
Citation: O’Regan, D.; Aderyani, S.R.;

Saadati, R.; Li, C. Stability Results

and Parametric Delayed

Mittag–Leffler Matrices in Symmetric

Fuzzy–Random Spaces with

Application. Symmetry 2023, 15, 1880.

https://doi.org/10.3390/

sym15101880

Academic Editor: Hsien-Chung Wu

Received: 7 September 2023

Revised: 29 September 2023

Accepted: 4 October 2023

Published: 6 October 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

symmetryS S

Article

Stability Results and Parametric Delayed Mittag–Leffler
Matrices in Symmetric Fuzzy–Random Spaces with Application
Donal O’Regan 1 , Safoura Rezaei Aderyani 2 , Reza Saadati 2,* and Chenkuan Li 3

1 School of Mathematical and Statistical Sciences, University of Galway, University Road,
H91 TK33 Galway, Ireland; donal.oregan@nuigalway.ie

2 School of Mathematics, Iran University of Science and Technology, Narmak, Tehran 13114-16846, Iran;
safora.rezaei.2000@gmail.com

3 Department of Mathematics and Computer Science, Brandon University, Brandon, MB R7A 6A9, Canada;
lic@brandonu.ca

* Correspondence: rsaadati@eml.cc or rsaadati@iust.ac.ir

Abstract: We introduce a matrix-valued fractional delay differential system in diverse cases and
present Fox type stability results with applications of aggregated special functions. In addition we
present an example showing the numerical solutions based on the second type Kudryashov method.
Finally, via the method of variation of constants, and some properties of the parametric Mittag–Leffler
matrices, we obtain both symmetric random and symmetric fuzzy finite-time stability results for the
governing fractional delay model. A numerical example is considered to illustrate applicability of
the study.
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1. Introduction

Generally fractional-order equations are considered as an extension of ODEs, and they
have been used as more appropriate models of real-world issues in physics, engineering, fi-
nance, etc. [1,2]. The applications of fractional-order calculus have been growing, including
petroleum engineering, viscoelastic mechanics, anomalous diffusion, multi-strain tuber-
culosis model, control system, and many other branches of engineering and physics [3,4].
A good collection of diverse fractional-order models used to mechanics, viscoelasticity,
thermodiffusion, and thermodynamics is given in [5]. In different processes, like technical
processes, chemical processes, economics, biosciences, a delay is observed. With the combi-
nation of both time delay and fractional derivative, the subject of fractional-order delay
differential models is enjoying growing interest among scientists [6–11].

finite-time stability is a notion that was first presented in the 1950s. This notion differs
from classical stability [12,13] in two significant ways. First, finite-time stability requires
prescribed bounds on system variables. Second, it deals with systems whose operation is
limited to a fixed finite interval of time. For systems that are known to operate only over
a finite interval of time and whenever, from specific considerations, the systems’ variables
must lie within particular bounds, finite-time stability is the only meaningful description
of stability [14–16].

Motivated by [17,18], we consider the Caputo fractional delay differential system below:

DP
0+F (χ) = ΞF (χ− t) + Ξ1 G(χ) + Ξ2H(χ,F (χ)), χ ∈ ν := [0, T], t > 0, (1)

F (χ) = K(χ), −t ≤ χ ≤ 0, (2)

where DP is the Caputo derivative with 0 < P < 1, t is a fixed delay time, T = κ∗t for
κ∗ ∈ ρ := {1, 2, · · · }.
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Let [.]n×n be a square matrix of n × n, for every n ∈ N. We shall investigate the
cases below:

Case 1 : Ξ1 = [1]1×1, Ξ = Ξ2 = [0]1×1, and F ,G ∈ C(ν,R).
Case 2 : Ξ1 = Ξ2 = [0]n×n, Ξ ∈ Rn×n, K ∈ C([−t, 0],Rn), and F ∈ C([−t, T],Rn).
Case 3 : Ξ1 = [1]n×n, Ξ2 = [0]n×n, Ξ ∈ Rn×n, K ∈ C([−t, 0],Rn), G ∈ C(ν,Rn), and

F ∈ C([−t, T],Rn).
Case 4 : Ξ1 = [0]n×n, Ξ2 = [1]n×n, Ξ ∈ Rn×n, K ∈ C([−t, 0],Rn), H ∈ C(ν×Rn,Rn), and

F ∈ C([−t, T],Rn).

In Case (1), we study Fox type stability results with applications of aggregation maps
and special functions. Finally, a numerical method is applied to find the approximate
solutions. In Case (2), via the method of variation of constants, and some properties of
the delayed one parameter Mittag–Leffler matrix, we investigate the explicit formula of
solutions. Thereafter, we propose symmetric random finite-time stability results. In Case (3),
by the method of variation of constants, and some properties of the delayed two parameter
Mittag–Leffler matrix, we study the explicit formula of solutions. In Case (4), through the
delayed Mittag–Leffler matrices in one and two parameters, we prove symmetric fuzzy
finite-time stability for the above fractional-order delay system. Next, a numerical example
is considered to illustrate applicability of the study.

2. Preliminaries
2.1. Special Functions
2.1.1. Fox Type Functions

In this part, we present the Fox H-function and its variations (see [19]).
The Fox H-function introduced by Charles Fox (1961) is defined as follows:

A
CH

B
D

[
χ

∣∣∣∣
(Vj ,Wj)1,C
(Nj ,Mj)1,D

]
:=

1
2πi

∫

X
v(S)χSdS, (3)

where i2 = −1, χ ∈ C\{0}, χS = exp(S[log|χ|+ i arg(χ)]), and

v(S) :=
∏A

j=1 Γ(Nj −MjS)∏B
j=1 Γ(1−Vj + WjS)

∏D
j=A+1 Γ(1− Nj + MjS)∏C

j=B+1 Γ(Vj −WjS)
,

in which an empty product is interpreted as 1, and the integers A, B, C, D satisfy the
inequalities 0 ≤ B ≤ C and 1 ≤ A ≤ D. Let the coefficients

Wj > 0 (j = 1, . . . , C) and Mj > 0 (j = 1, . . . , D),

and the complex parameters

Vj (j = 1, . . . , C) and Nj (j = 1, . . . , D)

be constrained s.t. no poles of the integrand in (3) coincide, and X is a suitable contour of
the Mellin–Barnes type (in the complex S-plane) which has one of the forms below:

• X = X−∞ is a left loop beginning at −∞ and terminating at −∞, enclosing all the
poles of Γ(S).

• X = X+∞ is a left loop beginning at +∞ and terminating at +∞, enclosing all the
poles of Γ( Vj︸︷︷︸

1≤j≤C

−S), situated in a horizontal strip beginning at the point +∞ + iλ1

and ending at the point +∞ + iλ2 with −∞ < λ1 < λ2 < +∞, and Vj ∈ C.
• X = Xiλ∞ is a contour beginning at the point λ− i∞ and ending at the point λ + i∞,

for every λ ∈ R.
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Plus, if,

R :=
B

∑
j=1

Wj −
C

∑
j=B+1

Wj +
A

∑
j=1

Mj −
D

∑
j=A+1

Mj > 0,

then, the integral in (3) converges absolutely and defines the H-function that is analytic in
the sector:

| arg(χ)| < π

2
R

and with the point χ = 0 being tacitly excluded. Indeed, the H-function makes sense and
also presents an analytic function of χ when either

R1 :=
C

∑
j=1

Wj −
D

∑
j=1

Mj < 0 and 0 < |χ| < ∞,

or

R1 = 0 and 0 < |χ| < R2 :=
C

∏
j=1

W
−Wj
j

D

∏
j=1

M
Mj
j .

We now propose the special cases of Fox’s H-function as follows:

• Exponential function:

0H0[χ] := exp(χ) =
∞

∑
j=0

χj

Γ(j + 1)
,

where χ ∈ C.

• One parameter Mittag–Leffler function:

0H1[N1; χ] :=
∞

∑
j=0

χj

Γ(1 + N1 j)
,

where χ, N1 ∈ C, and <(N1) > 0.

• Gauss Hypergeometric function:

2H1[V1, V2; N1; χ] =
∞

∑
j=0

(V1)j(V2)j

(N1)j

χj

j!
=

Γ(N1)

Γ(V1)Γ(V2)

∞

∑
j=0

Γ(V1 + j)Γ(V2 + j)
Γ(N1 + j)

χj

j!
.

Furthermore, this function can be represented in terms of the Mellin–Barnes integral of
the form

2H1[V1, V2; N1; χ] =
Γ(N1)

Γ(V1)Γ(V2)

1
2πi

∫

X

Γ(S)Γ(V1 − S)Γ(V2 − S)
Γ(N1 − S)

(−χ)−SdS,

where χ, V1, V2, N1 ∈ C, N1 6= 0,−1,−2,−3, . . . , and <(V1),<(V2),<(N1) > 0.

• Wright function:

1H1[V1; N1; χ] :=
∞

∑
j=0

χj

j!Γ(V1 j + N1)
,

where V1, N1, χ ∈ C and <(V1),<(N1) > 0.

• Fox–Wright function:
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Consider the positive vectors W = (W1, . . . , WC), M = (M1, . . . , MD), and complex
vectors V = (V1, . . . , VC), and N = (N1, . . . , ND). The Fox–Wright function is given by
the series

CHD

[
χ

∣∣∣∣
(V1,W1),...,(VC ,WC)
(N1,M1),...,(ND ,MD)

]
= CHD

[
χ

∣∣∣∣
(V,W)
(N,M)

]
=

∞

∑
n=0

Γ(Wn + V)

Γ(Mn + N)

χn

n!
, (4)

where

Γ(Wn + V) =
C

∏
j=1

Γ(Wjn + Vj),

and

Γ(Mn + N) =
D

∏
j=1

Γ(Mjn + Nj).

The series (4) has a nonzero radius of convergence if

R1 :=
D

∑
j=1

Mj −
C

∑
j=1

Wj ≥ −1. (5)

Plus, if R1 > −1, then, the series converges for all finite values of χ, and if R1 = −1, its
radius of convergence equals

R2 :=
C

∏
j=1

W
−Wj
j

D

∏
j=1

M
Mj
j . (6)

The convergence on the boundary |χ| = R2, however, depends on the value of

R3 :=
D

∑
j=1

Nj −
C

∑
k=1

Vk +
C− D− 1

2
, (7)

by noting that series (4) converges absolutely for |χ| = R2, if <(R3) > 0.

• Meijer G-function:

A
CG

B
D

[
χ

∣∣∣∣
V1,...,VC
N1,...,ND

]
≡ A

CH
B
D

[
χ

∣∣∣∣
(V1,1),...,(VC ,1)
(N1,1),...,(ND ,1)

]
(8)

=
1

2πi

∫

X
v′(S)χ−SdS,

where

v′(S) :=
∏A

j=1 Γ(Nj + S)∏B
i=1 Γ(1−Vi − S)

∏C
i=B+1 Γ(Vi + S)∏D

j=A+1 Γ(1−Vj − S)
, (9)

and χ−S = exp(−S[log |χ|+ i arg(χ)]), χ 6= 0 and i2 = −1.
Note that an empty product in (9) is defined to be one, and the poles

Njσ = −(Nj + σ), j = 1, . . . , A, σ ∈ N0, (10)

of the gamma functions Γ(Nj + S) and the poles

Viσ′ = 1−Vi + σ′, i = 1, . . . , B, σ′ ∈ N0, (11)
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of the gamma functions Γ(1−Vi − S) do not coincide, that is

Nj + σ 6= Vi − σ′ − 1, i = 1, . . . , B, j = 1, . . . , A, σ, σ′ ∈ N0. (12)

Besides, X is one of the contours given above that separate all poles Njσ in (10) on the left
from all poles Viσ in (11) on the right of X .

• G-function:

CHD[V1, . . . , VC; N1, . . . , NC; χ] =
∞

∑
k=0

∏C
i=1(Vi)n

∏D
j=1(Nj)n

χn

n!
, (13)

where χ ∈ C, C, D ∈ N0, and Vi, Nj ∈ C, for i = 1, . . . , C and j = 1, . . . , D.
For ρ ∈ C, we define

(ρ)0 = 1, ρ 6= 0,

(ρ)n = ρ(ρ + 1) . . . (ρ + n− 1), n ∈ N.

If Vj 6= −σ, j = 1, . . . , D and σ ∈ N0, then, this function (13) can be represented in terms of
the Mellin–Barnes integral of the following form

CHD[V1, . . . , VC; N1, . . . , ND; χ] =
∏D

j=1 Γ(Nj)

∏C
i=1 Γ(Vi)

1
2πi

∫

X

Γ(S)∏C
i=1 Γ(Vi − S)

∏D
j=1 Γ(Nj − S)

(−χ)−SdS, χ 6= 0,

where Nj 6= 0,−1,−2, . . . , j = 1, . . . D, Vi 6= 0,−1,−2, . . . , i = 1, . . . C, and with the special
contour X .

2.1.2. Mittag–Leffler Type Functions

We introduce a novel Mittag–Leffler function with m-parameters as follows [20]:
Suppose (V, W)C := [V1, W1; . . . ; VC, WC], (N, M)D := [N1, M1; . . . ; ND, MD], C +

D = m− 1, and m ∈ N. The m-parameter function of the Mittag–Leffler type is given by

MV1,W1;...;VC ,WC
α,τ;N1,M1;...;ND ,MD

(χ) = M(V,W)C
α,τ;(N,M)D

=
∞

∑
n=0

(V1)W1n · · · (VC)WCn

Γ(αn + τ)(N1)M1n · · · (ND)MDn
χn,

where χ, α, τ, Vi, Wi, Nj, Mj ∈ C, with min{α, τ, Vi, Wi, Nj, Mj} > 0, for every i = 1, · · · , C
and j = 1, · · · , D. Note that the generalized Pochhammer symbol (A)Bn is defined by

(A)Bn =
Γ(A + Bn)

Γ(A)
.

We now introduce a family of parametric Mittag–Leffler type functions, as follows:

• One-parameter function of the Mittag–Leffler type:

Mα(χ) =
∞

∑
j=0

χj

Γ(jα + 1)
,

where χ, α ∈ C, and <(α) > 0.

• Two-parameter function of the Mittag–Leffler type:

Mα,τ(χ) =
∞

∑
j=0

χj

Γ(jα + τ)
,
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where χ, α, τ ∈ C, and <(α),<(τ) > 0.

• Three-parameter function of the Mittag–Leffler type:

MV1
α,τ(χ) =

∞

∑
j=0

(V1)jχ
j

j!Γ(jα + τ)
,

where the Pochhammer symbol (V1)j defined by

(V1)j = V1(V1 + 1) · · · (V1 + j− 1), (V1)0 = 1,

and χ, α, τ, V1 ∈ C, and <(α),<(τ) > 0.

• Four-parameter function of the Mittag–Leffler type [21]:

MV1,W1
α,τ (χ) =

∞

∑
j=0

(V1)W1 j χj

j!Γ(jα + τ)
,

where χ, α, τ, V1, W1 ∈ C, and min{<(α),<(τ),<(V1)} > 0.

• Five-parameter function of the Mittag–Leffler type [22]:

MV1,W1
α,τ,N1

(χ) =
∞

∑
j=0

(V1)W1 j

Γ(αj + τ)(N1)j
χj,

where min{<(α),<(τ),<(N1),<(V1)} > 0, and W1 ∈ (0, 1) ∪N.

2.1.3. Supertrigonometric and Superhyperbolic Mittag–Leffler Type Functions

In this part, let χ, N1 ∈ C, and <(N1) > 0. We shall consider the Supertrigonometric
and Superhyperbolic Mittag–Leffler type functions in one parameter, as follows [23–27]:

• Pre-supercosine-Mittag–Leffler-type function:

precosN1(χ) =
∞

∑
i=0

(−1)jχ2j

Γ((2j)N1 + 1)
.

• Pre-supersine-Mittag–Leffler-type function:

presinN1(χ) =
∞

∑
j=0

(−1)iχ2j+1

Γ((2j + 1)N1 + 1)
.

• Pre-superhyperbolic supercosine-Mittag–Leffler-type function

precoshN1(χ) =
∞

∑
j=0

χ2j

Γ((2j)N1 + 1)
.

• Pre-superhyperbolic supersine-Mittag–Leffler-type function

presinhN1(χ) =
∞

∑
j=0

χ2j+1

Γ((2j + 1)N1 + 1)
.

2.1.4. Supertrigonometric and Superhyperbolic Gauss–Hypergeometric Type Functions

Let χ, N1, V1, V2 ∈ C, and <(N1),<(V1),<(V2) > 0. We shall consider the Supertrigono-
metric and Superhyperbolic Gauss–Hypergeometric type functions, as follows [28,29]:
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• Supercosine-Gauss–Hypergeometric type function:

2supercos1(V1, V2, N1; χ) =
∞

∑
j=0

(V1)2j(V2)2j

(N1)2j+1

(−1)jχ2j

(2j)!
.

• Supersine-Gauss–Hypergeometric type function:

2supersin1(V1, V2, N1; χ) =
∞

∑
j=0

(V1)2j+1(V2)2j+1

(N1)2j+1

(−1)jχ2j+1

(2j + 1)!
.

• Superhyperbolic cosine-Gauss–Hypergeometric type function:

2supercosh1(V1, V2, N1; χ) =
∞

∑
j=0

(V1)2j(V2)2j

(N1)2j+1

χ2j

(2j)!
.

• Superhyperbolic sine-Gauss–Hypergeometric type function:

2supersinh1(V1, V2, N1; χ) =
∞

∑
j=0

(V1)2j+1(V2)2j+1

(N1)2j+1

χ2j+1

(2j + 1)!
.

2.2. Generalized Triangular Norms (GTNs)

Let ε := [0, 1] and

diagMn(ε) :=








A11 0 0 · · · 0
0 A22 0 · · · 0
0 0 A33 · · · 0
...

...
...

...
0 0 0 · · · Ann



= diag[A11, · · · , Ann], Aij︸︷︷︸

1≤i≤n
1≤j≤n

∈ ε





,

with the partial order relation below:

A := diag[A11, · · · , Ann], B := diag[B11, · · · , Bnn] ∈ diagMn(ε),

A � B⇐⇒ Aij︸︷︷︸
1≤i≤n
1≤j≤n

≤ Bij︸︷︷︸
1≤i≤n
1≤j≤n

,

and the bold symbols 0 and 1 defind by

0 :=




0 0 0 · · · 0
0 0 0 · · · 0
0 0 0 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0




n×n

:= diag[0, · · · , 0]n×n,

and

1 :=




1 0 0 · · · 0
0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1




n×n

:= diag[1, · · · , 1]n×n.
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Definition 1 ([18]). A GTN on diagonal matrices is an operation
⊙

: (diagMn(ε))2 → diagMn(ε),
s.t. for every A, B, C, D ∈ diagMn(ε), satisfies the following:

(1) A
⊙

1 = A,
(2) A

⊙
B = B

⊙
A,

(3) A
⊙
(B
⊙

C) = (A
⊙

B)
⊙

C,
(4) A � B and C � D =⇒ A

⊙
C � B

⊙
D.

For every sequences {Am}, {Bm} converging to A, B ∈ diagMn(ε) respectively, if

lim
m→∞

(Am
⊙

Bm) = A
⊙

B,

then
⊙

on diagonal matrices is continuous.
For instance, consider the continuous GTNs

⊙
P,
⊙

M,
⊙

L : (diagMn(ε))2 → diagMn(ε)
defined as follows:

A
⊙

P
B

= diag[A11, · · · , Ann]
⊙

P
diag[B11, · · · , Bnn]

= diag[A11 · B11, · · · , Ann · Bnn],

A
⊙

L
B

= diag[A11, · · · , Ann]
⊙

L
diag[B11, · · · , Bnn]

= diag[max{A11 + B11 − 1, 0}, · · · , max{Ann + Bnn − 1, 0}],

and

A
⊙

M
B

= diag[A11, · · · , Ann]
⊙

M
diag[B11, · · · , Bnn]

= diag[min{A11, B11}, · · · , min{Ann, Bnn}].

If, for every GTNs
⊙

1,
⊙

2, and every A, B ∈ diagMn(ε),

A
⊙

1

B � A
⊙

2
B,

then, we say that
⊙

2 is stronger than
⊙

1, or, equivalently,
⊙

1 is weaker than
⊙

2 .
In the above examples,

⊙
L and

⊙
M are weaker and stronger GTNs, respectively. In

other words, we get the ordering below:
⊙

L
�
⊙

P
�
⊙

M
.

Throughout the paper, we let
⊙

:=
⊙

M .

2.3. Symmetric Matrix Valued Fuzzy Normed Spaces

Let J be a vector space and G be a collection of all matrix valued fuzzy sets (in short,
MVF sets), with the continuous increasing mappings Φ : J× (0,+∞) → diagMn(ε), s.t.
limφ→∞ Φ(χ, φ) = 1, for every χ ∈ J.

In G, we define the ordering below:

Φ � Φ′ ⇐⇒ Φ(χ, φ) � Φ′(χ, φ),
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for every φ > 0 and χ ∈ J.

Definition 2 ([18]). Consider the continuous GTN
⊙

, the vector space J, and the MVF set
Φ : J × (0,+∞) → diagMn(ε). A symmetric matrix valued fuzzy normed space (shortly,
SMVFNS) is a triple (J, Φ,

⊙
), s.t. for every χ, χ′ ∈ J, and φ, φ′ > 0, we have that

(1) Φ(χ, φ) > 0,
(2) Φ(χ, φ) = 1, iff χ = 0,

(3) Φ(υχ, φ) = Φ(χ,
φ

|υ| ), for every 0 6= υ ∈ C,

(4) Φ(χ + χ′, φ + φ′) � Φ(χ, φ)
⊙

Φ(χ′, φ′).

Note 1. A symmetric matrix valued fuzzy Banach space (or SMVFBS) is a complete SMVFNS.

In this paper we consider the minimum GTN.

Example 1. We prove in the following four steps that the parametric Mittag–Leffler function below
defines a symmetric fuzzy norm as follows:

MN1

(
− |χ|

φ

)
=

∞

∑
m=0

(
− |χ|

φ

)m

Γ(1 + N1m)
,

for every N1 ∈ (0, 1), χ ∈ J and φ > 0.
(1) If 0 < N1 ≤ 1, then, MN1(0) = 1 and lim

χ→−∞
MN1(χ) = 0. Thus, MN1 is an increasing

mapping, for every 0 < N1 ≤ 1, and also we have that 0 <MN1 ≤ 1.

(2) The equality MN1

(
− |χ|

φ

)
= 1, clearly shows that χ = 0, for every φ ∈ (0, ∞),

and vice versa.
(3) For every χ ∈ J, υ ∈ C and φ > 0, we get

MN1

(
− |υχ|

φ

)
=

∞

∑
m=0

(
− |υχ|

φ

)m

Γ(N1m + 1)

=
∞

∑
m=0

(
− |χ|φ
|υ|

)m

Γ(N1m + 1)

= MN1

(
− |χ|φ
|υ|

)
.

(4) Let

MN1

(
− |χ|

φ

)
≤MN1

(
− |χ

′|
φ′

)
.

Thus, for every χ, χ′ ∈ J and φ, φ′ > 0, we have that

|χ′|
φ′
≤ |χ|

φ
.

If χ = χ′, we get φ ≤ φ′. Thus, we have



Symmetry 2023, 15, 1880 10 of 40

|χ|
φ

+
|χ|
φ

≥ |χ|
φ

+
|χ′|
φ′

≥ 2
|χ|

φ + φ′
+ 2

|χ′|
φ + φ′

≥ 2
|χ + χ′|
φ + φ′

,

thus,
|χ|
φ
≥ |χ + χ′|

φ + φ′
. But −|χ|

φ
≤ −|χ + χ′|

φ + φ′
, and also

∞

∑
m=0

(
− |χ|

φ

)m

Γ(1 + N1m)
≤

∞

∑
m=0

(
− |χ + χ′|

φ + φ′

)m

Γ(1 + N1m)
, (14)

which implies that

MN1

(
− |χ|

φ

)
≤MN1

(
− |χ + χ′|

φ + φ′

)
.

Hence,

MN1

(
− |χ + χ′|

φ + φ′

)
≥ min

{
MN1

(
− |χ|

φ

)
,MN1

(
− |χ

′|
φ′

)}
,

for every χ, χ′ ∈ J and φ, φ′ ∈ (0, ∞). Thus, MN1

(
− |χ|

φ

)
is a symmtric fuzzy norm for every

χ ∈ J, φ > 0 and 0 < N1 ≤ 1.

2.4. Symmetric Matrix Valued random Normed Spaces

Let E be a collection of all matrix valued distribution functions (shortly, MVDFs ) with
the left–continuous and non–decreasing mappings Ψ : R∪ {−∞,+∞} −→ diagMn(ε), s.t.,
Ψ(0) = 0 and Ψ(+∞) = 1. Assume that the subset E+ ⊆ E contains all functions Ψ ∈ E,
s.t., the left limit of the function Ψ at the point +∞ is 1.

In E+, we define the ordering below:

Ψ � Ψ′ ⇐⇒ Ψ(ψ) � Ψ′(ψ),

for every ψ ∈ R. The maximal element for E+ in the above order is the MVDF E0(φ),
defined as

E0(φ) =

{
0, ψ ≤ 0,
1, ψ > 0.

Example 2. The function Ψ(ψ) given by

Ψ(ψ) =

{
02×2, ψ ≤ 0,

diag[exp(−|ψ| 12 ), 1− 1
exp(ψ) ], ψ > 0,

is a MVDF. Note limψ→+∞ Ψ(ψ) = 1, and Ψ ∈ E+.

Definition 3 ([17]). Consider the continuous GTN
⊙

, the vector space J, and the DF Ψ : J→ E+.
A symmetric matrix valued random normed space (shortly, SMVRNS) is a triple (J, Ψ,

⊙
), s.t. for

every χ, χ′ ∈ J, and ψ > 0, we have that
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(1) Ψχ(ψ) = E0(φ), iff χ = 0,
(2) Ψυχ(ψ) = Ψχ(

ψ
|υ| ), for every 0 6= υ ∈ C,

(3) Ψχ+χ′(ψ + ψ′) = Ψχ(ψ)
⊙

Ψχ′(ψ
′),

where Ψχ denotes the value of Ψ at a point χ ∈ J.

Example 3. We prove in the following steps that the increasing Hypergeometric function below
defines a symmetric random norm as follows:

2H1

(
V1, V2; N1;−‖χ‖

ψ

)
=

∞

∑
k=0

(V1)k(V2)k
(N1)k

(
− ‖χ‖

ψ

)k

k!
,

in which V1, V2, N1 ≥ 0, χ ∈ J, and ψ > 0.

(1) We can easily show that 2H1

(
V1, V2; N1;−‖χ‖

ψ

)
= 1, for every ψ ∈ (0,+∞), iff χ = 0.

(2) For every χ ∈ J, υ ∈ C and ψ > 0, we get

2H1

(
V1, V2; N1;−‖υχ‖

ψ

)
=

∞

∑
k=0

(V1)k(V2)k
(N1)k

−‖υχ‖k

ψ

k!

=
∞

∑
k=0

(V1)k(V2)k
(N1)k

−‖χ‖
k

ψ
|υ|

k!

= 2H1

(
V1, V2; N1;−‖χ‖ψ

|υ|

)
.

(3) Let 2H1

(
V1, V2; N1;− ‖χ‖ψ

)
≤ 2H1

(
V1, V2; N1;− ‖χ′‖ψ′

)
. Then, we have that ‖χ

′‖
ψ′ ≤

‖χ‖
ψ ,

for every χ, χ′ ∈ J and ψ, ψ′ > 0. If χ = χ′, we have ψ ≤ ψ′. Thus, we obtain

‖χ‖
ψ

+
‖χ‖

ψ
≥ ‖χ‖

ψ
+
‖χ′‖

ψ′

≥ 2
‖χ‖

ψ + ψ′
+ 2
‖o′ ‖
ψ + ψ′

≥ 2
‖χ + χ′‖
ψ + ψ′

,

hence,
‖χ‖

ψ
≥ ‖χ + χ′‖

ψ + ψ′
. But −‖χ‖

ψ
≤ −‖χ + χ′‖

ψ + ψ′
, and

∞

∑
k=0

(V1)k(V2)k
(N1)k

(
− ‖χ‖

ψ

)k

k!
≤

∞

∑
k=0

(V1)k(V2)k
(N1)k

(
− ‖χ + χ′‖

ψ + ψ′

)k

k!
, (15)

which implies that

2H1

(
V1, V2; N1;−‖χ‖

ψ

)
≤ 2H1

(
V1, V2; N1;−‖χ + χ′‖

ψ + ψ′

)
.

Thus, we conclude that
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2H1

(
V1, V2; N1;−‖χ + χ′‖

ψ + ψ′

)
≥

min
{

2H1

(
V1, V2; N1;−‖χ‖

ψ

)
, 2H1

(
V1, V2; N1;−‖χ

′‖
ψ′

)}
,

for every χ, χ′ ∈ J and ψ, ψ′ > 0. Hence, 2H1

(
V1, V2; N1;− ‖χ‖ψ

)
is a symmetric random norm,

for every χ ∈ J, and ψ > 0, where (ξ, ‖.‖) is a normed linear space.

2.5. Caputo Fractional Derivatives

The fractional integral of order 0 < P < 1, for a function F : [0,+∞) −→ R can be
written as follows

IP(χ) =
1

Γ(P)

∫ χ

0
(χ− t)P−1F (t)dt,

for every χ > 0.
The Riemann–Liouville derivative of order 0 < P < 1, for a function F : [0,+∞) −→ R

is defined by

RLDP
0+(χ) =

1
Γ(1−P)

d
dχ

∫ χ

0
(χ− t)−PF (t)dt,

for every χ > 0.
The Caputo derivative of order 0 < P < 1, for a function F : [0,+∞) −→ R is

given by

DP
0+(χ) = (RLDP

0+)(χ)−
F (0)

Γ(1−P)
χ−P,

for every χ > 0.

2.6. Delayed Parametric Mittag–Leffler Type Matrices

We first introduce parametric Mittag–Leffler matrices and then, we define delayed
parametric Mittag–Leffler matrices and some of their properties.

Definition 4 ([17]). The one parameter and two parameter Mittag–Leffler matrices with parameters
P1,P2 > 0, and square matrix [χ]n×n are respectively defined by

MP1(χ) =
∞

∑
k=0

χk

Γ(P1k + 1)

= In +
χ

Γ(1 +P1)
+

χ2

Γ(1 + 2P1)
+ · · · ,

and

MP1,P2(χ) =
∞

∑
k=0

χk

Γ(P1k +P2)

= In +
χ

Γ(P1 +P2)
+

χ2

Γ(2P1 +P2)
+ · · · .
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Definition 5 ([30]). Delayed one parameter and two parameter Mittag–Leffler matrices MΞχP

t :

R→ Rn2
and MΞχP

t,Z : R→ Rn2
are respectively defined as follows:

MΞχP

t =





0, −∞ < χ < −t,
I, −t ≤ χ ≤ 0,

I + Ξ χP

Γ(1+P)
+ · · ·+ Ξj (χ−(j−1)t)jP

Γ(jP+1) , j ∈ ρ,

(16)

and

MΞχP

t,Z =





0, −∞ < χ < −t,

I (t+χ)P−1

Γ(P)
, −t ≤ χ ≤ 0,

I (t+χ)P−1

Γ(P)
+ Ξ χ2P−1

Γ(Z+P)
+ · · ·+ Ξj (χ−(j−1)t)(j+1)P−1

Γ(jP+Z) , (j− 1)t < χ ≤ jt, j ∈ ρ,

where I (or 1) and 0 are identity and zero matrices.

Lemma 1. For every χ ∈ [(j− 1)t, jt], with j ∈ ρ, P > 0, and φ, ψ > 0, we have that

Φ(MΞχP

t , φ) � Φ(MP(|Ξ|χP), φ),

and
Ψ
MΞχP

t
(ψ) � ΨMP(|Ξ|χP)(ψ).

Proof. Making use of (16), we get

Φ(MΞχP

t , φ) � Φ
(

I + |Ξ| χP

Γ(1 +P)
+ · · ·+ |Ξj| χjP

Γ(jP+ 1)
, φ

)

� Φ
( ∞

∑
j=0

(|Ξ|χP)j

Γ(jP+ 1)
, φ

)

= Φ(MP(|Ξ|χP), φ).

Lemma 2. For χ ∈ [(j− 1)t, jt], with j ∈ ρ, we get
∫ χ

(j−1)t
(χ− τ)−P(τ − (j− 1)t)jP−1dτ

= (χ− (j− 1)t)(j−1)PB[1−P, jP],

where B[α, β] =
∫ 1

0 tα−1(1− t)β−1dt is the Beta function.

Proof. Using integration by parts, we have
∫ χ

(j−1)t
(χ− τ)−P(τ − (j− 1)t)jP−1dτ

=
∫ χ−(j−1)t

0
(χ− (j− 1)t)−P

(
1− Y

χ− (j− 1)t

)−P
Y jP−1dY

= (χ− (j− 1)t)(j−1)PB[1−P, jP].
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Lemma 3. For χ ∈ ((j− 1)t, jt], Y ∈ [0, τ] and fixed number j ∈ ρ, we get
∫ χ

(j−1)t+Y
(χ− τ)−P(τ − (j− 1)t−Y)jP−1dτ

= (χ− (j− 1)t−Y)(j−1)PB[1−P, jP].

Proof. From integration by parts, we have

∫ χ

(j−1)t+Y
(χ− τ)−P(τ − (j− 1)t−Y)jP−1dτ

τ−(j−1)t−Y=M
=====================

∫ χ−(j−1)t−Y

0
(χ− (j− 1)t−Y −M)−PMjP−1dM

=
∫ χ−(j−1)t−Y

0
(χ− (j− 1)t−Y)−P

(
1− M

χ− (j− 1)t−Y

)−P
MjP−1dM

N(χ−(j−1)t−Y)=M
========================

∫ 1

0
(χ− (j− 1)t−Y)(j−1)P(1− N)−PN jP−1dN

= (χ− (j− 1)t−Y)(j−1)PB[1−P, jP].

Lemma 4. For χ ∈ ((j− 1)t, jt], Y ∈ [0, τ] and fixed number j ∈ ρ, we get
∫ χ

Y
(χ− τ)−PMΞ(τ−t−Y)P

t,P dτ (17)

=
∫ χ

Y
(χ− τ)−P I

(τ −Y)P−1

Γ(P)
dτ +

∫ χ

t+Y
(χ− τ)−PΞ

(τ − t−Y)2P−1

Γ(2P)
dτ

+ · · ·+
∫ χ

(j−1)t+Y
(χ− τ)−PΞj−1 (τ − (j− 1)t−Y)jP−1

Γ(jP)
dτ.

Proof. Applying mathematical induction, for every χ ∈ ((j− 1)t, jt], Y ∈ [0, τ] and fixed
number j ∈ ρ, we get

(1) For j = 1, χ ∈ (0, t], applying MΞ.P
t,P , we obtain

∫ χ

Y
(χ− τ)−PMΞ(τ−t−Y)P

t,P dτ =
∫ χ

Y
(χ− τ)−P I

(τ −Y)P−1

Γ(P)
dτ.

(2) For j = 2, χ ∈ (t, 2t], applying MΞ.P
t,P , we obtain

∫ χ

Y
(χ− τ)−PMΞ(τ−t−Y)P

t,P dτ

=
∫ t+Y

Y
(χ− τ)−PMΞ(τ−t−Y)P

t,P dτ +
∫ χ

t+Y
(χ− τ)−PMΞ(τ−t−Y)P

t,P dτ

=
∫ t+Y

Y
(χ− τ)−P I

(τ −Y)P−1

Γ(P)
dτ +

∫ χ

t+Y
(χ− τ)−P

[
I
(τ −Y)P−1

Γ(P)
+ Ξ

(τ − t−Y)2P−1

Γ(2P)

]
dτ

=
∫ χ

Y
(χ− τ)−P I

(τ −Y)P−1

Γ(P)
dτ +

∫ χ

t+Y
(χ− τ)−PΞ

(τ − t−Y)2P−1

Γ(2P)
dτ.
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(3) For j = E, χ ∈ ((E− 1)t, Et], and E ∈ ρ, we have that

∫ χ

Y
(χ− τ)−PMΞ(τ−t−Y)P

t,P dτ

=
∫ χ

Y
(χ− τ)−P I

(τ −Y)P−1

Γ(P)
dτ +

∫ χ

t+Y
(χ− τ)−PΞ

(τ − t−Y)2P−1

Γ(2P)
dτ

+ · · ·+
∫ χ

(E−1)t+Y
(χ− τ)−PΞE−1 (τ − (E− 1)t−Y)EP−1

Γ(EP)
dτ.

For j = E + 1, χ ∈ (Et, (E + 1)t], the relation below holds:

∫ χ

Y
(χ− τ)−PMΞ(τ−t−Y)P

t,P dτ

=
∫ t+Y

Y
(χ− τ)−P I

(τ −Y)P−1

Γ(P)
dτ +

∫ 2t+Y

t+Y
(χ− τ)−P

[
I
(τ −Y)P−1

Γ(P)
+ Ξ

(τ − t−Y)2P−1

Γ(2P)

]
dτ

+ . . . +
∫ χ

Et+Y
(χ− τ)−P

[
I
(τ −Y)P−1

Γ(P)
+ . . . + ΞE (τ − Et−Y)(E+1)P−1

Γ((E + 1)P)

]
dτ

=
∫ χ

Y
(χ− τ)−P I

(τ −Y)P−1

Γ(P)
dτ +

∫ χ

t+Y
(χ− τ)−PΞ

(τ − t−Y)2P−1

Γ(2P)
dτ

+ . . . +
∫ χ

Et+Y
(χ− τ)−PΞE (τ − Et−Y)(E+1)P−1

Γ((E + 1)P)
dτ.

Lemma 5. For every χ ∈ ((j − 1)t, jt], with fixed number j ∈ ρ and τ ∈ [0, χ), we get the
following items:

(i) For every τ ∈ [0, χ− (j− 1)t), j ∈ ρ, and φ > 0, we obtain

Φ
(
MΞ(χ−t−τ)P

t,Z , φ

)
� Φ

( j

∑
n=1
|Ξ|n−1 (χ− (n− 1)t− τ)nP−1

Γ((n− 1)P+Z) , φ

)
.

(ii) For every τ ∈ [χ− (E− 1)t, χ− (E− 2)t) with E = 2, 3, . . . , j, and φ > 0, we have

Φ
(
MΞ(χ−t−τ)P

t,Z , φ

)
� Φ

( E

∑
n=2
|Ξ|n−2 (χ− (n− 2)t− τ)(n−1)P−1

Γ((n− 2)P+Z) , φ

)
.

Proof. (i) For τ ∈ [0, χ− (j− 1)t), j ∈ ρ, and φ > 0, we get

Φ
(
MΞ(χ−t−τ)P

t,Z , φ

)

= Φ
(

I
(χ− τ)P−1

Γ(P)
+ Ξ

(χ− t− τ)2P−1

Γ(P+Z) + . . . + Ξj−1 (χ− (j− 1)t− τ)jP−1

Γ((j− 1)P+Z) , φ

)

� Φ
(
(χ− τ)P−1

Γ(Z) + |Ξ| (χ− t− τ)2P−1

Γ(P+Z) + · · ·+ |Ξ|j−1 (χ− (j− 1)t− τ)jP−1

Γ((j− 1)P+Z) , φ

)

� Φ
(
(χ− τ)P−1

Γ(Z) +
j

∑
n=2
|Ξ|n−1 (χ− (n− 1)t− τ)nP−1

Γ((n− 1)P+Z) , φ

)

� Φ
( j

∑
n=1
|Ξ|n−1 (χ− (n− 1)t− τ)nP−1

Γ((n− 1)P+Z) , φ

)
.
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(ii) For every τ ∈ [χ− (E− 1)t, χ− (E− 2)t), E = 2, 3, · · · , j, and φ > 0, we get

Φ
(
MΞ(χ−t−τ)P

t,Z , φ

)

� Φ
(

I
(χ− τ)P−1

Γ(Z) + Ξ
(χ− t− τ)2P−1

Γ(P+Z) + · · ·+ ΞE−2 (χ− (E− 2)t− τ)(E−1)P−1

Γ((E− 2)P+Z) , φ

)

� Φ
(
(χ− τ)P−1

Γ(Z) + |Ξ| (χ− t− τ)2P−1

Γ(P+Z) + · · ·+ |Ξ|E−2 (χ− (E− 2)t− τ)(E−1)P−1

Γ((E− 2)P+Z) , φ

)

� Φ
(
(χ− τ)P−1

Γ(Z) +
E

∑
n=3
|Ξ|n−2 (χ− (n− 2)t− τ)(n−1)P−1

Γ((n− 2)P+Z) , φ

)

� Φ
( E

∑
n=2
|Ξ|n−2 (χ− (n− 2)t− τ)(n−1)P−1

Γ((n− 2)P+Z) , φ

)
.

Lemma 6. For every χ ∈ ((j− 1)t, jt], with fixed number j ∈ ρ, and φ > 0, we obtain

Φ
( ∫ 0

−t
MΞ(χ−t−τ)P

t K′(τ)dτ, φ

)
� Φ

(
MP(|Ξ|χP)

∫ 0

−t
K′(τ)dτ, φ

)
.

Proof.

Φ
( ∫ 0

−t
MΞ(χ−t−τ)P

t K′(τ)dτ, φ

)

= Φ
( ∫ χ−jt

−t

[
I + Ξ

(χ− t− τ)P

Γ(P+ 1)
+ · · ·+ Ξj (χ− jt− τ)jP

Γ(jP+ 1)

]
K′(τ)dτ

+
∫ 0

χ−jt

[
I + Ξ

(χ− t− τ)P

Γ(P+ 1)
+ · · ·+ Ξj−1 (χ− (j− 1)t− τ)(j−1)P

Γ((j− 1)P+ 1)

]
K′(τ)dτ, φ

)

� Φ
([ ∫ 0

−t

(
1 + |Ξ| χP

Γ(P+ 1)
+ . . . + |Ξ|j−1 χ(j−1)P

Γ((j− 1)P+ 1)

)
+
∫ χ−jt

−t
|Ξ|j χjP

Γ(jP+ 1)

]
K′(τ)dτ, φ

)

� Φ
([

I +
|Ξ|χP

Γ(P+ 1)
+ . . . +

|Ξ|j−1χ(j−1)P

Γ((j− 1)P+ 1)

] ∫ 0

−t
K′(τ)dτ +

|Ξ|jχjP

Γ(jP+ 1)

∫ χ−jt

−t
K′(τ)dτ, φ

)

� Φ
([

I +
|Ξ|χP

Γ(P+ 1)
+ . . . +

|Ξ|j−1χ(j−1)P

Γ((j− 1)P+ 1)

] ∫ 0

−t
K′(τ)dτ +

|Ξ|jχjP

Γ(jP+ 1)

∫ 0

−t
K′(τ)dτ, φ

)

� Φ
([

I +
|Ξ|χP

Γ(P+ 1)
+ . . . +

|Ξ|j−1χ(j−1)P

Γ((j− 1)P+ 1)
+
|Ξ|jχjP

Γ(jP+ 1)

] ∫ 0

−t
K′(τ)dτ, φ

)

� Φ
( ∞

∑
j=0

(|Ξ|χP)j

Γ(jP+ 1)

∫ 0

−t
K′(τ)dτ, φ

)

� Φ
(
MP(|Ξ|χP)

∫ 0

−t
K′(τ)dτ, φ

)
.

Lemma 7. For every χ ∈ ((j − 1)t, jt], j ∈ ρ, E = 2, 3, · · · , j, P ≥ 1
2 , φ > 0, and

K ∈ C(ν,Rn), we get

Φ
( ∫ χ−(j−1)t

0
MΞ(χ−t−τ)P

t,P K(τ)dτ +
∫ χ

χ−(j−1)t
MΞ(χ−t−τ)P

t,P K(τ)dτ, φ

)

� Φ
(
MP,P(|Ξ|χP)

∫ χ

0
(χ− τ)P−1K(τ)dτ, φ

)
.
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Proof.

Φ
( ∫ χ−(j−1)t

0
MΞ(χ−t−τ)P

t,P K(τ)dτ +
∫ χ

χ−(j−1)t
MΞ(χ−t−τ)P

t,P K(τ)dτ, φ

)

� Φ
( ∫ χ−(j−1)t

0

[ j

∑
m=1
|Ξ|m−1 (χ− (m− 1)t− τ)mP−1

Γ((m− 1)P+P)

]
K(τ)dτ

+
j

∑
E=2

∫ χ−(E−2)t

χ−(E−1)t

[ E

∑
m=2
|Ξ|m−2 (χ− (m− 2)t− τ)(m−1)P−1

Γ((m− 2)P+P)

]
K(τ)dτ, φ

)

� Φ
( ∫ χ−(j−1)t

0

[ j

∑
m=1
|Ξ|m−1 (χ− t)mP−1

Γ((m− 1)P+P)

]
K(τ)dτ

+
∫ χ

χ−(j−1)t

[ j

∑
m=2
|Ξ|m−2 (χ− τ)(m−1)P−1

Γ((m− 2)P+P)

]
K(τ)dτ, φ

)

� Φ
([ ∫ χ

0

j

∑
m=2
|Ξ|m−2 (χ− τ)(m−1)P−1

Γ((m− 2)P+P)
+
∫ χ−(j−1)t

0
|Ξ|j−1 (χ− τ)jP−1

Γ((j− 1)P+P)

]
K(τ)dτ, φ

)

� Φ
( ∫ χ

0
(χ− τ)P−1MP,P(|Ξ|(χ− τ)P)K(τ)dτ, φ

)

� Φ
(
MP,P(|Ξ|χP)

∫ χ

0
(χ− τ)P−1K(τ)dτ, φ

)
,

in which we apply the monotonic property of function Γ(.) = .jP−1, for P ≥ 1
2 that infers

(χ− (j− 1)t− τ)jP−1 ≤ (χ− τ)jP−1, for every χ ∈ ((j− 1)t, jt].

2.7. Multiple Aggregate Window Maps

Let n ∈ N, µ = diag[µ1, · · · , µn], and µi︸︷︷︸
1≤i≤n

∈ ε. An n-ary aggregation map is a map-

ping AG(n) : diagMn(ε) −→ ε, s.t.

inf
µi︸︷︷︸

1≤i≤n

∈ε
AG(n)(µ) = inf ε,

and

sup
µi︸︷︷︸

1≤i≤n

∈ε
AG(n)(µ) = sup ε,

or, equivalently, AG(n)(0) = 0 and AG(n)(1) = 1.
Besides, for every µ, µ′ ∈ diagMn(ε), if µi︸︷︷︸

1≤i≤n

≤ µ′i︸︷︷︸
1≤i≤n

, then, AG(n)(µ) ≤ AG(n)(µ′).

In case n = 1, for every µ ∈ ε, we get AG(1)(µ) = µ.
Note that n ∈ N denotes the arity of the aggradation map. Also, the aggregation maps

will simply be written AG instead of AG(n).
Now, we present a small list of well-known aggregation maps AGi︸︷︷︸

1≤i≤8

: diagMn(εn) −→ ε,

as follows:

• Geometric mean functions:

AG1(µ) = (
n

∏
i=1

µi)
1
n ,
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• Arithmetric mean functions:

AG2(µ) =
1
n

n

∑
i=1

µi,

• Maximum functions:
AG3(µ) = max{µ1, · · · , µn},

• Minimum functions:
AG4(µ) = min{µ1, · · · , µn},

• Median of odd numbers:

AG5(diag[µ1, · · · , µ2n−1]) = min
N⊆[2n−1]
|N|=n

max
i∈n

µi,

• Median of even numbers:

AG6(diag[µ1, · · · , µ2n]) = min
N⊆[2n]
|N|=n

max
i∈n

µi,

• Sum functions:

AG7(µ) =
n

∑
i=1

µi,

• Product functions:

AG8(µ) =
n

∏
i=1

µi.

2.8. Second Type Kudryashov Method

Let us present the algorithm of the second type Kudryashov method, as follows:

(1) Consider the NPDE of the type:

N(χ, DP1
t2

χ, DP1
t1

χ, DP2
t1

χ, DP1
t1

DP2
t1

χ, DP1
t2

DP2
t2

χ, · · · ) = 0, 0 < P1,P2 6 1, (18)

where χ = χ(t1, t2).
(2) Transmute the NPDE (18) into an ODE via the transformations below

η =
AtAP2

1
Γ(1 +P2)

+
BtBP1

2
Γ(1 +P1)

, χ(t1, t2) = χ(η), (19)

for every constants A and B.
(3) Rewrite (18) as follows:

Ñ(χ, χ′, χ′′, χ′′′, . . .) = 0, (20)

where the ′ denotes d
dη .

(4) Assume the general solution of (20) can be expressed by

χ(η) = N0 + N1Q(η) + N2Q2(η) + · · ·+ NnQn(η), (21)

where Ni︸︷︷︸
1≤i≤n

are determined later, and N ∈ N can be computed via the homogeneous

balance principle, and

Q(η) =
1

(α + β) cosh(η) + (α− β) sinh(η)
, (22)
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which satisfies

(Q′(η))2 = Q2(η)(1− 4αβQ2(η)). (23)

(5) Making use of (20)–(22), a system of algebraic type is gained, and by solving it, the
general solutions are obtained.

3. Fox Type Stability of (1) for Case 1

Consider the following matrix valued Fox-type controller defined by

Z1(χ,Sφ) := diag
[

A
CH

B
D

(
− |χ|

P

Sφ

∣∣∣∣
(Vj ,Wj)1,C
(Nj ,Mj)1,D

)
, 0H0

(
− |χ|

P

Sφ

)
(24)

0H1

(
N1;−|χ|

P

Sφ

)
, 2H1

(
V1, V2; N1;−|χ|

P

Sφ

)

1H1

(
V1; N1;−|χ|

P

Sφ

)
, CHD

(
− |χ|

P

Sφ

∣∣∣∣
(V1,W1),...,(VC ,WC)
(N1,M1),...,(ND ,MD)

)

A
CH

B
D

(
− |χ|

P

Sφ

∣∣∣∣
(V1,1),...,(VC ,1)
(N1,1),...,(ND ,1)

)
, CHD

(
V1, . . . , VC; N1, . . . , NC;−|χ|

P

Sφ

)]
,

where φ > 0 and S > 0.
In view of (24), the plots of aggregation maps AGi︸︷︷︸

1≤i≤8

[Z1(χ,Sφ)] are displayed sepa-

rately in Figure 1. As you can see, the minimum aggregation map AG4[Z1(χ,Sφ)], and
the maximum aggregation map AG3[Z1(χ,Sφ)], include the lowest and highest values
respectively, and the rest of the aggregation maps AGi︸︷︷︸

i=1,2,5,6,7,8

[Z1(χ,Sφ)], are placed between

them. Thus, we conclude that the aggregate special controller AG4[Z1(χ,Sφ)], can present
a better approximation for (1) than the others.

20 O’REGAN, REZAEI ADERYANI, SAADATI, AND LI

3. Fox type stability of (1.1) for Case 1

Consider the following matrix valued Fox–type controller defined by

Z1(χ,Sφ) := diag

[
A
CHB

D

(
− |χ|

P

Sφ

∣∣∣∣
(Vj ,Wj)1,C

(Nj ,Mj)1,D

)
, 0H0

(
− |χ|

P

Sφ

)
(3.1)

0H1

(
N1;−|χ|

P

Sφ

)
, 2H1

(
V1, V2;N1;−|χ|

P

Sφ

)

1H1

(
V1;N1;−|χ|

P

Sφ

)
, CHD

(
− |χ|

P

Sφ

∣∣∣∣
(V1,W1),...,(VC ,WC)
(N1,M1),...,(ND,MD)

)

A
CHB

D

(
− |χ|

P

Sφ

∣∣∣∣
(V1,1),...,(VC ,1)
(N1,1),...,(ND,1)

)
, CHD

(
V1, . . . , VC ;N1, . . . , NC ;−|χ|

P

Sφ

)]
,

where φ > 0 and S > 0.

In view of (3.1), the plots of aggregation maps AGi︸︷︷︸
1≤i≤8

[Z1(χ,Sφ)] are displayed separately in

Figure 1. As you can see, the minimum aggregation map AG4[Z1(χ,Sφ)], and the maximum

aggregation map AG3[Z1(χ,Sφ)], include the lowest and highest values respectively, and the rest

of the aggregation maps AGi︸︷︷︸
i=1,2,5,6,7,8

[Z1(χ,Sφ)], are placed between them. Thus, we conclude that

the aggregate special controller AG4[Z1(χ,Sφ)], can present a better approximation for (1.1) than

the others.

Figure 1. The plots of aggregation maps AGi︸︷︷︸
1≤i≤8

on control function Z1(χ,Sφ).

The minimum aggregation map AG4 and the maximum aggregation map AG3 are

shown in cyan and brown colors, respectively, and the rest is between them.

Definition 3.1. Taking into account Case 1, the fractional order equation (1.1) has the Fox

type stability with respect to Z1(χ,Sφ) given in (3.1), if there exists an ` > 0, s.t for every S > 0,

Figure 1. The plots of aggregation maps AGi︸︷︷︸
1≤i≤8

on control function Z1(χ,Sφ). The minimum ag-

gregation map AG4 and the maximum aggregation map AG3 are shown in cyan and brown colors,
respectively, and the rest is between them.

Definition 6. Taking into account Case 1, the fractional order Equation (1) has the Fox type
stability with respect to Z1(χ,Sφ) given in (24), if there exists an ` > 0, s.t for every S > 0, and
every solution F to
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Φ
(

DP
0+F (χ)− Ξ1G(χ), φ

)
(25)

� diag
[
AG4[Z1(χ,Sφ)], . . . , AG4[Z1(χ,Sφ)]

]
,

there exists a solution F̃ to (1), with

N

(
F (χ)− F̃ (χ), φ

)
(26)

� diag
[
AG4[Z1(χ,S`φ)], . . . , AG4[Z1(χ,S`φ)]

]
,

in which φ > 0.

Now, consider the following matrix valued fuzzy controllers created by the Mittag–
Leffler type functions, the one parameter Supertrigonometric and Superhyperbolic Mittag–
Leffler type functions, and Supertrigonometric and Superhyperbolic Gauss–Hypergeometric
type functions, as follows:

Z2(χ,Sφ) := diag
[
Mα

(
− |χ|

P

Sφ

)
,Mα,τ

(
− |χ|

P

Sφ

)
,MV1

α,τ

(
− |χ|

P

Sφ

)
,

MV1,W1
α,τ

(
− |χ|

P

Sφ

)
,MV1,W1

α,τ,N1

(
− |χ|

P

Sφ

)
,MV1,W1

α,τ,N1,M1

(
− |χ|

P

Sφ

)
,

MV1,W1,V2
α,τ,N1,M1

(
− |χ|

P

Sφ

)
,MV1,W1,V2,W2

α,τ,N1,M1

(
− |χ|

P

Sφ

)]
,

Z3(χ,Sφ) := diag
[

precosN1

(
− |χ|

P

Sφ

)
, presinN1

(
− |χ|

P

Sφ

)
,

precoshN1

(
− |χ|

P

Sφ

)
, presinhN1

(
− |χ|

P

Sφ

)]
,

and

Z4(χ,Sφ) := diag
[

2supercos1

(
V1, V2, N1;−|χ|

P

Sφ

)
, 2supersin1

(
V1, V2, N1;−|χ|

P

Sφ

)
,

2supercosh1

(
V1, V2, N1;−|χ|

P

Sφ

)
, 2supersinh1

(
V1, V2, N1;−|χ|

P

Sφ

)]
.

Likewise as above, we can see that the minimum aggregation maps AG4[ Zi︸︷︷︸
i=2,3,4

(χ,Sφ)],

present a better approximation for (1), than AGi︸︷︷︸
1≤i≤8

i 6=4

.

In summary, we have the following important theorem:

Theorem 1. Consider the fractional-order differential Equation (1) and the inequality below

Φ
(

DP
0+F (χ)− Ξ1G(χ), φ

)
(27)

� diag
[
AG4[Z1(χ,Sφ)], . . . , AG4[Z4(χ,Sφ)]

]

4×4
,
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under the assumptions of Case 1, with zero initial condition. Then, (1) is Fox-type stable with
respect to (24).

Proof. It is easy to show that the unique solution of fractional Equation (1) is given by

F (χ) = 1
Γ(P)

∫ χ

0
(χ− S)P−1Ξ1G(S)dS. (28)

Plus, if F is a solution of the inequality (27), then F is a solution of the following
inequality, for every φ > 0,

Φ
(
F (χ)− 1

Γ(P)

∫ χ

0
(χ− S)P−1Ξ1G(S)dS, φ

)
(29)

� diag
[
AG4[Z1(χ,Sφ)], · · · , AG4[Z4(χ,Sφ)]

]

4×4
.

We prove the inequality (29) only for the special cases: one parameter of the Mittag–
Leffler function and the Gauss Hypergeometric function, as follows:

Φ
(
F (χ)− Ξ1

Γ(P)

∫ χ

0
(χ− S)P−1G(S)dS, φ

)

� Φ
(

S

Γ(P)

∫ χ

0
(χ− S)P−1

0H1[P; SP]dS, · · · ,
S

Γ(P)

∫ χ

0
(χ− S)P−1

0H1[P, SP]dS, φ

)

� Φ
(

S

Γ(P)

∫ χ

0
(χ− S)P−1

∞

∑
k=0

SkP

Γ(kP+ 1)
dS, · · · ,

S

Γ(P)

∫ χ

0
(χ− S)P−1

∞

∑
k=0

SkP

Γ(kP+ 1)
dS, φ

)

� Φ
(

S

Γ(P)

∞

∑
k=0

1
Γ(kP+ 1)

∫ χ

0
(χ− S)P−1SkPdS, · · · ,

S

Γ(P)

∞

∑
k=0

1
Γ(kP+ 1)

∫ χ

0
(χ− S)P−1SkPdS, φ

)

� Φ
(

S

Γ(P)

∞

∑
k=0

χ(k+1)P

Γ(kP+ 1)
Γ(P)Γ(kP+ 1)
Γ((k + 1)P+ 1)

, · · · ,

S

Γ(P)

∞

∑
k=0

χ(k+1)P

Γ(kP+ 1)
Γ(P)Γ(kP+ 1)
Γ((k + 1)P+ 1)

, φ

)

� Φ
(
S

∞

∑
k=0

χ(k+1)P

Γ((k + 1)P+ 1)
, · · · ,S

∞

∑
k=0

χ(k+1)P

Γ((k + 1)P+ 1)
, φ

)

� Φ
(
S

∞

∑
k=0

χnP

Γ(nP+ 1)
, · · · ,S

∞

∑
k=0

χnP

Γ(nP+ 1)
, φ

)

� diag
[

0H1

(
P;
−|χ|P
Sφ

)
, · · · , 0H1

(
P;
−|χ|P
Sφ

)]
,

and
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Φ
(
F (χ)− Ξ1

Γ(P)

∫ χ

0
(χ− S)P−1G(S)dS, φ

)

� Φ
(

S

Γ(P)

∫ χ

0
(χ− S)P−1

2H1[V1, V2; N1; SP]dS, · · · ,

S

Γ(P)

∫ χ

0
(χ− S)P−1

2H1[V1, V2; N1; SP]dS, φ

)

� Φ
(

S

Γ(P)

∫ χ

0
(χ− S)P−1 Γ(N1)

Γ(V1)Γ(V2)

∞

∑
k=0

Γ(V1 + k)Γ(V2 + k)
Γ(N1 + k)

SPk

k!
dS,

· · · ,
S

Γ(P)

∫ χ

0
(χ− S)P−1 Γ(N1)

Γ(V1)Γ(V2)

∞

∑
k=0

Γ(V1 + k)Γ(V2 + k)
Γ(N1 + k)

SPk

k!
dS, φ

)

= Φ
(

S

Γ(P)

Γ(N1)

Γ(V1)Γ(V2)

∞

∑
k=0

Γ(V1 + k)Γ(V2 + k)
Γ(N1 + k)

1
k!

∫ χ

0
(χ− S)P−1SPkdS,

· · · ,
S

Γ(P)

Γ(N1)

Γ(V1)Γ(V2)

∞

∑
k=0

Γ(V1 + k)Γ(V2 + k)
Γ(N1 + k)

1
k!

∫ χ

0
(χ− S)P−1SPkdS, φ

)

= Φ
(

S

Γ(P)

Γ(N1)

Γ(V1)Γ(V2)

∞

∑
k=0

Γ(V1 + k)Γ(V2 + k)
Γ(N1 + k)

χ(k+1)P

k!
Γ(kP+ 1)Γ(P)

Γ((k + 1)P+ 1)
,

· · · ,
S

Γ(P)

Γ(N1)

Γ(V1)Γ(V2)

∞

∑
k=0

Γ(V1 + k)Γ(V2 + k)
Γ(N1 + k)

χ(k+1)P

k!
Γ(kP+ 1)Γ(P)

Γ((k + 1)P+ 1)
, φ

)

� Φ
(
S

Γ(N1)

Γ(V1)Γ(V2)

∞

∑
k=0

Γ(V1 + k)Γ(V2 + k)
Γ(N1 + k)

χkP

k!
Γ(kP+ 1)

Γ((k + 1)P+ 1)
,

· · · ,S
Γ(N1)

Γ(V1)Γ(V2)

∞

∑
k=0

Γ(V1 + k)Γ(V2 + k)
Γ(N1 + k)

χkP

k!
Γ(kP+ 1)

Γ((k + 1)P+ 1)
, φ

)

� Φ
(
S

Γ(N1)

Γ(V1)Γ(V2)

∞

∑
K=0

Γ(V1 + k)Γ(V2 + k)
Γ(N1 + k)

χkP

k!
Γ(kP+ 1)
Γ(kP+ 1)

,

· · · ,S
Γ(N1)

Γ(V1)Γ(V2)

∞

∑
K=0

Γ(V1 + k)Γ(V2 + k)
Γ(N1 + k)

χkP

k!
Γ(kP+ 1)
Γ(kP+ 1)

, φ

)

= diag
[

2H1

(
V1, V2; N1;

−|χ|P
Sφ

)
, · · · , 2H1

(
V1, V2; N1;

−|χ|P
Sφ

)]
.

A function F̃ is a solution of (25), iff there exists a function P ∈ C(ν,R) (which
depends on F̃ ), s.t.

Φ(P(χ), φ) � diag[AG4[Z1(χ,Sφ)], · · · , AG4[Z4(χ,Sφ)],

and

DP
0+ F̃ (χ) = Ξ1G(χ) + P(χ). (30)

Thus, F̃ is a solution of the inequality below

Φ
(
F̃ (χ)− 1

Γ(P)

∫ χ

0
(χ− S)P−1Ξ1G(S)dS, φ

)
(31)

� diag[AG4[Z1(χ,Sφ)], · · · , AG4[Z4(χ,Sφ)].

Making use of (28), we have that

F̃ (χ) = 1
Γ(P)

∫ χ
0 (χ− S)P−1[Ξ1G(S) + P(S)]dS.

Then, we get
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Φ
(
F̃ (χ)− 1

Γ(P)

∫ χ

0
(χ− S)P−1Ξ1G(S)dS, φ

)
(32)

� Φ
(

1
Γ(P)

∫ χ

0
(χ− S)P−1P(S)dS, φ

)

� diag[AG4[Z1(χ,Sφ)], · · · , AG4[Z4(χ,Sφ)].

The plots of aggregation map AG4 on control special functions Zi︸︷︷︸
i=1,2,3,4

(χ,Sφ), are

displayed in Figure 2. As you can observe, the graph of the aggregate window func-
tion AG4[Z1(χ,Sφ)], can present the best estimation among the rest of the drawn control
functions. Considering relation (32) and the above, we have that

diag[AG4[Z1(χ,Sφ)], · · · , AG4[Z4(χ,Sφ)]

� diag[AG4[Z1(χ,Sφ)], · · · , AG4[Z1(χ,Sφ)].

Thus, fractional order equation (1) is Fox-type stable with respect to Z1(χ,Sφ).

STABILITY RESULTS 25

Figure 2. The plots of the aggregate window functions AG4[ Zi︸︷︷︸
i=1,2,3,4

(χ,Sφ)], in

colors: cyan (Z1), blue (Z2), yellow (Z3), and pink (Z4).

3.1. Fractional–order Harry Dym equation. Consider (1.1), when Ξ1 = [1]1×1, Ξ = Ξ2 =

[0]1×1, χ := (χ1, χ2), G(χ1, χ2) := F3(χ1, χ2)Fχ1χ1χ1(χ1, χ2), and F is a function with continuous

second derivative.

Putting the above in (1.1), we get the following nonlinear time fractional Harry Dym equation

defined by

DP
χ2
F(χ1, χ2) = F3(χ1, χ2)Fχ1χ1χ1(χ1, χ2), 0 < P ≤ 1, (3.10)

F(χ1, 0) =

(
a− 3

√
b

2
χ1

) 2
3

.

Consider the following transformations that represent novel dependent variables below

Y1 =

∫ χ1

−∞

dS

F(S, χ2)
, (3.11)

Y2 = − χP
2

Γ(1 + P)
,

Q(Y1,Y2) = F
(
χ1(Y1,Y2), χ2(Y1,Y2)

)
,

in which χ1 = χ1(Y1,Y2), and χ2 = χ2(Y1,Y2).

Note that F(χ1, χ2) and its spatial derivative tend to zero as |χ1| → ∞. Then, we have that

∂P

∂χP
2

=
∂

∂Y1

∂PY1

∂χP
2

+
∂

∂Y2

∂PY2

∂χP
2

= − ∂

∂Y2
−
(QQY1Y1 − 3

2Q2
Y1

Q2

)
∂

∂Y1
,

Figure 2. The plots of the aggregate window functions AG4[ Zi︸︷︷︸
i=1,2,3,4

(χ,Sφ)], in colors: cyan (Z1), blue

(Z2), yellow (Z3), and pink (Z4).

3.1. Fractional-Order Harry Dym Equation

Consider (1), when Ξ1 = [1]1×1, Ξ = Ξ2 = [0]1×1, χ := (χ1, χ2), G(χ1, χ2) :=
F 3(χ1, χ2)Fχ1χ1χ1(χ1, χ2), and F is a function with continuous second derivative.

Putting the above in (1), we get the following nonlinear time fractional Harry Dym
equation defined by

DP
χ2F (χ1, χ2) = F 3(χ1, χ2)Fχ1χ1χ1(χ1, χ2), 0 < P ≤ 1, (33)

F (χ1, 0) =

(
a− 3

√
b

2
χ1

) 2
3

.

Consider the following transformations that represent novel dependent variables below
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Y1 =
∫ χ1

−∞

dS
F (S, χ2)

, (34)

Y2 = − χP
2

Γ(1 +P)
,

Q(Y1,Y2) = F
(

χ1(Y1,Y2), χ2(Y1,Y2)

)
,

in which χ1 = χ1(Y1,Y2), and χ2 = χ2(Y1,Y2).
Note that F (χ1, χ2) and its spatial derivative tend to zero as |χ1| → ∞. Then, we

have that

∂P

∂χP
2

=
∂

∂Y1

∂PY1

∂χP
2

+
∂

∂Y2

∂PY2

∂χP
2

= − ∂

∂Y2
−
(QQY1Y1 − 3

2Q2
Y1

Q2

)
∂

∂Y1
,

and

∂

∂χ1
=

1
Q(Y1,Y2)

∂

∂Y1
.

Thus, (33) can be expressed as follows:

QY2 +
QY1Y1Y1Q2 − 3QY1Y1QY1Q+ 3

2Q3
Y1

Q2 = 0. (35)

This time, apply the transformation below

L(Y1,Y2) =
QY1

Q . (36)

Based on (35) and (37), we obtain the Korteweg–De Vries equation defined by

LY2 −
3
2
L2LY1 + LY1Y1Y1 = 0. (37)

Define the following new variable with constant c,

L(Y1,Y2) := L(S), (38)

S := S(Y1,Y2) = Y1 − cY2.

Inserting (38) in (37), we obtain the ODE below

−cL′ − 3
2
L2L′ + L′′′ = 0. (39)

Integration of (39) yields

−cL− 1
2
L3 + L′′ = 0. (40)

Application of the Second Type Kudryashov Method

Balancing the highest order derivative L′′ in (40) with the nonlinear term L3, we
obtain N = 1.

Let the solution of (40) be given by

L(S) = N0 + N1Q(S), (41)
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where N0, N1 are fixed.
Based on (40) and (41), as well as (23), we obtain a system of algebraic equations,

as follows:

cN1 −
1
2

N0 = 0,

−cN1 + N1 −
3
2

N2
0 N1 = 0,

−3
2

N0N2
1 = 0,

−8N1αβ− 1
2

N3
1 = 0.

Solving the above system, we get

c = 1, N0 = 0, N1 = ±4
√
−αβ. (42)

From the above results, the following solution is derived as

F (χ1, χ2) = ±4
√
−αβ

1

(β + α) cosh(χ1 − χP
2

Γ(1+P)
) + (β− α) sinh(χ1 − χP

2
Γ(1+P)

)
. (43)

Figures 3–8 display The 2-d with the plots of the imaginary and real parts of (43),
for diverse values of P.
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Figure 8. The 2D with the diagrams of the imaginary part of (43), in the x-axis orientation (a–d,i–l)
and the y-axis orientation (e–h,m–p), for P = 0.10, 0.15, 0.20, 0.25.

4. Symmetric Random Finite-Time Stability of (1) for Case 2
4.1. Explicit Formula of Solutions

Making use of [8,10], we propose the proof of the theorem below:
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Theorem 2. (i) For the delayed Mittag–Leffler matrix MΞχP

t : R→ Rn, we have that

(DP
0+M

ΞτP

t )(χ) = ΞMΞ(χ−t)P
t , (44)

i.e, MΞχP

t is a solution of

(DP
0+F )(χ) = ΞF (χ− t),

with initial condition MΞχP

t = I, for every χ ∈ [−t, 0].
(ii) The solution F ∈ C([−t, T],Rn) of (1), has the following form

F (χ) = MΞχP

t K(−t) +
∫ 0

−t
MΞ(χ−t−Y)P

t K′(Y)dY .

Proof. (i) For every χ ∈ (−∞,−t], MΞχP

t = MΞ(χ−t)P
t = 0. Thus, (44) holds. For every

χ ∈ [−t, 0], MΞχP

t = I and MΞ(χ−t)P
t = 0. Notice that DP

0+ I = 0 = Ξ0. Then, (44) also
holds. For every χ ∈ [(κ − 1)t, κt], with κ ∈ ρ, we have the following items:

(i.a) For κ = 1, and χ ∈ [0, t], we get

F (χ) = MΞχP

t = I +
ΞχP

Γ(P+ 1)
,

F ′(χ) = PΞχP−1

Γ(P+ 1)
. (45)

Now, applying the fractional-order derivative in the Caputo sense, by (45) and
Lemma 2, we get

(DP
0+M

ΞτP

t )(χ) =
PΞ

Γ(P+ 1)Γ(1−P)

∫ χ

0
(χ− τ)−PτP−1dτ

=
PΞΓ(1−P)Γ(P)

Γ(P+ 1)Γ(1−P)

= Ξ. (46)

(i.b) For κ = 2, and χ ∈ [t, 2t], we obtain

F (χ) = MΞχP

t = I +
ΞχP

Γ(P+ 1)
+

Ξ2(χ− t)2P

Γ(2P+ 1)
,

F ′(χ) = PΞχP−1

Γ(P+ 1)
+

2PΞ2(χ− t)2P−1

Γ(2P+ 1)
. (47)

Now, applying the fractional-order derivative in the Caputo sense by (46) and (47)
and Lemma 2, we have

(DP
0+M

ΞτP

t )(χ) = Ξ +
2PΞ2

Γ(1−P)Γ(2P+ 1)

∫ χ

t
(χ− τ)−P(τ − t)2P−1dτ

= Ξ +
2PΞ2(χ− t)P

Γ(1−P)

Γ(1−P)Γ(2P)

Γ(P+ 1)Γ(2P+ 1)

= Ξ + Ξ2 (χ− t)P

Γ(P+ 1)
.

(i.c) For κ = j, χ ∈ [(j− 1)t, jt], with j ∈ ρ, we have
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(DP
0+M

ΞτP

t ) = Ξ +
Ξ2(χ− t)P

Γ(P+ 1)
+

Ξ3(χ− 2t)2P

Γ(2P+ 1)
+ · · ·+ Ξj(χ− (j− 1)t)(j−1)P

Γ((j− 1)P+ 1)
.

For κ = j + 1, χ ∈ [jt, (j + 1)t], through elementary computation, we obtain

F ′(χ) = PΞχP−1

Γ(P+ 1)
+

2PΞ2(χ− t)2P−1

Γ(2P+ 1)
+ . . . +

(j + 1)PΞj+1(χ− jt)(j+1)P−1

Γ((j + 1)P+ 1)
. (48)

Now, applying the fractional-order derivative in the Caputo sense by (49) and Lemma 2,
we get

(DP
0+M

ΞτP

t )(χ)

=
PΞ

Γ(1−P)

∫ χ

0
(χ− τ)−P

τP−1

Γ(P+ 1)
dτ +

2PΞ2

Γ(1−P)

∫ χ

t
(χ− τ)−P

(τ − t)2P−1

Γ(2P+ 1)
dτ

+ · · ·+ (j + 1)PΞj+1

Γ(1−P)

∫ χ

jt
(χ− τ)−P

(τ − jt)(j+1)P−1

Γ((j + 1)P+ 1)
dτ

= Ξ +
Ξ2(χ− t)P

Γ(P+ 1)
+

Ξ3(χ− 2t)2P

Γ(2P+ 1)
+ · · ·+ Ξj+1(χ− jt)jP

Γ(jP+ 1)
,

thus, (44) holds, for every χ ∈ [(j− 1)t, jt], with j ∈ ρ.

(ii) Suppose matrix Θ0(χ) = MΞχP

t satisfies (i) of Theorem 2, and every solution of (1)
satisfies the initial condition F (χ) = K(χ), for every χ ∈ [−t, 0]. Then

F (χ) = Θ0(χ)ε +
∫ 0

−t
Θ0(χ− t−Y)C(Y)dY , (49)

where ε is a constant vector, and C is a vector of a continuously differentiable function.
Based on Θ0(χ) being a solution of (1), thus, for arbitrary ε and C(.), (49) is also a solution
of (1). Then, we claim ε and C(.) satisfy the initial condition F (χ) = K(χ), for every
χ ∈ [−t, 0].

Considering χ = −t, and from (16), we get Θ0(−t) = I, Θ0(−2t−Y) = 0, Y ∈ [−t, 0]
and Θ0(−2t− Y) = I, with Y = −t. Therefore, F (−t) = K(−t) = ε, and (49) takes the
following form

F (χ) = MΞχP

t K(−t) +
∫ 0

−t
MΞ(χ−t−Y)P

t C(Y)dY .

For χ ∈ [−t, 0], we have the following two cases:

(ii.a) For every Y ∈ [−t, χ], so −t ≤ χ− t− Y ≤ χ, the delayed Mittag–Leffler matrix is

equivalent to MΞ(χ−t−Y)P
t = I.

(ii.b) For every Y ∈ [χ, 0], so χ− t ≤ χ− t−Y ≤ −t, the delayed Mittag–Leffler matrix is
equivalent to

MΞ(χ−t−Y)P
t =

{
0, Y ∈ (χ, 0],
I, Y = χ.

Then, for every χ ∈ [−t, 0], we get

K(χ) = K(−t) +
∫ χ

−t
C(Y)dY . (50)

Taking the derivative in (50), we have C(χ) = K′(χ).
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4.2. Symmetric Random Stability Results

Definition 7. Fractional-order system (1) is random finite-time stable w.r.t {0, ν, t, α1, α2}, iff
ΨK(χ)(ψ) � Ψα1(ψ), implies that ΨF (χ)(ψ) � Ψα2(ψ), for every χ ∈ ν, and ψ > 0, with the
initial time of observation K(χ), χ ∈ [−t, 0], and every α1, α2 ∈ R+ with α1 < α2.

Theorem 3. (i) Let γ :=
∫ 0
−t K(Y)dY < ∞. If

2MP(|Ξ|χP)min{α1, γ} < α2, (51)

for every χ ∈ ν, then, (1) is random finite-time stable, w.r.t. {0, ν, t, α1, α2}.
(ii) Let κ and P be constants, s.t., P ≤ 1

κ , for every κ ∈ ρ. If

2α1 min
{
MP(|Ξ|χP),MP(|Ξ|tP)

}
< α2, (52)

for every χ ∈ ν, then, (1) is random finite-time stable, w.r.t. {0, ν, t, α1, α2}.

Proof. (i) In view of item (ii) of Theorem 2, the solution of fractional system (1) has the
form below:

F (χ) = MΞχP

t K(−t) +
∫ 0

−t
MΞ(χ−t−Y)P

t K′(Y)dY . (53)

According to Lemma 1, and (51), we get

ΨF (χ)(ψ) � Ψ
K(−t)MΞχP

t
(

ψ

2
)
⊙

Ψ∫ 0
−t K′(Y)M

Ξ(χ−t−Y)P
t dY

(
ψ

2
)

� ΨK(−t)

(
ψ

2MP(|Ξ|χP)

)⊙
Ψ∫ 0
−t K′(Y)dY

(
ψ

2MP(|Ξ|χP)

)

� Ψα1

(
ψ

2MP(|Ξ|χP)

)⊙
Ψγ

(
ψ

2MP(|Ξ|χP)

)

� Ψ2MP(|Ξ|χP)min{α1,γ}(ψ)

� Ψα2(ψ)

= Ψ
(

ψ

|α2|

)
.

for every χ ∈ ν, and by noting that MΞ(χ−t−Y)P
t ≤MΞχP

t .
(ii) From integration by parts, (53) has the following form:

F (χ) = MΞ(χ−t)P
t K(0) +

∫ 0

−t

κ

∑
i=1

iPΞi(χ− it−Y)iP−1

Γ(iP+ 1)
K(Y)dY , (54)

by MΞ(χ−t−Y)P
t = ∑κ

i=0 Ξi (χ−it−Y)iP

Γ(iP+1) and d(MΞ(χ−t−Y)
t )P

dY = −∑κ
i=1

iPΞi(χ−it−Y)iP−1

Γ(iP+1) .
Making use of Lemma 1 and (52), we obtain
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ΨF (χ)(ψ) � Ψ
K(0)MΞχP

t +∑κ
i=1
∫ 0
−t

iPΞi(χ−it−Y)iP−1
Γ(iP+1) dYK(χ)

(ψ)

� Ψ
K(0)MΞχP

t
(

ψ

2
)
⊙

Ψ
∑κ

i=1
∫ 0
−t

iPΞi(χ−it−Y)iP−1
Γ(iP+1) dYK(χ)

(
ψ

2
)

� Ψ
K(0)MΞχP

t
(

ψ

2
)
⊙

Ψ
∑κ

i=1
Ξi

Γ(iP+1) [((χ−(i−1)t)iP−(χ−it)iP]K(χ)(
ψ

2
)

� Ψ
K(0)MΞχP

t
(

ψ

2
)
⊙

ΨK(χ)∑κ
i=1

Ξi
Γ(iP+1) tiP(

ψ

2
)

� Ψ
K(0)MΞχP

t
(

ψ

2
)
⊙

ΨK(χ)∑∞
i=1

Ξi
Γ(iP+1) tiP(

ψ

2
)

� Ψα1

(
ψ

2MP(|Ξ|χP)

)⊙
Ψα1

(
ψ

2MP(|Ξ|tP)

)

� Ψ
2α1 min

{
MP(|Ξ|χP),MP(|Ξ|tP)

}(ψ)

� Ψα2(ψ)

= Ψ
(

ψ

|α2|

)
,

for every χ ∈ ν, in which we use the relation αa − βa ≤ (α − β)a, for α > β > 0, and
a ∈ (0, 1].

5. Representation of Solutions to (1) for Case 3

Making use of [8,10], we present the proof of the theorem below:

Theorem 4. Every solution F̃ ∈ C([−t, T],Rn) of (1), with the initial condition F (χ) = 0, for
every χ ∈ [−t, 0], has the following form

F̃ (χ) =
∫ χ

0
MΞ(χ−t−τ)P

t,P F (τ)dτ, χ > 0.

Proof. Making use of the variation of constants method, every solution of non-homogeneous
system F̃ (χ) has the form below:

F̃ (χ) =
∫ χ

0
MΞ(χ−t−τ)P

t,P A(τ)dτ, χ > 0. (55)

in which A(τ) is a vector function for every τ ∈ [0, χ], and F̃ (0) = 0.
Applying the fractional-order derivative in the Caputo sense on both sides of (55), we

get the items below:

(i) For every χ ∈ (0, t], based on (1), we obtain

(DP
0+ F̃ )(χ) = ΞF̃ (χ− t) + G(χ)

= Ξ
∫ χ−t

0
MΞ(χ−2t−τ)P

t,P A(τ)dτ + G(χ)
= G(χ).

Here, notice that MΞ(χ−2t−.)P
t,P = 0.

In view of Lemma 3 and the definition of the Caputo fractional derivative, we get



Symmetry 2023, 15, 1880 33 of 40

(DP
0+ F̃ )(χ) = (RLDP

0+ F̃ )(χ)

=
1

Γ(1−P)

d
dχ

∫ χ

0
(χ− τ)−P

[ ∫ τ

0
MΞ(τ−t−Y)P

t,P A(Y)dY
]

dτ

=
1

Γ(1−P)

d
dχ

∫ χ

0
A(Y)

∫ χ

Y
(χ− τ)−PMΞ(τ−t−Y)P

t,P dYdτ

=
1

Γ(1−P)

d
dχ

∫ χ

0
A(Y)

[ ∫ χ

Y
(χ− τ)−P I

(χ− τ)P−1

Γ(P)
dY
]

dτ

=
1

Γ(1−P)

d
dχ

∫ χ

0

B[1−P,P]

Γ(P)
A(Y)dY

= A(χ).

Thus, we have A(χ) = G(χ).
(ii) For every χ ∈ (jt, (j + 1)t], with j ∈ ρ, based on (1), we get

(DP
0+ F̃ )(χ) = ΞF̃ (χ− t) + G(χ)

= Ξ
∫ χ−t

0
MΞ(χ−2t−τ)P

t,P A(τ)dτ + G(χ)

= Ξ
[ ∫ χ−t

0

(χ− t− τ)P−1

Γ(P)
A(τ)dτ +

∫ χ−2t

0
Ξ
(χ− 2t− τ)2P−1

Γ(2P)
A(τ)dτ

+ . . . +
∫ χ−jt

0
Ξj−1 (χ− jt− τ)jP−1

Γ(jP)
A(τ)dτ

]
+ G(χ).

By the definition of the Caputo fractional derivative, we obtain

(DP
0+ F̃ )(χ) = (RLDP

0+ F̃ )(χ)

=
1

Γ(1−P)

d
dχ

∫ χ

0
(χ− τ)−P

[ ∫ τ

0
MΞ(τ−t−Y)P

t,P A(Y)dY
]

dτ

=
1

Γ(1−P)

d
dχ

∫ χ

0

∫ τ

0
(χ− τ)−PMΞ(τ−t−Y)P

t,P A(Y)dYdτ

=
1

Γ(1−P)

d
dχ

∫ χ

0
A(Y)

[ ∫ χ

Y
(χ− τ)−PMΞ(τ−t−Y)P

t,P dτ

]
dY .

In view of Lemmas 3 and 4, we have that

(DP
0+ F̃ )(χ) = (RLDP

0+ F̃ )(χ)

=
1

Γ(1−P)

d
dχ

∫ χ

0
A(Y)

[ ∫ χ

Y
(χ− τ)−PMΞ(τ−t−Y)P

t,P dτ

]
dY

=
d

dχ

∫ χ

0
A(Y)dY +

1
Γ(1−P)

d
dχ

∫ χ−t

0
A(Y)

[ ∫ χ

t+Y
(χ− τ)−PΞ

(τ − t−Y)2P−1

Γ(2P)
dτ

]
dY

+ · · ·+ 1
Γ(1−P)

d
dχ

∫ χ−jt

0
A(Y)

[ ∫ χ

jt+Y
(χ− τ)−PΞj (τ − jt−Y)(j+1)P−1

Γ((j + 1)P)
dτ

]
dY

= A(χ) + Ξ
∫ χ−t

0

(χ− t−Y)P−1

Γ(P)
A(Y)dY + Ξ2

∫ χ−2t

0

(χ− 2t−Y)2P−1

Γ(2P)
A(Y)dY

+ · · ·+ Ξj
∫ χ−jt

0

(χ− jt−Y)jP−1

Γ(jP)
A(Y)dY

= Ξ
∫ χ−t

0
MΞ(χ−2t−τ)P

t,P A(τ)dτ + G(χ).

Thus, A(χ) = G(χ).
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It is straightforward that every solution F of (1) for Case 3 has the form F (χ) =
F0(χ) + F̃ (χ), in which F0(χ) is a solution of (1) for Case 2, with the initial condition
F (χ) = K(χ), for every χ ∈ [−t, 0], and F̃ (χ) is a solution of (1) for Case 3, with F (0) = 0.
Considering the above descriptions, we will present the formula of solutions to (1) for
Case 3, in the theorem below:

Theorem 5. Every solution F ∈ C([−t, T],Rn) of (1) for Case 3 is given by

F (χ) = MΞχP

t K(−t) +
∫ 0

−t
MΞ(χ−t−τ)P

t K′(τ)dτ +
∫ χ

0
MΞ(χ−t−τ)P

t,P G(τ)dτ.

6. Fuzzy Finite-Time Stability of (1) for Case 4

Definition 8. The function F ∈ C([−t, T],Rn) is a solution of (1) for Case 4, if,

F (χ) = MΞχP

t K(−t) +
∫ 0

−t
MΞ(χ−t−τ)P

t K′(τ)dτ +
∫ χ

0
MΞ(χ−t−τ)P

t,P H(τ,F (τ))dτ. (56)

Let us consider the assumptions below:

(∆1) The contractive mappingH ∈ C(ν,Rn) has the contraction property w.r.t the second
component with positive Lipschitz constant a, i.e., Φ(H(χ,Y)−H(χ,Z), φ) � Φ(Y −
Z , φ

a ).

(∆2) b := a[∑κ
m=1

|Ξ|m−1

Γ(mP+1) (T − (m− 1)t)mP] < I, for every fixed number κ ∈ ρ.

(∆3) There is a ζ1(.) ∈ C(ν,Rn
+), s.t. Φ(H(χ,Y), φ) � Φ(ζ1(χ), φ), for every χ ∈ ν and

Y ∈ Rn.
(∆4) There is a ζ2(.) ∈ Lq(ν,Rn

+), with 1
q + 1

p = 1 and p > 1, s.t., Φ(H(χ,Y), φ) �
Φ(ζ2(χ), φ), for every χ ∈ ν and Y ∈ Rn, and ξ(χ) := (

∫ χ
0 ζ2(τ)

qdτ)
1
q < ∞.

Let c :=
∫ 0
−t |K′(τ)|dτ.

Theorem 6. Let ∆1 and ∆2 hold. Then, (1) has a unique solution F ∈ C([−t, T],Rn).

Proof. Consider the operator L : C([−t, T],Rn)→ C([−t, T],Rn) defined by

(LF )(χ) = MΞχP

t K(−t) +
∫ 0

−t
MΞ(χ−t−τ)P

t K′(τ)dτ +
∫ χ

0
MΞ(χ−t−τ)P

t,P H(τ,F (τ))dτ. (57)

The function L is well-defined because of ∆1. We prove L is a contraction mapping.
Applying Lemma 5, for every F , I ∈ C([−t, T],Rn), and φ > 0, we have that

Φ((LF )(χ)− (L I)(χ), φ) � Φ
(
(F (χ)− I(χ)) · a[

κ

∑
m=1

|Ξ|m−1

Γ(mP+ 1)
(χ− (m− 1)t)mP], φ

)
,

which infers that

Φ((LF )(χ)− (L I)(χ), φ) � Φ(b[F (χ)− I(χ)], φ),

Through (∆2), one can use contraction mapping principle to complete the proof.

Definition 9. Suppose F is a solution of (1). Fractional order Equations (1) and (2) is fuzzy
finite-time stable w.r.t {0, ν, t, α1, α2}, iff, Φ(K(χ), φ) � Φ(α1, φ), χ ∈ [−t, 0], infers that
Φ(F (χ), φ) � Φ(α2, φ), χ ∈ ν, in which K(χ), −t ≤ χ ≤ 0 is the initial time, and α1, α2
are positive, with α1 < α2, and φ > 0.

Theorem 7. (i) Assume the assumptions (∆1), (∆2), and (∆3) hold. For the fixed κ ∈ ρ, if,
for every χ ∈ ν,
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3 min
{

min{α1, c}MP(|Ξ|χP), inf
χ∈ν

ζ1(χ)

[ κ

∑
j=1

|Ξ|j−1

Γ(jP+ 1)
(χ− (j− 1)t)jP

]}
< α2, χ ∈ ν, (58)

then the fractional order system (1)–(2) is fuzzy finite-time stable w.r.t {0, ν, t, α1, α2}.
(ii) Assume the assumptions (∆1), (∆2), and (∆4) hold and P > 1− 1

q (p > 1). For the fixed
κ ∈ ρ, if,

3 min
{

min{α1, c}MP(|Ξ|χP), ξ(χ)
κ

∑
j=1

[ |Ξ|j−1

Γ(jP)

(χ− (j− 1)t)jP−1+ 1
p

(piP− p + 1) 1
p

]}
< α2, χ ∈ ν, (59)

then the fractional order system (1)–(2) is fuzzy finite-time stable w.r.t {0, ν, t, α1, α2}.
(iii) Assume the assumptions (∆1), (∆2), and (∆3) hold and P > 1

2 . For the fixed κ ∈ ρ, if,

3 min
{

min{α1, c}MP(|Ξ|χP),
infχ∈ν ζ1(χ)

P
χPMP,P(|Ξ|χP)

}
< α2, χ ∈ ν, (60)

then the fractional order system (1) and (2) is fuzzy finite-time stable w.r.t {0, ν, t, α1, α2}.

Proof. (i) Through the assumptions (∆1) and (∆2) and Theorem 6, we have that (1) has
a unique solution F ∈ C([−t, T],Rn). Making use of Lemmas 1, 5 and 6 and (56), we get

Φ(F (χ), φ)

� Φ
(
MΞχP

t K(−t) +
∫ 0

−t
MΞ(χ−t−τ)P

t K′(τ)dτ +
∫ χ

0
MΞ(χ−t−τ)P

t,P ζ1(τ)dτ, φ

)

� Φ
(
MΞχP

t K(−t),
φ

3

)⊙
Φ
( ∫ 0

−t
MΞ(χ−t−τ)P

t K′(τ)dτ,
φ

3

)⊙
Φ
( ∫ χ

0
MΞ(χ−t−τ)P

t,P ζ1(τ)dτ,
φ

3

)

� Φ
(
K(−t),

φ

3MP(|Ξ|χP)

)⊙
Φ
( ∫ 0

−t
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φ

3MP(|Ξ|χP)

)

⊙
Φ
(
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χ∈ν

ζ1(χ)

[ ∫ χ−(κ−1)t

0

κ

∑
j=1
|Ξ|j−1 (χ− (j− 1)t− τ)jP − 1

Γ(j− 1)P+P
dτ

+
κ

∑
i=2

∫ χ−(i−2)t

χ−(i−1)t

( i

∑
j=2
|Ξ|j−2 (χ− (j− 2)t− τ)(j−1)P−1

Γ((j− 2)P+P)

)
dτ

]
,

φ

3

)

� Φ
(

α1,
φ

3MP(|Ξ|χP)

)⊙
Φ
(

c,
φ

3MP(|Ξ|χP)

)

⊙
Φ
(

inf
χ∈ν

ζ1(χ)

[ κ

∑
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|Ξ|j−1

Γ(jP+ 1)

(
(χ− (j− 1)t)iP − ((κ − j)t)jP

)

+
κ

∑
i=2

[ i

∑
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3

)
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3

)

� Φ
(
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{
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[ κ
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|Ξ|j−1
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, φ

)

� Φ(α2, φ).
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(ii) In view of Lemma 1, 5 and 6, and (56) and (59), we get

Φ(F (χ), φ)

� Φ
(
MΞχP

t K(−t),
φ

3

)⊙
Φ
( ∫ 0

−t
MΞ(χ−t−τ)P

t K′(τ)dτ,
φ

3
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0
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|Ξ|κ−1 (χ− (κ − 1)t− τ)κP−1
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ζ2(τ)dτ,

φ

3

)
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( ∫ 0
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)
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) 1
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3
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) 1
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) 1
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(iii) In view of Lemma 1 and 5–7, and (56) and (60), we get
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Example

Consider the fractional-order system below

D0.5
0+F (χ) = ΞF (χ− 0.2) +H(χ,F (χ)), χ ∈ [0, 0.6], (61)

K(χ) =
(

χ

2
,

χ

4
,

χ

6
,

χ

8
,

χ

10

)
, χ ∈ [−0.2, 0], (62)

where Ξ = diag[0.1, 0.2, 0.3, 0.4, 0.5], F (χ) = (F1(χ),F2(χ),F3(χ),F4(χ), F5(χ))
>,

and H(χ,F (χ)) =

(
χ2

2 ln
√
|F1(χ)|, χ2

2 sin2(F2(χ)),
χ2

2 cos(F3(
χ
2 )),

χ2

2 arccot(F4(χ)),

χ2

2
|F5(χ)|

1+|F5(χ)|

)>
.

The solution of fractional system (61) and (62) has the following form:

F (χ) = MΞχ0.5

0.2 K(−0.2) +
∫ 0

−0.2
MΞ(χ−0.2−τ)0.5

0.2

(
1
2

,
1
4

,
1
6

,
1
8

,
1

10

)>
dτ +

∫

0
χMΞ(χ−0.2−τ)0.5

0.2,0.5 H(χ,F (χ))dτ.

Now, we have that

Φ
(

ln
√
|F1(χ)| − ln

√
|F̃1(χ)|, φ

)

= Φ
(

ln

√
|F1(χ)|√
|F̃1(χ)|

, φ

)

� Φ
(

ln
(

1 +
(√|F1(χ)|√
|F̃1(χ)|

− 1
))

, φ

)

� Φ
(√|F1(χ)|√
|F̃1(χ)|

− 1, φ

)

� Φ
(√|F1(χ)| −

√
|F̃1(χ)|√

min(|F̃1(χ)|)
, φ

)

� Φ
(√
|F1(χ)| −

√
|F̃1(χ)|, φ

)

� Φ
( |F1(χ)| − |F̃1(χ)|
√
|F1(χ)|+

√
|F̃1(χ)|

, φ

)

� Φ
( |F1(χ)− F̃1(χ)|√

max(|F1(χ)|, |F̃1(χ)|)
, φ

)

� Φ
(
F1(χ)− F̃1(χ),

φ

M1

)
,

Φ
(

sin2(F2(χ))− sin2(F̃2(χ)), φ

)

= Φ
(
[sin(F2(χ))− sin(F̃2(χ))][sin(F2(χ)) + sin(F̃2(χ))], φ

)

� Φ
(
F2(χ)− F̃2(χ)[2 max{sin(F2(χ)), sin(F̃2(χ))}], φ

)

� Φ
(
F2(χ)− F̃2(χ),

φ

M2

)
,
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Φ
(

cos(F3(
χ

2
))− cos(F̃3(

χ

2
)), φ

)

= Φ
(

2 sin
(F3(

χ
2 ) + F̃3(

χ
2 )

2

)
sin
(F3(

χ
2 )− F̃3(

χ
2 )

2

)
, φ

)

� Φ
(

sin
(F3(

χ
2 )− F̃3(

χ
2 )

2

)
,

φ

2
∣∣∣∣ sin

(
F3(

χ
2 )+F̃3(

χ
2 )

2

)∣∣∣∣

)

� Φ
(F3(

χ
2 )− F̃3(

χ
2 )

2
,

φ

2
∣∣∣∣ sin

(
F3(

χ
2 )+F̃3(

χ
2 )

2

)∣∣∣∣

)

� Φ
(
F3(χ)− F̃3(χ),

φ

M3

)
,

Φ
(

arccot(F4(χ))− arccot(F̃4(χ)), φ

)

� Φ
(
(arccot(M))′[F4(χ))− F̃4(χ)], φ

)

� Φ
( −1

1 + M2 [F4(χ))− F̃4(χ)], φ

)

� Φ
(
F4(χ)− F̃4(χ),

φ

M4

)
,

and

Φ
( |F5(χ)|

1 + |F5(χ)|
− |F̃5(χ)|

1 + |F̃5(χ)|
, φ

)

� Φ
(
F5(χ)− F̃5(χ),

φ

M5

)
,

where φ > 0, Mi > 0, i = 1, 2, 3, 4, 5 and F4 ≤ M ≤ F̃4.
Making use of the above inequalities, we get

Φ
(
H(χ,Fi(χ))−H(χ, F̃i(χ)), φ

)

� Φ
(

χ2[Fi(χ)− F̃i(χ)],
φ

Mi

)
, i = 1, 2, 3, 4, 5.

Here, we let ζ1(χ) = ζ2(χ) = (χ2, χ2, χ2, χ2, χ2)>.
Making use of the arithmetric mean aggregation map AG2 and the maximum aggrega-

tion map AG3, we calculate the numerical results of finite-time stability for fractional-order
system (61) and (62) (see Table 1). In view of the required conditions in cases (i), (ii), (iii) of
Theorem 7, we obtain the relative optimal thresholds AG3(α2) = 0.70, and AG2(α2) = 0.04.
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Table 1. Stability results of Example 1 .

Theorem 7 (i) (ii) (iii)
P 0.50 0.50 0.50
T 0.60 0.60 0.60
t 0.20 0.20 0.20

AG3 (K) 0.10 0.10 0.10
AG3 (α1) 0.10 0.10 0.10
AG3 (F ) 0.7539 0.6992 0.9094
AG3 (α2) 0.76 0.70 0.91
AG2 (K) 0.02 0.02 0.02
AG2 (α1) 0.02 0.02 0.02
AG2 (F ) 0.0746 0.0398 0.0971
AG2 (α2) 0.08 0.04 0.10

7. Conclusions

The main target of this paper is to provide a new interpretation of Ulam type stability
with the application of classical, well-known special functions and aggregation maps.
This new notion of stability not only covers the previous notions but also considers the
optimization of the problem. This stability allows us to get the best approximation error
estimates for different fractional-order systems. In addition, we will be able to obtain
maximal stability with minimal error which leads to calculate the optimal solution.
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