐼ଶ ൌ න ሺ𝑈ଶ ൅ 𝜇𝑈௫
ଶሻ

ାஶ

ିஶ

𝑑𝑥, 

𝐼ଷ ൌ න 𝑈ସ𝑑𝑥

ାஶ

ିஶ

, 

which are computed as [41] 

𝐼ଵ ൌ
2Ʈ
𝒦

,   𝐼ଶ ൌ
12Ʈଶ

𝒦
൅  

48𝒦Ʈଶ𝜇
5

,  𝐼ଷ ൌ
144Ʈଶ

5𝒦
.    

The 𝐿ஶ and 𝐿ଶ error norms  to measure  the difference between  the numerical and 

analytic solutions are defined as [42] 

𝐿ஶ ൌ ║𝑈 െ 𝑈ே║ஶ ≅ 𝑚𝑎𝑥
௝
ห𝑈௃ െ ሺ𝑈ேሻ௝ห, 

𝐿ଶ ൌ ║𝑈 െ 𝑈ே║ଶ ≅ ඩℎ෍ห𝑈௃ െ ሺ𝑈ேሻ௝ห
ଶ

ே

௃ୀ଴

   

where 𝑈ே and 𝑈 represent the approximate and exact solutions, respectively. 
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and 𝑏 ൌ ሺ𝑈ᇱሺ𝑥଴, 0ሻ,𝑈ሺ𝑥଴, 0ሻ,𝑈ሺ𝑥ଵ, 0ሻ, … ,𝑈ሺ𝑥ெିଶ, 0ሻ,𝑈ሺ𝑥ெିଵ, 0ሻሻ். 

3. Numerical Example 

In the TFMEW Equation (1), there is a solitary wave solution [40] with the form 

𝑈ሺ𝑥, 𝑡ሻ ൌ Ʈ sechሺ𝒦ሾ𝑥 െ 𝑥଴ െ ʋ𝑡ሿሻ.  (21)

In  this  equation, 𝒦ଶ ൌ 1/ 𝜇,  and  the wave  velocity ʋ  equals  ʋ ൌ Ʈమ

ଶ
. Based  on  the 

equation, the amplitude Ʈ represents one solitary wave with an initial center of   𝑥଴. We 

consider the IC to be 

𝑈ሺ𝑥, 0ሻ ൌ Ʈ sechሺ𝒦ሾ𝑥 െ 𝑥଴ሿሻ 

The magnitude of the solitary waves may be positive or negative, but their velocity 

is proportional to the square of the wave amplitude. Moreover, in the RLW equation, all 

solitary waves have the same wave number 𝒦 ൌ ඥሺ1/𝜇ሻ, so the width of all of them is the 

same  too. Unlike  the RLW  equation,  the TFMEW  equation does not prohibit positive 

velocities.  As  TFMEW  Equation  (1)  is  defined  with  BCs,  there  are  three  invariant 

conditions given as follows [40]: 

𝐼ଵ ൌ න 𝑈𝑑𝑥,

ାஶ

ିஶ

 

𝐼ଶ ൌ න ሺ𝑈ଶ ൅ 𝜇𝑈௫
ଶሻ

ାஶ

ିஶ

𝑑𝑥, 

𝐼ଷ ൌ න 𝑈ସ𝑑𝑥

ାஶ

ିஶ

, 

which are computed as [41] 

𝐼ଵ ൌ
2Ʈ
𝒦

,   𝐼ଶ ൌ
12Ʈଶ

𝒦
൅  

48𝒦Ʈଶ𝜇
5

,  𝐼ଷ ൌ
144Ʈଶ

5𝒦
.    

The 𝐿ஶ and 𝐿ଶ error norms  to measure  the difference between  the numerical and 

analytic solutions are defined as [42] 

𝐿ஶ ൌ ║𝑈 െ 𝑈ே║ஶ ≅ 𝑚𝑎𝑥
௝
ห𝑈௃ െ ሺ𝑈ேሻ௝ห, 

𝐿ଶ ൌ ║𝑈 െ 𝑈ே║ଶ ≅ ඩℎ෍ห𝑈௃ െ ሺ𝑈ேሻ௝ห
ଶ

ே

௃ୀ଴

   

where 𝑈ே and 𝑈 represent the approximate and exact solutions, respectively. 

represents one solitary wave with an initial center of x0. We consider the IC to be
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and 𝑏 ൌ ሺ𝑈ᇱሺ𝑥଴, 0ሻ,𝑈ሺ𝑥଴, 0ሻ,𝑈ሺ𝑥ଵ, 0ሻ, … ,𝑈ሺ𝑥ெିଶ, 0ሻ,𝑈ሺ𝑥ெିଵ, 0ሻሻ். 

3. Numerical Example 

In the TFMEW Equation (1), there is a solitary wave solution [40] with the form 

𝑈ሺ𝑥, 𝑡ሻ ൌ Ʈ sechሺ𝒦ሾ𝑥 െ 𝑥଴ െ ʋ𝑡ሿሻ.  (21)

In  this  equation, 𝒦ଶ ൌ 1/ 𝜇,  and  the wave  velocity ʋ  equals  ʋ ൌ Ʈమ

ଶ
. Based  on  the 

equation, the amplitude Ʈ represents one solitary wave with an initial center of   𝑥଴. We 

consider the IC to be 

𝑈ሺ𝑥, 0ሻ ൌ Ʈ sechሺ𝒦ሾ𝑥 െ 𝑥଴ሿሻ 

The magnitude of the solitary waves may be positive or negative, but their velocity 

is proportional to the square of the wave amplitude. Moreover, in the RLW equation, all 

solitary waves have the same wave number 𝒦 ൌ ඥሺ1/𝜇ሻ, so the width of all of them is the 

same  too. Unlike  the RLW  equation,  the TFMEW  equation does not prohibit positive 

velocities.  As  TFMEW  Equation  (1)  is  defined  with  BCs,  there  are  three  invariant 

conditions given as follows [40]: 

𝐼ଵ ൌ න 𝑈𝑑𝑥,

ାஶ

ିஶ

 

𝐼ଶ ൌ න ሺ𝑈ଶ ൅ 𝜇𝑈௫
ଶሻ

ାஶ

ିஶ

𝑑𝑥, 

𝐼ଷ ൌ න 𝑈ସ𝑑𝑥

ାஶ

ିஶ

, 

which are computed as [41] 

𝐼ଵ ൌ
2Ʈ
𝒦

,   𝐼ଶ ൌ
12Ʈଶ

𝒦
൅  

48𝒦Ʈଶ𝜇
5

,  𝐼ଷ ൌ
144Ʈଶ

5𝒦
.    

The 𝐿ஶ and 𝐿ଶ error norms  to measure  the difference between  the numerical and 

analytic solutions are defined as [42] 

𝐿ஶ ൌ ║𝑈 െ 𝑈ே║ஶ ≅ 𝑚𝑎𝑥
௝
ห𝑈௃ െ ሺ𝑈ேሻ௝ห, 

𝐿ଶ ൌ ║𝑈 െ 𝑈ே║ଶ ≅ ඩℎ෍ห𝑈௃ െ ሺ𝑈ேሻ௝ห
ଶ

ே

௃ୀ଴

   

where 𝑈ே and 𝑈 represent the approximate and exact solutions, respectively. 

sech(K[x− x0])

The magnitude of the solitary waves may be positive or negative, but their velocity is propor-
tional to the square of the wave amplitude. Moreover, in the RLW equation, all solitary waves have
the same wave number K =

√
(1/µ), so the width of all of them is the same too. Unlike the RLW

equation, the TFMEW equation does not prohibit positive velocities. As TFMEW Equation (1) is
defined with BCs, there are three invariant conditions given as follows [40]:

I1 =
+∞∫
−∞

Udx,

I2 =
+∞∫
−∞

(
U2 + µUx

2)dx,

I3 =
+∞∫
−∞

U4dx,

which are computed as [41]

I1 =
2
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and 𝑏 ൌ ሺ𝑈ᇱሺ𝑥଴, 0ሻ,𝑈ሺ𝑥଴, 0ሻ,𝑈ሺ𝑥ଵ, 0ሻ, … ,𝑈ሺ𝑥ெିଶ, 0ሻ,𝑈ሺ𝑥ெିଵ, 0ሻሻ். 

3. Numerical Example 

In the TFMEW Equation (1), there is a solitary wave solution [40] with the form 

𝑈ሺ𝑥, 𝑡ሻ ൌ Ʈ sechሺ𝒦ሾ𝑥 െ 𝑥଴ െ ʋ𝑡ሿሻ.  (21)

In  this  equation, 𝒦ଶ ൌ 1/ 𝜇,  and  the wave  velocity ʋ  equals  ʋ ൌ Ʈమ

ଶ
. Based  on  the 

equation, the amplitude Ʈ represents one solitary wave with an initial center of   𝑥଴. We 

consider the IC to be 

𝑈ሺ𝑥, 0ሻ ൌ Ʈ sechሺ𝒦ሾ𝑥 െ 𝑥଴ሿሻ 

The magnitude of the solitary waves may be positive or negative, but their velocity 

is proportional to the square of the wave amplitude. Moreover, in the RLW equation, all 

solitary waves have the same wave number 𝒦 ൌ ඥሺ1/𝜇ሻ, so the width of all of them is the 

same  too. Unlike  the RLW  equation,  the TFMEW  equation does not prohibit positive 

velocities.  As  TFMEW  Equation  (1)  is  defined  with  BCs,  there  are  three  invariant 

conditions given as follows [40]: 

𝐼ଵ ൌ න 𝑈𝑑𝑥,

ାஶ

ିஶ

 

𝐼ଶ ൌ න ሺ𝑈ଶ ൅ 𝜇𝑈௫
ଶሻ

ାஶ

ିஶ

𝑑𝑥, 

𝐼ଷ ൌ න 𝑈ସ𝑑𝑥

ାஶ

ିஶ

, 

which are computed as [41] 

𝐼ଵ ൌ
2Ʈ
𝒦

,   𝐼ଶ ൌ
12Ʈଶ

𝒦
൅  

48𝒦Ʈଶ𝜇
5

,  𝐼ଷ ൌ
144Ʈଶ

5𝒦
.    

The 𝐿ஶ and 𝐿ଶ error norms  to measure  the difference between  the numerical and 

analytic solutions are defined as [42] 

𝐿ஶ ൌ ║𝑈 െ 𝑈ே║ஶ ≅ 𝑚𝑎𝑥
௝
ห𝑈௃ െ ሺ𝑈ேሻ௝ห, 

𝐿ଶ ൌ ║𝑈 െ 𝑈ே║ଶ ≅ ඩℎ෍ห𝑈௃ െ ሺ𝑈ேሻ௝ห
ଶ

ே

௃ୀ଴

   

where 𝑈ே and 𝑈 represent the approximate and exact solutions, respectively. 
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and 𝑏 ൌ ሺ𝑈ᇱሺ𝑥଴, 0ሻ,𝑈ሺ𝑥଴, 0ሻ,𝑈ሺ𝑥ଵ, 0ሻ, … ,𝑈ሺ𝑥ெିଶ, 0ሻ,𝑈ሺ𝑥ெିଵ, 0ሻሻ். 

3. Numerical Example 

In the TFMEW Equation (1), there is a solitary wave solution [40] with the form 

𝑈ሺ𝑥, 𝑡ሻ ൌ Ʈ sechሺ𝒦ሾ𝑥 െ 𝑥଴ െ ʋ𝑡ሿሻ.  (21)

In  this  equation, 𝒦ଶ ൌ 1/ 𝜇,  and  the wave  velocity ʋ  equals  ʋ ൌ Ʈమ

ଶ
. Based  on  the 

equation, the amplitude Ʈ represents one solitary wave with an initial center of   𝑥଴. We 

consider the IC to be 

𝑈ሺ𝑥, 0ሻ ൌ Ʈ sechሺ𝒦ሾ𝑥 െ 𝑥଴ሿሻ 

The magnitude of the solitary waves may be positive or negative, but their velocity 

is proportional to the square of the wave amplitude. Moreover, in the RLW equation, all 

solitary waves have the same wave number 𝒦 ൌ ඥሺ1/𝜇ሻ, so the width of all of them is the 

same  too. Unlike  the RLW  equation,  the TFMEW  equation does not prohibit positive 

velocities.  As  TFMEW  Equation  (1)  is  defined  with  BCs,  there  are  three  invariant 

conditions given as follows [40]: 

𝐼ଵ ൌ න 𝑈𝑑𝑥,

ାஶ

ିஶ

 

𝐼ଶ ൌ න ሺ𝑈ଶ ൅ 𝜇𝑈௫
ଶሻ

ାஶ

ିஶ

𝑑𝑥, 

𝐼ଷ ൌ න 𝑈ସ𝑑𝑥

ାஶ

ିஶ

, 

which are computed as [41] 

𝐼ଵ ൌ
2Ʈ
𝒦

,   𝐼ଶ ൌ
12Ʈଶ

𝒦
൅  

48𝒦Ʈଶ𝜇
5

,  𝐼ଷ ൌ
144Ʈଶ

5𝒦
.    

The 𝐿ஶ and 𝐿ଶ error norms  to measure  the difference between  the numerical and 

analytic solutions are defined as [42] 

𝐿ஶ ൌ ║𝑈 െ 𝑈ே║ஶ ≅ 𝑚𝑎𝑥
௝
ห𝑈௃ െ ሺ𝑈ேሻ௝ห, 

𝐿ଶ ൌ ║𝑈 െ 𝑈ே║ଶ ≅ ඩℎ෍ห𝑈௃ െ ሺ𝑈ேሻ௝ห
ଶ

ே

௃ୀ଴

   

where 𝑈ே and 𝑈 represent the approximate and exact solutions, respectively. 
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and 𝑏 ൌ ሺ𝑈ᇱሺ𝑥଴, 0ሻ,𝑈ሺ𝑥଴, 0ሻ,𝑈ሺ𝑥ଵ, 0ሻ, … ,𝑈ሺ𝑥ெିଶ, 0ሻ,𝑈ሺ𝑥ெିଵ, 0ሻሻ். 

3. Numerical Example 

In the TFMEW Equation (1), there is a solitary wave solution [40] with the form 

𝑈ሺ𝑥, 𝑡ሻ ൌ Ʈ sechሺ𝒦ሾ𝑥 െ 𝑥଴ െ ʋ𝑡ሿሻ.  (21)

In  this  equation, 𝒦ଶ ൌ 1/ 𝜇,  and  the wave  velocity ʋ  equals  ʋ ൌ Ʈమ

ଶ
. Based  on  the 

equation, the amplitude Ʈ represents one solitary wave with an initial center of   𝑥଴. We 

consider the IC to be 

𝑈ሺ𝑥, 0ሻ ൌ Ʈ sechሺ𝒦ሾ𝑥 െ 𝑥଴ሿሻ 

The magnitude of the solitary waves may be positive or negative, but their velocity 

is proportional to the square of the wave amplitude. Moreover, in the RLW equation, all 

solitary waves have the same wave number 𝒦 ൌ ඥሺ1/𝜇ሻ, so the width of all of them is the 

same  too. Unlike  the RLW  equation,  the TFMEW  equation does not prohibit positive 

velocities.  As  TFMEW  Equation  (1)  is  defined  with  BCs,  there  are  three  invariant 

conditions given as follows [40]: 

𝐼ଵ ൌ න 𝑈𝑑𝑥,

ାஶ

ିஶ

 

𝐼ଶ ൌ න ሺ𝑈ଶ ൅ 𝜇𝑈௫
ଶሻ

ାஶ

ିஶ

𝑑𝑥, 

𝐼ଷ ൌ න 𝑈ସ𝑑𝑥

ାஶ

ିஶ

, 

which are computed as [41] 

𝐼ଵ ൌ
2Ʈ
𝒦

,   𝐼ଶ ൌ
12Ʈଶ

𝒦
൅  

48𝒦Ʈଶ𝜇
5

,  𝐼ଷ ൌ
144Ʈଶ

5𝒦
.    

The 𝐿ஶ and 𝐿ଶ error norms  to measure  the difference between  the numerical and 

analytic solutions are defined as [42] 

𝐿ஶ ൌ ║𝑈 െ 𝑈ே║ஶ ≅ 𝑚𝑎𝑥
௝
ห𝑈௃ െ ሺ𝑈ேሻ௝ห, 

𝐿ଶ ൌ ║𝑈 െ 𝑈ே║ଶ ≅ ඩℎ෍ห𝑈௃ െ ሺ𝑈ேሻ௝ห
ଶ

ே

௃ୀ଴

   

where 𝑈ே and 𝑈 represent the approximate and exact solutions, respectively. 

2µ

5
, I3 =

144

Symmetry 2023, 15, x FOR PEER REVIEW  7 of 11 
 

 

𝑍 ൌ

⎣
⎢
⎢
⎢
⎢
⎢
⎡

2
ℎ

െ2
ℎ

1 1
1 1

⋱
1 1
1 1 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

 

and 𝑏 ൌ ሺ𝑈ᇱሺ𝑥଴, 0ሻ,𝑈ሺ𝑥଴, 0ሻ,𝑈ሺ𝑥ଵ, 0ሻ, … ,𝑈ሺ𝑥ெିଶ, 0ሻ,𝑈ሺ𝑥ெିଵ, 0ሻሻ். 

3. Numerical Example 

In the TFMEW Equation (1), there is a solitary wave solution [40] with the form 

𝑈ሺ𝑥, 𝑡ሻ ൌ Ʈ sechሺ𝒦ሾ𝑥 െ 𝑥଴ െ ʋ𝑡ሿሻ.  (21)

In  this  equation, 𝒦ଶ ൌ 1/ 𝜇,  and  the wave  velocity ʋ  equals  ʋ ൌ Ʈమ

ଶ
. Based  on  the 

equation, the amplitude Ʈ represents one solitary wave with an initial center of   𝑥଴. We 

consider the IC to be 

𝑈ሺ𝑥, 0ሻ ൌ Ʈ sechሺ𝒦ሾ𝑥 െ 𝑥଴ሿሻ 

The magnitude of the solitary waves may be positive or negative, but their velocity 

is proportional to the square of the wave amplitude. Moreover, in the RLW equation, all 

solitary waves have the same wave number 𝒦 ൌ ඥሺ1/𝜇ሻ, so the width of all of them is the 

same  too. Unlike  the RLW  equation,  the TFMEW  equation does not prohibit positive 

velocities.  As  TFMEW  Equation  (1)  is  defined  with  BCs,  there  are  three  invariant 

conditions given as follows [40]: 

𝐼ଵ ൌ න 𝑈𝑑𝑥,

ାஶ

ିஶ

 

𝐼ଶ ൌ න ሺ𝑈ଶ ൅ 𝜇𝑈௫
ଶሻ

ାஶ

ିஶ

𝑑𝑥, 

𝐼ଷ ൌ න 𝑈ସ𝑑𝑥

ାஶ

ିஶ

, 

which are computed as [41] 

𝐼ଵ ൌ
2Ʈ
𝒦

,   𝐼ଶ ൌ
12Ʈଶ

𝒦
൅  

48𝒦Ʈଶ𝜇
5

,  𝐼ଷ ൌ
144Ʈଶ

5𝒦
.    

The 𝐿ஶ and 𝐿ଶ error norms  to measure  the difference between  the numerical and 

analytic solutions are defined as [42] 

𝐿ஶ ൌ ║𝑈 െ 𝑈ே║ஶ ≅ 𝑚𝑎𝑥
௝
ห𝑈௃ െ ሺ𝑈ேሻ௝ห, 

𝐿ଶ ൌ ║𝑈 െ 𝑈ே║ଶ ≅ ඩℎ෍ห𝑈௃ െ ሺ𝑈ேሻ௝ห
ଶ

ே

௃ୀ଴

   

where 𝑈ே and 𝑈 represent the approximate and exact solutions, respectively. 

2

5K .

The L∞ and L2 error norms to measure the difference between the numerical and analytic
solutions are defined as [42]

L∞ = ‖ U −UN ‖∞ ∼= max
j

∣∣∣UJ − (UN)j

∣∣∣,
L2 = ‖ U −UN ‖2 ∼=

√
h

N
∑

J=0

∣∣∣UJ − (UN)j

∣∣∣2
where UN and U represent the approximate and exact solutions, respectively.

The proposed strategy here was adopted for computing the solutions of the TFMEW equation
to show the motion of a single solitary wave and conservation laws. Therefore, Equation (21) was
employed as IC with domain [0, 80], spatial step h = 0.1, temporal step ∆t = 0.05, µ = 1, A = 0.25,
and the simulation was run to time t = 20. The conservative I1, I2, I3 quantities calculated for
different t values and γ = 0.5, 0.75 are shown in Tables 1 and 2, respectively. The values of I1, I2, I3
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at various final times indicated that the proposed method is conservative for mass and energy. We
see that the numerical results of the proposed strategy are in excellent agreement with both their
exact values and all of the compared ones. Figure 1 shows the motion of a single solitary wave with
various values of times.

Table 1. Error norms and invariants of a single solitary wave with
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where 𝑈ே and 𝑈 represent the approximate and exact solutions, respectively. 

= 0.1, x0 = 30, µ = 1, γ = 0.5.

Time (t) Comparative
Studies I1 I2 I3 L2 L∞

0.00 0.19796010 0.01983155 0.00012916 0.000000 0.000000

0.01 0.19796010 0.01983155 0.00012916 1.33 × 10−15 0.58× 10−16

0.02 0.19796010 0.01983155 0.00012916 1.11 × 10−15 0.41 × 10−16

0.03 0.19796010 0.01983155 0.00012916 1.20 × 10−15 0.49× 10−16

0.04 0.19796010 0.01983155 0.00012916 1.34 × 10−15 0.55 × 10−16

0.05 0.19796007 0.01983155 0.00012916 1.55 × 10−15 0.63 × 10−16

0.06 0.19796007 0.01983156 0.00012916 2.00 × 10−15 0.71 × 10−16

0.07 0.19796006 0.01983156 0.00012916 2.10 × 10−15 0.79 × 10−16

0.08 0.19796005 0.01983156 0.00012916 2.15 × 10−15 0.89 × 10−16

0.09 0.19796003 0.01983157 0.00012916 2.24 × 10−15 1.02 × 10−16

0.10 0.19796003 0.01983157 0.00012916 2.33 × 10−15 1.15 × 10−16

0.10 [40] 0.7854000 0.12500000 0.00520000 1.99 × 10−15 5.82 × 10−16

0.10 [43] 0.7853967 0.16666633 0.00520830 0.0800980 0.0460618

0.10 [29] 0.7849545 0.16647652 0.00519955 0.29051667 0.24989254

Table 2. Error norms and invariants of a single solitary wave with
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Figure 1. Motion of a single solitary wave with various values of times Ʈ (1.0, 0.75, 0.50, 0.25). 

4. Conclusions 
This paper used the B-spline weighted residual Galerkin finite element method with 

a weight function different in degrees from the spline function to obtain high-precision 
numerical solutions of the TFMEW. To demonstrate the efficiency and accuracy of the 
approach, 𝐿ଶ and 𝐿ஶ error norms were calculated using the motion of a single solitary 
wave. It is evident that in all computer runs, the error norms were relatively small and the 
invariants remained relatively constant. Additionally, the method can be used to solve a 
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software package. 
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4. Conclusions
This paper used the B-spline weighted residual Galerkin finite element method with a weight
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of the TFMEW. To demonstrate the efficiency and accuracy of the approach, L2 and L∞ error norms
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37. Daǧ, İ.; Özer, M.N. Approximation of the RLW equation by the least square cubic B-spline finite element method. Appl. Math.
Model. 2001, 25, 221–231. [CrossRef]

38. Esen, A.; Ucar, Y.; Yagmurlu, N.; Tasbozan, O. A Galerkin Finite Element Method to Solve Fractional Diffusion and Fractional
Diffusion-Wave Equations. Math. Model. Anal. 2013, 18, 260–273. [CrossRef]

39. Li, M.; Ding, X.; Xu, Q. Non-polynomial spline method for the time-fractional nonlinear Schrödinger equation. Adv. Differ. Equ.
2018, 2018, 1–15. [CrossRef]

40. Zaki, S.I. Solitary wave interactions for the modified equal width equation. Comput. Phys. Commun. 2000, 126, 219–231. [CrossRef]
41. Al-humedi, H.O.; Akee Abd Al-wahed, L. Combine of B-Spline Galerkin Schemes with Change Weight Function Combine of

B-Spline Galerkin Schemes with Change Weight Function. Int. J. Eng. Innov. Res. 2016, 2, 340–349.
42. Siraj-ul-Islam; Khattak, A.J.; Tirmizi, I.A. A meshfree method for numerical solution of KdV equation. Eng. Anal. Bound. Elem.

2008, 32, 849–855. [CrossRef]
43. Geyikli, T. Numerical Solution of the Modified Equal Width. Int. J. Differ. Equ. 2012, 2012, 587208. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://doi.org/10.1016/S0307-904X(00)00030-5
http://doi.org/10.3846/13926292.2013.783884
http://doi.org/10.1186/s13662-018-1743-3
http://doi.org/10.1016/S0010-4655(99)00471-3
http://doi.org/10.1016/j.enganabound.2008.01.003
http://doi.org/10.1155/2012/587208

	Introduction 
	Implementation of the Proposed Method for TFMEW Model 
	Numerical Example 
	Conclusions 
	References

