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Abstract: We investigate how the moment of inertia of the atomic nucleus can be calculated in terms
of the invariant operator of its SU(3) symmetry. This question is important for model Hamiltonians
containing the moment of inertia explicitly, e.g., those with multichannel dynamical symmetry, which
describes many different bands in a unified way.
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1. Introduction

Considering nuclear rotation, two extremes can be identified: rigid rotation and
irrotational flow [1-3]. Real nuclei are somewhere between the two limits [4,5]. The more
deformed the system, the more rigid-rotor-like it is. Superdeformed bands show rigid-rotor
characteristics [6].

The first microscopic explanation of the quadrupole deformation and collective ro-
tation was given by the Elliott model [7-10]. It is a spherical shell model in which
the average potential is that of the harmonic oscillator, while the residual interaction
is a quadrupole force:

H = Hpo — x9"q"- €]

Here, g° is the algebraic mass quadrupole momentum (which is discussed in more detail later
on). It can be expressed in terms of the invariant operators of the SU(3) and SO(3): algebras
2 2
q'q" = 6C§L}3 - 3C§o)3- @)
Here, C stand for the Casimir operators of the Lie groups, indicated as subscripts, while the

order of the invariant is given as a superscript. The harmonic oscillator (HO) Hamiltonian
is the invariant of the U(3) algebra; therefore, the Hamiltonian (1) is

1 2 2
H = hwClj) — 6xC2), +3xCH.. 3)
Since it is expressed in terms of the Casimir invariants of a single algebra chain of
U(3) o SsuU(3) o S0O(3), 4)

it is said to have a U(3) dynamical symmetry. The quantum numbers characterizing these
symmetries are as follows—U(3): [n1, 12, n3], SUB): (A, 1), SO(3): L.

The invariant operator of the rotational algebra is C%3 = L2, and the moment of
inertia 6 is determined by its coefficient in Equation (3): % = 3x. As is obvious from
Equation (3), this model gives a uniform moment of inertia for all the rotational bands of a
nucleus [11].

The Elliott model is a single-shell model in its original form, and, following its intro-
duction, it was applied mainly to problems containing only a few collective bands. Later
on, several extensions have been invented [12-15]. (For a brief recent review, see, e.g., [16]).
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Here, we concentrate on the multiconfigurational dynamical symmetry (MUSY) [17,18],
which is the common intersection of the shell, collective and cluster models for multi-major-
shell problems. Therefore, it is able to give a unified description of spectra of wide energy
and deformation regions for different configurations, e.g., shell, core-plus-alpha or exotic
clusters. Obviously, under these circumstances, a uniform moment of inertia would be an
extremely poor approximation.

Surprisingly enough, however, a very simple Hamiltonian can perform well in de-
scribing such spectra. This is a gentle extension of Equation (3), as follows:

H = hwon +aC3), +bCl), + dzl—e 12, 5)

The new aspects, in comparison with the original Hamiltonian of the Elliott model,
are (i) the inclusion of a third order term C §3&3, which makes a distinction between prolate
and oblate deformation and (ii) the fact that, in the rotational term, the moment of inertia

is no longer uniform. Rather, it is calculated for an ellipsoidal shape defined by the U(3)

quantum numbers. The expectation values of the C 233 and C 833 Casimir invariants in the
SU(3) basis with (A, #) quantum numbers are A2 + p? + Ay + 3(A + p) and (A — p) (A +
211+ 3)(2A 4 p + 3), respectively.

This Hamiltonian is invariant with respect to the transformations from one configu-
ration to the other [19], and its eigenvalue problem has an analytical solution in the U(3)
basis. In this sense, one can say that it is a Hamiltonian with a dynamical symmetry of
group-chain (4). Nevertheless, it does not correspond to the strict definition of the dynami-
cal symmetry, which requires that the Hamiltonian is expressed in terms of the invariant
operators of a group-chain [20] (due to the method of performing the calculation of the
moment of inertia).

In this work, we investigate what kind of description of the experimental spectra can
be obtained with Hamiltonians in which the moment of inertia is given in terms of the
second-order Casimir of SU(3) [21,22], i.e., the Hamiltonians have dynamical symmetries
in the strict sense.

Please note that the Elliott model and many other shell models, as well as our approach
presented here, describe the nuclear rotation in the laboratory frame of reference. There
is, however, a different possible route for treating this problem, namely, describing the
nucleon motion in a rotating frame. In that case, centrifugal and Coriolis forces emerge,
and these give rise to a different approach towards moment of inertia. Here, we focus on
the Elliott-type treatment. For a recent study with cranking models, we refer the reader to
work [23] and the references therein. Another interesting relationship between the nuclear
rotation and the magnetic effects is discussed in [24].

In what follows, we first recall some basic relation of the quadrupole moment and
moment of inertia in Section 2. Then, in Section 3, we compare the moment of inertia of
the rigid ellipsoid with those expressed in terms of the Casimir invariant. In Section 4, we
describe some experimental data with the strictly dynamically symmetric Hamiltonians.
Finally, a brief summary is given and some conclusions are drawn in Section 5.

2. Rigid Body: Quadrupole Moment and Moment of Inertia
2.1. Quadrupole Moment

Both the moment of inertia and the quadrupole moment are second-rank tensors. The
Cartesian components of the quadrupole moment of N points (of mass ), or a distribution
of matter of density p, are [25]

Qij = ZpMnXpiXyj, or/xix]-p(r)dv, i,j=1,2,3. (6)

This is a symmetric tensor with six independent components. It can be split up into a
zeroth- and a second-rank spherical tensor with one and five components, respectively.
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The scalar (L = 0) monopole moment is
M=) Q. @)
i

The five q,, components of the L = 2 irreducible tensor transform according to the
irreducible representation D? of the rotation group [26]

Ty = Y G Dy (4Y), ®)

where (xfB) are the Euler angles of the rotation. Their relations to the Cartesian compo-

nents are
5
qo = 4/ 167(2(233 — Q11— Q»n)
15 .
ge1 = Fy/ Q(Qm +iQ3)

q2 = 1/ 312757_[((311 — Qo +2iQ12). )

In terms of the spherical harmonics, they are [25]
Gm = Sttt Yo (00, bn), or/rzYZm(G, ¢)p(r)do. (10)

2.2. Moment of Inertia
The Cartesian coordinates of the moment of inertia tensor of a rigid body are [27,28]

Lij = ann(r%‘si]‘ = XiXj), 0?/(7251-]- — x;xj)p(r)dv. (11)

The scalar moment of inertia I for any axis v is obtained as a double scalar product:

3 3
I = VfV = Z 2 Z)]‘Ijkvk. (12)
j=1k=1

The moment of inertia of a cylindrically symmetric ellipsoid of major axes 2 and b = ¢
(which can rotate around an axis perpendicular to its symmetry axis a) is

wﬂgzémﬁ+#y (13)

Its unit is Mh—:V If the U(3) symmetry is [n1, 12, n3], then a, b, c are obtained from the
self-consistency argument [29]:

ainl—i-% bin2+é

= , =
c n3—|—% c n3+§

(14)

and the volume-conservation requirements:

3 (1’13+%)2
=Ryl A 15
c O\I (7’1]—.—%)(7‘[24—%) ( )

Here, A is the number of nucleons and Ry is the radius parameter (typically 1.2 fm). The
approximation of the cylindrical symmetry is needed in order to have an analytical solution
for the energy eigenvalue.

The moments of inertia of an ellipsoid without cylindrical symmetry are
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1 .2, 2
I, = gm(b +c )
1
I, = gm(aerc2)
1
. = gm(az—i—bz) (16)

2.3. Relation of the Two Moments

The relation of the tensors of the quadrupole moment and the moment of inertia is

1

Qij = ETr(f)(Sij — I;;. (17)

Y

In the reference frame of principal axes, both tensors are diagonal. Then, the quadrupole
components expressed with the [;; = I; moments of inertia are

1
Qn = 5(—11 + 5L +13),
1
Qn = 5(11 - L+ 1),
1
Qn = 5(11 + 5L - 1), (18)
or, with Q;; = A;, are
Iin = (A2+A3),
In = (AM+A3),
Iz = (A+A2). (19)

2.4. Shell Connection

The A; quadrupole values can be related to the shell-model picture too [6]. First,
it should be noted that, in the shell model, two different quadrupole operators can be
constructed. The physical (or collective) one has non-vanishing matrix elements between
basis states of the same major shell, as well as between those of the shells with two more
or two fewer quanta. (Sometimes, this is denoted by Q°. In our notation, Q° = Q.) The
spherical coordinates of the physical quadrupole moment of A nucleons in a harmonic
oscillator potential with parameter b = \/fi/mw are

167'[
qm = 2 YZm (0, (Pn (20)

There is an algebraic approximation to this, g%, introduced in the Elliott model, which
has the same matrix elements within the major shell, but all its matrix elements vanish
between states of different shells. It contains the space and momentum coordinates in a
symmetric way:

7=/ o Z(b2Y2m<6n,¢n)+b2 Yzm(9§,¢5>>- (21)

(the different spectra obtained with the collective and algebraic quadrupole moments were
studied numerically and analytically in refs. [30,31], respectively.) g7, generate the SU(3)
group together with the angular momentum operators, i.e., they give the Lie algebra of
SU(3). On the other hand, the commutation relations of the components of 4¢ are different.
In a unified notation, in which g% stands for either 4° = g or for 4*,

Ly L) = V2010, W[1p + v) Ly, (22)

Ly, q¥) = V6{1p, 2v|2u + v) g}y, (23)
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(975 av] = (21, 2v1p + V) Ly, (24)
where ¢ = 0 for the physical quadrupole operators (4°), while, for the algebraic (g%) ones,

¢ = 3v/10. The (|) symbol shows the Clebsch-Gordan coefficients. For ¢ = 0, the operators
generate the Ts A SO(3) group of the rigid rotor (of semi-direct product structure), where

Ts stands for the (Abelien) subgroup of gy;s. If one renormalizes q” as 4"/ /C2,;5, then
the first and second lines of commutators remain unchanged, while L, 1, in the third line
is substituted by L4, /C%,;;, which progresses to zero for low L-s and large C2;;,. This
procedure is called the contraction of SU(3) to T5 A SO(3).

The quadrupole moments of the body-fixed principle axes are determined by the SU(3)
quantum numbers as follows [6]:

M=—-A-pn)/3, (25)
Ay =—(A+2u+3)/3, (26)
A3 =(2A+u+3)/3. (27)

2.5. Energy

The energy-operator of a rigid rotor in terms of body-fixed components of the angular
momenta (L) is
2 2 2
Ly Ly | L3

=L 42 45 2
21 + 2, 2I 28
This can be rewritten [6] in a frame-independent form with the three scalars,
2
L2 = Y=Y L, (29)
i i
2
X3 = Y LiQjLj =Y AL, (30)
ij i
2
Xy = Y LiQijQulLy =Y ALY, (31)
ijk i
as follows:
H = al? + bX3 + cX,. (32)

3. Classical Ellipsoid versus C(?)

Here, we compare the moment of inertia of ellipsoids calculated classically with
those obtained using different functionals of the invariant operators. In particular, we
apply the MUSY Hamiltonian in Equation (5) and calculate the moment of inertia first for
ellipsoids, then from the eigenvalues of the invariant operators. So far, we have used the
first method in MUSY applications. As mentioned previously, the nucleus is approximated
by a cylindrically symmetric one in the case of a triaxial ellipsoid. If the semi-axis lengths
of the triaxial nucleus are 4, b, ¢, then one can make the following approximation for a
cylindrically symmetric shape with semi-axis lengths A, B, C: if a/b > b/c,then A = a
and B = C = V/bc; otherwise, A = B = vaband C = c.

We consider here the shapes of those nuclei, which were treated in detail by MUSY,
i.e., their rich experimental spectra were reproduced in terms of MUSY. These are the
20Ne, [18,32] 28Si, [18,33,34] 30 Ar, [18,34,35] and **Ti nuclei [17,18,34].

As for the functional forms of invariant operators, we take the simplest ones:

(i) Second-order Casimir of SU(3) (a1 Cg}(,j));

) (@0 +a1Cl )
+ an), where n is the linear Casimir of U(3);

(iif) (a1Cé2L)I(3)
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(iv) (ag + alcgzl,)l(3) + apn).

Figure 1 shows the comparison between the different values of moment of inertia
for those shapes of nuclei which have experimental counterparts. The 4; parameters were

determined from a fit to the ellipsoidal values. These figures suggest that the simple

two-parameter formula ag + a1 Céi)l 3) approximates the ellipsoidal value very well.

The shapes observed experimentally are rather different from each other in all these
nuclei; therefore, the systematic change of the moment of inertia as a function of the
deformation is not shown by these figures. In order to see this, we made another comparison
between the ellipsoidal and invariant values. In particular, we changed the quantum
numbers of the SU(3) symmetry step-by-step, in order to study the behavior in the different
functions. We kept the n number constant and changed the distribution among its Cartesian
components in such a way that the deformation shows a smooth change (we have chosen
the sets of U(3) quantum numbers for 27w excitation in each nucleus).

We looked at the systematic change of the prolate, triaxial and oblate shapes between
large and small deformations. These SU(3) irreducible representations and the corre-
sponding quadrupole shapes are not necessarily physical, of course. The purpose of this
comparison was simply to study the similarity or difference among the different functional

forms. Figure 2 shows the result. This comparison also prefers the simple ag + a;C g}@
functional form for the calculation of the moment of inertia in terms of invariant operators.
(Please note that the two other functions in Figure 1 do not represent independent choice,
in this case, due to the constant n values.)
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Figure 1. Nuclear moment of inertia calculated using different methods. The SU(3) quantum numbers
(quadrupole shapes) that are shown seem to have experimental counterparts (see text for more details).
Red circles indicate the values calculated classically (for an ellipsoid with cylindrical symmetry),
while black triangles, dark blue stars, light blue squares and green diamonds are those calculated
with Casimir operators.
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Figure 2. Moment of inertia, calculated by different methods, for prolate (left), triaxial (middle) and
oblate (right) shapes of gradually decreasing deformation.

4. Energy Spectra

We calculated energy spectra for four nuclei with different moments of inertia and
B(E2) transitions (Tables 1 and 2). On the one side, we applied the ellipsoid values, as was
performed previously; on the other side, we calculated the moment of inertia using two
functionals with the Casimir invariant. The parameters of the Hamiltonian were fitted to
the experimental data, where the goodness of fit is as follows:

m ( Elth _ E‘-ZXP )2

i=1 i

Here, m is the number of states and w;, th and EiexP are the weights, theoretical energies
and experimental energies of the states.
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In some cases (2851, 44Ti), the two methods resulted in similar fits between the ex-
perimental data and the model spectra. In other cases, however, the purely algebraic
calculations (with invariant operators) gave a considerably better fit (ca. a factor of 2 for
20Ne and a factor of 4 for 3°Ar).

Figures 3-6 show the results of the calculation with the moment of inertia 6 = ag +

a,C 81)3 In the fitting procedure, the weights of the bands are as follows: 2°Ne—all bands
have a unit weight; 28Si—all low-energy bands have a unit weight and the resonances have
a weight of 0; 3® Ar—the well-known GB and SD bands have a unit weight, while the other
bands have a weight of 0.01; *Ti—the well-known states have a unit weight (first three
states of GB and O; bands, first states of 3~ and 4~ bands, first « band, 5~ state of last
« band), while the states with uncertain spin parity and the resonances have a weight of
0.5. When there is more than one candidate for the state in an alpha-cluster band, the unit
weight was divided by their number.
The in-band B(E2) value is given as

2L;+1
B(EZ,LZ' — Lf) = 2L 11
i

2 (Ap)KL;, (11)2] [ (AW)KL) 2Cys (34
where ((Au)KL;, (11)2[[(Ap)KLy) is a SU(3) D SO(3) Wigner coefficient [36] and % (mea-
sured in W.u.) is a parameter fitted to the lowest transition of the ground band for each
nucleus (Tables 1 and 2).

This formula explains why the transition strength can be very large for the extremely
deformed (superdeformed, hyperdeformed, etc.) bands (c.f. Cgu <3)), as well as for the fine
details within a rotational band (Wigner coefficients). Within the dynamical symmetry
approach, applied here with one-body transition operators [32,33], the interband transitions
are forbidden (they could be achieved either with symmetry-breaking or with transition
operators of higher order).

’s 60
> | W Th g*
St 0 9 R + + 6+
Z[ | width ) 7 8 o 4
151 o+ 8 - + 4 +
8 77 7 5 6+ 6 2+ 2+
ol . 4t 6 ) . 2 4t 0" 0
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5 v 3 3 0= 0
o 3 3
2+
00 04.2)0" 1(9,0)0° 2(8,4)0" 412,00"
0(8,0)0 1(8,2)2 1(6,3)1° 2(10,0)0 2(4,6)0
251
S Exp.
o Ne o
= 7 o 5 s S
15! §— . — 6 — o —
8" 7-_ T 5— 6 6:— 4 — 0"'_
101 o 4t 6 ___ 5 3__ 4t 47— 2:_ S
o* 5— 3 l— 47— 2= 0
pr— 4-,— b ,I 2+— 0+
51 4* o 3I— 1 0
o+ 2
01 o* + - 4 +
0 0 0 0
O+1 2 7 I 3 0+4 5 O+6

Figure 3. The spectrum of the MUSY (upper part) in comparison with the experimental data of the
20Ne nucleus (lower part). The experimental bands are labeled by the K™, and the model states by
the n(Ax)K™ quantum numbers. The width of the arrow between the states is proportional to the
strength of the E2 transition.
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Table 1. The experimentally known B(E2) transitions in the investigated nuclei and their theoretical

counterparts.
Nucleus Band L = LT B(E2)¢xp.(W.u) B(E2)4,. (W.u.)
2t 07 20.3 20.3
4t 2% 22 25.7
20Ne o 6+ — 4t 20 21.8
gt =6t 9 12.9
0~ 37 = 1- 50 30.8
2t =07 13.2 13.2
GB 4t 2% 16.4 17.8
67 — 4t 10.6 17.5
28gj po* 2+t -0t 5.0 8.2
(12,00 4t 527 30.4 17.8
6t — 4t 37 17.5
O+P3~ 4= =3~ 0.91 24.7
GB 2t =07 8.2 8.2
4t 527 12 10.4
2+ 3t - 2F 0.29 6.8
3~ 4= =3 0.35 15.6
4+ 2t 53 60.9
36Ar 6+ — 4+ 64 65.6
8t — 6T 62 66.5
SD 107 — 87 45 65.6
12+ — 10t 39 63.5
141 — 12+ 33 60.3
161 — 14+ 18 55.9
GB 2t 507 13 13.0
4t 527 10 17.5
“T 2t =07 23 7.8
0;
4t 2% 21 10.5

Table 2. Parameters of the Hamiltonian and the B(E2) transitions and the quality of the fit for different
moments of inertia. For each nucleus, the first row shows the results of the 4-parameter fitting, where
the moment of inertia is calculated for a rigid ellipsoid. The second and third rows show the results
of simultaneous fitting of parameters of 6 and #w, a, b (in the latter cases, d = 1 was fixed).

Nucleus  «? 0 hw a b d F
B,11 6.66030 —0.14261 0.00000 0.94185 1.13874
20Ne 1.153 0.028457(:5”(3) 6.152410 —0.090513 —0.000971 1 0.70997

1.398849 + 0.013758C§u 6.403456 —0.108297 —0.000973 1 0.66174

(3)
0,11 551017 —0.07859 0.00062 1.44233 0.82616
28gj 0.366 0.013176CZ,, 6.168610 —0.074770 0.000526 1 1.00443

®)
1.461578 + 0.005352C2,,

3) 6.447891 —0.081092 0.000530 1 0.98845
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Table 2. Cont.

Nucleus a2 0 hw a b d F
0,11 6.52745 —0.06131 0.00032 1.29616 0.92377
36 Ar 0.466 0.020933(:%11(3) 3.497172 —0.028190 0.000250 1 0.38433
1.401125+0.008935C§u(3> 3.036900 —0.028339 0.000288 1 0.21183
01 590654 —0.07512 0.00104 123395 137327
HTi 0361 0030113C2, 5 6133733 —0.084859 0.001472 1 145092

5.672361 + 0.005232C§u 5.865533 —0.073725 0.001044 1 1.32555

®)
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Figure 4. The spectrum of the MUSY in comparison with the experimental data of the 28Si nucleus.
The experimental bands are labeled by the available quantum numbers (GB stands for ground band, 8
for B-band, P indicates prolate, while O means oblate and SD is superdeformed). The other notations
are the same as Figure 3. The parameters have been fitted to the low-energy part (lower panel), and
the cluster spectrum (upper panel) is obtained as a pure prediction, due to the unified multiplet
structure and identical physical operators.

In this paper, we have considered four nuclei with N = Z. It should be mentioned,
however, that the method is not restricted to such nuclei. Nuclei with different proton
and neutron numbers, as well as even and odd mass numbers, are available for MUSY
studies. Our present choice was motivated by the methodological nature of this study: we
wished to calculate the algebraic moment of inertia for nuclei which have been described
beforehand by applying an ellipsoidal approximation.
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5. Summary and Conclusions

In this work, we have investigated the possibility of calculating the moment of inertia
of the nucleus in terms of the invariant operator of its SU(3) symmetry.

The inspiration came from the recent applications of multiconfigurational dynamical
symmetry. This is the bridge between the shell, collective and cluster models for the multi-
major-shell problem. Therefore, it can describe different parts of the nuclear spectrum in a
unified way, though they are observed in different reactions and extend along the excitation
energy and quadrupole deformation axes. Nevertheless, a simple symmetric Hamiltonian
seems to be able to reproduce their gross features. It is only slightly more general than that
using the Hamiltonian from the Elliott model. The main difference is that it includes the
moment of inertia explicitly; therefore, the rotational bands show different characteristics.
The moment of inertia was calculated classically for an ellipsoid, determined by the U(3)
symmetry of the band. Here, we addressed the question as to what kind of description of
the experimental spectra could be obtained by expressing the moment of inertia in a purely
algebraic (quantum mechanical) way.

After reviewing some basic relations between the quadrupole and moment of inertia
tensors, we tested the performance of a few simple functional forms of the second-order

Casimir of SU(3). We found that the § = a9 + a1C§2J3 expression gives a very good
description of the ellipsoid values, both for the specific bands of the nuclei investigated
so far with MUSY and for the systematic behavior of the moment of inertia (as a function
of the deformation). As for the description of the experimental data, in some cases, the
two methods gave similar fits, while, in other cases, the invariant operators resulted in
considerably better agreement.

Based on the present study, an explicit expression of the moment of inertia in terms of
the invariant operator of SU(3) seems to be a good candidate for a dynamically
symmetric Hamiltonian.
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