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Abstract: In this work, we consider a Timoshenko-type system in a bounded one-dimensional
domain under Dirichlet conditions with time-varying delay and internal friction damping acting in
the displacement. First, we show that the system is well-posed using semi-group theory. Then, under
appropriate assumptions on the weights of the delay, the stability of system is obtained via a suitable
Lyapunov functional.
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1. Introduction

In 1921, Timoshenko [1] introduced the problem of a thick beam given by the following
system of coupled hyperbolic equations:

pug(x, t) — (Kuy — @)x(x,t) =0, (x,t) € (0,L)x]0, +o0],

Logi(x,t) — (ELpy), — K(itx — 9)(x,6) =0, (x,1) € (0,L)x]0, +o0[, @

where u is the transverse displacement of the beam and ¢ is the rotation angle of the
filament of the beam. The coefficient p is the density, I, is the polar moment of inertia of a
cross section, E is Young’s modulus of elasticity, I is the moment of inertia of a cross section,
and k is the shear modulus.

In the late 19th century, researchers became interested in studying the deformations
in elastic structures such as beams, plates, and shells when rotational inertia and shear
deformation form the main hypotheses. With the beginning of the 21st century, authors’
interest in studying the system in (1) increased and results related to existence and asymp-
totic behavior were achieved. The stability of the Timoshenko system with different types
of damping has been studied—we refer the reader to [2-6] and their references.

Problem (1) has been studied by Kim and Renardy [2] under the following two
boundary conditions:

Ko(L,t) — Kuy(L,t) = aug(L,t), ¥Vt >0,
Elpy(L,f)+ Boi(L,t) =0, Vit >0,

as they proved the exponential decay of the natural energy of (1) by multiplier techniques.

Soufyane and Wehbe in [7] showed that Problem (1) with unique locally distributed
feedback is uniformly stable if and only if the wave speeds are equal; otherwise, it is
asymptotically stable. Shi and Feng [8] studied a nonuniform Timoshenko beam and
showed that the beam’s vibration decays exponentially under some locally distributed
controls. This was carried out using the frequency multiplier method.
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In this article, we study a more general Timoshenko problem than the problems that
have been studied, with the delay term appearing as the control term in the first equation.

The introduction of the term delay pu;(t — 7(¢)) makes the problem different from
that addressed in the literature.

Many works have shown that the presence of a delay in a partial differential equation
problem is a source of instability unless additional control terms or conditions are used;
see, for example, references [9-12].

Several researchers treated the Timoshenko system with internal constant delay acting
in one equation or in two equations; as we mention here, one of the first results was
obtained by Said-Houari and Laskri [13]. They studied the following Timoshenko system:

P19t (x, 1) — K(@x +9)x(x,t) =0, o)
P21t (%, 1) — biprx (x, 1) — K(@x + ) (x, t) +aope (x, t) +aps(x,t —7) =0,

In (0,1) x Ry, the authors of [13] proved the stability of (2) in the case of the equal-
speed propagation under the condition (a < ap ). Moreover, Said-Houari and Rahali [14]
studied System (2) in the presence of a viscoelastic damping of the form fot Q(8)Pxx(t —s)ds
acting on the second equation. They proved that the energy total of this problem decays
exponentially in the case of equal wave speeds, and 0 < a = y1 < ag = po.

In 2013, Muhammad Kafini et al. [15] considered the following Timoshenko system of
thermoelasticity of type III with constant delay:

(P19t — K(gx + 9)x) (x,1) =0, in]0,1[x]0, +oo],
(P21 — bpxx — K(px + ¢) + BOie) (x, 1) =0, in ]0, 1[x]0, +oo],
(pgett — 00,y + YPix + y19txx)(x, t) + ,‘I/lzetxx(x, t— T) =0, 1iIn ]0,1[><]O, +00[,
6(x,0) = 6y, 0:(x,0) = 61, P(x,0) = o, Pr(x,0) = ¢, in]0,1],

9(x,0) = @o, ¢t (x,0) = @1, in]0,1],

O (x,t —T) = fo(x,t — 1), in]0,1[x] —7,0],
9(0,t) = @(1,t) = (0,t) = ¢(1,¢) =0, on |0, +oof,
0:(0,1) = 0,(1,£) =0, on] — T, 40|

The authors in this article showed that the energy decreases exponentially in the case of
equal wave speeds and polynomially otherwise (under suitable conditions on the coeffi-
cients and the initial data). A one-dimensional linear thermoelastic system of Timoshenko
type with delay is considered in [16]. Well-posedness and stability of the system are estab-
lished by using the well known Lyapunov functional. The results in our article are obtained
using the Lyapunov functional, as in [16], but with another choice for the functions, i.e.,
constructing the Lyapunov functional. This choice is imposed by the nature of our system,
which is totally different from the one previously studied.

Almeida Junior et al. [17] studied the asymptotic behavior of solutions for two
dissipative Bresse—Timoshenko systems without a “second spectrum” and with a delay
term in the internal feedback, one on the vertical displacement and the other on angular
rotation, which are given by

1y — K(yx + ¢)x + paye + poye(x,t —7) =0, in )0, L[x]0,+o0], 3)
—P2Pix — by — K(yx +9) =0, in )0, L[x]0, 4-co],
and
p1y — K(yx +9)x =0, in )0, L[x]0, 4-o0], )

—02Wrx — by — K(yx + ) + papr + poe(x,t —7) =0, in]0, L[x]0, +oo].

The result of System (2) was extended to the case of time-varying delay by Kirane et al. [14].

Systems (3) and (4) were studied by Feng et al. [18] with time-dependent delay terms.
The authors used the appropriate Lyapunov function to demonstrate the exponential
decay results.
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We mention here that the nonlinear Timoshenko system subject to variable delay and
internal feedback was considered by Xin-Guang Yang et al. [19] as follows:

0191 (x, 1) = K(@x +9)x(x, 1) = h(x), in |0, 1[x]0, +eo],
0211 (X, 1) — bipax (%, £) — K(@x +9) (x, ) + pa s (x, 1)
Hpagr(x, = T(8) + f(p(x 1) = g(x),  in]0,1[x]0, +eo,

with the Dirichlet boundary condition:

0(0,1) = @(1,t) = p(0,t) = p(1,t) =0, Vt> 0.

After proving that the problem is well-posed, the authors demonstrated the existence of the
finite-dimensional global and exponential attractors by using the concept of quasi-stability
used by Lasiecka and Chueshov in [20,21].The motivation to introduce a time-dependent
delay is that, in previous papers, fixed delays have mostly been considered, except for a
few works—see [22-26], which can be considered as the most widely cited papers that
deal with these types of problems. However, to show the influence of a time-dependent
delay, we should make a comparison to previous results. With time-varying weight and
time-varying delay, the authors in [22] studied the global well-posedness and exponential
stability for a Rao—Nakra sandwich beam equation (see [25,26]). The aim of [23] was to
consider the Timoshenko system in thermoelasticity of second sound with a time-varying
delay, where the questions of well-posedness and stability were investigated; one can also
see the results in [24].

For systems with two internal time delays, we mention the work of Said Houari and
Sofiane [27]:

p1ye — K(yx + ¢)x + my(x,t —7) =0, in |0, L[x]0, +o0],
02Ps — lﬂl)xx + K(yx + 1/)) + aztpt(x,t— T) =0, in }O,L[X]O, +00[,

with the following boundary controls:

k(yx +9)(Lt) = —ayi(L,£), bpx(L,t) = —pgpr(L, 1).

The stability of this Timoshenko system was proven under some smallness conditions on L
and the weights of the delays.

In [28], Aissa Guesmia and Abdelaziz Soufyane considered a Timoshenko-type system
with delay terms:

P11 (X, ) — k1 (@x + )2 (x,t) + AM1@(x, 1) + p1ge(x, t —11) = 0,

P21 (x, ) — kotpax (x, 1) + k1 (@x + ) (x,t) + Ao (x, ) + p2ipe(x, £ — 2) = 0,
@(x,0) = @o(x), @1(x,0) = g1(x), ©)
P(x,0) = ¢o(x), ¥r(x,0) = 1(x),

pr(x, —p11) = fi(x, —pm), Pr(x, —p2) = folx, —pT2),

under the Dirichlet-Dirichlet boundary conditions:

¢(0,1) = (L, 1) = ¢(0,t) = (L, 1) = 0, (6)

or the Dirichlet-Neumann boundary conditions:

9(0,t) = ¢(L,t) = ¥x(0,1) = (L, ) =0, )

for x €]0,L[, t > 0, p €]0,1], p; € R, Lp;,kj,7; > 0, A; > 0,(j = 1,2),
(¢, 1) :]0, L[x]0, +00[— R? is the state of (5) with (6) or (7), @o, @1, Yo, ¥1 :]0, L[— R,
and f; :]0, L[x] — 1;,0[— R, (j = 1,2). The authors of this article have demonstrated the
well-posedness and asymptotic behavior of (5) with (6) or (7) in the case of equal-velocity
wave propagation as well as in the opposite case. Precisely, they proved the exponential
stability in the case of equal-speed wave propagation and the polynomial stability in the
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opposite case. It is known, at least in this field of research, that, if we add more damping
terms to evolutionary systems, this weakens the scientific value of the problem, particularly
from a mathematics point of view, which is not our case. This makes the problem weak,
and the stabilization process can be facilitated despite the presence of some positive points,
which are mainly represented by the interactions between the different parameters of the
damping terms. This case is in [29], where a system similar to (5) is considered with three
damping terms (discrete delay, complementary frictional damping, and infinite memory).

The continuation of this work is organized as follows: In Section 2, we introduce the
problem and we consider the hypotheses for the coefficients present in (8). In Section 3,
we present some preliminaries, and our main results are presented in Section 4, using the
semi-group theory of linear operators found in [30,31] to prove the well-posedness result.
Then, the exponential decay of the energy of our problem is obtained in Section 5.

2. Position of Problem and Hypothesis

A new mathematical model of a Timoshenko-type system is constructed, taking
into account internal friction damping, in which the effects of time-dependent delay are
considered. This generalization is analyzed in the process of thermomechanical loading.

Now, we propose to study the exponential stability of the following Timoshenko-type
system subject to a time-dependent delay term acting on the following equation:

[Plultt - k(ulx + puZ)x - ko(ulx + pu2)tx + (“ul - 7;Bu2)xxxx] (X, t)
+uquge(x, t) + pouq(x, t —t(t)) =0  in]0,I[x]0, +o0],
[o2uast — bupyy + pk(ury + puz) + pko(u1y + pua),](x,t)
+ﬁ<u2_7u1)xxxx(xlt) =0 in]O,l[x]0,+oo[,

®)

where u7(x,t) and uy(x, t) are the unknowns, which represent the transverse displacement
of the plate and the rotation angle of a filament of the plate, respectively, | is the curvature
of the beam, pijuy; represent frictional damping, 7(t) represents time-varying delay to
the system, p;; (i =1;2), u1, k, «, B, and vy are strictly positive constants, and p; is a
real number.

From now on, we consider for System (8) the following initial conditions:

ui(x,0) = ud(x), u;(x,0) =ul(x), (i=12), in]0,I[

(£ — 7(0)) = folx,t — 7(0)), in |0, 1[x]0, 7(0)], ©)
and the Dirichlet boundary conditions:
uj(x,t) =0, (i=12), xe{0,1}, Vt>0. (10)
First, we consider the following hypotheses.
Hypothesis 1. The delay function T(t) is a C' (R.) continuous function which satisfies
T e W¥*([0,T]), VT >0, (11)
and there exist positive constants 19, Ty, and d > 0, such that
O<tm<t(t)<m, V>0, (12)
and
0<T(t)<d<1, Vt>0. (13)

Hypothesis 2. There exists a constant d > 0, such that

2| < V1I—dp, Vt>0. (14)
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Remark 1. If we look at the function f(t) = t — T(t), Condition (12) implies that f is a strictly
increasing function. This means that the delayed information arrives in chronological order.

3. Preliminaries and Main Results

Due to Datko et al. [12] and also [32], we consider the following changes of variables:
z(x,p,t) = uy(x, t — pt(t)), (x,p,t) €]0,1[x]0,1[x]0, o0l (15)

We can easily check that z satisfies the following relationship:
T(t)ze(x,0,t) + (1 — p7'(t))2p(x, 0, 1) = 0, (x,p0,t) €]0,1[x]0,1[x]0, 4-0c0[. (16)

Using these new variables, System (8) is converted to the following equivalent form:

[ — k(u1x + pua), — ko(u1x + pua), + (aur = YBU) | (%, )

+uqups(x, t) + poz(x,1,¢) =0 in]0,1[x]0, +oo],
[o2u2y — buzyye + pk(uny + puz) + pko(u1y + puz) ] (x,1) (17)
+ﬁ(u2 - ’)'ul)xxxx(x' t) =0 in O/Z[X]Or +°°[/

T(t)zt(x,0,t) + (1 — pT'(t))z0(x, 0, 1) =0, in 0,1[x]0,1[x]0, 4+oo[.

System (17) is equipped with the following initial and boundary conditions:

ui(x,0) = ud(x), u;(x,0)=ul(x), (i=12), in]oI]

iy, (x, £ — 7(0)) = fo(x,t — 7(0), in 0,10, 7(0)],
2(x,0,0) = folx, —p7(0), in 0,10, 1, (18)
z(x,0,t) = uy(x, t), in 0,1[x]0, +oo],
ui(x,t) = 0, (1—1 2), xe{0,1}, Vt>0.

From now on, we use the following symbols:
u; = u;(x,t), (i=12) and z(p) :=z(x,p,t).

To announce our stability results, we define the energy function associated with (8) by

2 2 2
E<t): l[k”ulx'i_pl’Q” +(‘X—.B'72)”ulxx” +:3||7ulxx_u2xx||

(19)
blluzal? 4 T ol + mn&e(®) S 2000 |Pee].

The main goal of our problem is to prove the following result.

Theorem 1. Assume that Hypothesis 1 and Hypothesis 2 hold.
Then, for any Uy = (u9,ui, ud,ul, fo)T € H, there exist positive constants { and w, in-
dependent of t, such that the solution U = (u1,uy, up, Uy, z)" of Problems (8) and (9) satisfies

E(t) < e ' VteR,. (20)

In the next section, we are concerned with the existence, uniqueness, and smoothness
of the solution of (17) and (18) based on the classical Lumiere—Phillips theory, which is
found in [31,33].

4. Well-Posedness

We also use /' to denote the derivative when the function % has only one variable. The
notation dy denotes the derivative with respect to y and w, denotes the derivative of w
with respect to .

We introduce the following notations. We note ||.||x as the usual norm defined on
the Banach space X and (.) and ||.|| as the inner product and the norm defined on L?(0,1),
respectively.
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First, we transform Systems (17) and (18) to the first-order differential system in (28)
below. For this, we adopt the technique in [9-34]. Then, we prove that the operator A,
given in (25), generates a contraction semi-group on the Hilbert space H given in (21).

Now, we introduce ¢; = u;;, (i = 1;2) and consider the following energy space:

H = (Hy(0,1) x LZ(O,Z))Z « I2((0,1) x (0,1)). 1)

The space H is equipped with the inner product, which is defined as follows:
~ 1 ~ g
<U, U>H = fO (l)( - ﬁ')’z)axxulaxxul + 2}2:1 Pi¢i¢idx

+ fol B(YOxxty — Oxx)(YOxxtly — Oxxliz)dx (22)
+ Jo k(@ + pu2><a uq + piy) + bdyuupdibadx

1
+ Jo mad(t fo p)dodx,

for any U = (uy, ¢y, uz, ¢2,2), U = (i1, 1, 162, ¢2, %) in H.
Moreover, by Hypothesis 1 and Hypothesis 2, we also assume that there is a positive
constant ¢ that, for any t > 0, satisfies

121 i)
T v <% Vican )

And from there, we deduce the norm associated with this space:

Ul = k||u1x+€”2”2+(“_.B'YZ)Hulxx” + L 1sz|4>1|| (24)
bl + Bl vit1 e — e | + 18T (8) fy 12(0) |-

Now, we define the differential operator A : D(A) C H — H by the following matrix:

I 0 0 0
1 4 2\ ko2 mip Broa, pk rko 2
- (—aoy +ka7) Rt — L1 Erot+ oy o1 0x ol
0 0 0 I 0 (25)
By pk _ Pk B 4 P’k p 2k
Brat — Box BL, —Lol+ LR - BRI 0
0 0 0 0 d1(t)9p

where 6, (t) = £ ngt))_l , with the domain

D(A) = {U € H; 9oz € L2(0,1;L(0,1)) and z(0) = uy;}, (26)
where
H = ((H2(0,1)n HL(0,1)) x H'(0,1))* x L2(0,1; L2(0,1)). (27)

Under the above definitions, for any U = (uy, 1, up, ¢,z ) and Uy = (ul,u%,uz, ul, fol., pT(O)))T

in H, System (17) can be written as the following Cauchy problem in #:

AU(t) =U'(t), in]0,+oo],
u(0) = Up.

(28)
Observe that D(\A(t)) is independent of the time ¢. This means that
D(A(t)) = D(A(0)),Vt > 0.

By the classical semi-group theory, we obtain our well-posedness result in the following theorem.

Theorem 2. Assume that Hypothesis 1 and Hypothesis 2 are satisfied and (23) holds; then, for any Uy € ‘H
Problem (8), has a unique solution
U € C([0, oo, H).
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Moreover, if Uy € D(.A), then
U € C([0, +o0[, D(A)) N C* ([0, +oo[, H).
Proof. In order to prove Theorem 2, we show that the operator A generates a Cy semi-group in H.

In this step, we prove that the operator A is dissipative.
For U = (u1,¢1,u2,(p2,z)T € D(A), we have

(AUU) = (= BY?) (P1y U1xx) — K{ury + priz, 1) — ko(dr, + o2, d1,)
— (U1 s P1ay) + BY (U2 P1ox) — Ha |11 — 12(2(1), 1)
—pk(uiy + puz, ¢2) — pko(P1, + P2, §2) — BlUaxxs P25y
FBY (M P252) T BEYP1rx — P2yns V1 xx — U2x)
{1, + pa, e+ pua) — & Jo (1= pT'(£)3pz(0), 2(p) ) dp
= —koll g1y + poall® — palln [ — pa(z(1), 1)
~Z1 fy{(1— T (1))3pz(p), 2(p) )dp
—kollg1, + pall® — allgr]® + Y2 gn |2 + 2l jz(1) )2
~G [ =T W) = lga® + 7 ®) Jy l1z(0) | *dp)]
= kollpre+poal* = (u — B2 =15 I P
_(Vlé(lgf/(m _ & "2|)||z( )l 2 é#lf fo l12(p HZdP

(29)

IN

We can choose ¢; = /1 — d and, from (13), (14), and (23), for all { > 0, we obtain

11 T

/\1:’417281 2 = Y,

and

_mc(1=7()  elml
Ay = 5 - > 0.
Hence, from (29) we deduce that the operator A is dissipative.

Next, we prove that AI — A is surjective for A > 0.

For this, we seek a solution U = (u1, ¢y, 1, ¢2,Z)T € D(A) of the equation (Al — A)U = F,

where F = (fl,fz,f3,f4,f5)T, that is,
Ay — <P11 =f
Apr — Pil [k(ulxx + PMZX) + k0(4’1xx + p4>2x) + (:BrYuZ - “ul)xxxx
—mP1 — paz(1)] = fo

Aup — 4’12 =f3 (30)
Ay — 0 [=pk(u1y + pu2) — pko(P1, + pPa) + buary + B(YUU1 — U2)yrie] = fa
1—p1'
Az + f&)(t)zp = fs.
Then, from the first and third equations in (30), we have
1= Aug — fi
31
{m:Am—h. 1
The last equation in (30) is equivalent to
8(t0)2(0) +2p(0) = %8(t0)f5, (32)
where AT (t)
T
g(tp) =

1—pt'(t)
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Then, by solving the ordinary differential Equation (32) and noting that z(0) = ¢; = Au; — f1,
we obtain

2(p) = AeCH)uy — ( — 3 J§ sty fs(xy)e (t'y)dy)ec(tfp), (33)
where .
G(t,p) = — [ 8(t,0)do, i7/(1) £ 0, -
G(t,p) = —pAt(t), if T/ (t) = 0.

Substituting (31) and (33) into the second and fourth equations in (30), we have

A1 (H)uy — (k+ koA ) (u1y + pua), + (a1 — BYU2) 1yry
=01(t) f1 +p1fa —ko(0xf1 + pfa), + paf7

35
A2ppuiy + p(k + koA) (u1y + puun) — B(y1 — U) gy — Dty =
= p2Af3 + pko(9xf1 + pf3) + p2fa,
where
01(t) = Apy + py + puoeCD),
and
fo (1) fs e, y)eCODdy ) SO, it (1) £ 0,
f7 = () Jo Sy Ody)e==0, () =0,
with tt
Gt 1) =In(1—-"7'(t))70, ift'(t) #0,
G(t,1) = —At(¢), ifT'(t) =0,
We use these in order to solve the following equations:
A6+ (~1)ip (k4 koA )93 @i + pua) + (2= D+ (6= D)~ 1pdbs s o

= 0(t) faic1 + pifai + (—1)'kop' 103 (0 f1 + pf3) + 2 — Dpifi, i=1;2.

where 0;(t) = piA + (2 — i) (1 + peCtY)), i =1;2.

We use a standard procedure for these, multiplying (36) by ¢, if i = 1 and by ¢, if i = 2, where
Q; € Hé (]0,1]). By summing the resulting equations and then integrating by parts with respect to x,
we obtain the following variational formulation:

a((u1,u2), (91, 92)) = L(91, 92), (37)

where the bi-linear form a : (H(%(]O,l[))2 X (H(%(]O,Z[))2 — Rand the linear form £ : (H(%(]O,l[))2 —
R are given by
a((uy,u2), (91, 92)) = Ab1{ur, @1) + (k+koA) (u1x + puiz, 1, + p@2)
Fo (s P1x) = BY (M200ws Plax) = BY (1220 P2)
+B(Uaxx + @2,) + A202 (2, 92) + b{uiay, 92,),

and

L(p1,92) = 1 {fi, @1) Fko(f1y + 1S3, @1+ PP2) + 12 (f7, 91)
+01(f2, @1) + P2A{f3, P2) + p2(f1, P2)-

It is easy to check that a is coercive; by choosing the test functions ¢ = 11 and ¢, = uy, we obtain

a((uy,uz), (ur,uz)) = (k+koA)(uiy + puz, 1y + puz) + a1y, 1 xy)
_2ﬁ7<”2xx1 ”1xx> + ﬁ<”2xxr ”2xx> + At <”1r ”1>

+A%0p(uz, u2) + b(uzxzf Uzy) )
= (k+koM)|Ju1y + pua||” + (& — BY?)[[t1. |

2 2 2 2
Bl vty — U ||” 4 ABy [Jur||? + A2pa||ua||* + blluy ||



Symmetry 2023, 15, 1878

9o0f 16

Moreover, it is not difficult to show that the operators a and £ are continuous linear. Thus, by Lax—
Milgram theorem, we have proven that the problem (37) admits a unique solution (u1, uy) € (H& 0,1))
forall (g1, ¢2) € (H{(0, l))z. This means that the operator AI — A is surjective for any fixed ¢ > 0 and

A > 0. Thus, by applying the Lumer—Phillips theorem (see [31]) to Problem (28), we have proven that
operator A generates a strongly continuous semigroup of 5(¢) on . O

5. Exponential Stability

In this section, we are interested in studying asymptotic behavior. We show that the solution to
Problems (8)—(10) is exponentially stable. To achieve this goal, we construct a functional L(#) that is
equivalent to the energy E(t), such that ;L has a negative multiple of E. For this, we consider the
following lemmas.

Our objective in the first result indicates that the energy is a non-increasing function and is
uniformly bounded above by E(0).

Lemma 1. Assume that Hypothesis 1 and Hypothesis 2 hold. Then, for any reqular solution of Problems (17)
and (18) and for any t > 0, the derivative of energy E(t) satisfies the following estimate:

GE(t) < —kolltrxr + puias]|* — Aallurl* = A2llz(1) || (38)

Proof. First, by multiplying the first and second equations of (17) by u1; and uy;, respectively, and
then integrating by parts over [0, /], we obtain

2 2 2 2
%%[klluuﬂmzll + (a = BY?) lur el + bllug|* + Bl (vur — 12) il

! (39)
+Y2, PiHuttHz] = —kollurye + puas|® — palJurs | — 2 fy 2(1)un .

Then, multiplying the third equation in (17) by ¢p1z(p) and then integrating by parts over [0,1] x [0,1],
we obtain

dei< fo dpdx) = VT fo p)dpdx
1415 fo dp (1—pt'( fo 0)dpdx w0
”1& f fl 2(p)dpdx
—meT) Jo2(V)dx + B [ uy2dx.
Then, adding up (39) and (40), we have
HE(D) = —ko||u1xf+pu2t||2—(m ”1§)||u1t||2 )
T [z (Wdx — gz fo 2(1)u .
Using Young’s inequality, the last term in the above equality can be estimated as follows:
—pz fo 2D < B2 P+ 2220 2

Plugging the above results into (41) and taking into account (23) and (H2), we obtain (38), and
E(t) < E(0) forall t > 0.
This completes the proof of Lemma 1. O

Now, we have Lemma 2.

Lemma 2. Let (uq, uq;, tp, Upy, z) be the solution of (17) and (18); then, the functional G, defined by

G(t) = > / ulx—i—puz) dx + ‘ul uldx + Z/ oiuudx, (43)
satisfies the following estimate:

2 2
HG(1) < —Kllure + puz|® = Bll ity — | FLIL 1Pz||”z’t“

(44)
—bl[uze]|* = (w0 — e1Cp) |11 |1* + ﬁl\z( ),
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where ag = a — B> > 0.
Proof. Multiplying the first equation in (17) by u; and then integrating over [0, /] using integration
by parts and zero boundary condition for 17 and u;, we obtain

! ! 1
% fO p1u1u1 + %”%dx =01 ||ulltH2 - 0‘””1””2 + By fo UDyx U1y X — P2 fo z(L)urdx (45)
= Jo ko(u1py + puzp)ury + k(ury + pua)ugcdx.

Similarly, multiplying the second equation in (17) by uo, we have

) 1
% fO 02ustipdx = P2Hu2t‘|2 - ﬁ””%xx”z + By fo Uy U dx (46)
—bllua||* = p fo ko(urgx + puzg)uz + k(i1 + pus)updx.
And adding up (45) and (46), we obtain
4611 = _kHullx + pus||* - al\umll\z — Blluzxl* = blfuay |1?
+2.B'7 fo ”2xxulxgdxfﬂ2 fo Z(l)uldxz+ 21‘2:1 pi”“itHz ) (47)
= _kHulx + PMZH : - (‘x - .372> HulxxH - ﬁ”’yulxx - uZxx”
2 2
—blluny||* — p2 [y 2(Durdx + T2y pilJui|*.

Finally, for the last integral, applying Young’s and Poincaré’s inequalities, we have

1 2 2 2
p2 foz(Dudx < eqluy] +4’%HZ( i

, (48)
< €1CP””1xxH + 451 =z~
where Cp is the Poincaré’s constant. Substituting (48) into (47), we obtain (44). O
Next, let us introduce the functional

Z’y pl/ ui(yup — up)dx, Vi >0. (49)

Lemma 3. Let (uq, uq, tp, Upy, z) be a solution of (17) and (18); then, the functional H satisfies

2, K 2 2

2O < ~(2—eh) P + el + 5 (3 + C ) s+ pr]
2
+ (a3eh + (69)%, + CpC(€) ) I 7t1x — 2

(50)

—0)* 2 2 2
+ (o 2O B P L (3 + ) -+ ]

2
+1g Iz +4 2 |1%,

where C(e) = ¢, + & + k2 (8/5 + (p'y)zs’6> + &b, + €.

Proof. Multiplying the first and second equation in (17) by yu; — up and y(yuy — up), respectively,
then adding the two results, integrating over (0, !) with respect to x, and using integration by parts
and the boundary conditions (18), we obtain

LI(t)= - fo (u1x + puz) +ko(urxs + puze)][yury — oy + yp(yur — up)]dx

—a u U o VU1 v X 1l
0 fo YUy — Uy ) U xx ’)’21'2:1( 1)1 1p,- fO u%tdx
(51)

+7(7ﬁ;2 - p1) fol upptiydx — piq fl uyg(yuy — up)dx
—H2 fo Z(U(')’“l - “Z)dx + b'Y fo uZ(rYulxx - uZxx)dx'

By Young'’s and Poincaré’s inequalities and (18), we arrive at (50). O

Now, we define the functional IC by

2 .
=¥ [ Yo + B2 - iyudax, v >o. (52)
i=170
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Lemma 4. Let (uq, uq, tp, Upy, z) be a solution of (17) and (18); then, the functional K satisfies

B0 <~ (0= 00 = O unaal + o1+ S5 ) el

2 B 2 2
e+ F (B &) v+ p ] 3)

+3(E + L) e+ pual® + P + 511201

2
where C'(¢) = €] + ¢ +k2( + (p7) ”) + €.

Proof. Multiplying the first and second equation in (17) by u; and yu;, respectively, then adding the
two results, integrating over (0,) with respect to x, and using integration by parts and the boundary
conditions (18), we obtain

1 I
FEW) = 1 foud,dx— [y k(e + pua) + ko (1 + puas) i dx
1 1 1
—ag fo Ul dx — pa [y z(V)urdx + vy [y o pdx (54)
l 1
=P Jolk(ury + pua) + ko(urys + puze) Jurdx + by [o uguiy iy,
and, by using Young’s and Poincaré’s inequalities, we conclude the proof of this lemma. O

As in [35], in this last lemma, we introduce the functional

= zr(t / / ~207(0) 22 () dpd. (55)

Lemma 5. Let (11,11, Up, Upy,z) be a solution of (17) and (18); then, the functional J(t) satisfies the
following estimate:

HI(#) < =51 =7 (1)e 2 O2(0)|? +&llun,|* = 267(1)e=2") [ |12(0) | dp. (56)
Proof. Deriving the functional J(t) and using the last two equations of (17), we obtain

a1ty =¢T(t) fy e 2 O z(0)|Pdp — 28T (1)(t) [y pe= 2071 |1z(p)|Pdp
~Zfya- pr’(t))e*m“inz(mnzdp

=¢t'(t) Jy eV 2(p)|Pdp — 287 () (t) Jy pe %™V 2(p)|*dp
—&[(a = pr'(1))e2 ) ||z<p>||2]p;0 (57)
+2 o Ilz(0) 72, (1 = p7'(1))e *W)dp
—&[(1 =7 (£)e 270 |Iz()| } —2e(H)e > [ z(p) | *dp.

The proof is, therefore, finished. [
Now, we are in a position to prove our main result.
Proof of Theorem 1. Let us define the Lyapunov functional:
L(t) = NE(t) + G(t) + NiZ(t) + NoK(8) + J(¢),

where Nand N;, i = 1,2, are positive constants that will be chosen later.
First, we check that the function L satisfies the following relationship:

wiE(t) < L(t) < wyE(t), V>0, (58)

where all values of w;, i = 1,2, are positive constants.
From (19), (43), (49), (52), and (55), we have
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1 1
IL(t) = NE(t)] < [kjo fo (u1y + PMZ)de + % fo udx + Z =1 fO pilu; ||u1t|dx}
I 1
N1 fo el (v = )+ 72 foluzel| (01 — 2) x|
! ! mopl 2 59
N (o1 fylaplle e + 02 fyluel ol + 5 fy kx|

+&t(t) fé fol e=207 ()22 (p)dpdx.

Applying Young’s and Poincaré’s inequalities and from the facts that 7(t) < 7, Vt > 0, and
e~ 207 <1, V(t,0) €]0,+00[x[0,1], we have

2 2 2
|L(t) — NE(t)| <C3H7u1xx u2xx“ +C4212 1HulxxH +212=1Ci|‘”it”

(60)
s Jy Iz(0) |Pdp + coll 1, + pra*.
Note that I ! I
W dx <2 [ ( — 2dx+292 [ W3 d 61
0 24X = 0 YU xx u2xx) X Y o UT O X. ( )
Inserting (61) into (60), we have
2 2 2 2
‘L(t)_NE(t)‘ <C3H'}’u1x¥_”2xx|| +C4Hu1xx|| +Zi:16i|‘uit”
+c5 Jo l1z(p)|Pdp + c6 |1 + pua | 62)

< CE(t),

where all values of ¢;, i = 1,6, are positive real numbers and
€1 C C3 C4 C5 Co
C= Zmax{—, =, =, =, ———, .

Thus, we can choose N large enough, such that w;y = N — C > 0 and wp = N + C. This shows that
Relation (58) is true.
By combining (38), (44), (50), (53), and (56), we obtain the following estimates:

—[(vp2 — €h) N1 — p2 — €45 Ns ] (4|

[ (w0 = &1Cp) + (w0 — € (b7)” = C'()Cp ) No = 7 Ni | 1117
B— (el + (07)¢y + Ce)Cp ) Ni | 7101 = 200

- [k - %(i + é)Nl - %(slg + fg)Nz] [, + puz|?

~[ron =5 (2 + )N - 5 (B + B )Mo + P
_{AlN_Pl <’YPl + yl +M)Nl ¢

- (Pl + (EZZ)Z)Nz} ]|

- [b - 4%11\71 - %Nz] 2.1

1 2 2
_ 2
- [AQNJr E1—T'(t)e 2t - B - ZTZNl - %Nz] Iz(D)]]

€1

—257(1)e >0 [ |z(p) | *dp.

First, we take

then, if we pick



Symmetry 2023, 15, 1878

13 of 16

we obtain

5C
&+ (pky)eg +01) 72 | vt e — el

5 (1 1 1 1 2
(%) - (G + sl M) s+
C

1
5k 2 K ? 2
koN — 5 (g + ) ) -7 (El/]« + pg? )Nz} |1t + puzy |
2
=% (o + 5 + g ) e (o B0 oy P

2 5,2 2 _ 2
—[aN - - 2 - BNy 21— 7 (H)e 0] 21

~257(1)e 20 [ |z(p) | *dp,

where 6y = max{¢}, €}, ¢/ } and §] = max{e}, e}, €/, € }.
Next, by setting

/o / _ 5<1+/\) 1" (1+A)N2 _ 2

5= € = 300 &y = €35 = g, whered = (1+ (py)”)Cpand A >0,
1 5C,(1+A) i (14+A)CyNa nde — 5(1+A)

1T T s E1 T An)E 0 AT Btag (11 Ny

40 < —[3p2 — b lluael?
[N (1) 3o e

b= B 0+ ) = 50 i — vzl

(= 2 ) 1, + pro P

sttt (4004 ) = A (44 92)D) ]z |

5K ’ K ’ 2
- [koN -3 (% + &) ) -3 (i + 2 )Nz} 013t + pra|

7
8

2 542 2 _ 2
—[AN - - - B Na 2 T (1) O 2(1)]

—287(t)e 270 [H1z(p) | *dp,

147 C
where Ao = ( J;: >,“1 =1 Ao K= T”—i—ﬁ,aﬂdxz = 472(?7%\12)'
2
Obviously, for 0 < Np < Lt alziggf”(aﬁ/xo), a1+ Ag+ a1 Ny — )\OC,[,NZ2 > 0.
Then, we take small enough values of x; and «y, such that
251+ A
— ZT(Kl +1x3) > 0.

After that, we pick &), small enough that

1 5,
M= 5027 50k >0,

and pick €1, 8y, and (5{ small enough that

2
-5 (o £+ ) e (o O e

—|a0(1+N2) = e1Cp — o — € (b7)* Nz (k2€'o' + (pk)?ef + 50)CpN2] [

(63)
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112 = —AgCpNZ + a1 Na + a1 + Ag — 350CpNa > 0,

25 20C
s =p— Z/\O(Kl +x2) — 727}”51 > 0.

Finally, we choose N large enough so that

563 (1 2\ k(1 2
koN—0</+(p7))—o *+(p€7/) N, >0,

/ !
8y \ & &g 4\ ¢ 6

5 2 2 _ 2 2
174=A1N—pl—27<wl+yl,+w)—é—<91+(7p2) Ny >0,

4¢), 4e;) 4¢]
15 = AaN — g = ;LS% - E,Z,Nz +E(1-T(1)e W > 0.
Therefore, from (19), we can conclude that there exists a positive constant Ky > 0, such that (63) becomes
%L(t) < —KoE(t), Vt >0, (64)
By (64) and £ ~ E, we deduce that
%L(t) < —kiL(t), Vt > 0.

By integrating this differential inequality, we obtain
L(t) < L(0)e ™, vt > 0.
L(0) ko

Consequently, using (58), we find (20) with A = = and w = . This completes the proof of
Theorem 1. O

6. Conclusions

It is well known that most researchers discussed the study of the Tymoshenko system with a
delay in one of its equations or with two fixed delays. That is why we decided to propose this type of
one-dimensional system for Tymoshenko under Dirichlet-Dirichlet conditions, which differs from
others in that it contains internal frictional damping, a time-dependent delay acting on the vertical
displacement in symmetrical point of view.

In this work, we showed the existence of a unique solution by using the semigroup theory. By
introducing an appropriate Lyapunov functional, the exponential stability of the system is obtained if
the weights of the time delays are small.

We can conclude that the application of this type of problem is very rich. It is found in
all areas of modern physics and in many branches of applied science. Our novelty is located in the
following points:

1.  We considered a new non-classical model on the Timoshenko-type system with a time-varying
internal delay in the displacement;

2. The existence, uniqueness, and smoothness of the solution are shown based on the classical
Lumiere-Phillips theory;

3. We have clearly outlined and minimized the impact of the weight of the time-varying delay
compared to the weight of the frictional term;

4. Our results can be seen as an extension of many recent related works.
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